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The present article examines Darcy-Forchheimer flow of water-based carbon nanotubes. Flow is induced
due to a curved stretchable surface. Heat transfer mechanism is analyzed in presence of convective heat-
ing process. Xue model of nanofluid is employed to study the characteristics of both single-walled carbon
nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). Results for both single-walled car-
bon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs) are achieved and compared.
Appropriate transformations correspond to strong nonlinear ordinary differential system. Optimal homo-
topy analysis method (OHAM) is used for the solution development of the resulting system. The contribu-
tions of different sundry variables on the velocity and temperature are studied. Further the skin friction
coefficient and local Nusselt number are analyzed graphically for both SWCNTs and MWCNTs cases.
� 2017 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Nanoparticles through the carbon nanotubes (CNTs) were
explored in 1991. Carbon nanotubes (CNTs) are large molecules
of pure carbon atoms that are long, thin and cylindrical shaped
with diameter ranges 0:7� 50 nm. Carbon nanotubes (CNTs) have
distinct importance in nanotechnology, optics, conductive plastics,
structural composite materials, atomic force microscope, extra
strong fibres, demonstration of flat-panel, gas storing, antifouling
shade and many others. CNTs are also used as heating source, elec-
trical contacts, resistors and biosensor in medical devices and high
temperature refractories. In daily life, CNTs can also acts as anten-
nas for radios and other electromagnetic devices. Carbon nan-
otubes (CNTs) are categorized as SWCNTs and MWCNTs. Choi
et al. [1] developed anomalous enhancement of thermal conductiv-
ity in a nanotube suspension. They proved that nanotubes provide
largest enhancement of thermal conductivity. Ramasubramaniam
et al. [2] studied the homogeneous carbon nanotubes for electrical
applications. Xue [3] proposed a model for carbon nanotubes-
based composites. Kamali and Binesh [4] analyzed heat transfer
enhancement using carbon nanotubes with non-Newtonian
nanofluids as a base fluid. Wang et al. [5] illustrated pressure drop
and heat transfer of nanofluids in the presence of carbon nan-
otubes. Haq et al. [6] analyzed squeezing flow of water-based car-
bon nanotubes between parallel disks. The enhancement of heat
transfer in a forward-facing contracting channel using FMWCNT
nanofluids is examined by Safaei et al. [7]. Natural convection
MHD flow of nanofluid is described by Ellahi et al. [8]. Karimipour
et al. [9] analyzed uniform heat flux in forced convection flow of
carbon nanotubes in a microchannel. Unsteady squeezing flow of
carbon nanotubes with convective surface condition is presented
by Hayat et al. [10]. Imtiaz et al. [11] explained flow and heat trans-
fer effects of carbon nanotubes between rotating stretchable disks
with thermal radiation and convective condition. Hayat et al. [12]
examined Darcy-Forchheimer flow of carbon nanotubes over a
rotating disk. Iqbal et al. [13] studied stagnation point flow of
carbon nanotubes in the existence of induced magnetic field. Hayat
et al. [14] addressed three-dimensional (3D) rotating flow of
water-based carbon nanotubes subject to Darcy-Forchheimer
porous space. Hayat et al. [15] also discussed combined effects of
thermal radiation and melting heat transfer in stagnation-point
flow of carbon nanotubes. Ahmed et al. [16] examined thermal
radiation and viscous dissipation effects in squeezed flow of carbon
nanotubes between Riga plates. Hayat et al. [17] studied
homogeneous-heterogeneous reactions effects in three-
dimensional flow of water based carbon nanotubes. Haq et al.
[18] analyzed thermal performance of engine oil in the presence
of both single and multi wall carbon nanotubes between two
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concentric cylinders. Hayat et al. [19] addressed homogeneous-
heterogeneous reactions effects in Darcy-Forchheimer flow of
carbon nanotubes with different base fluids. Recently Hussain
et al. [20] studied three-dimensional flow of carbon nanotubes
over a nonlinear stretchable sheet with homogeneous-
heterogeneous reactions.

