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ABSTRACT 

Simulated Tremor Propagation in the Upper Limb: 
From Muscle Activity to Joint Displacement 

Thomas Henry Corie 
Department of Mechanical Engineering, BYU 

Master of Science 

Although tremor is the most common movement disorder, there are few non-invasive 
treatment options. One of the obstacles to creating effective tremor suppression devices is our 
lack of understanding regarding where tremor originates (which muscles), how it propagates 
through the limb (to which degrees of freedom, DOF), and where it manifests most severely 
(which DOF). 

To investigate these questions, we created a simple, linear time-invariant model to 
simulate tremor, with tremorogenic muscle activity input (in the 15 major superficial muscles 
from the shoulder to the wrist) and joint displacement output (in the 7 major upper limb DOF). 
The model included excitation-contraction dynamics, musculoskeletal geometry (muscle 
moment arms) and the mechanical impedance (inertia, damping, and stiffness) of the limb. 

From our simulation results, we determined four principles of tremor propagation. First, 
the distribution of tremor depends strongly on musculoskeletal dynamics. Second, the spreading 
of tremor is due to inertial coupling (primarily) and musculoskeletal geometry (secondarily). 
Third, tremor spreads narrowly in the sense that most of the tremor caused by a muscle occurs in 
a small number of DOF. Lastly, assuming uniform distribution of tremorogenic activity among 
upper-limb muscles, tremor increases proximal-distally, and the contribution from muscles 
increases proximal-distally. 

Keywords: tremor, tremor characterization, tremor distribution, tremor propagation, upper limb, 
degrees of freedom  
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1 INTRODUCTION 

Tremor is defined as “an involuntary, rhythmic, oscillatory movement of a body part,”[1] 

and is the most common movement disorder [2-4]. Essential tremor (ET) alone is estimated to 

affect 7 million people in the US [5, 6]. Tremor makes activities of daily living (eating, clothing, 

writing, etc.) difficult or impossible [7, 8]. 

Although tremor is widespread, current treatment options are unsatisfactory. Present 

treatments for ET, for example, are limited in their effectiveness. A survey of ET patients found 

that only one in ten was satisfied with their medical care [9]. The two main treatment options are 

medication and neurosurgery. The most common medications are 50% effective, and only in 

50% of patients [10, 11]; unsurprisingly, many ET patients (1/3 or more) stop taking their 

medication when prescribed [12, 13]. 

Surgical treatments (deep brain stimulation, or DBS) have proven more effective (about 

90% tremor reduction [14]), and are effective for a higher percentage of patients [10, 15, 16]. 

However, because neurosurgery is usually reserved for patients with severe tremor and is highly 

invasive, it is not an optimal solution in most cases. There is evidence that DBS can cause 

significant side effects [16-21]. It has been suggested that DBS can lose effectiveness over time 

[22], and surgical revisions are frequently (greater than 25%) required [19, 23, 24]. In many 

cases, those with tremor choose to endure its debilitating effects rather than undertake 
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neurosurgery [11-13]; one study found less than 3% of ET and Parkinson’s Disease (PD) patients 

underwent DBS surgery [25]. 

These three factors (tremor is very common, medication is only partly effective in only 

approximately half of patients, and surgery is often undesirable) show the clear need for 

alternative treatment options. In fact, surveyed ET patients stated that one of the things most 

lacking in their treatment was an effective, alternative treatment option – something other than 

medication or surgery [9]. 

Several tremor-reducing devices have been developed in the past [26-29] but fail to have 

practical use because of various shortcomings. These devices were novel and well thought-out, 

but their development would have greatly benefited from a quantitative characterization of 

tremor. Developing effective devices requires that we understand where the tremor is most 

severe (which joints), where it originates most commonly (which muscles), how it propagates 

along the upper limb, and how it can be optimally suppressed. To clarify, by tremor 

“propagation” we mean the spreading of tremor from tremorogenic activity in a given muscle to 

tremulous displacement in multiple DOF. 

Although tremor affects many degrees of freedom (DOF), past studies of tremor have 

only focused on local tremor properties. Many studies have investigated aspects of the 

kinematics and kinetics of tremor, including muscle activity [30-32], ballistic movements [33], 

eye-hand coordination [34], clinical measures [35-37], and the effect of neural stimulation on 

tremor [38-40]. However, these studies generally focused on either endpoint tremor or tremor in 

a single DOF. While simulations of upper limb dynamics and simulations of vibration 

propagation through structures are commonplace by themselves, no study to date has thoroughly 

characterized the origin, propagation, and distribution of tremor. 
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We built on prior research by Davidson and Charles that modeled tremor in the upper 

limb from joint torques to joint displacement [41]. The current work expanded the model to 

begin with muscle activity, which was required to understand how tremor moves from muscle 

signals to torques at each DOF. The purpose of this work was to establish principles of 

propagation from tremorogenic (“tremor-generating”) muscle activity to hand displacement to 

determine the feasibility of extracting the origin and propagation of tremor (future work). We 

anticipate that these principles will enable the development of future treatments that optimally 

suppress tremor. 
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2 METHODS 

2.1 Model Structure 

As this is the first simulation of tremor propagation from muscle activity to joint 

displacement of which we are aware, we deliberately chose a simple model to capture first the 

most fundamental principles. Our chief objective was to determine fundamental principles of 

tremor propagation, and to answer the following questions: (1) To what extent do 

musculoskeletal dynamics affect tremor? (2) Which aspects of the system are most responsible 

for spreading the tremor? (3) Does tremor spread broadly from a given muscle to most DOF, or 

does it spread narrowly, affecting only a small subset of DOF? (4) To which DOF does the input 

(tremorogenic muscle activity) spread the most? (see Section 2.6). 

This model consists of three sub-models that successively transform the muscle activity 

into muscle force, muscle force into joint torque, and joint torque into joint displacement (Figure 

1). As postural tremor consists of relatively small displacements about an equilibrium posture, 

we used a linear, time-invariant model. It should be noted that performing experiments with 

tremor patients was not within the scope of this part of our research; the current work lays a 

foundation for later studies, which will include comparing empirical data to these results. 

In all theoretical cases, including in this model, the input is the neural drive to muscle, or 

muscle activity. As a surrogate for neural drive, we use surface electromyography, sEMG, which 

is a measured indication of the neural drive. Winter, for example, considered sEMG “a valid 
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signal to represent the average motor unit activity of most superficial muscles” [42]. For the sake 

of consistency, we will refer to the input as muscle activity. 

Figure 1. Model of upper limb neuromusculoskeletal dynamics. The sub-models affect tremor 
by shaping the input through low-pass filtering (Filters) and/or mixing the input into a variety of 
outputs (Mixes). 

