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ABSTRACT

Developing New Classes of Thick-Origami-Based Mechanisms: Conceal-and-Reveal Motion
and Folding Printed Circuit Boards

Bryce Parker DeFigueiredo
Department of Mechanical Engineering, BYU

Master of Science

Origami-adapted mechanisms form the basis of an increasing number of engineered sys-
tems. As most of these systems require the use of non-paper materials, various methods for accom-
modating thickness have been developed. These methods have opened new avenues for origami-
based design. This work introduces approaches for the design of two new classes of thick-origami
systems and demonstrates the approaches in hardware. One type of system, called “conceal-and-
reveal,” is introduced, and a method of designing these mechanisms is developed. Techniques
are also developed for designing folding printed circuit boards which are fabricated from a single
sheet of material. This enables areas of regional flexibility, leaving other areas stiff. This allows
components to be attached to stiff regions and folding to occur at flexible regions. An optimization
method is presented to design the geometry of surrogate hinges to aid in monolithic origami-based
mechanisms such as flexible PCBs. Examples are shown which demonstrate each of these new
techniques.

Keywords: Origami, Compliant Mechanisms, Surrogate Hinges
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CHAPTER 1. INTRODUCTION

1.1 Background: Origami in Engineering Design

Origami is a centuries-old art form that is increasingly being used by engineers in mechan-

ical design. Traditionally, origami involves folding a single square piece of paper with no cuts. As

engineers have moved towards using origami as a design paradigm to make useful products, they

have confronted challenges in adapting origami principles to applications requiring robust mate-

rials. This research addresses challenges with using thick materials in origami-based design and

develops ways to adapt origami to solve engineering design problems.

One hurdle to overcome is adapting paper origami patterns to applications requiring ma-

terials that are thicker and stiffer than paper. Paper origami is approximated using zero-thickness

models with creases that act as ideal hinges. This means that an origami model consists of two-

dimensional planar panels that rotate on one-dimensional axial hinges. These models are not gen-

eralizable to thicker materials because when folded, the panels would interfere with each other.

Much work has been done to overcome this challenge, and several thickness-accommodation tech-

niques have been developed [1–7].

In addition to these thickness-accommodation techniques, surrogate hinges have been de-

veloped [8], which use principles of compliant mechanisms to reduce the stiffness of a section of

material. This enables a designer to create a hinge-like feature with reduced stiffness similar to

a paper crease. This stiffness reduction is done by changing the geometry with cuts, rather than

introducing a new material, enabling mechanisms to be designed and produced monolithically [9]

(manufactured from a single sheet).

1



1.2 New Avenues for Origami Design: Conceal-and-Reveal Mechanisms

Chapter 2 introduces a type of system called “conceal-and-reveal.” As the field of thick

origami is relatively new and expanding, there is an opportunity to find new types of systems

that can be produced using origami techniques. This work defines conceal-and-reveal systems

and shows how origami is a natural basis for their development. A conceal-and-reveal system

is a device which has two states concealing and revealing a payload and undergoes continuous

motion between these two states. Chapter 2 introduces and defines this type of system, presents

a systematic method for designing it using thick, rigid materials, and demonstrates examples of

designing devices using this process.

The process outlined in this chapter builds upon research done by Jessica Morgan [10]

on design methods for origami mechanisms. It is generalizable to design any origami-adapted

mechanism made from thick materials.

1.3 Origami Electronics: Regional Stiffness Reduction for Printed Circuit Board Design

Chapter 3 details an approach for using compliant mechanisms to reduce the regional stiff-

ness of electronic printed circuit boards (PCBs) to produce rigid and flexible sections on the same

PCB. Traditional PCBs are fabricated with copper-clad fiberglass. These are robust and inexpen-

sive, but are rigid and incapable of producing the large deflections required in flexible electronics

applications. Flexible electronics generally employ materials with low stiffness that enable large

deflections [11]. However, material properties are global, and large deflections can induce stress

on electronic components, which can lead to failure [12,13]. The approach outlined here uses sur-

rogate hinges to reduce stiffness in regions of the PCB substrate while leaving other regions rigid.

This enables components to be placed in regions of rigidity to avoid high stresses induced by large

material deflection. PCBs with flexible hinges can be fabricated from a monolithic sheet of rigid

fiberglass using current standard manufacturing processes.

This technology enables PCBs to be used in origami design. It allows designs such as the

origami flasher solar array [1] to be fabricated from a single sheet and contain working electrical

circuits. Analytical and finite element models are developed and verified, and physical testing es-

2



tablish the robustness of the method. Prototypes are produced which demonstrate how this method

could be used.

1.4 Computational Method for Optimization of Surrogate Hinges in Origami Design

Chapter 4 presents an approach for using computational optimization methods to design

surrogate hinges using arrayed lamina emergent torsional (LET) joints [14]. Arrayed LET joints

include many independent design variables, creating an under-constrained design problem. This

slows design iteration and makes it difficult to find an optimal solution using trial-and-error. Op-

timization techniques are used to improve this process. Mixed integer techniques are employed to

select design variables and produce a design which satisfies constraints and can minimize various

objective functions such as stress and design footprint.

1.5 Research Objectives

The objective of this research is to develop and demonstrate new approaches for thick

origami design. These methods add to the set of tools designers have to adapt origami principles

to their design applications. Three major contributions are presented. First, the conceal-and-reveal

class of systems is introduced. This expands the use case of origami mechanisms and facilitates

origami-adapted design in new areas of application. Second, an approach is developed to design

monolithic PCBs with regions of flexibility and rigidity. This enables novel origami and non-

origami PCB designs. Third, an approach for optimizing surrogate hinges for origami design is

presented. This speeds up the design of surrogate-hinge-based thick-origami mechanisms and

automates the handling of design constraints and stress minimization.

3



CHAPTER 2. ORIGAMI-BASED DESIGN OF CONCEAL-AND-REVEAL SYSTEMS

2.1 Introduction

This chapter presents “conceal-and-reveal” motion, wherein a payload is covered or pro-

tected (concealed) and is uncovered or exposed (revealed). The resulting mechanism provides

continuous motion between the concealing state and revealing state.

Conceal-and-reveal motion is advantageous in a variety of engineering settings. For ex-

ample, clandestine systems that require the payload (e.g. communication systems) to be shielded

from detection until their use, are consistent with needs in some covert operations. Some scientific

instruments (e.g. short-life sensors) need to be protected from harsh environments until a specified

initiation event. High-end consumer products can benefit from packaging that presents the prod-

uct (e.g. luxury cosmetics) in a way that validates value to the consumer. Many medical devices

(e.g. sharp surgical instruments) are best contained until their use, but must be quickly and easily

accessible when needed. Some devices are best protected during deployment (e.g. space systems

during launch) and revealed when in their final position.

Origami is an ideal starting point for designing conceal-and-reveal motion because it has

folded and unfolded states. In addition, origami mechanisms are made of multiple panels, which

can cover and protect the payload in the mechanism’s concealed state.

Engineers are increasingly looking to origami to create unique mechanisms and solve de-

sign problems. Recent years have brought advances in the understanding of the mathematical

principles of origami as well as approaches to adapting these principles to the field of mechan-

ical design. Origami solutions have been used for diverse applications such as reconfigurable

mechanisms [15, 16], metamaterials [17], and DNA nanostructures [18]. Origami-based engineer-

ing design can provide an elegant approach to solving design problems, and systematic methods of

synthesizing origami-adapted mechanisms can improve the process of solving these problems [19].
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Many engineering applications require materials that are stiffer, stronger, thicker, and more

rigid than paper. Adapting origami patterns to use these materials is non-trivial, and techniques

have been developed to facilitate this adaptation [20].

Because most conceal-and-reveal applications require rigid materials with nonzero thick-

ness (as opposed to near-zero-thickness paper origami), a design process for developing thick,

rigid origami-adapted mechanisms for conceal-and-reveal motion is needed. The resulting method

is general enough to apply to other applications with little modification, but is demonstrated here

with three conceal-and-reveal examples.

2.2 Background

2.2.1 Origami in Engineering Design

Origami is an attractive inspiration for engineering design because it exhibits characteristics

such as portability, stowability, and deployability [21]. Products designed using origami include

deployable solar panel arrays [1], stowable optical apertures [22], highly compressible bellows

[23], and automotive airbags [24]. Designs that incorporate both folded and unfolded states have

been used in civil engineering and architecture [25]. As new techniques continue to be developed

for transferring origami principles to engineering designs, it is anticipated that these applications

will continue to expand.

