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1. Introduction

String-matching consists in finding all the occurrences of a word w in a text t.
Several algorithms have been found for solving this problem. They are presented by
Aho in a recent book [1]. Among these algorithms, the Boyer-Moore approach [5,
11] seems to lead to the fastest algorithms for the search phase. Even if the original
version of the Boyer—Moore algorithm has a quadratic worst case, its behavior in
practice seems to be sublinear. Furthermore, other authors [9, 2] have improved this
worst-case time complexity for the search phase so that it becomes linear in the length
of the text. The best bound for the number of letter comparisons is due to Apostolico
and Giancarlo [2] and is 2n—m+ 1, where n is the length of the text and m the length
of the word. Another particularity of the Boyer—-Moore algorithm is that the study of
its complexity is not obvious; see [ 10, 7].

Basically, the Boyer—Moore algorithm tries to find for a given position in the text
the longest suffix of the word which ends at that position. A new approach can possess
the ability for a given position in the text to compute the length of the longest prefix of
the word which ends at that position. When we know this length, we are able to
compute a better shift than the Boyer-Moore approach. In the first version we make
a new attempt at matching, forgetting all the previous prefixes matched. This leads to
a very simple algorithm but it has a quadratic worst-case running time.

In an improved version we memorize the position where the previous longest prefix
found ends and we make a new attempt at matching only the number of characters
corresponding to the complement of this prefix. We are then able to compute a shift
without reading again backwards more than half the characters of the prefix found in
the previous attempt. This leads to a linear-time algorithm which scans the text
characters at most three times each.
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The computation of this longest prefix ending at a given position in the text
is made possible by the use of the smallest suffix automaton of the reverse of the
word w.

This strategy leads to a Boyer—Moore automaton whose number of states is
bounded by the cube of the length of the word w.

This paper is organized as follows. Section 2 presents the new approach. Section 3
gives some recalls about the smallest suffix automaton of a word. Section 4 presents
the computation of the longest prefix of the word ending at a given position. Section 5
gives the complexity of our first version. Section 6 presents a linear-time method.
Section 7 gives the proof of the linearity of the improved method. Section 8 introduces
Boyer—-Moore automaton and presents the automaton based on our strategy.
Section 9 compares the Boyer—-Moore algorithm with ours on the basis of some
examples.

2. A new approach

Notation

In this paper A is a set of letters, it is called the alphabet. 4* is the set of the words
over A. A word weA* of length m is denoted by w[l1]w[2]...w[m] and
|w|=m. w[i] is the ith letter of w. ¢ is the empty word and |g|=0.

The Boyer—Moore algorithm attempts to match the word against the text starting
from the right end of the word and progressing to the left. It consists in finding the
longest suffix of the word ending at a given position in the text. When a mismatch
occurs or when the whole word has been matched successfully, the Boyer-Moore
algorithm computes a shift by which the word is moved to the right. And then a new
attempt at matching can be made. The Boyer—Moore algorithm needs two shift
functions to perform its shifts [5, 11, 12].

Our approach consists, for a given position i in the text, in being able to compute
the length of the longest suffix u of the portion of the text ¢ ending at that position i
which is a prefix of the word w. We denote by p(i) this value for a position i in the text
(see Fig. 1).

p(i)

‘L [ v ] |

Fig. 1. p(i)=the length of the longest prefix of w ending at i.
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If e=t[1]...t[i]...¢t[n] and w=w[1]...w[m] with t[i]s, w[j]seA4*, then for
m<isn

pliy=max { jl1 <j<m and (for 1 <k<j, wlk]=t[i—j+k])}u{0}.

We also need, for a given position i in the text, to compute the length of the longest
suffix of the portion of the text ending at that position i which is a proper prefix of the
word w. We denote by p’(i) this value.

For m<i<n

p'(i)=max { jl1 <j<m and (for 1 <k<j, wlk]=t[i—j+k])}u{0}.

Then the new algorithm of string-matching can be easily written (see Fig. 2). The
procedure P computes the value of the functions p and p’ for a given position i in the
text.