The first sub-model, which represents the excitation-contraction coupling dynamics of 

muscle, transforms muscle activity into muscle force. The 15 muscles (Table 1) were used 

because they are the major muscles which actuate the 7 DOF from the shoulder to the wrist and 

they are also superficial (i.e. sEMG sensors can be placed on them). The excitation-contraction 

coupling dynamics are approximated by a linear, second-order sub-model that has been shown to 

provide a good prediction of the relationship between EMG and muscle force [42] and has been 

used successfully to model the control of upper limb movements [43, 44]. This sub-model is 

defined by time constants representing the dynamics of muscle excitation (𝑡𝑡1) and contraction 

(𝑡𝑡2): 

𝑡𝑡1𝑡𝑡2𝐟𝐟̈+ (𝑡𝑡1 + 𝑡𝑡2)𝐟𝐟̇+ 𝐟𝐟 = 𝐶𝐶𝐮𝐮        (1) 

where u is the 15-element vector of neural input to each of the 15 muscles, f is the 15-

element vector of force produced by each muscle, t1 and t2 are 15-by-15 diagonal matrices 

containing the muscle time constants, and C is the 15-by-15 diagonal gain matrix between u and 

f. 

Muscle
Activity

Excitation-Contraction
Dynamics

Muscle
Force

Joint
Torque

Mechanical Impedance
of the Limb

Joint
Displacement

Musculoskeletal
Geometry

Filters Mixes Filters & Mixes
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Table 1. Gain values for C matrix used to scale the output from the first sub-model. Peak 
force values were based on values from [45-47]. 

Musc. 
No. Muscle Abbrev. Peak 

Force (N) 
Scaled 

Peak Force 
1 Anterior Deltoid DELT1 1218.9 1.00 
2 Middle Deltoid DELT2 1103.5 0.91 
3 Posterior Deltoid DELT3 201.6 0.17 
4 Pectoralis Major PECM2 658.3 0.54 
5 Long Head Biceps Brachii BIClong 525.1 0.43 
6 Short Head Biceps Brachii BICshort 316.8 0.26 
7 Long Head of Triceps Brachii TRIlong 771.8 0.63 
8 Lateral Head of Triceps Brachii TRIlat 717.5 0.59 
9 Brachialis BRA 1177.4 0.97 
10 Brachioradialis BRD 276 0.23 
11 Pronator Teres PT 557.2 0.46 
12 Flexor Carpi Radialis FCR 407.9 0.33 
13 Flexor Carpi Ulnaris FCU 479.8 0.39 

14 Extensor Carpi Radials 
(brevis and longus together) 

ECRB/ 
ECRL 

589.8 0.48 

15 Extensor Carpi Ulnaris ECU 192.9 0.16 

The middle sub-model transforms muscle force into joint torques: 

𝑀𝑀𝐟𝐟 =  𝝉𝝉          (2) 

where 𝑀𝑀 is the 7-by-15 matrix of moment arms (equal to the transpose of the Jacobian 

from muscle to joint space) and 𝝉𝝉 is the 7-element vector of joint torques in the major degrees of 

freedom from the shoulder to the wrist (positive directions listed first): 1. shoulder 

flexion/extension (SFE), 2. shoulder adduction/abduction (SAA), 3. shoulder internal rotation 

(SIER), 4. elbow flexion/extension (EFE), 5. forearm pronation/supination (FPS), 6. wrist 

flexion/extension (WFE), and 7. wrist ulnar deviation/radial deviation (WRUD). 
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The third sub-model transforms joint torques into joint displacements: 

𝐼𝐼�̈�𝐪 + 𝐷𝐷�̇�𝐪 + 𝐾𝐾𝐪𝐪 =  𝝉𝝉         (3) 

where q is the 7-element vector of joint displacements corresponding to 𝝉𝝉 (defined 

above), and 𝐼𝐼, 𝐷𝐷, and 𝐾𝐾 are 7-by-7 matrices representing the coupled joint inertia, damping, and 

stiffness in these 7 DOF. 

Thus, the entire model transforms the tremorogenic muscle activity in the 15 major 

superficial muscles from the shoulder to the wrist into tremulous joint displacement in the 7 

major DOF actuated by those muscles. It expands the previous investigation of tremor 

propagation [41], which focused only on the propagation from joint torques to joint 

displacements (the third sub-model). Note that the second and third sub-models mix the muscle 

forces into the various joint torques and joint displacements, thereby propagating the tremor, 

whereas the first sub-model does not mix but simply performs a one-to-one transformation from 

muscle activity to force within each muscle (Figure 1). 

2.2 Model Parameters 

We took great care to identify physiologically plausible model parameters, as described 

below. Nevertheless, since we performed an extensive sensitivity analysis (see below), the exact 

model parameter values are not critical to the conclusions drawn from the simulations. 

2.2.1 Excitation-Contraction Dynamics 

The time constants representing the dynamics of excitation (t1) and contraction (t2) 

depend on the muscle, person, and experimental technique used to measure them [42]. Following 

[44], we chose default values for t1 and t2 as 30 ms and 40 ms, respectively (same for all 
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muscles). With these default values, this sub-model acts as an overdamped low-pass filter (cut-

off frequency 2.9 Hz) with impulse response (representing a muscle twitch) shown in Figure 2C. 

Matrix C represents the conversion from steady-state electrical muscle activity to muscle 

force. In our simulations, we assumed equal input into all muscles (see below) and used C to 

scale the resulting muscle force according to the maximum force of each muscle (Table 1). 

Maximum force values were taken from [45-47]. Muscle 14 combines extensor carpi radialis 

brevis and longus (Table 1), so the peak force in muscle 14 was taken as the sum of the peak 

forces in each individual muscle. 

Because t1, t2, and C are diagonal, this sub-model does not propagate (i.e. mix) tremor 

between muscles but simply transforms muscle activity into force within each muscle. Since the 

default values for t1 and t2 are the same for all muscles, but the diagonal values of C depend on 

the maximum force of each muscle, the impulse responses of the different muscles are simply 

scaled versions of each other (and of the response shown in Figure 2C). 

Table 2. Moment arm matrix for Posture 1. Each column represents the moment arm for 
a given muscle; rows represent data for each DOF. Shaded values indicate the 

largest magnitude for a given muscle; these values were retained for coupling 
analysis. For an arm model representing a 10th or 90th percentile male 

(by height), * indicates 1-5% change,†=8-11% 
change, ‡=23-36% change. 

