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This attempt dedicated to the solution of buoyancy effect over a stretching sheet in existence of MHD
stagnation point flow with convective boundary conditions. Thermophoresis and Brownian motion
aspects are included. Incompressible fluid is electrically conducted in the presence of varying magnetic
field. Boundary layer analysis is used to develop the mathematical formulation. Zero mass flux condition
is considered at the boundary. Non-linear ordinary differential system of equations is constructed by
means of proper transformations. Interval of convergence via numerical data and plots are developed.
Characteristics of involved variables on the velocity, temperature and concentration distributions are
sketched and discussed. Features of correlated parameters on Cf and Nu are examined by means of tables.
It is found that buoyancy ratio and magnetic parameters increase and reduce the velocity field. Further
opposite feature is noticed for higher values of thermophoresis and Brownian motion parameters on con-
centration distribution.
� 2017 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Nanofluid convective heat transfer has become an area of atten-
tion in research during the last few years. The term nanofluid is
used for liquid suspension which contain particles of less than
50 nm in diameter. Research studies have shown that the thermal
conductivity of the base liquid is increased to 50% (with a remark-
able effect on the coefficient of the convective heat transfer) even
with less than 5% volumetric fraction of nanoparticles. Boungiorno
[1] discussed various theories which explain the characteristics of
enhancement in heat transfer of nanoliquids. He also pointed out
that the coefficients of high heat transfer in nanoliquids cannot
be explored with satisfaction by the phenomena of thermal disper-
sion or increment in the intensity of turbulence that is enhanced by
the existence of the nanoparticles or its rotation. Moreover, for
convective transport in nanofluids, he has developed an analytical
model taking into consideration thermophoresis and Brownian
motion. Kuznetsov and Nield [2] have used Bounrgiorno’s model
in their study of natural convective naofluid flow on a vertical
plate. Four parameters, namely the Brownian motion number,
the buoyancy-ratio number, the thermophoresis number and the
Lewis number (which govern the transport process) have been
identified in their similarity analysis. Later these two researchers
extended this research to a saturated porous medium of nanofluid
[3]. Various authors have attempted in the same direction. Few of
them are quoted in the Refs. [4–23]. The nanofluid flow at stagna-
tion point and the process of heat transfer in the fluid and stretch-
ing surface is a significant problem of research. The problem is
related to manufacturing goods and engineering problems as cool-
ing of nuclear reactors during emergency shutdown, starching wire
and plastic sheets and many more. When magnetic field is utilized
to the fluid then the bounder layer flows of an electric conducted
fluid on a stretching surface have increased the importance as
research area and got attention of the researchers. The research
in the area has wide applications. It is utilized in modern metal
industry. Some studies related to MHD can be consulted via [24–
29].

Flow on a stretching/shrinking surface can be utilized in many
industrial firms like production of papers, drawing a wire glass
fiber,to extract plastic sheets and in extracting plastic films. Crane
[30] was the pioneer who started research on boundary layer flow
on stretching/ shrinking sheet. Therefore there is much work on
many aspects of the field, flow and heat transfer problems regard-
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ing stretching surface [31–38]. Mahapatra and Gupta [39]
researched upon magnetohydrodynamic (MHD) heat transfer and
stagnation point flow on a stretching surface. However Vijravalue
[40] worked on the area of two dimensional (2D) flow produced
via a non linear stretching surface. In the work it was supposed
that sheet’s velocity satisfy the power law distribution. Further-
more Cortell [42] researched on thermal radiation and viscous dis-
sipation in the field. Hayat et al. [41] used Pade approximation and
modified adomian decomposition techniques on magnetohydrody-
namics (MHD) flow over a nonlinear stretching sheet. Rana and
Bhargavargava [43] researched on the properties of the heat trans-
fer and the flow of nanofluid because of non linear stretching sheet.
Mukhopadhyay [44] explored the boundary layer flow on a perme-
able nonlinear stretching/shrinking sheet using partial slip condi-
tion. Mabood et al. [45] numerically analyzed the heat transfer
and MHD flow of nanoliquid past a surface stretched nonlinearly.
The axisymmetric nanofluid flow on a non linear stretching surface
is worked out by Mustafa et al. [46]. They gave the the numerical
and analytical solutions of the problems. Rashidi et al. [47]
researched on the heat transfer and Darcy-Forchheimer flow
around an hindrance of magnetic field effects. T. Hayat et al. [48]
worked out magnetohydrodynamics 3D flow of second grade
nanoliquid.