Example 2.1. If t =abbabbabbabbaabb and w=>bbabbaa Algorithm 1 runs as follows:

w bbabbaa

t abbabbabbabbaabb

i=7, p(i)=p'(i)=6

w  bbabbaag

t abbabbabbabbaabb

i=8, p(i)=p'(i)=4

w bbabbaa

t abbabbabbabbaabb

i=11, p(i)=p'(i)=4

w bbabbaa

t abbabbabbabbaabb

14, p(i)=7, p'(1))=0

bbabbaa

abbabbabbabbaabb

i

< 3

Input : A text t and a word w.
QOutput :  All the locations of the occurrences of w in .
Method :
Begin
n:=Ith m = Iwl; i := m;
while i < n do {
(U, k) = P(i);
if j = m then {
output(one occurrence of w found at i-m+1);
j=k}
i:=i+m-j; }
End.

Fig. 2. Algorithm 1, the first version.
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The underlined characters are the characters read at each attempt.

The procedure P can be easily computed by using the smallest suffix automaton of
the reverse of the word w.

3. The smallest suffix automaton

The smallest suffix automaton recognizing all the suffixes of a word w is a determin-
istic finite automaton denoted by the 5-uple

o ={A,S,sF,5},

where

— A 1s the alphabet,

— S is the set of states,

—~ s€8 is the initial state,

— F<= S is the set of the final states, and

— 0:8x A-S is the transition function.

The language accepted by .7 is: L(&/)={xeA*|3ue A* and ux=w}. Its construction
is linear in time and space in the length of the word w [4, 8].

Example 3.1. The smallest suffix automaton for w=aabbabb is:

A={a,b}, $={0,1,2,3,4,5,6,7,8,9,10}, s=0, F={0,5,9, 10};

for o see Fig. 3.

Fig. 3. The smallest suffix automaton for w=aabbabb.
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The automaton is represented from right to left because our method scans the
portions of the text with the help of the automaton from right to left.

4. The computation of procedure P

In order to compute the value of p(i) and p’(i) we scan the text, from right to left
starting at position i, with the help of the automaton of the suffixes of the reverse of w.
Each time a final state is met we have recognized a prefix of the word w. Then
— p(i)is equal to the length of the path taken from the initial state to the last final state

met, and
— if p(i)<m, then p’(i) is equal to p(i), otherwise p'(i) is equal to the length of the path

taken from the initial state to the last but one final state met.
See Algorithm 2 in Fig. 4 for the details.

Remark. As the value of p'(i) is needed only when p(i)=m; in practice, for a more
efficient implementation we will omit the last test.

In this paper we make the following assumption: all the transitions of the automa-
ton can be computed in constant time, which is a reasonable assumption for a finite
alphabet.

The while loop of Algorithm 2 runs at most m times and ail the other instructions
are in time O(1); thus, the time complexity of this algorithm is obviously O (m).

5. Time complexity of Algorithm 1

Theorem 5.1. Algorithm 1 has a worst-case time complexity in O(mn).

Proof. The number of times the while loop of Algorithm 1 runs depends on the
variable i. At each step this variable is affected by the value i +m—j, as when j is equal

Input : A text t, a word w, an index i of the text and the
smallest suffix automaton for wR : A = { A, S, s, F, 8 }.
Output :  (value of p(i), value of p'(i))
Method :
Begin

m = Iwl; state == ; p:=0;j:=1i;
while i-j < m and 3(state, t[j]) is defined do {
state 1= d(state, t[j]); j := j-1;
if state € F then {
pi=pipi=ij 1}
if p=m then return(p, p)
else return(p, p);
End.

Fig. 4. Algorithm 2, computation of P(i).
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to m, j is affected by the value k < j<m. As a consequence, i is always incremented. The
variable i can take all the values from m to n. All the instructions of the while loop are
in O(1) except the procedure P which runs in time O (m) and all the other instructions
of Algorithm 1 are in O(1). As a consequence, the worst-case time complexity of
Algorithm 1 is O(mn) (with the assumption on the transitions of the automaton). O

6. A linear-time method
If wis a word of length m, then we have the following definition.

Definition. An integer p such that 1 <p<mis a period of the word wiffor | <i<m—p
wlil=wli+p]. A word x is a border of the word w if x is a prefix and a suffix of w:
du,ve A* and w=xu=vox.

When we have found the longest prefix u of the word w ending at location i in the
text ¢, then we consider the portion v of the text composed by the |w|—|u| characters
on the right of u in ¢ (see Fig, 5). In several cases, even if we have been able to read all
the characters of v without being stopped in the automaton, it is not necessary to read
backwards the characters of u. And in all cases we do not have to scan backwards
more than the right half of u.