DELT1 DELT2 DELT3 PECM2 BIClong BICshort TRIlong TRIlat BRA BRD PT FCR FCU ECRB/ 
ECRL ECU 

SFE 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

SAA -15.5* 34.1* 17.9* -56.5* 5.33† -30.7* -6.93 0 0 0 0 0 0 0 0 

SIER 5.08* 1.88* -8.58* 9.61† 5.84 4.19* -4.88 0 0 0 0 0 0 0 0 

EFE 0 0 0 0 45.8† 45.8† -19.6† -19.6† 22.7† 78.6† 14.5† 13.0† 13.6† 13.1† -2.66† 

FPS 0 0 0 0 -12.8† -12.8† 0 0 0 5.09† 9.95† 1.97† 1.17† -0.22‡ -0.69† 

WFE 0 0 0 0 0 0 0 0 0 0 0 14.9* 14.9* -11.5* -6.30† 

WRUD 0 0 0 0 0 0 0 0 0 0 0 -7.47* 21.8* -17.3* 25.1* 
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2.2.2 Musculoskeletal Geometry 

The moment arm matrix, M (Table 2), was determined from OpenSim [48] using a 

dynamic model of the upper limb “designed to represent the anthropometry and muscle force-

generating characteristics of a 50th percentile adult male” [47]. OpenSim follows the ISB 

convention for joint angles [49], which specifies a YXY Euler angle sequence [47] for the 

shoulder. As our model used a ZXY Euler angle sequence at the shoulder, M was transformed 

from YXY to ZXY before being implemented in our model (see APPENDIX A). For muscle 14, 

Extensor Carpi Radialis (brevis and longus together), we used the average of the moment arms 

for extensor carpi radialis longus and extensor carpi radialis brevis. The moment arms are 

configuration-dependent, so we calculated a different M for each posture. Since we only looked 

at postural tremor, which involves relatively small displacements from the reference posture, we 

left M constant in a given posture. 

2.2.3 Mechanical Impedance of the Limb 

Matrices I, D, and K are 7-by-7 impedance matrices representing inertia, damping, and 

stiffness, respectively. The default values of I, D, and K were obtained from the literature [50-53] 

and are described in detail in [41]. Summarizing, I was calculated from the inertia values of 

individual limb segments for an average young adult male [53] using the Robotics, Vision and 

Control (RVC) toolbox in Matlab [54]. As for M, we calculated the I matrix for each posture but 

left it constant in a given posture since tremulous displacements about that posture are relatively 

small. The default values for D and K represented average joint damping and stiffness of the 

passive limb (i.e. in the absence of muscle contraction), but we included in the sensitivity 

analysis simulations of active damping and stiffness as well. The diagonal elements of the 

impedance matrices represent the relationship between torque applied in a DOF and the resulting 
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displacement in that DOF, whereas the off-diagonal elements represent mechanical coupling, i.e. 

the relationship between torque applied in a DOF and the resulting displacement in other DOF. 

2.3 Input-Output Relationships 

Our full model has 15 inputs (muscle activity in each of the 15 muscles) and 7 outputs 

(displacement in each of the 7 DOF). Since the model is linear, the relationship between each 

input and each output is fully described by the transfer function associated with that input and 

output. For our model, this means the response of the whole system can be described by a 7-by-

15 matrix of transfer functions, derived as follows. In the Laplace domain, the three sub-models 

can be expressed as 𝑭𝑭 = 𝐺𝐺1𝑼𝑼, 𝑻𝑻 = 𝐺𝐺2𝑭𝑭, and 𝑸𝑸 = 𝐺𝐺3𝑻𝑻, where 𝑭𝑭, 𝑼𝑼, 𝑻𝑻, and 𝑸𝑸 are the Laplace 

transforms of 𝐟𝐟, 𝐮𝐮, 𝝉𝝉, and 𝐪𝐪, respectively, and 𝐺𝐺1 = [𝑡𝑡1𝑡𝑡2𝑠𝑠2 + (𝑡𝑡1 + 𝑡𝑡2)𝑠𝑠 + 𝐿𝐿]−1𝐶𝐶 , 𝐺𝐺2 = 𝑀𝑀, and 

𝐺𝐺3 = (𝐼𝐼𝑠𝑠2 + 𝐷𝐷𝑠𝑠 + 𝐾𝐾)−1. Variable 𝑠𝑠 is the Laplace variable and 𝐿𝐿 is the 15-by-15 identity matrix. 

Combining these sub-models yields 𝑸𝑸 = 𝐺𝐺𝑼𝑼, where 𝐺𝐺 = 𝐺𝐺1𝐺𝐺2𝐺𝐺3 is the 7-by-15 matrix of 

transfer functions relating each input in 𝑼𝑼 to each output in 𝑸𝑸. Therefore, the output in DOF 𝑖𝑖 

due to an input in muscle 𝑘𝑘 is 𝑄𝑄𝑖𝑖/𝑘𝑘  =  𝐺𝐺𝑖𝑖𝑘𝑘𝑈𝑈𝑘𝑘, where 𝐺𝐺𝑖𝑖𝑘𝑘 is the transfer function in row 𝑖𝑖 and 

column 𝑘𝑘 of 𝐺𝐺. The total output in DOF 𝑖𝑖 is the linear combination of the inputs in all 15 

muscles, the weights of the linear combination being the transfer functions associated with that 

DOF (row 𝑖𝑖 of 𝐺𝐺): 𝑄𝑄𝑖𝑖  =  ∑ 𝐺𝐺𝑖𝑖𝑘𝑘𝑈𝑈𝑘𝑘15
𝑘𝑘=1 . 
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Figure 2. (A) Simulated triangle wave compared to rectified, low-pass filtered EMG data 
(recorded in mV) from a subject with severe ET performing a postural task. The two muscles' 
data were aligned to be in phase with each other. (B) Bode plot for first sub-model, excitation-
contraction dynamics (using default values and 𝐶𝐶 = 1), with the Fourier plot of input signal, 𝐮𝐮, 
and output, 𝐟𝐟, for a 110 ms wide, 5 Hz triangle wave input. (C) Impulse response for excitation-
contraction dynamics (using default values and 𝐶𝐶 = 1), which represents a muscle twitch. (D) 
Different postures. Posture 2: hand in front of mouth, representing feeding and grooming 
activities; Posture 3: hand in workspace in front of abdomen, representing many activities of 
daily living; Posture 4: arm somewhat outstretched, representing reaching. Joint angles for each 
posture are given in [41]. 

2.4 Input 

The input, u, was based on past studies [55, 56] and unpublished data from our lab. 

According to these sources, the envelope of (detrended and rectified) tremogenic muscle activity 
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can be approximated as a train of triangular pulses separated by periods of no activity (Figure 

2A). The duration between pulses is the period of the tremor and thus depends on the tremor 

frequency, but the mean width of the triangular pulses was 110-120 ms (range 70-160ms) [56], 

which is within the 50-200 ms “EMG burst duration” range in [57] (see also [58, 59]). We 

investigated tremor frequencies in the 4-12 Hz tremor band where tremor usually resides [1, 4] 

and chose the default width of the triangular pulses to be 110 ms. That said, the sensitivity 

analysis (below) revealed tremor propagation to be quite insensitive not only to the width of the 

triangular pulses, but even to the shape of the pulses. 