The study in hand is to explore the nanofluid flow on a stretch-
ing/shrinking surface under the effects of variable magnetic field,
stagnation point, buoyancy force and convective heating. Novel
surface condition known as zero mass flux condition is accounted.
Mathematical formulations are access through boundary layer
approach. Governing nonlinear system is solved via homotopic
analysis technique [49–56]. Convergence is verified for the derived
solutions. Graphs and tables are displayed to describe the physical
significance of involved parameters.
Fig. 1. Geometry discribing the problem.
Mathematical model of the problem

We begin our analysis by considering two-dimensional electri-
cally conducting nanofluid flow in the region of stagnation point.
Cartesian system is chosen in such a manner that x-axis is taken
in the direction along which sheet is stretched and y-axis is per-
pendicular to it. A variable magnetic field B ¼ B0ðxÞ is applied
transverse to the sheet. Assumption of small magnetic Reynolds
number leads to ignore the induced field. Zero mass flux condition
is addressed at the surface. The surface temperature is due to con-
vective heating phenomena, which is attributed by coefficient of
heat transport hf and liquid temperature Tf . The combine effects
of convective heating, buoyancy force, thermophoresis and Brown-
ian motion are incorporated. The governing boundary layer expres-
sions of the present flow analysis are [57,58] (Fig. 1):
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Here u;vð Þ the respective velocities along x; yð Þ directions respec-
tively. m is the kinematic viscosity, lf is the dynamic viscosity, qf

is the density of base fluid, qp nanoparticles mass density, b the
coefficient of thermal expansion, g the gravitational acceleration,

r is the electrical conductivity, U1 ¼ af
ffiffiffiffiffi
Rax

p
x the external velocity,

Rax ¼ 1�C1ð Þbg Tf�T1ð Þx3
vaf

the local Rayleigh number, T the tempera-

ture, af ¼ k
ðqcÞf the thermal diffusivity of base fluid, k the thermal

conductivity of the fluid, ðqcÞf the heat capacity of liquid, ðqcÞp
the nanoparticles heat capacity, DB the coefficient of Brownian dif-
fusion, C the nanoparticles concentration, DT the coefficient of ther-
mophoretic diffusion, T1 and C1 denotes ambient temperature and
nanoparticles concentration. The stream function wðx; yÞ is
expressed as follows
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while the dimensionless and similarity variables are introduce as
[46,47]
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By using the stream function and similarity transformation,
Eq. (1) is identically satisfied and Eqs. (2)–(6) yield [57]
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f 0ð Þ ¼ 0; f 0 0ð Þ ¼ k; h0 0ð Þ ¼ �c 1� h 0ð Þ½ �;

/0 0ð Þ þ Nt
Nb

h0 0ð Þ ¼ 0 at g ¼ 0; ð12Þ

f 0 1ð Þ ¼ 1; h0 1ð Þ ¼ 0; / 1ð Þ ¼ 0 as g ! 1; ð13Þ
whereM stands for magnetic parameter, Nt for thermophoritic vari-
able, Nr for buoyancy-ratio parameter, Nb for diffusion variable, Pr
for Prandtl, Le for Lewis number, k and c for stretching/shrinking
parameter and Biot number respectively. These parameters and
dimensionless numbers are defined as follows:
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Skin friction Cf and local Nusselt number Nur are [57]:

Cf ¼ swx2
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3
4
x

; Nur ¼ qwx
kðTw � T1Þ ; ð15Þ

where sw and qw are the wall shear stresses and heat flux. In non-
dimensional form we have:
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1
2
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The homotopic solutions