2.2.2 Rigid Origami and Thick Origami

Mathematical and kinematic models have been developed to predict origami motion from

a given fold pattern [26–29] and to design fold patterns based on a desired form [30–32]. When

modeling origami, a zero-thickness assumption is used to approximate paper and other thin, sheet-

like materials. However, this assumption does not hold when thicker materials are used. Rigid

materials also present challenges in adapting origami patterns because hinges add complexity over

paper creases.
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Rigid-origami mechanisms and thick-origami mechanisms are subsets of origami-adapted

mechanisms that present unique design challenges (see Fig. 2.1). It is important to address these

challenges because many engineering applications require rigid, thick materials.

Figure 2.1: Thick-origami mechanisms and rigid-origami mechanisms are subsets of origami-
adapted mechanisms.

When designing origami using rigid materials, an important property to consider is rigid

foldability. Rigid-foldable origami patterns are patterns that can undergo a transformation from

their unfolded to folded state with their panels remaining rigid and deformation occurring only at

crease lines [33]. The rules for determining whether a given origami pattern is rigid foldable are

well-understood [34–38], which helps designers evaluate fold patterns for potential suitability in

rigid applications.

Several methods have been demonstrated for accommodating thick materials in origami-

adapted engineering design. They include the Axis Shift method [2], the Offset Joint method [3,4],

the Membrane Folds method [1], the Tapered Panels method [2], the Offset Crease method [5], the

Spatial Linkages method [6], and the Offset Panel method [7]. These methods give designers a set

of tools from which they can select a technique that is suitable for their design application. Morgan

et al. [39] present a comparison of these thickness-accommodation techniques.
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2.2.3 Design Process

Designing origami-adapted mechanisms can be a complex process with interrelated de-

sign decisions that are difficult to decompose [40]. To address this, Morgan et al. [41] proposed

a preliminary design process for origami-adapted mechanisms similar to design processes for

biomimetic design [42] and further developed this process for aerospace applications [43]. Four

categories of material and design options used in origami-adapted design are outlined:

• Flexible Interrupted: flexible panels with cuts or slits

• Flexible Continuous: layers of flexible material

• Rigid Interrupted: rigid panels with cuts, slits, or pin hinges

• Rigid Continuous/Hybrid: rigid panels with a flexible membrane

The approach presented in this paper addresses Rigid Interrupted and Rigid Continuous/Hybrid

origami-adapted designs. It may be used for thick, rigid origami in any application.

2.3 Conceal-and-Reveal Motion

This work presents a method to synthesize origami-based systems that undergo specified

motion. We define a conceal-and-reveal system as one that is characterized by a starting state

which conceals or protects a payload, an ending state which reveals or exposes the payload, and

continuous motion between the two states.

Features of a conceal-and-reveal system as defined here include:

• The system has two terminal states: one in which the payload is concealed and one in which

it is revealed

• The system undergoes continuous motion between these two states

• The payload is completely enclosed in the concealed state

• The payload is lifted out of its enclosure and presented in the revealed state
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• The system has the number of degrees of freedom consistent with the needs of the application

(often one degree of freedom)

Origami is well-suited to be the basis for these systems because origami has at least two

states: folded and unfolded. Origami mechanisms are based on panel-shaped links which provide

surfaces to cover the payload in the concealed state. The rules of rigid-foldability [44, 45] and

thickness accommodation [2] are increasingly well-understood. Origami mechanisms are compact

and have been used to pack designs in small volumes for stowing [46].

Because of the potential complexity of origami mechanisms, it is advantageous to use a

systematic process in their design. The following section outlines a process for thick, rigid origami

mechanisms intended for the design of conceal-and-reveal mechanisms but is general enough to

apply to other systems.

2.4 Method

A six-step process for designing thick, rigid origami-adapted systems was developed in

this work and is presented in Fig. 2.2. The steps of this process guide designers from low-fidelity

concepts to increasingly high-fidelity designs.

2.4.1 Define Problem

The first step is to define the objective, design requirements, and constraints of the system.

These are captured in a document such as a requirements matrix, which will guide the design later

in the process. Methods for developing a requirements matrix can be found in design texts [47].

A requirements matrix provides constraints in design exploration and focuses designers on metrics

that will lead to a successful design.

2.4.2 Select Origami Pattern

The next step is to select the origami pattern that will form the “seed” of the overall design.

The designer explores the design space broadly. It is not necessary that the seed origami pattern

exhibit the final desired motion of the mechanism. It is more important that the pattern have

properties conducive to the material to be used, such as rigid foldability.
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Figure 2.2: This chart introduces a process for designing thick, rigid-origami mechanisms. It is
applied to produce origami mechanisms that exhibit conceal-and-reveal motion.

Unfortunately, a comprehensive library of origami patterns does not currently exist. How-

ever, there are resources which give partial sets of origami patterns [33] and describe varieties of

origami principles [28, 48, 49].
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2.4.3 Modify and Refine Origami Pattern

Once a seed origami pattern is chosen, it is modified and refined to achieve the desired

motion. Three general types of origami pattern modification are:

• Tessellating the entire origami pattern or part of the pattern

• Adding or deleting panels

• Altering panel shape

These types of modification may also be combined, and computer-aided methods may be

incorporated [50]. The result of this step is a pattern that exhibits the desired motion in a zero-

thickness approximation (e.g. paper).

There is no set linear process to synthesize a crease pattern modification for a given situa-

tion. Rather, it is an iterative process that requires some intuition from the designer. Some guiding

principles of this step include the following:

• The modified crease pattern should form a kinematic backbone compatible with the require-

ments outlined in Step 1.

• The modified crease pattern should preserve the desired number of degrees of freedom of

the system.

• The modified crease pattern should not self-intersect when manufactured with thick materials

and thickness-accommodation methods.

3-dimensional CAD models consisting of 2-dimensional panels with kinematic constraints

can be useful in exploring the possible designs at this step in the process. Paper prototypes can

also be helpful in visualizing candidate designs. As with the previous step, broad exploration of the

design space is appropriate in this step. Since it is less difficult and more inexpensive to prototype

in this stage than later ones, many possibilities can be explored, evaluated, and carried on to the

next step.

10



2.4.4 Select Thickness-Accommodation Method

After the origami pattern is adapted to achieve the desired motion, it must be modified to

accommodate thick, rigid materials. Several techniques have been developed to accomplish this

goal [1–7]. Each is preferable under different circumstances, and their properties and tradeoffs

should be considered. Morgan [39] has compiled a list of thickness-accommodation techniques

and has compared their characteristics. This characterization is helpful in selecting a suitable

means of accommodating thickness in the design. A thickness-accommodation method may be

selected and modeled using mathematical methods and CAD software to verify its feasibility. In

this step, designers can begin to fabricate thick prototypes and gain an understanding of how the

mechanism will behave when made with engineering materials. Due to the increasing complexity

and fidelity of the design during this phase, designers should narrow the set of candidate designs

at this point.

2.4.5 Modify for Application-Specific Elements

At this point there will likely be application-specific aspects of the design that have not

been addressed yet. When a suitable thickness-accommodation method has been selected, the

overall design can be modified to address these design aspects. For example, the design may

have to be altered to accommodate external parts or assemblies. In the case of conceal-and-reveal

mechanisms, the payload must be accommodated.

As applications and design requirements vary, many approaches can be taken to modify the

thick origami design. This can often be an iterative process that requires adjustment to the designs

produced in the previous steps.

Mathematical and computer models are employed to design modifications to the crease

patterns. These modifications could be changes to the pattern similar to those outlined in the

previous step, or they could be additional structures added to the design and kinematically coupled.

During this step, it may become apparent that certain designs are less desirable than others,

and as candidate designs are pruned, designers can focus on increasing the fidelity of the most

promising designs. CAD models and medium-fidelity prototypes (such as with foam board, 3D-

printed polymer, or wood) may be produced to aid in this step.
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Once application-specific elements have been included in the design, a functional prototype

can be produced and tested to verify that it meets the functional requirements of the design.

2.4.6 Modify for Manufacturing

Once a functional design has been made, the final materials can be selected and the manu-

facturing processes can be chosen. Materials and manufacturing processes depend mostly on the

application requirements from the first step, with additional modifications which may be necessary

to accommodate designs developed in the later stages of the process. In addition, origami-adapted

systems can often be manufactured from a flat sheet or set of sheets, and this fact can be utilized in

this step to simplify the manufacturing process. Once final materials and processes are chosen, a

high-fidelity prototype can be constructed and tested to verify that it meets the design requirements.

2.5 Examples

The proposed process is demonstrated here through the design of three origami-based

conceal-and-reveal mechanisms. Sharing an overall design objective among the three devices en-

ables the discussion to focus on the process rather than the application. It also illustrates the ability

to design multiple origami-based systems that satisfy a given design need.