2.5 Output 

The response of a stable, linear system to a periodic input is comprised of the transient 

response, which decays and disappears with time, and the steady-state response, which remains 

while the input is applied [60]. We used Matlab functions impulse and stepinfo to characterize 

the transient response of the system (for all 105 transfer functions). Most of our investigation, 

however, focused on the steady-state response, which we analyzed as follows. The steady-state 

response of a linear system to a periodic input is characterized by the frequency response of the 

system at the frequencies of the input [41, 60]. The input, approximated as a train of triangular 

pulses, contains power at the frequency at which the pulses repeat (i.e. the fundamental 

frequency of the tremor) and at higher harmonics. However, because the full model is a low-pass 

filter, the harmonics are strongly suppressed, resulting in an output that is practically 

indistinguishable from a pure sinusoid at the fundamental tremor frequency (Figure 2B, see also 

Section 3.3.1). Therefore, for practical purposes, the frequency response of the system is fully 

characterized by the frequency response of the system at the fundamental frequency (no need to 
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include the frequency response at harmonic frequencies), allowing us to focus on the frequency 

response in the 4-12 Hz tremor band. 

2.6 Simulation Protocol 

In a previous publication that focused only on the propagation from joint torque to joint 

displacement (the third sub-model in Figure 1), we established six principles of tremor 

propagation [41]. The main goal of the current study was to determine equivalent principles for 

the propagation of tremor from muscle activity to joint displacement (the full model in Figure 1). 

To this end, we determined the extent to which the original principles (established for the third 

sub-model) held true for the full model. More specifically, we investigated the following 

questions. 

(1) To what extent do musculoskeletal dynamics affect tremor? Musculoskeletal

dynamics have the potential to affect tremor in two ways: by 1) shaping the input through low-

pass filtering and 2) mixing the input into a variety of outputs. To investigate the amount of 

shaping and mixing, we used Matlab’s bode function to calculate the magnitude ratio and phase 

shift of all 105 input-output relationships in the 4-12 Hz tremor band. 

(2) Which aspects of the system are most responsible for spreading the tremor? As

explained above, the first sub-model is incapable of spreading tremor, but the second sub-model 

spreads tremor from force in a given muscle to joint torque in multiple DOF through the moment 

arm matrix 𝑀𝑀. The third sub-model spreads tremor from joint torque in a given DOF to joint 

displacement in multiple DOF through the coupling terms of the impedance matrices 𝐼𝐼, 𝐷𝐷, and 

𝐾𝐾. However, in a previous investigation of spreading that focused only on the third sub-model, 

we determined that most of the spreading was due to I, and that D and K contributed very little 

[41]. Therefore, we focused here on the relative contributions of M vs. I in spreading tremor. To 
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determine how much of the spreading came from M vs. I, we compared the output from the 

default model to the output from two partially uncoupled models. In the first model, 𝑀𝑀 was 

altered so it transformed muscle force to joint torque in only one DOF (the DOF with the largest 

moment arm), reducing 𝑀𝑀 to a “quasi-diagonal” matrix with only one non-zero value per column 

(Table 2). In the second model, I was diagonalized to remove all coupling terms. Comparing the 

difference between the outputs of the default model and each adjusted model allowed us to 

determine the contribution of M vs. I. 

(3) Does tremor spread broadly from a given muscle to most DOF, or does it spread

narrowly, affecting only a small subset of DOF? To answer this question, we used phasor plots 

to compare the magnitudes of the outputs from a given muscle and determine if outputs in one or 

two DOF dominated over the outputs in the other DOF.  

(4) To which DOF does the input (tremorogenic muscle activity) spread the most?

Assuming equal input into all muscles, we compared the magnitude of the total output tremor 

between DOF. 

2.7 Sensitivity Analysis 

We performed a sensitivity analysis to evaluate the effect of inaccuracies in our model 

parameters and simulate differences between subjects. Our main goal was to assess the effect of 

changes in model parameters on our conclusions to determine if our conclusions were robust. To 

this end, we varied the input, each of the model parameters (t1, t2, C, M, I, D, and K), and the 

posture of the limb and determined the sensitivity of our conclusions to these changes. 
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2.7.1 Input 

We varied the width of the triangular pulse from 50 to 200 ms. This range is the range of 

“EMG burst duration” measured in [57] and is larger than the range of triangular pulse widths 

(70-160ms) observed in [56]. Furthermore, we assessed the effect of input shape by repeating our 

simulations with a variety of input shapes. The shapes included a train of narrow (20 ms wide) 

rectangle waves to approximate impulses, a simple squared sine wave (made with 

�sin �2𝜋𝜋 �𝑓𝑓
2
� 𝑡𝑡��

2
), and a squared sine wave with two frequencies (made with

1
2
�sin �2𝜋𝜋 �𝑓𝑓

2
� 𝑡𝑡��

2
+ 1

2
�sin �2𝜋𝜋 �3𝑓𝑓

2
� 𝑡𝑡��

2
). In each test, the driving frequency (𝑓𝑓, in Hz) was the

same and we tested through the tremor band. The squared sine wave was made because [61] used 

a squared sine wave to estimate ET patient data; we wanted to determine if the triangle wave, 

which has the advantage of being able to dictate the width, was significantly different because of 

the sharper (less smooth) shape. The squared sine wave with two frequencies was tested because 

actual patient data often had secondary spikes, and we wished to find out if having a second 

frequency at a smaller magnitude had any significant effect. 

2.7.2 Model Parameters

Sub-model 1: Time constants t1 and t2 represent the dynamics of muscle excitation and 

contraction, respectively. To simulate a generous range of variability between subjects, we 

halved and doubled the default values (30 and 40 ms), resulting in four simulations: with t1 at 15 

and 30 ms (with t2 kept at 40 ms) and with t2 at 80ms (with t1 at 15 and 30 ms). The muscle 

model is a second-order model with two real, distinct roots ( 1
𝑡𝑡1

 and 1
𝑡𝑡2

). Therefore, it suffices to 

change only one or both of them, but no new information is gained by changing each 

individually. Varying the time constants over this range varied the low-pass filter cut-off 
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frequency of sub-model 1 from 1.8-3.5 Hz. As mentioned above, varying individual diagonal 

elements of 𝐶𝐶 simply scales the magnitude of the response in the DOF associated with that 

element. To test the robustness of Principle 4, we scaled the individual entries in 𝐶𝐶 for the most 

proximal muscles (1-4) in order to determine what conditions would lead to increased tremor in 

the proximal DOF. 

Sub-model 2: The moment arm matrix, 𝑀𝑀, was varied by scaling the upper-limb model in 

OpenSim. More specifically, we repeated our simulations with 𝑀𝑀 for a 10th and 90th percentile 

male based on height (the 𝑀𝑀 produced by the OpenSim model was found to be independent of 

subject weight) by scaling the length parameters of the OpenSim upper-limb model using values 

from [62] (height of 1671 and 1843 mm for 10th and 90th percentile male, respectively). We were 

unable to find published measurements of moment arm values for the female upper limb even 

though moment arms in other body segments have been found to vary significantly between 

genders [11, 63]. 