The study of fluid flow through stretching surface has gained
wide interest due to its importance and applications in many
industrial, technological and engineering problems. Such applica-
tions are involved in drawing of plastic films, crystal growing,
metal mining, manufacturing and extraction of polymer sheets
from dye, cooling of continues filaments, glass blowing, production
of paper, manufacturing of meals, sketching of wires, liquid layers
in condensation process and several others [21–25]. The simulta-
neous effects of stretching and heating or cooling during the pro-
duction process have major impact on the final product. Crane
[26] studied the flow due to stretching plate. Crane’s work has
been extended by many researchers in different directions for both
Newtonian and non-Newtonian fluids. Viscous fluid flow due to
stretching of curved surface is examined by Sajid et al. [27].
Unsteady flow due to permeable curved shrinking stretching sur-
face is studied by Rosca and Pop [28]. Magnetohydrodynamics
(MHD) flow of micropolar fluid due to curved stretchable surface
with thermal radiation is reported by Naveed et al. [29]. Abbas
et al. [30] analyzed nanofluid flow over curved stretching surface
in the presence of slip effects. Hayat et al. [31] investigated magne-
tohydrodynamic (MHD) flow of due to curved surface with thermal
radiation and chemical reaction. Ferrofluid flow due to curved
stretching surface with homogeneous-heterogeneous reactions is
analyzed by Imtiaz et al. [32]. Recently Hayat et al. [33] also
explained MHD flow of micropolar fluid by a curved stretchable
surface with homogeneous-heterogeneous reactions.

The convection flows in porousmedia havewide range of impor-
tance and applications in science, industry and environmental sys-
tems. Such applications are usually involved in geothermal energy
schemes, heat exchanger layouts, modeling of oil reservoir in insu-
lating processes, ground water systems, production of crude oil,
nuclear waste disposal, catalytic reactors, fossil fuels beds, units of
the energy storage, movement of water in reservoirs and many
others. Modified form of classical Darcy model is non-Darcian por-
ous media which incorporates inertia and boundary features. The
available literature witnesses that appreciable attention is given to
those problems of porous media that are modeled and developed
by traditional Darcy’s law. The traditional Darcian law is suitable
only under the limited range of low velocity and small porosity. This
law is incapable for high velocities. Forchheimer [34] added the
squared velocity factor in momentum expression to analyze such
features.Muskat [35] named this factor as ‘‘Forchheimer term”. Sed-
deek [36] investigated viscous dissipation and thermophoresis fea-
tures in Darcy-Forchheimer mixed convective flow. Analytical
solution for non-linear Brinkman-Forchheimer-extended Darcy
flow model is provided by Jha and Kaurangini [37]. Hydromagnetic
Darcy-Forchheimer flow with variable viscosity is analyzed by Pal
and Mondal [38]. Darcy-Forchheimer flow of Maxwell material
bounded by convectively heated sheet is examined by Sadiq and
Hayat [39]. Shehzad et al. [40] reported Darcy-Forchheimer flow of
an Oldroyd-B fluid with Cattaneo-Christov heat flux and non-
linear convection. Forced convection stagnation-point flow towards
a shrinking sheet with Darcy-Forchheimer porous medium is ana-
lyzed by Bakar et al. [41]. Hayat et al. [42] examined Darcy-
Forchheimer flow of Maxwell material with Cattaneo-Christov heat
flux and variable thermal conductivity. Umavathi et al. [43] studied
the convective flow of nanofluids in a vertical rectangular duct by
considering Darcy-Forchheimer-Brinkman model. Muhammad
et al. [44] studied Darcy-Forchheimer flow of Maxwell nanofluid
with convective boundary condition. Darcy-Forchheimer flow in
the presence of Cattaneo-Christov heat flux and homogeneous-
heterogeneous reactions is reported by Hayat et al. [45]. Further
recent investigations on Darcy-Forchheimer flow can be quoted
through the studies [46–50].

The prime objective of present study is to explore the Darcy-
Forchheimer flow of water-based carbon nanotubes due to a
curved stretchable surface. Heat transfer process is examined by
considering convective boundary condition. Optimal homotopy
analysis method (OHAM) [51–60] is used to develop the conver-
gent series solutions of velocity and temperature fields. The contri-
butions of different flow variables on velocity and temperature
fields are presented and discussed. Skin-friction coefficient and
heat transfer rate are also analyzed graphically.