Liao [49] in 1992 proposed homotopy analysis method to solve
the highly nonlinear equations. It is a continuous deformation or
change of a function or equation. Moreover, it is independent of
small or large physical parameters. It has many advantages when
compared to other methods i.e. ðiÞ it is independent of small or
large parameters ðiiÞ it confirms the convergence of series solution
ðiiiÞ it provides great freedom to choose the base function and lin-
ear operator. Such flexibility and freedom assist in solving the
highly nonlinear problems. The initial estimations (f 0; h0;/0) and
operators �Lf ; �Lh; �L/
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in which ~ci ði ¼ 1� 7Þ represents the arbitrary constants.

The zeroth order problems of this model
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¼ �‡�hfN f ½f̂ ðg; �‡Þ; ĥðg; �‡Þ; /̂ðg; �‡Þ�; ð20Þ
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and �‡ 2 ½0;1� are auxiliary and embedding variables

respectively, N f ;N h and N / are the nonlinear operators. For �‡ ¼ 0
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Here �hf ; �hh and �h/ are selected in such a way that the series (30)–
(32) converge at �‡ ¼ 1, we have
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The mth order deformations are defined for this model by:
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Fig. 2. The �h-curves for f gð Þ.
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The mth-order deformation problem have the solution in terms
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Fig. 3. The �h-curves for h gð Þ and / gð Þ.

Table 1
Solutions convergence when M ¼ Nr ¼ Nt ¼ c ¼ 0:2, Pr ¼ 1:0, Nb ¼ 0:5, k ¼ 0:7,
Le ¼ 0:9.

Order of approximations f 00 0ð Þ �h0 0ð Þ /0 0ð Þ
1 0:5100 0:1618 0:0647
5 0:6241 0:1542 0:0617
10 0:6338 0:1530 0:0612
11 0:6341 0:1530 0:0612
12 0:6342 0:1529 0:0612
13 0:6343 0:1529 0:0612
14 0:6344 0:1529 0:0612
15 0:6345 0:1529 0:0612
16 0:6342 0:1529 0:0612
17 0:6342 0:1529 0:0611
The convergence of homotopic solutions

The �hf ; �hh; �h/

� �
corresponds to auxiliary parameters for

f ðgÞ; hðgÞ;/ðgÞð Þ respectively. These auxiliary parameters play key
role to control and adjust the convergence of resultant series solu-
tions. To attain the appropriate values of these parameters, we
plotted the �h-curves for f 00ð0Þ; h0ð0Þ and /0 0ð Þ at 15th order of
approximations see (Figs. 2 and 3). It is noticed that the acceptable
ranges of �hf ; �hh and �h/

� �
are �0:8 6 �hf 6 �0:1;�1:0 6 �hh 6

�0:0001 and �1:0 6 �h/ 6 �0:02. Table 1 shows the convergence
of series solutions for the functions f ðgÞ; hðgÞ;/ðgÞð Þ by adjusting
particular value of auxiliary parameters. It is noticeable that 15th
order of estimations are enough for the convergence of f ðgÞ; hðgÞ
and / gð Þ.