The first step (Define Problem) is first presented and used for all three examples. Steps 2-6

were then performed for each example independently.

2.5.1 Problem Definition

The design objective is to create a conceal-and-reveal system that presents a luxury product

to a consumer. The product used here is a high-end wrist watch. The conceal-and-reveal motion is

important in expressing value to the consumer, who may be paying a lot for a product (in the case of

high-end wrist watches, this can be hundreds of thousands of US dollars or hundreds of thousands

of Euros) and there is an expectation that it is differentiated from its less-expensive counterparts.

Several design requirements were identified through collaboration with an international luxury

consumer product company:

• The mechanism should reveal the payload as the container is opened.
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• The mechanism should lift the payload out of the container and present it to the user.

• The mechanism should provide additional concealment of the payload besides the lid of the

container.

• The mechanism should combine rotational and translational movement of different parts of

the mechanism.

• The conceal-and-reveal mechanism should fit inside a box-like container.

• The exterior of the container should resemble a standard watch box in the concealed state.

• The mechanism should utilize similar manufacturing methods as the rest of the container.

The next five steps in the design process are used to create three conceal-and-reveal devices

with each based on a different origami seed pattern. The following sections describe how each

pattern was adapted to form a unique solution to the problem.

2.6 Example 1: Square Twist Array

The first example design is the Square Twist Array. The resulting design uses an array of

four Square Twist origami patterns with a flexible link that lifts the payload from the box.

2.6.1 Origami Pattern Selection

The square twist is a fundamental origami fold pattern shown in Fig. 2.3a. It is rigidly-

foldable in certain configurations [38], which means the panels remain rigid throughout their mo-

tion, with all deflection occurring on the fold lines. This property makes it well-suited for applica-

tions that use thick, rigid materials [39]. The square twist pattern was selected as the basis for the

first design example because of its simplicity and rigid-foldability.

2.6.2 Pattern Modification

To achieve conceal-and-reveal behavior, the square twist pattern was placed in a 2x2 array,

as shown in Fig. 2.3b. Adjacent panels from each of the arrayed square twists were combined,
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and the outside panels were removed. This left the 9 panels shown in Fig. 2.3c. The result was

a mechanism with a single degree of freedom; the open and closed configurations are shown in

Fig. 2.4.

As shown in Fig. 2.4, the outside panels close over the center of the pattern completely

when the pattern is in its concealed state; thus, the payload will be completely covered. In its

revealed state, the system opens the center panel and completely exposes it. This behavior shows

promise for solving the conceal-and-reveal design problem outlined above.

(b) (c)(a)

Figure 2.3: Square twist origami pattern modified for conceal-and-reveal behavior. (a) Original
square twist fold pattern. Blue solid lines represent mountain folds, and red dashed lines represent
valley folds. (b) Four arrayed square twists. This is the intermediate step to get from the square
twist on the left to the modified pattern on the right. (c) Modified square twist pattern. The grey
area indicates the portion used in this mechanism.

2.6.3 Thickness Accommodation

The Offset Panels Technique [7] was used for thickness accommodation. In the Offset

Panels Technique, all hinges are placed on a single joint plane, and the panels are offset from that

plane to accommodate for panel thickness when folded. Advantages of this technique include the

preservation of pattern kinematics and range of motion, as well as the ability to maintain a single

degree of freedom [39]. This enabled the pattern to be manufactured using thick materials while

preserving the properties of the original origami pattern. Figure 2.5 shows a CAD model of the
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(b)(a)

Figure 2.4: An illustration of the revealed (left) and concealed (right) configurations of the arrayed
square-twist pattern. Colors represent different layers in the closed configuration and correspond
to the colors in Fig. 2.5.

resulting thick origami mechanism attached to an open box. The panels in Fig. 2.5 correspond to

similarly-colored panels in Fig. 2.4.

Figure 2.5: A CAD model of the Square Twist Array attached to an open box. The colors of the
panels correspond to the colors in Fig. 2.4.
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2.6.4 Payload Accommodation

A basic approach to accommodate the payload is to add a stationary compartment in the

center panel for the payload. Although this would allow the payload to be concealed and revealed

upon deployment, it would not provide the required lifting presentation. As shown in Fig. 2.5, a

portion of the center panel was removed to accommodate the payload volume. A lift mechanism

was designed to couple the motion of the panels with the payload. This preserves the single degree

of freedom of the origami pattern. As the box is opened, the panel kinematics lift the payload in

the same motion. Figure 2.6 shows a section view of the lift mechanism.

Panels move as box opens and closes

Payload raises and lowers

Figure 2.6: Section view of the payload and lift mechanism of the Square Twist Array. The yellow
block represents the payload. When the panels open and close, the black strip translates their
motion to lift the payload up and down.

2.6.5 Modification for Manufacturing

Once the design met the functional requirements of the conceal-and-reveal design prob-

lem, materials and manufacturing methods were addressed. Rigid boards were used as a core,

covered by an adhesive paper membrane. This membrane served as a hinge between rigid sec-

tions. Figure 2.7 shows a prototype of the Square Twist Array conceal-and-reveal mechanism in

two positions.
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Figure 2.7: Prototype of Square Twist Array conceal-and-reveal mechanism.

2.7 Example 2: Modified Hexagon Twist

The second example design is the Modified Hexagon Twist. The resulting design employs

the Hexagon Twist origami pattern and utilizes Sarrus linkages [51] to lift the payload from its

stowed position inside the box.

2.7.1 Origami Pattern Selection

The Modified Hexagon Twist is based on rigidly foldable twists presented by Evans et

al. [38]. The original pattern is shown in Fig. 2.8a. This pattern shares advantages with the Square

Twist, such as rigid foldability, but does not need to be arrayed to conceal the payload.

2.7.2 Pattern Modification

The Hexagon Twist pattern was modified as shown in Fig. 2.8 to achieve conceal-and-reveal

motion. The original origami pattern begins with a square outline, but the folded shape would not

completely conceal the center panel. The outline of the pattern was therefor modified as shown in

Fig. 2.8b.

2.7.3 Thickness Accommodation

The design was further modified to accommodate panel thickness. The Axis Shift thickness-

accommodation method was selected because it required fewer offsets as compared to other thickness-
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(b) (c)(a)

Figure 2.8: Modification of the hexagonal twist pattern. (a) Original hexagon twist pattern. Blue
solid lines represent mountain folds, and red dashed lines represent valley folds. (b) Modifica-
tion of exterior panels for conceal and reveal motion. (c) Modification of pattern for thickness
accommodation using Axis Shift technique.

accommodation methods [2]. Its use of overconstrained spatial linkages also helps provide a rigid

mechanism [6] that preserves one overall degree of freedom in the system. To accommodate this

method, the pattern was adapted as shown in Fig. 2.8c. A functional prototype with thick panels is

shown in Fig. 2.9.

2.7.4 Payload Accommodation

To achieve lifting presentation, a vertically translating compartment was added to the mech-

anism. Figure 2.10 shows the mechanism which lifts this compartment and the linkage which con-

nects the panels to the lid to drive this motion. The compartment is an open triangular prism, and

the lifting is achieved using a Sarrus linkage attached to the triangular panels of the Hexagon Twist

(see Fig.2.11). The links of the Sarrus linkage undergo a 90◦ rotation from the fully extended

configuration to the fully collapsed configuration. This limits the range of motion of the trian-

gular panels, which are directly connected to the linkage. Because the triangular panels undergo

less rotation than the larger panels when the pattern is first unfolding, the mechanism is able to

completely reveal the payload as the larger panels unfold greater than 90◦.
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Figure 2.9: Modified Hexagon Twist with thick panels going through its folding motion.

2.7.5 Modification for Manufacturing

The origami mechanism and lifting apparatus were designed to be fabricated separately

from the rest of the box and lid, as shown in Fig. 2.10. The whole system was then integrated

and assembled as shown in Fig. 2.11. The motion of the mechanism is coupled to the lid using

a four-bar linkage that is formed by the box base, the box lid, the large exterior panel of the

hexagon twist, and a connecting link which connects the hexagonal exterior panel to the box lid

(see Fig. 2.12). The length and position of this link relative to the box lid and Hexagon Twist

exterior panel determine the relationship of the motion of the box’s opening to the kinematics of

the conceal-and-reveal motion. The length and position of this link were designed so that when the

box lid opens 90◦, the conceal-and-reveal mechanism is fully actuated.

This four-bar mechanism couples the opening of the lid to the opening of the origami

mechanism, thus preserving the single degree of freedom motion. As the lid is opened, this four-

bar linkage drives the origami pattern to open, which drives the motion of the Sarrus linkage to lift

the payload compartment.
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(b)(a)

Figure 2.10: Linkages for actuation. (a) Sarrus linkages (red) lift the payload as the panels open.
(b) Links behind mechanism panels couple the motion of the panels with the motion of the lid.