In order to improve our first string-matching algorithm we introduce a function
T which has the following definition:

T(k,g,state)=(p,c, h,state’) for m<k<n, 0<g<m, stateeF,
p=max{j|1<j<g and d(state,t[k]...t[k—j+1])eF }u{0},
c=max {j|1<j<g and d(state, t[k]...t[k—j+1] is defined} {0},
h=sh(state, t[k]...t[k—c+1]) if >0,

0 otherwise,
state’ = (state,t[k]...t[k—c+1]) if ¢>0,
state otherwise.

The shift function sh is defined as follows:
sh(g,a)={|x|| xe A*, uvxa prefix of w®, u, ve 4*, |u| minimal and

g=0a(s,v)}
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for geS and ae A and is defined where ¢ is defined. Its construction can be computed
during the construction of the automaton without changing its time complexity.

Assume then that we are at position i in the text and that we have found the longest
prefix u of the word w which ends at i:

[t|=n, |w|=m, lu|=m—g, loj=g.

Assume further that we know the length of the smallest period of u: per(u). Then we
compute 7T(i+g,g,s) which corresponds to scanning the g characters of v from right
to left starting with the initial state in the automaton:

T(i+g.9g,5)=(p,c, h,state)

Then several cases arise:

— We have not been able to read all the g characters of v.
— We have found an occurrence of w.

The shift of v in w 1s a multiple of per (u).

per(u) is large or per(u) is small.

|

Case I. c+#g; it means that all the characters of v have not been read (see Fig. 6).

Lemma 6.1. If ¢ #g, we know the longest prefix (of length p) of the word w which ends at
i+g and we can make a new attempt with T(i+ g+ m— p,m—p, s) without missing any
occurrence of w.

Proof. c=max { j|1<j<gand d(state,t[i]...t[i—j+ 1] is defined} or 0, and c #g, so

c<g<m. No prefix of w longer than ¢ can occur ending at i+g in the text:
p=max{jj1<j<g and S(state,¢[i]...¢[i—j+1])eF}u{0},

where p is the length of the longest prefix of w ending at i+g¢ in the text. 0O

Example 6.2.

w bbabbaa
t cccbbabebb . . .
u bbab
w bbabbaa
g
44—

vl v [ ]

Fig. 6. Case 1, c#g.
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Fig. 7. Case 2, c=g, h=0.

Case 2: c=g and h=0 (see Fig. 7).

Lemma 6.3. If c=g and h=0, we have found an occurrence of the word in the text
ending at i+g.

Proof. ¢=g,s0 6(s,t[i+g]...t[i+1]) is defined and A=sh(s,t[i+g]...t[i+1])=0,

which means that t[i+g]...t[i+ 1] is a prefix of w®, so t[i+17...t[i+¢]is a suffix of
length g of w. As uis a prefix of length m—g of w, ut[i+1]...t[i+g]isexactlyw. O

Example 6.4.

w bbabbab
t cccbbabbab . . .
u bbab

Case 3: c=g, h>0 and h is a multiple of per (1) (see Fig. 8).

Lemma 6.5. If c=g, h>0 and h is a multiple of per{u), we know a new longest prefix of
length m—h of w ending at i+ g and we can make a new attempt with T (i+g+h, h, s)
without missing any occurrence of w.

Fig. 8. Case 3, c=g, h>0 and h is a multiple of per(u).
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Proof. u=u7u, with |u;|=per(u) and |u,|<|u;| and u, prefix of u,. w=uuw,
v=t[i+1]...t[i+g] then w=v'vv” with [¢"|=h. |u'|=]|v|, so |u'|<|vv"| since
|[0"|=h>0. So v’ is a prefix of u and as |u'|=|v| and h is a multiple of per(u), then
v =uu, with ¥ <r. So w=u7 u;vv”. If t = xuvx’, then t = xu’ u,vx’ and t=x"u{uvx’'
with uju,v as the longest prefix of w ending at i+g in ¢, and |vjuv|=m—h. U

Example 6.6.

w abcabcabcabxxxxxx

t cecccecabecabcabcabeabeab . ... ... ..
u abcabcabeab

w abcabcabecabxxxxxx

Case 4: ¢c=g, h>0, h is not a multiple of per(u) and per(u) is large (greater than
half the length of u: per(u)>|u|/2=(m—g)/2), then we make a new call with
T(i,|ul-per (u), state)=(p’, ¢’, W, state’) and then two cases arise.

Case 4.1: p'=0 (see Fig. 9 and Example 6.8).

Case 4.2: p'>0 (see Fig. 10 and Example 6.9).