Modeling

Consider steady two-dimensional (2D) flow of water-based car-
bon nanotubes due to a linear stretchable curved surface coiled in a
circle of radius R. Darcy-Forchheimer porous medium and convec-
tive boundary condition are also accounted. It is further assumed
that the surface is heated through the hot fluid having temperature
Tf that gives heat transfer coefficient hf . We adopt the Curvilinear
coordinate system in such a way that s-axis is considered along the
linear stretchable curved surface having velocity uw sð Þ ¼ as and
r-axis is normal to it. The resulting expressions of boundary layer
for present flow are

@

@r
ð r þ Rð ÞvÞ þ R

@u
@s

¼ 0; ð1Þ

u2

r þ R
¼ 1
qnf

@p
@r

; ð2Þ

v @u
@r

þ Ru
r þ Rð Þ

@u
@s

þ uv
r þ Rð Þ ¼ � 1

qnf

R
r þ Rð Þ

@p
@s

þ mnf
@2u
@r2

þ 1
r þ Rð Þ

@u
@r

� u

r þ Rð Þ2
 !

� mnf
K

u� Fu2;

ð3Þ

v @T
@r

þ uR
r þ Rð Þ

@T
@s

¼ anf
@2T
@r2

þ 1
r þ Rð Þ

@T
@r

 !
; ð4Þ

with the boundary conditions
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Here u and v stand for flow velocities in s- and r-directions respec-
tively, mnf for kinematic viscosity of nanofluid, T for fluid tempera-
ture, K for the porous mediums permeability, anf for thermal

diffusivity of nanofluid, F ¼ Cb

sK1=2 for non-uniform inertia coefficient
of porous medium, Cb for drag coefficient, T1 for ambient fluid tem-
perature, p for pressure and a for positive constant. The theoretical
model proposed by Xue [3] is given by
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where / stands for volume fraction of nanoparticle, lnf for nano-
fluid effective dynamic viscosity, qnf for density of nanofluid,

qcp
� �

nf for effective heat capacity of nanofluid, lf for dynamic vis-

cosity of base fluid, qCNT for carbon nanotubes density, qf for base
fluid density, kCNT for thermal conductivity of carbon nanotubes
and kf for base fluid thermal conductivity. Table 1 depicts the ther-
mophysical attributes of water and carbon nanotubes.

Selecting [27,32]:
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Continuity Eq. (1) is trivially verified while Eqs. (2)–(8) yield
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Here A stands for curvature parameter, k for porosity parameter, Fr

for inertia coefficient, Pr for Prandtl number and c for Biot number.
These parameters can be expressed in the following forms:
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Eliminating pressure P from Eqs. (9) and (10), we get
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Table 1
Thermophysical characteristics of CNTs and water [3].

Physical properties Water Nanoparticles

SWCNTs MWCNTs

q kg=m3
� �

997:1 2600 1600

k W=mKð Þ 0:613 6600 3000
cp J=kg Kð Þ 4179 425 796
The non-dimensional forms of coefficient of skin friction and
local Nusselt number are
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where Res ¼ uws=mf stands for local Reynolds number.
Solutions by OHAM

The optimal series solutions of Eqs. (11) and (15) through the
boundary conditions Eqs. (12) and (13) are established by using
optimal homotopy analysis method (OHAM). The appropriate lin-
ear operators and initial approximations are
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in which F�
i ði ¼ 1—6Þ depicts the arbitrary constants. The zeroth

and mth-order deformation problems can be easily developed in
presence of above linear operators. The deformation problems have
been computed by using BVPh2.0 of Mathematica.
Convergence analysis

The non-zero auxiliary variables �hf and �hh in homotopy solu-
tions regulate the convergence portion and also rate of homotopic
solutions. For optimal data of �hf and �hh , we have used the concept
of minimization by considering the average squared residual errors
as suggested by Liao [51].
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Following Liao [51]:

etm ¼ e f
m þ ehm; ð22Þ

where etm represents total squared residual error, df ¼ 0:5 and k ¼ 20.
At 4th order of approximations, the optimal data of convergence
control variables for SWCNTs-Water is hf ¼ �0:764361 and
hh ¼ �0:495141 and total average squared residual error is
etm ¼ 0:0329204 whereas the optimal data of convergence control
variables for MWCNTs-Water is hf ¼ �0:69717 and
hh ¼ �0:529457 and total average squared residual error is
etm ¼ 3:509� 10�2. Figs. 1 and 2 represent the plots of total residual
error for SWCNTs-Water and MWCNTs-Water, respectively. Tables
2 and 3 show the individual averaged squared residual errors for
SWCNTs-Water and MWCNTs-Water respectively. It is noted that
the averaged squared residual errors show decreasing trend for
higher order deformations.
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Fig. 2. Total residual error plot for MWCNTs-Water.