(b) (c)(a)

Figure 2.11: Sarrus mechanism (red) used in the actuation of the Modified Hexagon Array.

To assist the actuation of the mechanism, a compression spring was placed between the bot-

tom of the box and the bottom of the Sarrus mechanism (see Fig. 2.13). This makes the opening

and closing of the box bistable. When the box is in the conceal state, the links of the Sarrus mech-

anism are fully extended and the mechanical advantage of the bottom of the Sarrus mechanism
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(b)

(c)

(a)

Figure 2.12: Four-bar mechanism (red) formed by links coupling the motion of the origami array
with the lid. Images show mechanism starting (a) fully open and (b,c) going through closing
motion.

in relation to the movement of the lid is low. Because of this, the spring alone is unable to open

the box. When the box is in the reveal state, the Sarrus linkage is collapsed and the spring is able

to keep the box open because of the higher mechanical advantage of the Sarrus linkage in this

position.

Figure 2.14 shows a prototype of the Modified Hexagon Twist conceal-and-reveal mecha-

nism in its concealed, intermediate, and revealed positions.
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Figure 2.13: A compression spring (red) assists with the actuation of the Modified Hexagon Array.

Figure 2.14: Prototype of Modified Hexagon Twist conceal-and-reveal mechanism.

2.8 Example 3: Chicken Wire Tessellation

The third example design is the Chicken Wire Tessellation (also known as the Hexagonal

Pattern). The resulting design takes advantage of the natural folding characteristics of the Chicken
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Wire Tessellation pattern, requiring less modification from the original origami than the previous

two designs.

2.8.1 Origami Pattern Selection

The Chicken Wire Tessellation is an origami pattern that consists of tessellated hexagons

folded in half to form two trapezoids each (see Fig. 2.15). This pattern is related to the Yoshimura

pattern [52] and is rigidly foldable [33]. As shown by Miura [53], it folds into a pseudo-cylindrical

concave shell (see Fig. 2.16).

Figure 2.15: Chicken Wire Tessellation origami pattern. Blue solid lines represent mountain folds,
and red dashed lines represent valley folds.

2.8.2 Pattern Modification

When folded, the Chicken Wire Tessellation self-intersects before folding flat (see Fig. 2.16).

To avoid self-intersection, panels were modified as shown in Fig. 2.17. In the figure, panels marked

with X’s are deleted, and panels shaded gray are added. This enables the panels to fold flat in the

concealed position and provides additional concealment.
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Figure 2.16: Chicken Wire Tessellation folding into a pseudo-cylindrical concave shell. Note that
further motion is prevented by self-intersection. The pattern is modified to avoid this, as shown in
Fig. 2.17.

X XXXX

(a)

(b)

(c)

Figure 2.17: Modification of the Chicken Wire Tessellation Pattern. Panels labeled with X’s are
removed, and gray panels are added.

2.8.3 Thickness Accommodation

The Axis Shift thickness-accommodation method [2] was chosen for this design because

it did not require the use of offsets for this pattern. The kinematics and range of motion of the
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folding pattern were preserved. Thin membranes were used for hinges [1], and the pattern did not

require any additional modification to accommodate thickness.

2.8.4 Payload Accommodation

A storage compartment was included in the base of the box to accommodate the payload

when the box was closed, and a parallelogram linkage [54] was used to lift the payload out of the

storage compartment when the box was opened (see Fig. 2.18). The parallelogram linkage was

the width of the smallest edge of the tessellation, so it did not interfere with the origami pattern in

any configuration. The linkage was attached to the origami mechanism so that their motion was

coupled and combined, they have a single degree of freedom.

Payload Storage Area

Parallelogram Linkage

(b)(a) (c)

Figure 2.18: Parallelogram linkage (red) used to lift the payload out of storage for the Chicken
Wire Tessellation conceal-and-reveal box.

2.8.5 Modification for Manufacturing

To integrate the Chicken Wire Tessellation into the outside box structure, panels from the

top and bottom of the origami pattern were attached to the box lid and base. The parallel guiding

mechanism was attached to origami panels and to the box base. This design allowed the origami

portion of the design to be manufactured separately from the box and integrated in assembly.

Figure 2.14 shows a prototype of the Chicken Wire Tessellation conceal-and-reveal mechanism in

its concealed, intermediate, and revealed positions.
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Figure 2.19: A prototype of the Chicken Wire Tessellation conceal-and-reveal mechanism.

2.9 Conclusion

This work introduces the “conceal-and-reveal” term to represent a type of system function

that is useful in multiple engineering settings; presents the case for using origami-based designs to

achieve the desired conceal-and-reveal behavior; proposes a six-step process for the design of thick,

rigid origami-based systems; and demonstrates the process through the design and prototyping of

three systems that share an overall design objective but employ different origami patterns and

thickness accommodation techniques to achieve the objective.

Conceal-and-reveal systems use mechanisms to alternately cover and expose a payload.

Origami is well-suited for designing these systems, and the design space is broad and largely

unexplored. The method presented here is general enough to apply to a wide range of applications.

It was demonstrated here with three solutions to one problem definition to clearly demonstrate

the use of the method. The approach can be followed to address a variety of other conceal-and-

reveal problems, including applications in medical devices, space systems, and covert operations,

to name a few. The examples also demonstrated that a range of rididly-foldable origami patterns

can be adapted for use in conceal-and-reveal mechanisms.

The design process introduced and demonstrated here can also be generalized to thick, rigid

origami beyond conceal-and-reveal applications. It can be used in a variety of design applications
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that utilize materials that are thicker and stiffer than paper. Other application-specific elements

could be substituted, such as maximizing deployed surface area or minimizing volume required

when stowing the mechanism. This design process gives designers a framework with which they

may approach any design utilizing thick, rigid origami, and it may be adapted to meet the require-

ments of a specific situation.
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CHAPTER 3. REGIONAL STIFFNESS REDUCTION USING LAMINA EMERGENT
TORSIONAL JOINTS FOR FLEXIBLE PRINTED CIRCUIT BOARD DESIGN

3.1 Introduction

Recent years have seen significant advances in flexible printed circuit board (PCB) technol-

ogy. Flexible electronics are used in a wide array of industries, including aerospace, automotive,

consumer electronics, and medical devices [11]. Increasingly demanding design requirements in-

clude flexibility, manufacturability, and fatigue life. These requirements often compete and lead to

design trade-offs.

Flexible electronics research and development generally focus on developing and applying

materials with low stiffness. Material properties are global and affect the entire PCB, so these

trade-offs can cause undesirable behavior in some parts of the device. In particular, fatigue due

to repeated deflection of components and their connecting joints can lead to failure [55]. It is

desirable to limit the strain on components and connecting joints to increase the service life of the

device.

In addition to material selection, increased flexibility can also be achieved using geometry

and boundary conditions [56]. Compliant mechanisms are devices that achieve their motion from

deflection of flexible components, and they have been used in electrical connectors to improve

performance and reliability [57]. They have also been used to protect components from stresses

due to impact [58].

This chapter presents an approach for reducing stiffness regionally using principles of com-

pliant mechanisms to design for flexibility based on geometry. Surrogate hinges composed of

arrayed lamina emergent torsional (LET) joints are used to introduce regions of flexibility while

keeping areas of rigidity in a PCB made with a stiff substrate. The approach enables electronic

components to be attached to rigid sections of the PCB while facilitating flexibility elsewhere.
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3.2 Background

Various technologies exist for the design of flexible PCBs. These technologies provide

inherent trade-offs compared to traditional rigid PCBs, which are often made with a copper con-

ductive layer on a flame retardant fiberglass substrate.

3.2.1 Flexible Electronics

Similar to traditional rigid PCBs, flexible printed circuits include an electrically conduc-

tive coating adhered to an insulating substrate [11]. A wide variety of flexible conductors have

been used and proposed, including metallic films [59], eutectic indium/gallium [60], percolated

networks of conducting nanowires [61], polymers [62], and graphene [63]. Flexible substrates

such as plastic films [64], metal foils [65], and textiles [66] have also been used and proposed.

Using flexible materials results in a global reduction in stiffness, which leads to trade-offs in other

properties (such as electrical conductivity or manufacturability).

The two main failure modes for flexible electronic devices are crack propagation and de-

lamination [67,68]. Failures are generally more common in the conductive layer than the substrate

because the conductive layer must be optimized for things other than just mechanical strain (such

as electrical conductivity) and it is farther away from the neutral bending axis [69]. In addition,

components mounted in a flexible circuit experience strain at the mounting surface, either in com-

pression (on the inside of the bend) or tension (outside of the bend), which can cause failure in

the components [12, 13]. Fig. 3.1 illustrates the stress that is applied when flexible circuit boards

are deflected. The effects of fatigue and high stress on electronic components have been stud-

ied [70, 71], and it is beneficial to reduce the fatigue and stress applied to these components.