Lemma 6.7. Ifp =0, we know the longest prefix (of length p) of the word w which ends at
i+g and we can make a new attempt with T(i+ g+ m—~p, m— p, s) without missing any
occurrence of w. If p'>0, we know the longest prefix (of length g+p') of the word
w which ends at i+g and we can make a new attempt with T(i+m—p,m—g—p',s)
without missing any occurrence of w.

Proof. It is obvious that w cannot recur between i —|u| and i — per (v} by the minimal-
ity of per(u), then it enables us to ignore this portion of the text. We just have to find
the longest prefix of w ending at i+ ¢ and starting from i — per(u). This is done by the
two calls to the function T: T(i+g,g,s) and T(i, m— per(u), state).

i 1 v [ v ] |

Fig. 9. Case 4.1, c=g, h is a multiple of per(u), per(u) is large and p'=0.
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Fig. 10. Case 4.2, c=g, h is a multiple of ), per(u) is large and p'>0.

After that if p’ =0, it means that there is no prefix of w starting in the portion of the
text t[i—m+per(u)+1]...t[i], so the longest prefix of the word w ending at i+¢ in
the text is the prefix of length p found by the first call to the function T.

If p'>0, then p'=max { j|0< j<m—per(u) and J(state,¢[i]...t[i—j+1])eF} and
the length of the path taken from s to state is of course equal to g, so the length of the
longest prefix of the word w ending at i+g in the textis p'+g. O

Example 6.8.

w abbababbcac

t cccabbababbbea . .. ... ...

u abbababb

w abbababbcac
Example 6.9.

w  aaabaaaba

t ccaaabaaaab......

u aaabaaa

w aaabaaaba

Case 5: c=g, h>0, h is not a multiple of per(u) and per(u) is small (less than or
equal to half the length of u: per(u)<|u|/2). Then we make a new call with
T(i, per(u), state)=(p’,c’, i, state’). Then two cases arise.

Case 5.1: ¢’=per(u) (see Fig. 11).

Lemma 6.10. If ¢’ =per(u), we know the longest prefix (of length m—h—h') of the word
w which ends at i+g and we can make a new attempt with P(i+g+h+h',h+H,s).
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i ]

per(u)

9

il
L [ v [ v ] ]

c c

Fig. 11. Case 5.1, c=g, h is not a multiple of per(u), per(u) is small and ¢’ =per (u).

Proof. u=u u, with Ju;|=per(u) and |u,|<|u;| and u, a prefix of u,:

v=t[i+1]...tJi+g],

t=xuvx’,

Uy =uyusz,

u=(uyu3) us,

t=x(ususz) uvx’,

w=v'uzu,ov” with [v"|=h+h,

w=uu’,
[w'[=]vl, |v"]|=0.

Then v'usu, a prefix of u =(uu3) u, and |u,us | = per(u). By the minimality of per(u)
the factor usu, of v’ must exactly match a factor usu, of u, so v’ =(u,u3) u, with
¥ <r. v'usu,v is the longest prefix of w ending at i+g and its length is equal to
m—h—h. O

Example 6.11.

w  bbabbabbabaa

t ccbbabbabbabba, . ........
u bbabbabbab

w bbabbabbabaa

Case 5.2: ¢’ <per(u), then this is similar to the case 4. The new attempt depends on the
value of p'.

Then to write the algorithm we just have to know how to make the new attempt in
case 2 and how to compute the length of the smallest period of u at each step.
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Lemma 6.12. If c=g and h=0, the length of the shift is the length of the smallest period
of the word w which is denoted by per(w), so the next call will be T(i+ g+ per(w),

per(w),s).

The proof is obvious.

In order to compute the length of the smallest period of the longest prefix of the
word w we have already found we use the function f of Morris and Pratt defined as
follows. For 0<i<m

f(i)=length of the longest border of w[1]...w[i] and f(0)=0.
Figure 12 describes the whole algorithm.

Theorem 6.13. Algorithm 3 finds all the occurrences of the word w in the text t.