Discussion

This portion aims to investigate the characteristics of some
influential variables like magnetic parameter (M), buoyancy-ratio
parameter (Nr), Prandtl number (Pr), Thermophoresis variable
(Nt), Brownian diffusion variable (Nb), stretching/shrinking param-
eter (k) and Lewis number (Le) on the velocity f 0 gð Þ, temperature
h gð Þ and nanoparticles concentration / gð Þ. For such purpose
Figs. 4–15 are prepared to illustrate the results of these parame-
ters. We have constructed Fig. 4 for the velocity profile f 0 gð Þ for
various values of Prandtl number. Here we noticed from this
Fig. that increment in Pr cause a reduction in velocity profile. In
fact the fluid velocity enhances with the increase in Pr. That is
why f 0 gð Þ diminishes. Fig. 5 represents the impact of M on the
f 0 gð Þ. Here larger values of M reduce the fluid velocity. It is because
of the fact that the applications of magnetic field utilized in normal
direction creates Lorentz force (resistive type force). Such force
reduce velocity field. The characteristics of shrinking/stretching
parameter k is represented in Fig. 6. Here the f 0 gð Þ at the surface
is noted to be enhances and diminishes with stretching and shrink-
ing respectively. In fact the flow is accelerated with greater suction
(less negative velocity values arise) and this decreases momentum
boundary layer thickness. As a result, suction can be used effec-
tively for controlling the momentum boundary layer growth/decay
by using stretching/shrinking sheets respectively. Fig. 7 is prepared
to check the characteristics of the Nr on the f 0 gð Þ. It is lucid that the
f 0 gð Þ reduces when we pronounce the Nr. Physically concentration



Fig. 4. Behaviour of f 0 gð Þ via Pr.

Fig. 5. Behaviour of f 0 gð Þ via M.

Fig. 6. Behaviour of f 0 gð Þ via k.

Fig. 7. Behavior of f 0 gð Þ via Nr.

Fig. 8. Behavior of h gð Þ via k.

Fig. 9. Behavior of h gð Þ via M.

164 I. Uddin et al. / Results in Physics 8 (2018) 160–168
buoyancy force increases via larger Nrwhich yields higher velocity.
Fig. 8 depicts changes temperature field h gð Þ for increasing values
of stretching/shrinking parameter k. Here larger values of k gives
reduction in temperature field. Fig. 9 is plotted for the temperature
profile using different values of magnetic parameterM, while other
parameters are fixed. Here larger values of M enhance the temper-



Fig. 10. Behavior of h gð Þ via c.

Fig. 11. Behavior of h gð Þ via Nt .

Fig. 12. Behavior of / gð Þ via Le.

Fig. 13. Behavior of / gð Þ via Nt .

Fig. 14. Behavior of / gð Þ via Nb .

Fig. 15. Behavior of / gð Þ via k.
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ature field. This rise in temperature is due to heat generated by
resistive force caused by magnetic field. Further, the graph shows
that the thickness regarding the thermal boundary layer usually
enhances for higher M. Fig. 10 declares the significance of Biot
number c on h gð Þ. This figure points out that an increment in c
brings an enhancement in h gð Þ. Physically the involvement of lar-



Table 2
Numerical data of skin friction for different values of physical variables.

c Le k M Nb Nt Nr Pr Cf

0:0 0:9 0:7 0:2 0:5 0:2 0:2 1:0 0:0:5381
0:2 0:6342
0:4 0:6930

0:2 0:7 0:7 0:2 0:5 0:2 0:2 1:0 0:6347
0:8 0:6343
0:9 0:6342

0:2 0:9 0:3 0:2 0:5 0:2 0:2 1:0 1:267
0:5 0:9657
0:7 0:6342

0:2 0:9 0:7 0:0 0:5 0:2 0:2 1:0 0:6195
0:3 0:6417
0:6 0:6628

0:2 0:9 0:7 0:2 0:1 0:2 0:2 1:0 0:6448
0:2 0:6381
0:4 0:6351

0:2 0:9 0:7 0:2 0:5 0:1 0:2 1:0 0:6327
0:3 0:6357
0:5 0:6387

0:2 0:9 0:7 0:2 0:5 0:2 0:0 1:0 0:6318
0:2 0:6342
0:4 0:6368

0:2 0:9 0:7 0:2 0:5 0:2 0:2 1:1 0:6136
1:2 0:5957
1:3 0:5801

Table 3
Computations for surface heat transfer rate at distinct physical variables.