Sub-model 3: We previously performed a detailed analysis of the sensitivity of the tremor 

propagation principles on I, D, and K [41]. Entire matrices were changed (scaled by factors from 

0.5 to 2), as well as individual matrix entries (including scaling diagonal elements and replacing 

elements that were initially zero with non-zero values). The individual elements tested were 

those to which the sub-model was most sensitive to changes. The matrices were scaled together 

by factors that were deemed conservative, as well as in patterns to mimic physiologically-

plausible conditions such as co-contraction [41]. Because the sensitivity of the full model to the 
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impedance matrices is the same as the sensitivity of the third sub-model to these matrices1, we 

did not repeat the sensitivity analysis of I, D, and K here but instead relied on the one performed 

in [41]. 

2.7.3 Postures 

Both the inertia matrix and the moment arm matrix depend on the position of the upper 

limb (see Section 2.2 above). To determine if our conclusions were robust to changes in posture, 

we repeated our simulations in three additional postures (Figure 2D): with the hand in front of 

the mouth, representing feeding and grooming activities (posture 2); with the hand in the 

workspace in front of the abdomen, representing many activities of daily living requiring fine 

manipulation (posture 3); with the arm somewhat outstretched, representing reaching (posture 4). 

Joint angles for each posture are given in [41]. 

1 To clarify, because the transfer function of the full system is simply the product of the transfer functions 
of the individual sub-models (see Input-Output Relationships), the magnitude ratio of the full system is simply the 
product of the magnitude ratios of the individual sub-models: 𝑀𝑀 = |𝐺𝐺| = |𝐺𝐺1𝐺𝐺2𝐺𝐺3| = |𝐺𝐺1||𝐺𝐺2||𝐺𝐺3| = 𝑀𝑀1𝑀𝑀2𝑀𝑀3, 
where the magnitude ratio of the full model (𝑀𝑀) and of the sub-models (𝑀𝑀1, 𝑀𝑀2, and 𝑀𝑀3) were expressed as the 
magnitude of the associated transfer function [60]. Since 𝐺𝐺1 and 𝐺𝐺2 are not functions of 𝐼𝐼, 𝐷𝐷, and 𝐾𝐾, changes in the 
impedance matrices affect 𝑀𝑀3 but not 𝑀𝑀1 or 𝑀𝑀2. Therefore, changes in 𝑀𝑀 caused by changes in the impedance 
matrices are the same as changes in 𝑀𝑀3 caused by changes in the impedance matrices. 
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3 RESULTS 

3.1 Simulations 

The full model transformed the muscle activity into muscle force, joint torque, and finally 

joint displacement (Figure 3). Both the transient and steady-state responses are clearly 

observable in the output. Since the system acts as a low-pass filter, higher harmonics are 

attenuated, and the signal becomes progressively more sinusoidal as it passes from the input 

(train of triangular pulses) to the output, the steady-state portion of which is practically 

indistinguishable from a pure sinusoid. 

The 105 input-output relationships are characterized by their impulse responses (Figure 

4). There is considerable variation in the frequency and settling time of the impulse responses. In 

particular, the settling times decrease proximal-distally, becoming smallest for responses from 

distal muscles to distal DOF (Figure 5). 

3.2 Propagation Principles 

The magnitude ratios exhibited resonance below the tremor band (resonance frequencies 

ranged from 0.02 to 3.2 Hz, mean 1.2 Hz; not shown) but the vast majority (about 95%) 

decreased within the tremor band (Figure 6). Although individual magnitude ratios changed 

significantly in the tremor band, the order of the magnitude ratios (which DOF had the largest 

magnitude ratio, second-largest magnitude ratio, and so on) was mostly constant throughout the 

tremor band; the slopes of the various magnitude ratio lines changed together, resulting in 
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relatively few crossings, most of which were at the low end of the tremor band (4-6 Hz). 

Therefore, tremor propagation patterns (how tremor distributes from input in a given muscle to 

output in multiple DOF) were quite independent of tremor frequency. 

Importantly, all 15 muscles produced the greatest tremor in one of the three most distal 

DOF (FPS, WFE, or WRD). This was true for the entire tremor band (Figure 6). For most of the 

tremor band, most of the muscles produced the greatest tremor in WFE (7 or 6 muscles, 

depending on frequency), followed closely by RUD (5 or 6 muscles), and then FPS (3 muscles). 

To determine which muscles contribute most to tremor in a given DOF, we investigated 

the output tremor by DOF, plotting the contribution from each muscle as a phasor (Figure 7). For 

most of the tremor band, the greatest contributor in DOF 1-7 was: BRA, PECM2, FCU, FCU, 

BIClong, FCU, and FCU. Thus FCU was the greatest contributor to tremor in 4 of the 7 DOF. 

Some phasors will add destructively (from Figure 7), but we have insufficient knowledge of the 

phase of the descending electrical signals to the muscles to conclusively say which phasors will 

add in this manner (see Section 4.2.4). Note that this is separate from transmission delay; the 

phasor plots shown assumed the signals were all in phase when leaving the spinal cord. 

The pattern of spreading is summarized in Figure 8, which illustrates that (assuming 

equal inputs in all muscles): 1) tremor increases proximal-distally, and 2) the importance of 

muscles (to tremor) increases proximal-distally. In particular, most of the tremor appears in the 

three most distal DOF (FPS, WFE, and WRUD), and most of this tremor comes from: BIC and 

PT (FPS); FCR, FCU, and ECR (WFE); and FCU, ECR, and ECU (WRUD). 
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Figure 3. System outputs for an input triangle wave with 110 ms width at 5 Hz in TRIlong. The 
first row shows input muscle activity; the units would be in amplitude, e.g. mV if sEMG 
recordings were used as input to the model. The bottom subfigure shows joint displacement from 
the posture (Posture 1 from [41], shown in Figure 10). This plot includes the transient response, 
but the rest of the paper focuses only on the steady-state response. 
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Figure 4. Impulse response from all 15 muscles to all 7 DOF. 

To determine how much of the spreading was due to the moment arm matrix (𝑀𝑀) vs. 

inertia (𝐼𝐼), we compared the output from the model with default parameter values to a model in 

which only 𝑀𝑀 contributed to spreading (𝐼𝐼 was diagonalized to remove coupling terms) and a 

model in which only 𝐼𝐼 contributed to spreading (𝑀𝑀 was pseudo-diagonalized—see METHODS). 

For the vast majority of input-output cases, inertia contributed more to spreading than the 

moment arm matrix (Figure 9; on average, the yellow circles were 1.2X as far from the blue 

circles as the red circles). The same trends were observed throughout the tremor band. 
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Figure 5. Settling times for transient response. 
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Figure 6. Bode plots for input into each muscle and output in all 7 DOF. Shows tremor band, 4-
12 Hz. Magnitude is in radians; if input were sEMG, units would be rad/mV. 
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Figure 7. Phasor plots grouped according to output DOF for tremor at 8 Hz. Value on plot gives 
value at second circle in each plot. 
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Figure 8. Graphical representation of magnitude ratios for input/output at 8 Hz. Throughout the 
tremor band, the trends were generally the same. Last column shows mean magnitudes for each 
row. Magnitude is in radians; if input were sEMG, units would be rad/mV. 