Current solutions to this problem include adding stiffeners to flexible circuit boards and

producing multi-layer printed circuit boards that include layers of flexible and rigid materials that

are cut to allow for regions of flexibility and rigidity. Both of these approaches add cost and

manufacturing complexity. They are also difficult to scale to the micro scale. Designing geometry

that can add flexibility in specific regions while keeping others rigid could prevent high stresses

from damaging components.
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Figure 3.1: Current techniques for producing flexible electronics allow for uncontrolled deflection
of the entire substrate. When the circuit is (a) undeflected, components and solder joints experience
low stresses. When the circuit is (b) deflected, components and solder joints experience high
stresses.

3.2.2 Surrogate Hinges

Flexible PCBs are fabricated in a plane and can exhibit motion out of their fabrication plane,

and they can be categorized as lamina emergent mechanisms (LEMs). The field of compliant

mechanism provides approaches for designing robust LEMs that can be fabricated on a planar

sheet [72]. Surrogate hinges (also known as surrogate folds) are a class of mechanism that use

compliant members to achieve a hinge-like motion. Various geometries for surrogate hinges have

been developed [8] and evaluated for different loading conditions [9]. The Lamina Emergent

Torsional (LET) joint [14] is one such geometry that transforms an overall deflection in bending to

torsional deflection in its legs (See Figure 3.2a).

LET joints can also be arrayed in series and parallel (see Fig. 3.2b). This allows designers

to use several LET joints to further reduce the stiffness.

3.3 Approach

To investigate the approach of using arrayed LET joints to reduce stiffness in printed circuit

boards, the stresses were modeled analytically and using finite element analysis (FEA). These

models were compared, and a prototype was constructed and tested.
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(b)(a)

Figure 3.2: (a) A single LET joint and (b) an array of LET joints. LET joint geometry lowers
stiffness by transferring an applied bending load over the joint to torsional loads in the legs.

3.3.1 Models and Analysis

Analytical and FEA models were developed and compared to aid engineers in develop-

ing suitable geometry to implement these joints in a design application. The following sections

describe these models.

Analytical Model

An analytical model was developed based on work done by Jacobsen et al. [14], where a

single LET joint is analyzed (see Fig. 3.3). Figure 3.3b shows the parameters referenced in the

equations below.

An applied pure moment is assumed, and the moment-deflection behavior is characterized

by

M = keqθ (3.1)

where M is the moment on the joint from the applied angular deflection θ , and keq is an equivalent

spring constant based on a combination of the individual pseudo spring constants in the joint (k1−6

in Fig. 3.3a). Figure 3.4 shows the applied angular deflection θ that induces moment M.
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Figure 3.3: (a) A single LET joint with its corresponding spring system and (b) geometric param-
eters for Eq. 3.1-3.12.

Combining the springs from Figure 3.3a results in an equivalent spring constant of

keq =
k1k3k5

k1k3 + k1k5 + k3k5
+

k2k4k6

k2k4 + k2k6 + k4k6
(3.2)

Assuming that a symmetric LET joint is used, k1 = k2 = k3 = k4 and k5 = k6. Since stiff-

nesses k1−4 are the stiffnesses of the torsional members, they can be represented as kt . Likewise,

k5−6 can be represented as kb for the stiffness of the bending members. Combining the above

stiffnesses as springs in parallel and series (see Fig. 3.3a) yields the equivalent stiffness of a single

LET joint in terms of the stiffness of its torsional and bending members:
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M

Figure 3.4: Deflected LET joint with parameters from Eq. 3.1 labeled.

keq =
2ktkb

kt +2kb
(3.3)

To find the total equivalent stiffness, the stiffnesses of the torsional and bending members

is calculated. The torsional stiffness kt is calculated by

kt =
KiG

lt
(3.4)

where G is the modulus of rigidity and lt is the length of the torsional segment. Ki is a geometry-

dependent parameter defined by

Ki = wtt3
[

1
3
−0.21

t
wt

(
1− t4

12w4
t

)]
(3.5)

where t is the thickness of the LET joint and wt is the width of the torsional segment.

The bending stiffness kb is calculated by

kb =
Ewbt3

12lb
(3.6)

where E is the modulus of elasticity, wb is the width of the bending member, and lb is the length of

the bending member.

33



The shear stress in a non-circular torsion member can be modeled by the equation

τmax =
Ti

Q
(3.7)

where Ti is the torque applied to the torsional member and Q is a geometry-dependent parameter,

defined for a rectangular cross section as follows:

Q =
w2

t t2

3wt +1.8t
(3.8)

The bending stress in the bending members can be calculated by

σmax =
6Ti

wbt2 (3.9)

where Ti is the torque applied to the bending member, wb is the width of the bending member, and

t is the thickness of the bending member.

It is important to note that Ti for both shear and bending is equivalent to half of the moment

applied to the joint, since there are two torsion and bending members in parallel and the load is

shared. Therefore, Ti is given as

Ti =
M
2

(3.10)

for a single LET joint.

The maximum Von Mises stress, σmax,v, can then be calculated from τmax and σmax as

σmax,v =
√

σ2
max +3τ2

max (3.11)

Combining equations 3.1 through 3.11, it is possible to determine the maximum stress in

the joint with respect to the applied angular deflection θ as

σmax,v =
KiG

li
θ

√
9

wb
2t4 +

3
4Q2 (3.12)

In cases where m joints are arrayed in parallel, the torque on each joint is equal to the

applied torque divided by m. In cases where n joints are arrayed in series, the angular deflection
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m = 2

(parallel)
n = 5

(series)

Figure 3.5: Detail view of LET joint array.

on each joint is equal to the total angular deflection divided by n. The maximum Von Mises stress

of a LET joint array with m joints in parallel and n joints in series (see Fig. 3.5) is then given by

σmax,v =
2ktkbθ

n(kt +2kb)

√
9

w2
bt4 +

3
4Q2 (3.13)

Substituting Eqs. 3.4 and 3.6 into Eq. 13 yields

σmax,v =
2(KiG

lt
)(Ewbt3

12lb
)

(KiG
lt
)+2(Ewbt3

12lb
)

√
9

w2
bt4 +

3
4Q2 (3.14)

The above analytical model was verified using finite element analysis.

FEA Model

To verify the analytical model of the LET joint array in FEA, various m x n arrays of LET

joints (with m being the number of LET joints in parallel and n being the number of LET joints in

series) were modeled and then deflected to an angular displacement of 180◦. ANSYS Parametric

Design Language was used to perform the analysis. Solid186 elements were used to model the

torsional members, and Beam188 elements were used to model the rigid regions at the ends of the

design. The model was meshed into about 188 elements per torsional member. Because of the

large deflection of the structure, a nonlinear solver was used.
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The maximum Von Mises stress from the FEA solution was compared to the maximum

Von Mises stress from the analytical model in Section 3.3.1. The comparison of the two models

is presented in Table 3.1, along with the difference expressed as a percentage of the total Von

Mises stress. Note that in all cases, the difference was within 8%. Sources of error include the

assumptions that members were loaded in pure tension and bending and that all other components

were rigid. In addition, stress concentrations led to higher maximum stresses in the FEA model.

A stress concentration factor of 1.07 accounts for the difference beween the analytical and finite

element models.

Table 3.1: Comparison of analytical and finite element model results. The Von Mises stress is
listed, based on a 180◦ angular displacement load. Note that m is the number of LET joints in

parallel and n is the number of LET joints in series (see Fig. 3.5).

Array Size Analytical Max FEA Max Error (%)
(mxn) Stress (MPa) Stress (MPa)

1x1 1658.5 1746.0 5.28
1x2 829.3 887.4 7.01
1x3 552.8 593.6 7.38
1x4 414.6 445.3 7.40
1x5 331.7 357.0 7.63
1x6 276.4 297.4 7.61
1x7 236.9 255.2 7.72
2x1 1658.5 1757.3 7.82
2x2 829.3 887.0 6.96
2x8 207.3 223.7 7.91

2x10 165.9 178.8 7.82

3.3.2 Prototype Design

The validated models in Section 3.3.1 facilitate the design of electronic devices with regions

of flexibility and rigidity. One such design was prototyped and tested to investigate the feasibility

of using arrayed LET joints as a means of introducing flexibility in rigid printed circuit boards.
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Figure 3.6 shows the device that was constructed to demonstrate this concept in practice.