Proof. All the situations are described in cases 1-5. Lemmas 6.1, 6.3, 6.5, 6.7, 6.10 and
6.12 give the proof that Algorithm 3 finds all the occurrences of w in t. [J

Input : A text t and a word w.
Output :  All the locations of the occurrences of w in t.
Method :
Begin
ne=lt;m:=lIwlpu:=0;i=m; g:=m

while i < n do {
(p, ¢, h, state) := T, g, 8);

CASE 1 if ¢ < g then {
g := m-p; pu = p-f(p); }
CASE 2 else if h =0 then {
output(one occurrence of w found at i-m);
g = per(w),
pu = m-per(w)-f(m-per(w)); }
CASE 3 else if h is a multiple of pu then {
g := h; pu := m-h-f(m-h); }
CASE 4 else if pu > (m-g)/2 then {
(p, ¢, h', state’) := T(i-g, m-g-pu, state);
CASE 4.1 if p =0 then {
g = m-p; pu := p-f(p); }
CASE 4.2 else {
g = m-g-p’i pu = g+p’ - f(g+p’); 1}
CASE 5 else {
(p, ¢, h', state’) := T(i-g, pu, state);
CASE 5.1 if ¢’ = pu then {
¢ = h+h; pu = m-h-h'-f(m-h-h'); }
CASE 5.2 else
if p' = 0 then {
g = m-p; pu := p-f(p); }
else {
g = m-g-p’ pu = g+p'-f(g+p); }}
i=i+g; )}
End.

Fig. 12. Algorithm 3.
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Input : A text t, a word w, an index k, a length g and a state
state of the text, the smallest suffix automaton for wR :
A ={ A S, s, F, 6} and the shift function sh.

Output :  (p, c, h, state')

Method :
Begin
p=0;h:=0;j:=k;
while k-j < g and 8(state, t[j]) is defined do {
h := h + sh(state, t[j]);
state 1= O(state, t{jl);
j=j-0
if state € F then p := k-j; }
return{p, k-j, h, state);
End.

Fig. 13. Algorithm 4, computation of T'(k, g, state).

The procedure T can be computed as shown in Fig. 13.

7. Time complexity of Algorithm 3

Assume that we have recognized the longest prefix uy ending at a position [ in the
text. Let us denote by u,,u,,...,u;,... the longest prefixes recognized in the next
attempts. Then the v;’s will be the words composed by the m —|u;| characters on the
right of the u/s in the text.

We define the shifts d;’s by d;=|v; ]

Let us denote by k; the positions of the first character of the u;’s in the text (see Fig. 14).
The ks describe a strictly increasing sequence: k;<k;,; Vi>0. We assume that the
characters of u, have been read only once before the attempt to scan vg.

From the description of Algorithm 3 it is obvious that it is not possible to read
backwards more than the right half of u; while scanning v;.

8 I T T |
L | e [ e ] ]

2

Fig. 14. Three consecutive attempts.
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Proposition 7.1. The locations of the middles of the u;'s describe a strictly increasing
sequence.

Proof. This is obvious if the u;’s do not overlap. Let us examine the case where they all
overlap.

x; = u;l,
yi:'viir
my=k;+|u;|/2=k;+x;/2 (position of the middle of u;),

Xiy1=a;x;+y; with 0O<a;<l,

Vier=01—a;)x;,
kivi=ki+yiv1
=ki+(1—a;)x;,

Mg =Kiy1+Xi4+1/2
=ki+(2—a)xi/2+yi/2,

ai<1 = m;<Mjyq. O

Lemma 7.2. During the next attempts we read again at most twice the characters on the
right half of uy and never the characters on the left half of uo.

Proof. The fact that the left half of ug is never read again follows from Proposition 7.1.
It remains to consider the right half of uy. The proof is divided into two parts. Part
1 for the case where the smallest period of u, is small and part 2 for the case where the
smallest period of ug is large.

Part I: The smallest period of u, is small: ug=x}x, with r>1, |x|=per(uo),
|x,]<|x,] and x, prefix of x;:

X1 =X2X3,

— r
Uo=(x2x3) X3,
w=uyt.

If |vo | < per (uo) (see Fig. 15) and if we are able to read v, without being stopped in the
automaton and if we decide to read backwards the characters on the left of v, in the
text, it means that w=v'vov” and |v”| is not a multiple of per{uo); thus, [¢”[>0.
lvo|=|u’l, then |vov”|>|u’|. |v'|<|uo| and v’ and u, are prefixes of w, then v'=x{x,
with p<r, |x4]<|x, ], x4 a prefix of x;, and x, #x,. w=(x,X3)"X4000".
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per(u,)

v Do Tl Tl e Tl T ]

" g [ v ]

Fig. 15. up=(x3x3) x and |vo] < per(up).