3.3 Sensitivity Analysis 

As discussed above, we altered parameters within physiological ranges to explore the 

effects of inaccuracies and inter-subject variability in our model parameters. The goal of the 

analysis was to determine the robustness of our findings. 
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Figure 9. Coupling analysis showing magnitude ratio at 8 Hz for input into each muscle and 
output in each DOF (horizontal axis). For the majority of input-output cases, spreading due to I 
only (red) is more similar to the full model than spreading due to M only (yellow). 

DELT1

0

0.5

1

1.5 10-4

DELT2

0

0.5

1 10-4

DELT3

0

1

2

3 10-5

PECM2

0

1

2 10-4

BIClong

0

2

4 10-4

BICshort

0

1

2

3 10-4

TRIlong

0

0.5

1 10-4

TRIlat

0

0.5

1 10-4

BRA

0

1

2 10-4

BRD

0

0.5

1

1.5 10-4

PT

0

1

2

3 10-4

FCR

0

2

4

6 10-4

1 2 3 4 5 6 7

FCU

0

2

4

6 10-4

1 2 3 4 5 6 7

ECRB/ECRL

0

2

4

6 10-4

1 2 3 4 5 6 7

ECU

0

1

2 10-4

Full Model Due to I Due to M
Degree of Freedom

M
ag

ni
tu

de
 R

at
io



27 

3.3.1 Input 

The output displacement was quite insensitive to the width of the triangular pulses of the 

input, even over a large range of widths (50-200 ms); the output was essentially sinusoidal, 

independent of pulse width. Decreasing the pulse width increased the relative magnitude of the 

harmonics but, as mentioned above, the harmonics were greatly attenuated by the low-pass 

filtering properties of the model (Figure 6). By comparison, the magnitude at the fundamental 

frequency, which was given by the frequency at which the pulses repeated, was relatively 

unaffected by low-pass filtering. 

We also tested different input shapes (a train of narrow rectangular pulses representing 

impulses, a squared sine wave, and a squared sine wave with multiple frequencies) to test the 

effect of input shape on the results. The output displacement was found to be quite insensitive to 

the shape of the input; independent of input shape, the output resembled a pure sinusoid at the 

fundamental frequency of the input. The low-pass filtering properties of the model attenuated the 

higher frequency components that distinguish the shapes. Therefore, our results were virtually 

unaffected by the shape of the input. 

3.3.2 Model Parameters 

Sub-model 1: Increasing the time constants of an overdamped low-pass filter decreases 

its cut-off frequency, decreasing the magnitude ratio. Therefore, halving and doubling the time 

constant (default 30 ms) simply increased and decreased the magnitude ratio, respectively 

(Figure 10A). As mentioned above, scaling the value of C associated with a given muscle simply 

scaled the magnitude ratio of all outputs due to that muscle. 
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Figure 10. (A) Effect of varying muscle time constants t1 and t2. (B) Effect of changing moment 
arms for 10th or 90th percentile male (by height). 10th percentile line is nearly indistinguishable 
behind 50th percentile line. (C) Changes to total summed magnitude ratio at 8 Hz for each DOF 
for different postures. Magnitude is in radians; if input were sEMG, units would be rad/mV. 
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other default values decreased for the 10th percentile male and increased for the 90th percentile 

male. Nevertheless, the effect on the magnitude ratio was small (Figure 10B). 

Sub-model 3: In a previous sensitivity analysis of the impedance matrices, we found that 

although physiologically reasonable variations in these matrices can have a significant effect on 

individual magnitude ratios, “the pattern of propagation remains relatively unchanged” [41]. In 

summary, Davidson and Charles found the following: increasing D was the only change that 

always decreased tremor magnitude, increasing stiffness and damping with no change in the 

damping ratio (similar to co-contraction) usually decreased tremor, and increasing I can decrease 

or increase tremor [41]. Most importantly, changing the matrices (either by scaling the whole 

matrix or by scaling individual elements) did not change the patterns of propagation.  

3.3.3 Postures 

To determine the effect of changing the posture of the upper limb, we compared the 

summed magnitude ratios in four different postures (see METHODS). Changing the posture only 

changed the I and M matrices, and the effect on the summed magnitude ratios was not large 

(Figure 10). The most noticeable change occurred in WFE, but the relative magnitudes of tremor 

in the DOF remained the same; throughout the tremor band, the three most distal DOF still had 

the greatest tremor amplitude. Creating the Bode plots for the different postures (results not 

shown) revealed the same trends in terms of tremor spreading to the DOF. For the most part (for 

13/15 muscles), a single dominant magnitude ratio was present through the tremor band. The 

only exception was posture 4 (the most out-stretched position—see Figure 2D), which had 

significant magnitude ratios in two or more DOF in approximately half of the muscles, though 

only in the 10-12 Hz range.
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4 DISCUSSION 

Our objective was twofold: first, to understand the propagation of tremor; and second, to 

evaluate the feasibility of determining the origin of tremor. Developing effective tremor 

suppression devices requires a fundamental understanding of where tremor originates (which 

muscles), how it propagates through the upper limb, and where it is most severe (which DOF). 

Both of our objectives aim to guide the development of tremor suppression treatments in the 

future. 

4.1 Fundamental Principles 

The first and primary goal of this work was to identify principles governing the 

propagation of tremor from muscle activity to joint displacement. To this end, we 1) determined 

the extent to which the original tremor propagation principles [41] established for propagation 

from joint torque to joint displacement (sub-model 3 in Figure 1) held true for propagation from 

muscle activity to joint displacement (full model in Figure 1), and 2) modified the original 

principles where necessary to reflect propagation from muscle activity to joint displacement (full 

model). Thus, the following principles govern simulated tremor propagation from muscle 

activity to joint displacement. 

Principle 1: The distribution of tremor depends strongly on musculoskeletal dynamics. In 

other words, which DOF has the greatest tremor (output) depends not only on which muscle has 
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the most tremorogenic activity (input), but also on how the musculoskeletal system transforms 

the input into the output (the dynamics of the system). This transformation from tremorogenic 

muscle activity in multiple muscles to tremulous joint displacement in multiple DOF should be 

viewed as a multi-input/multi-output process that is not dynamically transparent (i.e. the system 

does not simply pass inputs straight through to outputs). Rather, the system both low-pass filters 

and mixes the inputs. More specifically, the excitation-contraction dynamics (sub-model 1) filter, 

the musculoskeletal geometry (sub-model 2) mixes, and the mechanical impedance of the limb 

(sub-model 3) filters and mixes.  