Table 2
Individual averaged squared residual errors by considering optimal data of auxiliary
variables for SWCNTs-Water.

m e fm ehm

2 6:415� 10�3 5:192� 10�2

6 2:167� 10�3 8:008� 10�3

10 1:199� 10�3 2:005� 10�3

16 6:348� 10�4 2:778� 10�4

20 4:561� 10�4 7:844� 10�5

Table 3
Individual averaged squared residual errors by considering optimal data of auxiliary
parameters for MWCNTs-Water.

m e fm ehm

2 6:458� 10�3 4:589� 10�2

6 2:394� 10�3 7:190� 10�3

10 1:459� 10�3 1:748� 10�3

16 8:514� 10�4 1:949� 10�4

20 6:371� 10�4 4:837� 10�5
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Discussion

This portion examines the contributions of different physical
parameters like curvature parameter A, nanoparticle volume frac-
tion /, porosity parameter k, inertial coefficient Fr and Biot number
c on the velocity f 0ðfÞ and temperature hðfÞ fields. The results are
obtained for both SWCNTs and MWCNTs. Fig. 3 illustrates the
impact of curvature parameter A on velocity field f 0ðfÞ. An incre-
ment in curvature parameter A corresponds to higher velocity field
f 0ðfÞ. For larger values of curvature parameter A, the radius of sur-
face enhances which produces an increment in fluid motion. Fig. 4
is plotted to examine that how the velocity profile f 0ðfÞ gets
affected with the variation of porosity parameter k. An increment
in porosity parameter k leads to a reduction in the velocity field
f 0ðfÞ. The presence of porous medium increases the resistance to
the fluid motion which reduces the fluid velocity and related thick-
ness of momentum layer. Fig. 5 depicts the velocity field f 0ðfÞ for
varying values of inertia coefficient Fr . Higher values of Fr show
decreasing trend for velocity field f 0ðfÞ. Fig. 6 presents change in
velocity field f 0ðfÞ for varying values of nanoparticle volume frac-
tion /. For increasing values of nanoparticle volume fraction /,
the velocity field f 0ðfÞ enhances. Behavior of curvature parameter
A on temperature profile hðfÞ is shown in Fig. 7. Larger A yields
an enhancement in the temperature field hðfÞ. Fig. 8 depicts the
change in temperature field hðfÞ for increasing values of porosity
parameter k. Temperature field hðfÞ is enhanced for increasing val-
ues of porosity parameter k. Fig. 9 presents the curves of tempera-
ture field hðfÞ for various values of inertia coefficient Fr . Both
temperature field hðfÞ and thickness of thermal layer are increasing
functions of inertia coefficient Fr . Fig. 10 illustrates the behavior of
nanoparticle volume fraction / on temperature field hðfÞ. Both
temperature field hðfÞ and thermal layer thickness are enhanced
for higher nanoparticle volume fraction /. Fig. 11 shows that larger
Biot number c leads to stronger convection which causes an
enhancement in temperature hðfÞ and related thickness of thermal
layer. Figs. 12 and 13 present the plots of skin friction coefficient
Re1=2s Cf for varying values of nanoparticle volume fraction /, inertia
coefficient Fr and porosity parameter k. The magnitude of skin fric-
tion coefficient Re1=2s Cf is enhanced for increasing values of
nanoparticle volume fraction /. Figs. 14 and 15 are plotted to ana-
lyze the behavior of curvature parameter A, Biot number c and
nanoparticle volume fraction / on local Nusselt number
Re�1=2

s Nus. Clearly the magnitude of local Nusselt number
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Re�1=2
s Nus is enhanced for increasing values of nanoparticle volume

fraction / and Biot number c.
Conclusions

Darcy-Forchheimer flow of water-based carbon nanotubes
(CNTs) due to convectively heated curved stretching surface is ana-
lyzed. Main points are summarized below.

� Both velocity f 0ðfÞ and temperature hðfÞ fields are enhanced for
larger values of curvature parameter A.

� Larger inertia coefficient Fr and porosity parameter k show
decreasing trend in velocity field f 0ðfÞ and momentum layer
thickness.

� An increment in nanoparticle volume fraction / leads to higher
velocity f 0ðfÞ and temperature hðfÞ fields.

� Large Biot number c has higher temperature field hðfÞ and more
thermal layer thickness.

� Skin friction coefficient is enhanced for larger volume fraction
of nanoparticle /.

� Heat transfer rate (local Nusselt number) is higher for increas-
ing values of nanoparticle volume fraction /.
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