If we are able to read backwards per(uy) characters on the left of v, in the text
without being stopped in the automaton, we have read x;x, (the per(uy) last
characters of ug ) which cannot be equal to the factor x; x4 just on the left of v, in w (by
the minimality of | x, x5 | = per(u,) and x, # x, ). Then there exists another occurrence
of vy further on left in w.

We know that the prefix x3x, of x3x,v, must exactly match with the factor x;x, of
up and, by the fact that |vy| <per(uy), we know that v, is a prefix of x3x,. Then the
length of the shift will be exactly per(u,) and the smallest period of u; is equal to the
smallest period of ug:

do=per(ug) and per(u,)=per{ug)

We can have the same argument with u; and v, since per(u,)=per(u,) and
|vy |=per(uo) < per(u,).

So, if we are able to read backwards per(u,) characters on the left of v, in the text
without being stopped in the automaton, then the length of the shift will be equal to
per (i) and |v | =per(uo) and per(uz)=per(uy )= per (uo ).

So, if we read backwards per(u, ) characters on the left of v, in the text (which is the
maximumy}), then we read the characters of v, and none of u, (see Fig. 16).

per(u,)
-
L w1y l
0
d, per(u;)
T
k
1d1 per(uz)
e
a | w [w] |
K, <>
per(u,)

Fig. 16. per(uy)=per(u,)=per(u,).
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Then the characters of the second half of u, have been read at most three times.

Now we will examine the situations where we are stopped in the automaton while
scanning characters on the left of v,,v; and vy.

If during the rescanning of the characters on the left of v, we are stopped in the
automaton, then the length of the shift will be at least equal to (r— 1) per (1) (since
w cannot reappear before):

dy,=(r—1)per(up)+d with d=0,
k1 :k0+d0,

kl = k0+ per(u())’

k2=k1 +d1
=ko+2per(ug),
k3=k2+d2

=ko+(r+1)per(uo)+d,
ky+iuzl/2>ko+luo!
=ko+rper(up)+|xzl,

as |x,|<per(uo). Then, as it is impossible to read backwards more than half the
characters of u;, we cannot read backwards the characters of u, (see Fig. 17).

per(uy)
P —
tl ‘ Yo l"o[ J
Ko
do per(u,)
S I A l
[3
El per(u,}
>
t us l VZ[ J
ks,
d,
-«
tr I ”31 V3 I l

Fig. 17. d,=(r—1per(uy)+d.



A variation on the Boyer—Moore algorithm 135

If during the rescanning of the characters on the left of v; we are stopped in the
automaton, then the length of the shift will be at least equal to (r — 1) per(u,) (since
w cannot reappear before):

d,=(r—Dper(ug)+d with d=0,

ky=ko+dy,

ky=ko+ per(uo),

ky=ki+d,

=ko+rper(uy)+d,
lus | =luy | —dy +|v,]
=|x;|+[vo|—d+per(ug),

ky+luz|/2=ko+rper(ug)+d+|x2|/24v0]/2—1/24+per(ugy)/2
=ko+(r+1/2)per(up)+|x2]/2+]|v0l/2+1/2
>ko+lugl
=kg+rper(ug)+|x;l,

as |x,|<per(up). Then, as it is impossible to read backwards more than half the
characters of u,, we cannot read backwards the characters of u, (see Fig. 18).

per(ug)
<«

Ll e [y |
Ko
doper(u1)
+—r—>

Fig. 18. dy=(r—1)per(uy)+d.
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If during the rescanning of the characters on the left of v, we are stopped in the
automaton, then the length of the shift will be at least equal to rper(ug) (since
w cannot reappear before):

do=rper(ug)+d with d=0,
ki=ko+rper(ug)+1,
luy|=]x2]+]vo| —d.

Then the value of the next shift is at least equal to 1:

d, >0,
k2:k1+d1
=ko+rper(ug)+d+d,,

luz|=|uy|—di+]vy]
=[xz |+ |vo|—dy+rper(uo),
ky+luzl/2=ko+rper(ue)+d+d; +|x21/2+|vol/2—d /2 4+ (r/2) per (uo)
=ko+(3r/2)per{ug)+1x,1/2+vol/2+d+d,/2,
>ko+|up]
=ko+rper(uo)+|x,|,

asr>1 and |x;| <per(ug). Then, as it is impossible to read backwards more than half
the characters of u,, we cannot read backwards the characters of u, (see Fig. 19).