Principle 2: The spreading of tremor is due to inertial coupling (primarily) and 

musculoskeletal geometry (secondarily). By comparison, coupling due to joint damping and 

stiffness played a smaller role [41], and excitation-contraction dynamics played no role. Note 

that the spreading resulting from inertial coupling not only exceeded the spreading due to 

musculoskeletal geometry, but was also farther-reaching. To clarify, the moment arm matrix is 

only capable of spreading tremor from a given muscle to the DOF the muscle crosses, limiting 

the extent to which the moment arm matrix can spread tremor (e.g. proximal muscles cannot 

spread to distal DOF, or vice versa). In contrast, the inertia matrix can spread distantly, from 

torque in proximal DOF to displacement in distal DOF, and vice versa. 

Principle 3: Tremor spreads narrowly. Tremorogenic activity in a muscle does not 

spread significantly to many DOF; instead, most of the tremor caused by a muscle occurs in a 

small number of DOF. According to our simulations, the frequency response of most muscles 

was dominated by a single DOF or two DOF (Figure 6). Averaged across the tremor band, the 

largest magnitude ratio was approximately three times larger than the second-largest ratio. In 

muscles with two dominant magnitude ratios, these two ratios were approximately three times 
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larger than the third-largest ratio. Note that narrow spreading does not imply local spreading; the 

dominant magnitude ratio was frequently in a DOF that was far from the muscle (e.g. from 

deltoid muscles to WFE, see Figure 6). 

Principle 4: Assuming uniform distribution of tremorogenic activity among upper-limb 

muscles, tremor increases proximal-distally, and the contribution from muscles increases 

proximal-distally. In other words, unless proximal muscles receive significantly more 

tremorogenic muscle activity than distal muscles, most of the tremor will occur in distal DOF, 

and most of this tremor will come from distal muscles (Figure 8). The proximal-distal increase in 

tremor was remarkably consistent: throughout the entire tremor band, all 15 muscles produced 

the greatest tremor in one of the three most distal DOF. This increase was not due to excitation-

contraction dynamics: muscle time constants were assumed equal for all muscles, and peak force 

(represented in the gain matrix 𝐶𝐶) roughly decreases from proximal to distal (Table 1), which 

would produce the opposite effect. Nor does the proximal-distal increase in tremor come from 

musculoskeletal geometry, which lacks any clear proximal-distal trend in moment arms (Table 

2). Instead, the proximal-distal increase in tremor is “caused by proximal–distal differences in 

impedance. Going from proximal to distal, inertia decreases more rapidly than stiffness… This 

creates a proximal–distal increase in the natural frequency, which pushes the resonance band to 

higher frequencies, elevating the magnitude ratios in the tremor band” [41]. 

The original tremor propagation principles [41] included two additional principles that 

depend only on sub-model 3. These principles are unchanged by the addition of sub-models 1 

and 2 (see Section 2.7.2), so we repeat them here for completeness: Increasing inertia can 

decrease or increase tremor (Principle 5) and increasing viscoelasticity can decrease or increase 

tremor (Principle 6). 
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4.2 Robustness of Principles 

Here we discuss the results of the sensitivity analyses in the context of the fundamental 

principles. Our tests simulated within plausible ranges for inaccuracy or inter-subject variability. 

Generally, the principles were quite robust to changes to the input, model parameters, and 

posture within these ranges. 

4.2.1 Input 

Because the full system is a low-pass filter with low cut-off frequency (Figure 6), 

harmonics are strongly attenuated, and the final output of the system is almost identical to a pure 

sine at the fundamental frequency of the input pulse train, no matter the shape of the pulses. The 

fundamental frequency of the input pulse train lies in the 4-12 Hz tremor band. Consequently, 

the steady-state output of the system is fully characterized (except for a scaling factor) by the 

frequency response of the system in the tremor band. Since the magnitude of the input to 

individual muscles varies by subject, we formulated the tremor propagation principles on the 

assumption of equal inputs into all muscles. Therefore, the principles depend entirely on the 

system, and not on the input. 

4.2.2 Model Parameters 

As mentioned above, sub-model 1 (representing excitation-contraction dynamics) low-

pass filters the input but does not mix inputs. The cut-off frequency of sub-model 1 is given by 

the muscle time constants. In the model with default parameters, the cut-off frequency was below 

the tremor band (around 3 Hz). Although the principles are based on the fact that the harmonics 

are filtered out (see above), the exact value of the cut-off frequency is not important for two 

reasons: 1) as long as the cut-off frequency is below the frequency of the first harmonic (8-24 



34 

Hz, depending on the fundamental frequency), the harmonics are attenuated relative to the 

fundamental frequency, and 2) since sub-model 3 also low-pass filters with a low cut-off 

frequency (range of 1 to 6 Hz, mean 3 Hz), the harmonics would be attenuated even if the cut-off 

frequency of sub-model 1 were much higher. 

Likewise, the exact values of the gain matrix 𝐶𝐶 (representing peak force in each muscle) 

were not critical to the principles. Scaling 𝐶𝐶 uniformly has no impact whatsoever on the 

principles. Scaling 𝐶𝐶 non-uniformly would change the contribution of each muscle to the total 

output (essentially scaling all phasors of the same color in Figure 7 by the same amount), but the 

principles are quite robust to physiologically reasonable scaling; Principle 1 is not directly 

influenced by 𝐶𝐶, and although it may be possible to construct a 𝐶𝐶 that would invalidate Principle 

2, it would require just the right set of values in 𝐶𝐶, which would be highly unlikely. No scaling of 

𝐶𝐶 will invalidate Principle 3 because the outputs of a given muscle are always scaled the same.  

The first part of Principle 4 (tremor increases proximal-distally) is insensitive to non-

uniform scaling. Some muscles have a proximal DOF in their top three DOF, and increasing the 

values of 𝐶𝐶 for these muscles (and not the others) will increase tremor in the proximal DOF 

relative to the distal DOF. For example, if the peak forces of muscles 1-4 were scaled by a factor 

of 10, one of the proximal DOF would enter the top three. However, for every muscle, the top 

DOF is a distal one, so the most tremor will always be in a distal DOF, no matter what value is 

used for 𝐶𝐶. The second part of Principle 4 (the contribution from muscles increases proximal-

distally) does depend on 𝐶𝐶. Increasing the proximal values of 𝐶𝐶 would increase the contribution 

of the proximal muscles to tremor. However, one would have to increase the proximal values of 

𝐶𝐶 by approximately 2X before the proximal muscles would provide the same contribution to 
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tremor as the distal muscles. Lastly, because 𝐶𝐶 represents peak muscle force, it could be adjusted 

to better reflect individual subjects if subject-specific estimates of peak force were available. 

Changing the moment arm matrix over a large range (10th to 90th percentile male) did not 

affect the principles. No moment-arm values that were zero became non-zero, or vice versa, so 

basic coupling patterns remained unchanged. In addition, the observed change in moment-arm 

values was only on the order of 10% and scaled more or less in unison. Consequently, tremor 

propagation patterns were minimally affected, including which DOF exhibited the greatest 

tremor: the three distal DOF dominated throughout the tremor band in all three models (10th, 

50th, and 90th percentile). 