The prototype is a folding solar array with the solar panels electrically connected in series with

traces in the LET joints. The device is designed to fold 180◦ and stow in a backpack.

Figure 3.6: (a) Prototype solar array with LET joint hinge in folded and (b) unfolded configura-
tions, along with (c) a detail view of the LET joint array surrogate hinge.
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The hinge was designed using an array with 2 LET joints in parallel and 5 LET joints in

series (m = 2, n = 5). The torsional members of each LET joint had a length of lt = 3.68 cm and a

width of wt = 0.13 cm. The bending members of each LET joint had a length of lb = 0.38 cm and

a width of wb = 0.13 cm. Overall, the hinge section was 15.24 cm along the bending axis and 2.16

cm perpendicular to the bending axis. A detail view of the LET joint array with exposed copper

traces is shown in Fig. 3.6c.

The prototype demonstrated the ability to deflect 180◦ without mechanical failure or degra-

dation of electrical performance.

3.3.3 Testing

To simulate repeated use of the device, a fatigue testing device was customized to accom-

modate the hinge portion of the prototype (see Fig. 3.7). Two copies of the hinge were produced

and tested. On each hinge, two electrical traces were routed through the LET joints on the top, and

two traces were routed through the LET joints on the bottom. A microcontroller (Arduino Uno

with ATmega328P) was connected to each LET joint with a resistor in series and used as a voltage

source and measurement device. The fatigue tester was used to deflect the board 180◦ at a rate of

20 cycles per minute. Voltage samples were taken at a rate of 140 samples per minute to detect if

conductivity was lost.

The samples were deflected for 100,000 cycles. After the test, the samples were inspected

for mechanical failure. The resistance of each trace across the hinge was also measured before and

after testing. Resistance measurements are shown in Table 3.2.

As shown in Table 3.2, the resistance change of the traces was only 1.9% after 100,000

cycles. As no cracking or other mechanical failure of the traces was observed, this small increase

in resistance is likely due to increased contact resistance from dust particles settling on the surface.

These measurements show that there was no mechanical failure in any of the traces resulting from

fatigue of the material.
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Figure 3.7: (a) Diagram and (b) photograph of fatigue testing setup.

3.3.4 Origami Map Fold

To demonstrate how this technique could be used to manufacture stowable PCBs, a proto-

type origami-like structure was designed and fabricated from a single sheet of copper-clad FR-4

fiberglass. An origami map fold [73] with two degree-four vertices [74] was selected.

Figure 3.8a shows the original origami fold pattern. Labels A, B, and C show the order of

the folds. The structure is first folded in half on fold A. It is then folded in thirds on folds B and

C. Figure 3.8b shows the regions where flexibility is to be added to facilitate folding. Figure 3.8c
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Table 3.2: Resistance measurements of each trace on two boards before and after 100,000 cycles
of 180 degree deflection. All values are in Ω. The small changes in resistance show that no

mechanical failure occurred over the duration of the fatigue test.

Trace Resistance before Resistance after Change
test (Ω) test (Ω)

Board 1

A 0.412 0.417 1.4%
B 0.431 0.442 2.6%
C 0.422 0.425 0.8%
D 0.413 0.437 5.8%

Board 2

A 0.422 0.438 3.8%
B 0.418 0.433 3.7%
C 0.417 0.408 -2.0%
D 0.414 0.410 -0.9%

Average change 1.9%

shows the surrogate hinge regions to be optimized. Labels α , β , and γ show the three separate

optimization regions. When the structure is folded, α regions are folded first, so they should have

a small bend radius when folded. β and γ regions are folded next, with γ regions folded around β

regions. β regions, then, should have a small bend radius, and γ regions should have a larger bend

radius to fold around the outside of the β folds.

An optimization routine was employed to design the geometry of the surrogate hinge struc-

tures. Mixed integer programming was implemented using the APMonitor modeling language [75]

and the IPOPT solver [76]. Structures α , β , and γ were each solved separately. Inside fold regions

α and β were optimized to minimize an objective function based on width of the fold while sat-

isfying maximum Von Mises stress constraints. Outside fold region γ was optimized to minimize

Von Mises stress while satisfying geometric constraints which would allow the γ folds to be folded

around the β folds.

The optimized dimensions for the α surrogate hinge were wt = 0.10 cm, lt = 1.57 cm,

wb = 0.10 cm, and lb = 0.10 cm, with m = 2 members in parallel and n = 6 members in series.

Dimensions for the β hinge were wt = 0.10 cm, lt = 1.93 cm, wb = 0.10 cm, and lb = 0.10 cm,
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with m = 2 members in parallel and n = 5 members in series. Dimensions for the γ hinge were

wt = 0.10 cm, lt = 1.83 cm, wb = 0.10 cm, and lb = 0.10 cm, with m = 2 members in parallel and

n = 15 members in series. The thickness of the structure was 0.079 cm.

The entire structure was fabricated from a single sheet of material using a CNC mill. Fig-

ure 3.9 shows the fabricated structure being folded. In its folded state, the single PCB is folded

into six stacked layers and the structure occupies approximately 17% of its original footprint.

This demonstrates the utility of this regional stiffness reduction technique in designing

flexible PCBs that undergo complex kinematics and can be fabricated from a single sheet. This has

the potential to reduce manufacturing complexity and costs for such devices. These devices could

be folded to install or undergo repeated deflection in use, as shown above. In addition, the surrogate

hinges provide structure to the mechanism that is not available using a polyimide substrate alone.

3.4 Conclusion

This chapter presents an approach using geometric features, such as LET arrays, to create

regions of flexibility on a rigid printed circuit board. This creates regions of high stiffness to avoid

putting high stress on components, while also having regions that exhibit high flexibility. It enables

engineers to add flexibility to parts of PCB designs while avoiding the trade-offs that exist with

global flexibility. The concept was demonstrated here using LET arrays, but other surrogate hinges

could also be used.

Prototypes were designed, fabricated, and tested to verify the approach and models. LET-

array surrogate hinges were the basis of the prototypes, and single hinges were constructed and

tested. After 100,000 cycles of 180 degrees of angular deflection, the average resistance change

was less than 2%. An origami-based design demonstrated an extreme example of multiple folds,

resulting in a single sheet being folded into six stacked layers with about 17% of its original

footprint.

This approach could be useful in applications where PCBs are desired to conform to an

arbitrary shape (see Fig. 3.10). For example, boards could be folded for installation. Boards

could be designed with multiple panels that could fit within some space or against the walls of

a container. Circuit boards based on this design could be folded to save space in stowing and

deployed for increased surface area during use.
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This stiffness reduction technique also provides a way to have robustness in dynamic sit-

uations where the board is deflected and relaxed repeatedly. The surrogate hinge acts as both the

electrical connection and the mechanical structure. This would increase simplicity and reduce cost.

In addition, its monolithic design allows it to be manufactured at small or large scales.

This work shows that flexibility can be achieved in electronic circuits using geometric de-

sign. Such an approach is readily modeled and is manufacturable using current techniques. Using

surrogate hinges to create regions of flexibility and rigidity opens new possibilities for designing

flexible and conformable electronics.
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Figure 3.8: Map-fold origami pattern. (a) Origami fold pattern. Blue solid lines represent mountain
folds, and red dashed lines represent valley folds. Labels A, B, and C designate the three folding
steps in order of folding sequence. (b) The fold area to be made flexible with surrogate hinges is
shown shaded in green. (c) Surrogate hinge areas are colored. Red arrows show the direction of
the fold axis. Labels α , β , and γ designate regions of optimized surrogate fold geometry. Gray
regions show areas where material is removed.
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Figure 3.9: Origami-like folding structure designed with optimized surrogate hinge LET joint
arrays and fabricated from a single sheet of copper-clad FR-4.
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Figure 3.10: Possible form factors for various applications of this regional stiffness reduction
technique. Circuit boards could be folded to stow in small spaces or to conform to an arbitrary
shape.
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CHAPTER 4. OPTIMIZATION OF LET JOINT ARRAYS FOR USE AS SURROGATE
HINGES IN MONOLITHIC THICK ORIGAMI

4.1 Introduction

Surrogate hinges enable designers to create monolithic bending structures fabricated from

a single sheet of material. By reducing stiffness regionally, they can be used to mimic creases in

origami patterns. This makes surrogate hinges a useful tool for origami-based design.

One geometric feature used for surrogate hinges is the LET joint [14]. LET joints can be

arrayed in series and parallel (see Sec. 3.2.2). Arrays of LET joints enable significant reduction

in stiffness. However, their many independent design variables make designing LET joint arrays a

complex process (see Sec. 3.3.1).