[ u
il e v |

Fig. 19. do=rper(uy)+d.
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If |vo | > per (u ),
w=(x,X3)" X0 with |u'|=]vy|>per(uy).

If we are able to read v, without being stopped in the automaton and if we decide to
read backwards the characters on the left of v, in the text, it means that w=v"vy v and
[v”| is not a multiple of per(uo); thus, [v”|>0.

Then assume without loss of generality that we have x;=x3x5 such that
vo=(x3x,x5) x5x,v5 with vy a prefix of u'. w=10v"(x4x;x5)* x5 x,v50".

If we are able to read per(uo) characters on the left of v, in the text without being
stopped in the automaton, then we know that x3x,v, is a factor of w. The factor
x3x3 of x3x,v, must exactly match a factor x3x, of u, (by the minimality of
per(uo)=|x;x,|and by the fact that [v"| > 0). Since |vo| > per (4o ), then x; x, is a prefix
of vy: ve=x3X,1g.

Then we have v =(x3x,x5)°x5x, v (see Fig. 20) and vo = x3x, 04 = x4 x3 X, 0§ (see
Fig. 21).

So, we would have x5x,x5=x5x5x,. As [x5x,x5]=|x3x5%,|=per(uy), it is im-
possible to have a proper cyclic shift of a portion of the length per (u,) of ug. Thus, if

w[ - T . -
w [ sl %o [ s[a] ] xs[ ] %] u ]
-
-

W L v T Yo 4[ v
lx}i ><2| x'zlﬁyle ‘ﬂ "

Fig. 20. vo=x%x,x}5x505.

<.

vl

vl | o |
wl [ [x] vo ]

Fig. 21, vo=x3x,05.

b3
x
N
x
«
|
N
x
«
x
]
|
o
x
L
<
| [ _| - ||
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[vo| > per(up), it is impossible to read backwards per(u,) characters of u, without
being stopped in the automaton. Then the length of the shift will be at least equal to

rper(up):
do=rper(up)+d with d=0,
ky=ko+rper(ug)+d,
[ug|=]x2|+|vo|—d.

Then the value of the next shift is at least equal to I:

d, >0,
k2=k1+d1
=ko+rper(ug)+d+d,,

luz|=luy|—di +]v,]
=|x2|+|vo|—dy +rper(uo),
ka+lus|/2=ko+rper(ug)+d+d, +|x31/2+|vol/2—d,/2
+(r/2)per(uo)
=ko+(3r/2)per{ug) +1x2|/2+|vol/2+d+d,/2
> ko + |uol
=ko+rper(uo)+|x;l,

asr>1and |x,|<per(uo). Then, as it is impossible to read backwards more than half
the characters of u,, we cannot read backwards the characters of u,.
Part 2: The smallest period of ug is large: uo=xy with |x|=per(uy), |y{<|x| and
y a prefix of x.

If |vg | < per(ug), the length of the shift is at least equal to per(ug):

do=per(ug)+d with d=0,
ky=ko+per(ug)+1,
fuy[=1yl+]vol—1.

Then the value of the next shift is at least equal to 1:

d, >0,
kzzkl +d1
=ko+per(ug)+d+d,,

lus|=luy|—dy +vy]

=|yl+|vol—dy +per(up),
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by +1uyl/2=ko+per(ug)+d+d, +|y|/2+|vo|/2—d1/2+ per(uy)/2
=ko+3per(ug)/2+1x21/2+|vol/2+d+d,/2
> ko + 1ol
=ko+rper(uo)+yl,

as |y|<per(up). Then, as it is impossible to read backwards more than half the
characters of u,, we cannot read backwards the characters of u, (see Fig. 22).

If vy | >per(up), w=xyu'. If we scan the characters of v, from right to left without
being stopped in the automaton, then v, is a factor of w: w=1v"vyv".

If we decide to read backwards the characters of u, (on the left of v, in the text), it
means that |0} is not a multiple of per(ug), so [v”|>0:

x=yy,
Upg = yyly’
w=yy yu'

If we are able to read per(uo) characters on the left of v in the text without being
stopped in the automaton, then we know that y'yv, is a factor of w. The factor y'y of
V' yvo must exactly match the factor y’y of u, (by the minimality of per(ug)=|y'y|).
But this means that |v”| =0, which is a contradiction.

So, if |vg|>per(uy), it is impossible to read backwards per(ug) characters of u,
without being stopped in the automaton. Then the length of the shift will be at least
equal to per(u,) as when |v, | < per(uy) and we know that in this case it is impossible
to read backwards the characters of u,.