c Le k M Nb Nt Nr Pr Ra
1
4
xNux

0:1 0:9 0:7 0:2 0:5 0:2 0:2 1:0 0:08663
0:2 0:1529
0:4 0:2478

0:2 0:7 0:7 0:2 0:5 0:2 0:2 1:0 0:1529
0:9 0:1529
1:2 0:1529

0:2 0:9 0:2 0:2 0:5 0:2 0:2 1:0 0:1481
0:4 0:1502
0:6 0:1520

0:2 0:9 0:7 0:0 0:5 0:2 0:2 1:0 0:1529
0:3 0:1529
0:5 0:1530

0:2 0:9 0:7 0:2 0:1 0:2 0:2 1:0 0:1529
0:2 0:1529
0:4 0:1529

0:2 0:9 0:7 0:2 0:5 0:1 0:2 1:0 0:1530
0:3 0:1528
0:5 0:1527

0:2 0:9 0:7 0:2 0:5 0:2 0:0 1:0 0:1529
0:3 0:1529
0:6 0:1529

0:2 0:9 0:7 0:2 0:5 0:2 0:2 1:1 0:1531
1:2 0:1530
1:3 0:1529
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ger heat transfer coefficient correspond to high temperature. It is
found from Fig. 11 that the temperature field h gð Þ has increasing
characteristics when we increase the value of Nt . Thermophoresis
is a phenomenon in small particles are pulled away from the hot
surface to cold one. For larger thermophoresis parameters hot fluid
particles move away from the surface and consequently the tem-
perature profile increases. Impact of Le on / gð Þ is explored in
Fig. 12. It is revealed that both the concentration and similarly
layer thickness reduce for greater values of Le. Physically there is
inverse relation between Le and Nb. Higher Le results in weaker
Brownian diffusion coefficient which consequently produces
reduction in / gð Þ. Fig. 13 shows that the change in nanoparticles
concentration / gð Þ for various values of Nt . Here / gð Þ enhances
via Nt . Itillustrates that for larger thermophoresis parameter more
particles are pushed far from the hot surface which results in the
enhancement of concentration profile. Fig. 14 shows that larger
Nb causes a weaker concentration / gð Þ. Larger Nb leads to an
increase in the nanoparticles’ motion and consequently the viscos-
ity of nanofluid decreases. That is why the nanoparticles’ concen-
tration and its related boundary layer thickness reduces. Fig. 15
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is plotted to see the behavior of stretching/shrinking parameter k.
Here nanoparticles concentration increases and the corresponding
boundary layer get thicker when we increase k. Table 1 is com-
puted for distinct order of estimations of �f 00 0ð Þ;�h0 0ð Þ and /0 0ð Þ
when M ¼ Nr ¼ Nt ¼ c ¼ 0:2;Pr ¼ 1:0;Nb ¼ 0:5; k ¼ 0:7; Le ¼ 0:9
and �hf ¼ �hh ¼ �0:5 ¼ �h/. This table demonstrates that the values
of �f 00 0ð Þ;�h0 0ð Þ and /0 0ð Þ converge at 16th order of deformations.
Table 2 is developed to view the characteristics of various embed-
ding variables on surface drag force. It is revealed that skin friction
(Cf ) is increased when we enhance Nr, M and Pr. Table 3 is pre-
pared to compute the numerical data of Nusselt number for dis-
tinct values of emerging parameters. Here we see that Nusselt
number is enhanced when we rise the values of Nt and Pr. Similarly
the opposite behavior is seen for the Biot number c.
Closing remarks

Features of buoyancy force on MHD flow of nanoliquid in the
region of stagnation point flow subject to zero mass flux condition
is studied. Main findings of present analysis are mentioned below:

� The velocity f 0 gð Þ profile decreases by increasing values of theM
and alternatively temperature h gð Þ profile enhances.

� Velocity f 0 gð Þ decreases with the increment in Nr.
� An enhancement in c leads to stronger temperature field h gð Þ.
� Effects of k on velocity h gð Þ and / gð Þ are similar.
� Higher Nt shows similar characteristics for h gð Þ and / gð Þ.
� Surface drag force is higher for higher magnetic parameter M.
� Heat transfer rate at the sheet is uniform for Nb while it is lower
for thermophoresis parameter Nt .
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