This work presents an approach for optimizing LET joint array geometry based on an an-

alytical model [14]. This approach uses the APMonitor modeling language [75] and the IPOPT

solver [76]. The approach presented here was used to design the surrogate hinges in Sec. 3.3.4.

4.2 Background

Advances in computational power and methods have enabled optimization techniques to

be used in increasingly complex structural design [77–80]. Optimization techniques have been

used in the design of compliant mechanisms [81, 82]. These techniques lead to increased design

performance and faster development times.

The selection of an optimization algorithm depends on the type of problem to be solved.

Mixed-integer programming problems include both discrete and continuous design variables [83,

84]. These approaches are well-suited for optimizing LET joint arrays because designing LET

arrays includes selecting dimensions (which are continuous variables) and the number of arrayed

LET joints in parallel and series (which are discrete variables). The interior point solver IPOPT

[76] is a robust solver that is capable of performing mixed-integer nonlinear programming. The
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IPOPT solver has been used in such applications as valve optimization for water systems [85],

muskuloskeletal modeling [86], and structural topology optimization [87]. Because of its robust

performance and versatility, it is well-suited to optimize surrogate hinge geometry.

To aid in the development of optimization models, a modeling language may be used which

formulates and manages the optimization problem and implements several solvers with a unified

interface. The APMonitor modeling language [75] is a tool to perform modeling, optimization,

estimation, and predictive control. It supports several solvers, including the interior point solver

IPOPT [76] and the active set solver APOPT [88]. APMonitor facilitates rapid iteration of op-

timization problems by automating and abstracting problem setup. This makes it easier for de-

signers to solve mixed-integer nonlinear optimization problems quickly compared to lower-level

techniques which may require substantial refactoring when changing equations, objective func-

tions, and constraints.

4.3 Approach

The APMonitor modeling language was used to set up the arrayed LET joint optimization

problem. APMonitor offers several advantages over other systems. First, it provides access to high-

performance solvers which are capable of solving mixed-integer nonlinear programming problems.

Second, it automates equation, gradient, and constraint setup from the model the user inputs, sim-

plifying the interface with the solvers and enabling quick switching between solvers. Third, it can

optimize solving using remote access to high-performance computing resources. These advantages

make it well-suited for designs that may need a high degree of iteration.

Because the model described below includes nonlinearity and mixed integers, the IPOPT

solver was implemented in APMonitor to optimize the analytical model. The following sections

describe the parameters (constants and variables), equations, objective functions, and constraints

used in this optimization.

4.3.1 Constants

Several constants are used in the LET joint equations, as shown in Table 4.1. These con-

stants are set in the .apm modeling file. They include material, geometric, and loading properties.
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The modulus of elasticity (E) and Poisson’s ratio (ν) are properties of the selected material.

The shear modulus (G) is a material property that can be calculated from E and ν by

G =
E

2(1+ν)
(4.1)

The material thickness (t) is selected prior to the optimization and held constant in the

optimization. The total desired deflection θ is also selected. This is the total angle the surrogate

hinge should be able to deflect without failure.

Table 4.1: Constants in LET joint array optimization.

Constants

Symbol Name Units

E Modulus of Elasticity psi/Pascals
G Shear Modulus psi/Pascals
ν Poisson’s Ratio -
t Material Thickness Inches/Centimeters
θ Total Deflection Radians

4.3.2 Variables

Design variables selected by the optimizer are the geometric parameters of the LET joint

array. These variables are shown in Fig. 4.1 and Table 4.2.

The variables m and n are used to designate the number of LET joints in parallel and series,

respectively. The stiffness of the surrogate hinge and the moment induced by the applied angular

displacement are directly proportional to m. However, the torsional and bending stresses of indi-

vidual LET joints are inversely proportional to the number of LET joints in parallel m. Therefor,

the total Von Mises stress is independent of the number of LET joints in parallel. Although LET

joints in parallel do not affect the joint stress, they are useful in adding stability to the surrogate

hinge. The stiffness of the surrogate hinge and the moment induced by the applied angular dis-

placement are inversely proportional to the number of LET joints in series n, so adding more joints

in series is useful in making the surrogate hinge more flexible.
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The remaining design variables describe the geometry of the arrayed LET joints, where wi

is the inner bending member width and wb is the outer bending member width. The length of the

bending members is equal to the slot width ws. The LET joint is designed to derive flexibility from

its torsional members, so bending member geometry contributes less to the overall flexibility of

the joint than does torsion member geometry. The width of the torsion members is wt , and lt is the

length of the torsion members.

w
iw

s

w
t

w
b

l
t

l
axial

l
trans

m

n

Figure 4.1: LET joint array with design variables labeled.

4.3.3 Equations

The APMonitor modeling language has the capability to handle intermediate equations

when solving optimization problems. It is advantageous to include these equations in the model so

that constraints and objective functions can be changed without refactoring the entire problem.

Two geometric relations are first established. The transverse length (perpendicular to the

flexible axis) li of an individual LET joint is given by

li = 2wt +ws (4.2)
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Table 4.2: LET joint array design variables to be optimized.

Design Variables

Symbol Name Units

m LET Joints in Parallel Integer
n LET Joints in Series Integer
wi Inner Bending Member Width Inches/Centimeters
wb Outer Bending Member Width Inches/Centimeters
wt Torsion Member Width Inches/Centimeters
lt Torsion Member Length Inches/Centimeters
ws Slot Width Inches/Centimeters

laxial Axial Length of Array Inches/Centimeters
ltrans Transverse Length of Array Inches/Centimeters

The second moment of area Ib of each bending member is

Ib =
wbt3

12
(4.3)

Next, the stiffness of the LET joint array is calculated. The stiffness kb of each bending member is

given by

kb =
E(wbt3

12 )

li
(4.4)

The stiffness kt of each torsion member is

kt =
KiG

lt
(4.5)

where Ki is a geometry-dependent parameter approximated by Roark and Young [89] as

Ki = wtt3
[

1
3
−0.21

t
wt

(
1− t4

12w4
t

)]
(4.6)

Combining the bending stiffness and torsional stiffness yields an overall stiffness kunit of an indi-

vidual LET joint given by

kunit =
2kbkt

kt +2kb
(4.7)
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When LET joints are arrayed with m joints in parallel and n joints in series, the overall stiffness

karray of the array in the transverse direction (perpendicular to the hinge axis) is

karray =
m
n

kunit (4.8)

With the stiffness equations defined, the Von Mises stress can be calculated. When an

angular displacement θ is applied to a surrogate hinge composed of an array of LET joints, a

moment M is induced in the array, which is

M = karrayθ (4.9)

The maximum torsional stress τmax in each LET joint is

τmax =
M

2mQ
(4.10)

where Q is a geometry-dependent parameter, defined for a rectangular cross section by

Q =
w2

t t2

3wt +1.8t
(4.11)

The maximum bending stress σmax in each LET joint is

σmax =
Mt

4mIb
(4.12)

Results from the above equations can be used in the equation for Von Mises stress σmax,v, given by

σmax,v =
√

σ2
max +3τ2

max (4.13)

Another component in the optimization of the surrogate hinge is the overall footprint of the

LET joint array. The overall length of the array in the axial direction laxial (parallel to the hinge

axis) is

laxial = m(2wb +2lt +wi) (4.14)
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The overall length of the array in the transverse direction ltrans (perpendicular to the hinge axis) is

ltrans = n(2ws +2wt)+ws (4.15)

4.3.4 Objective Function and Constraints

Using the equations from Section 4.3.3, a designer has a variety of options to set up the

optimization problem. Each uses a distinct objective function and set of constraints. We will focus

on two scenarios: minimizing stress and minimizing footprint.

Minimize Stress

One approach to optimizing a LET joint array is to minimize the Von Mises stress of the

LET joints while applying geometric constraints. This gives the optimizer a limit to the total size

of footprint the surrogate hinge can occupy while designing geometry that produces the lowest

possible stresses when deflected. The Von Mises stress of the optimized structure can be compared

to the yield strength of the material to predict whether or not the design would be robust under the

specified loading conditions.

Several constraints are necessary to ensure a feasible and manufacturable solution. m and

n must be integers greater than or equal to 1. To increase stability, the designer may wish to set a

lower bound of 2 for m (LET joints in parallel). Lower bounds are also set for wi, wb, wt , and ws

to ensure robustness during fabrication and handling.

The size of the footprint is constrained by setting upper bounds for the parameters laxial and

ltrans. The optimizer is set to minimize the Von Mises stress.