This ends the proof of Lemma 7.2. [

per(u,)
3 I T il

Fig. 22. ug=xy and |ve|<|x|.
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Theorem 7.3. Algorithm 3 reads at most three times the characters of the text.

Proof. The result follows directly from Lemma 7.2. O

8. The Boyer-Moore automaton

The Boyer-Moore automaton was introduced in [11]. It is a way to keep track of
the characters already matched for the last m current characters of the text. This leads
to a deterministic finite automaton (4, Q, go,d) associated with a shift function s,
where
— A is the alphabet,

— Q is the set of states; a state geQ is a word of length m and for 1 <i<m q[i]=w[i]
or q[i]=S$, where $¢4,

— go€A is the initial state (for 1 <i<m go[i]1=9),

— d:Q x A—Q is the transition function,

~ 5:0xA-{0,...,2m}.

Actually, the states carry the information about the characters already matched.

When ¢[i]=3$, it means that we miss the information.

During the scan if we are at position i in the text and in state ¢ in the automaton,
then the next position in the text will be i+s[q,t[i]]—1 and the next state will be
d(g,t[i]). This corresponds to the more simple strategy which consists in trying to
match the rightmost unknown character.

Example 8.1. w=aba and A={a,b} (see Fig. 23).

Fig. 23. The Boyer—-Moore automaton for w=aba.
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The shift function s is given as follows:

a b
$$8 0 2
$5a 4 0
$b 3 6
a$$ 0 2
$ba 6 6
aa 5 5

Actually, no upper bound different from the straightforward 2™ is known for the
number of states of the Boyer—Moore automaton. We only know a polynomial upper
bound for a family of words; see [3, 6].

Our strategy leads to an automaton with a number of states in O(m?) since the
states are all of the form: a known prefix (possibly empty), an unknown portion,
another known portion (possibly empty) and another unknown part. And we try to
match the unknown character just on the left of the rightmost known portion or the
rightmost character of the text if the rightmost known portion of the text is empty:

g=wliol...wliv1uljoT...ulji 10lko]...v0Tks Ix[do]... x[41 ],
where

ip=0 or (ip=1 and iy <i; <m),

Jo=iy or (jo=i1+1, jo<ji<mand u[j]=$ for jo<j<j;),

ko=j, or (kg=j,+1, ko<k,<m and v[k]=w[k] for ko<k<k,),

go=k, or (go=k,+1, go<q;<m and x[q]=$ for go<qg<q,),

VgeQ g=w[1]..w[i1$...3w[j]...w[j+k]$...8.

There are obviously m® words of this form.

9. Comparison with the Boyer-Moore algorithm on few examples

Intuitively, one can expect a better behavior of Algorithm 3 (A3) than of Boy-
er—Moore aigorithm (BM). The latter tends to match small suffixes v of the word
against the text. These suffixes are likely to reappear very close in their left context in
the word, which leads to small shifts (see Fig. 24).

Algorithm 3 matches small prefixes u of the word but it enables it to perform better
shifts than those of Boyer-Moore algorithm (see Fig. 25).
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shift

Fig. 24. Shift of the Boyer-Moore algorithm.

| |

L [ o |

ol |

shift

Fig. 25. Shift of Algorithm 3.

Example 9.1.

t ... cbea........
w abbcabca

BM
t ... cbea........
w abbcabeca

A3
t ... cbea........
w abbcabeca

t .. cdabe........
w abdabecabe

BM
o cdabe........
w abdabecabe

A3
o cdabe . .......

w abdabecabe
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Example 9.3.

t (do*
t dedcdededededede . . . . .
w acbe

BM
t dededededededede . . . . .
w  acbe

A3

t dededededededede . . . . .
w acbe

Example 9.4.
t (aaab)*

t aaabaaabaaabaaabaaab .. ...
w aabaa

BM and A3
t aaabaaabaaabaaabaaab. . ...

w aabaa
w aabaa

10. Conclusion

We have presented a new linear string-matching algorithm using the smallest suffix
automaton. This algorithm scans each text character at most three times. Its prep-
rocessing is linear in time and space in the length of the word to be found. Intuitively,
its behavior seems to be better than that of the Boyer-Moore algorithm, which is
known to be one of the fastest string-matching algorithms in practice. The strategy
used in this algorithm leads to a Boyer—-Moore automaton whose number of states is
bounded by the cube of the length of the word.
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