Minimize Footprint

Another approach to optimizing the LET joint array is to minimize the footprint the array

occupies while applying a constraint on the Von Mises stress. A designer can use this approach

to avoid failure in the joint under an applied angular deflection, while making the joint take up as

little space as possible.
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The same feasibility constraints are applied as in the stress minimization problem (lower

bounds on m, n, wi, wb, wt , and ws). In addition, an upper bound is applied to σmax,v. laxial or

ltrans may be minimized with a constraint placed on the dimension that is not minimized, or an

objective function may be constructed which combines the two (e.g. minimize total area, which is

the product of laxial and ltrans).

4.4 Results

The approach described in Sec. 4.3 was used to design the surrogate hinges in Sec. 3.3.4. A

photograph of the fabricated structure with optimized surrogate hinges is shown in Fig. 4.2. Three

different geometries of surrogate hinges were designed and are labeled in Fig. 4.2 as α , β , and

γ . The α and β hinges were optimized to minimize footprint to have the smallest possible bend

radius. The γ hinge had to fold around the β hinge, so it was optimized to minimize stress with a

constrained footprint.

Figure 4.2: Monolithic map fold origami structure from Sec. 3.3.4. Regions α , β , and γ were
optimized separately.
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The results of the optimization are shown in Table 4.3. After the optimization, the structure

was modified slightly to facilitate fabrication within the specified area. Table 4.3 shows the com-

parison between the optimized structure and the modified fabricated structure. This discrepancy

could be avoided if a global optimizer were used which optimized all surrogate hinges simultane-

ously, rather than optimizing regions α , β , and γ separately.

The interior point solver converged on a solution for each hinge quickly. The α hinge

converged in 8.10E-2 seconds with 188 nonlinear programming iterations. The β hinge converged

in 6.39E-2 seconds with 143 nonlinear programming iterations. The α hinge converged in 3.24E-2

seconds with 56 nonlinear programming iterations.

Table 4.3: Results from the LET joint array parameter optimization. α , β , and γ correspond to the
surrogate hinges in Fig. 4.2. Columns labeled “Opt.” correspond to optimization results. Columns

labeled “Fab.” correspond to the modified structure that was fabricated. Fabricated dimensions
differ from optimized dimensions to facilitate the entire structure fitting in the given area.

α β γ

Variable Opt. Fab. Opt. Fab. Opt. Fab.

m 2 2 2 2 2 2
n 6 6 5 5 15 15

wi (cm) 0.28 0.20 0.20 0.20 0.20 0.20
wb (cm) 0.15 0.10 0.18 0.10 0.20 0.10
wt (cm) 0.10 0.10 0.10 0.10 0.10 0.10
lt (cm) 1.54 1.57 1.83 1.93 1.83 1.83
ws (cm) 0.10 0.10 0.10 0.10 0.10 0.10

laxial (cm) 7.39 7.11 8.53 8.53 8.53 8.53
ltrans (cm) 2.54 2.54 2.13 2.13 6.40 6.20

Stress (MPa) 136.4 148.2 137.4 147.3 45.2 51.6

The structure shown in Fig. 4.2 was fabricated from a single sheet of FR-4 fiberglass using

a CNC mill. It was able to undergo 180◦ of angular deflection without experiencing mechanical

failure or yielding.
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4.5 Conclusion

This work shows how mixed-integer nonlinear programming can be used to optimize LET

joint arrays to be used as surrogate hinges. This helps designers overcome design complexity

stemming from the high number of independent design variables in LET joint arrays. It also

facilitates design based on material or space constraints. Optimization techniques assist designers

in selecting feasible geometry for the design of surrogate hinges for origami applications.

This work demonstrates that this optimization approach can produce surrogate hinges that

add regions of flexibility to rigid printed circuit board material. The optimized structure designed

here was fabricated and shown to be able to undergo 180◦ of angular deflection without mechan-

ical failure. This structure was fabricated from a single sheet of material. This shows that the

optimization approach could be used to design monolithic origami-based structures from materials

with high stiffness.

Future work could explore and compare various other optimization techniques, including

topology optimization and gradient-free techniques. Other techniques could also be developed

which optimize an entire origami structure simultaneously, rather than solving each hinge individ-

ually.
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CHAPTER 5. CONCLUSION

5.1 Summary

As research continues to advance origami-based engineering, new avenues are opening for

mechanism design. This work introduced several of these new channels.

A new type of mechanism was introduced and called “conceal-and-reveal.” These mecha-

nisms cover or protect (conceal) and uncover or expose (reveal) a payload. A method of developing

conceal-and-reveal mechanisms was developed. Example mechanisms were developed using this

method. This method could be applied to develop other conceal-and-reveal mechanisms for differ-

ent applications. It is also general enough to be applicable to other applications of thick-origami

design.

A technique for regional stiffness reduction in printed circuit boards (PCBs) using lamina

emergent torsional (LET) joints was also presented. Analytical and finite element models were

developed to design and analyze PCBs using this method. A design was prototyped and was shown

to be robust over a long life through fatigue testing. A prototype of an origami-based structure

was also constructed using this technique. An optimization method was developed to support the

regional stiffness reduction technique and was used to design the origami-based structure.

The methods presented in this research open new avenues for origami-based engineering

design. They also give designers new tools for developing origami-based mechanisms. Methods

such as these will be valuable as origami becomes the basis for more engineered systems in the

future.

5.2 Limitations

The work in this thesis has several limitations. The method for designing thick-origami

systems outlined in Chapter 2 can be generalized to thick-origami-adapted systems, but is not
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well-suited for designing origami-inspired systems (which do not exhibit the same kinematics of

true origami patterns) or systems with near-zero thickness (which do not require thickness ac-

commodation). In addition, the conceal-and-reveal definition presented in this work is a broad

classification of a function that engineered systems may exhibit, but it is not a prescription of a

specific motion.

The stiffness reduction technique for printed circuit boards has only been tested for PCBs

on the order of a few square centimeters of footprint. Sizes much smaller or larger were not tested.

The resistance measurements before and after the fatigue test show that the structure did not fail

mechanically, but could be repeated more thoroughly. Leads could be soldered directly onto the

traces to eliminate surface resistance and make measurements more reliable. More samples could

also be tested. Samples could be tested for strength and fatigue under multiple different loading

conditions (tension, compression, etc.).

The optimization approach could also be further studied. Since each surrogate hinge was

optimized separately, the overall structure is likely not the global optimum. In addition, multiple

geometries of surrogate hinge (besides the LET joint) could be considered in the optimization, and

other loading conditions could be considered in the objective function and constraints. Thus, we

cannot say that the example structures shown here are the complete optimum structures.

5.3 Conclusions

Origami-adapted design is a broad category of systems that engineers can design for. This

work shows that structured approaches can be useful in developing new avenues for origami de-

sign. The techniques discussed here could be useful in a variety of applications, and the general

approaches outlined here can be used for various design problems.

This work also shows that it is possible to produce robust flexible printed circuit boards

using principles of compliant mechanisms. These PCBs could be made less expensively than

polyimide/fiberglass hybrid PCBs and could have regions of stiffness and islands of rigidity. This

opens new possibilities for flexible and conformal electronics.
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5.4 Future Work

Further work can be done to apply the ideas developed in this research. More classes of

origami-based mechanisms could be developed and defined, similar to how the conceal-and-reveal

motion is introduced here. Origami-based mechanisms could be particularly useful in applications

that require the motion of panels or that require compact and expanded configurations.

More work could also be done to develop optimization techniques for the stiffness reduction

technique presented here. Topology optimization and gradient-free methods could be explored and

compared. A method could be developed to optimize an entire origami structure at once, with all

surrogate hinges being considered simultaneously.

Further applications for the technologies presented here could be explored. Conceal-and-

reveal mechanisms could be used in the design of applications such as:

• Clandestine systems that require a payload that must be shielded from detection until use

• Scientific instruments that must be protected from harsh environments until deployment

• Space systems that must be protected during launch and deployed at a later time

• Fragile products such as chemical containers that must be protected during transportation

• Containers of many small components that must remain organized during storage and use

The stiffness-reduction method using surrogate hinges could be used for applications such as:

• Increasing the robustness of folding consumer electronics devices such as backpackable solar

chargers

• Manufacturing space-deployed solar structures such as the origami flasher described by Zir-

bel [1]

• Reducing the manufacturing complexity and cost of existing flexible electronic systems

• Reducing stresses due to mechanical strain on electronic components in flexible electronic

systems

• Reducing stresses due to impact in rigid electronic systems
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• Designing origami structures on the micro-scale

These technologies could also be applied to humanitarian design or design for the developing

world. Examples could include:

• Conceal-and-reveal packaging of medical equipment for protection in harsh environments

and quick, easy access

• Deployable shelters designed using thick origami methods

• Portable, collapsible furniture for use by refugees

• Portable, folding solar panel arrays to provide electricity and lighting

• Inexpensive, durable consumer electronics products with folding components
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