As discussed above, Davidson and Charles thoroughly explored the effects of changing 

the I, D, and K matrices [41]. In summary, they found that the principles were quite insensitive to 

physiologically reasonable changes in the impedance matrices; although changes sometimes 

produced large changes in the frequency response of the system, the pattern of propagation 

remained relatively unchanged (see [41] for details). 

4.2.3 Postures 

Changing posture did not have a large effect on the magnitude ratio (Figure 10), so it is 

clear that Principle 1 was unaffected. Repeating the analysis shown in Figure 9 for the three 

additional postures (results not shown) confirmed that Principle 2 was not affected by changes in 

posture. Principle 3 was robust to posture changes in most cases: averaged across all postures, 13 

of the 15 muscles exhibited a single dominant magnitude ratio. If a muscle had a second 

magnitude ratio similar to the largest one, the others were comparatively small. Finally, the three 

distal DOF dominated throughout the tremor band (Principle 4) in all four postures. 
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4.2.4 Phase 

When dealing with periodic inputs and outputs, the phase is crucial to understanding how 

the signals combine and, in this case, how tremor will affect the resultant kinematics. Our 

knowledge, however, about the phase shift between outputs is limited. To clarify, the phase shift 

between outputs depends on the phase shift between inputs and the phase shift due to the 

system’s dynamics. The phase shift between tremorogenic activity exciting the spinal cord 

(phase shift between inputs) is unknown, however, even for antagonist muscles [64]. A number 

of studies have also suggested that feedback contributes significantly to tremor (e.g. [30, 65]). A 

conservative estimate of the additional phase shift in the inputs due to transmission delay 

determined that its effects would be small (30 degrees or less; see below). This situation is 

similar to how the magnitude of the outputs from the system are unknown because the magnitude 

of the inputs are unknown. The same approach applies: we can assume equality among the inputs 

and draw out fundamental principles that are based on that assumption. 

Fortunately, more is known about the phase shift due to the system. As shown in Figure 7 

(which assumed equal phase in all muscles), tremor due to antagonist muscles is often almost 

exactly out of phase, including dominant phasors. This would lead to destructive interference; 

however, vector summing (results not shown) determined that if inputs to all muscles were 

assumed to be in phase, the greatest tremor was still in one of the three distal DOF (Principle 4), 

though occasionally the order of DOF was different. For the other principles, it is possible to 

change the phase shifts of the inputs in such a way as to cancel out any inputs, so it is possible to 

violate the principles, but this would be highly unlikely in reality. In summary, because the 

principles were based on individual phasors and not the vector sum, they are quite robust to 

changes in phase shifts. 
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It is important to consider the potential effects of transmission delay. For example, it is 

theoretically possible that WFE will end up having very little tremor because the phasors cancel 

each other out (even though individually they are quite large). While phase delay would not 

affect the length of individual phasors, it could rotate some phasors relative to others so they 

would sum differently. 

A conservative estimate indicated that phase delay could be 30 degrees at most, i.e. the 

phasor from a proximal (e.g. shoulder) muscle (in Figure 7) could be rotated 30° relative to a 

distal (e.g. wrist) muscle. This estimate assumed the worst-case, i.e. a signal travelling slowly 

(80 m/s) the farthest distance (from shoulder to wrist). Based on this conservative estimate, we 

do not believe the principles would change if the model included transmission delay. Rotating 

distal phasors by 30° relative to proximal phasors is not enough to change the addition from 

constructive to destructive (or even to neutral); that requires a change of 180° (90° for neutral).  

Only phasors from muscles that are significantly removed from each other may have significant 

transmission delay relative to each other. However, in Figure 7 the dominant phasors (in a given 

DOF) often belong to muscles that are close to each other, so they would not have significant 

transmission delay between them. 

4.3 Limitations 

As this is the first investigation of tremor propagation from muscle to joint displacement 

throughout the upper limb (from shoulder to wrist), we deliberately used a simple (linear, time-

invariant) model to focus on first-order, steady-state effects. Consequently, our model ignored 

transient responses and higher-order effects, including non-linear dynamics and time-varying 

impedance parameters. That said, postural tremor involves relatively small displacements from 

an equilibrium position, so non-linear dynamics and time-varying changes in moment arms and 
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inertia are expected to be small. Furthermore, there is no reason to expect systematic variations 

in muscle time constants or joint viscoelasticity while holding a posture for a 30s period. We 

therefore expect the principles established above to be robust to non-linear dynamics and time-

varying changes in impedance parameters associated with postural tremor. Nevertheless, our 

conclusions cannot be extrapolated to tremor during voluntary movement (kinetic tremor) or 

even tremor in a postural task requiring modulation of joint torque or co-contraction (e.g. in 

response to unstable perturbations such as during tool use). 

Numerous studies have suggested that afferent feedback could play a significant role in 

tremor (e.g. [30, 65, 66]). Such feedback could cause tremor to spread to other DOF through 

“neural coupling” even if they are not mechanically coupled. Here we have focused on 

propagation through mechanical coupling and have excluded neural coupling for the sake of 

tractability, but future work should include the effect of neural coupling on tremor propagation. 

The range of motion tested by the four postures is relatively small. We would expect 

large changes in postures to result in larger changes in tremor propagation, especially at the 

limits of the upper limb’s range of motion (e.g. limb fully extended). 

Lastly, these principles were based entirely on simulation results and were not validated 

by experiments with actual subjects. Our research group is currently compiling a dataset for ET 

patients that would include both the input (recorded sEMG for all 15 muscles) and the output 

(joint kinematics for the 7 DOF). In our future work, we will input real data into our simple 

model and compare the results with real outputs. This could confirm whether this simplified 

model is sufficient to capture the fundamental principles of tremor propagation. 
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4.4 Conclusion 

The aim of this research was to establish the principles of tremor propagation from 

tremorogenic muscle activity to hand displacement. As discussed in Davidson and Charles [41], 

tremor propagation through the upper limb should be viewed as the result of a multi-input/ multi-

output system with dynamics. These system dynamics include filtering due to excitation-

contraction dynamics and the mechanical impedance of the limb. All of the original principles 

from [41] for the mechanical impedance sub-model were found to be true for the entire model, 

and some of the principles were expanded. In summary, we accomplished our objective by 

determining the following principles: 1) The distribution of tremor depends strongly on 

musculoskeletal dynamics; 2) The spreading of tremor is due to inertial coupling (primarily) and 

musculoskeletal geometry (secondarily); 3) Tremor spreads narrowly; 4) Assuming uniform 

distribution of tremorogenic activity among upper-limb muscles, tremor increases proximal-

distally, and the contribution from muscles increases proximal-distally. 

We anticipate that these principles will add to the body of knowledge in the field of 

tremor and guide future research. This should enable the development of tremor treatments that 

suppress tremor in a more informed and effective manner. For example, [67] explored treatment 

that targets specific muscles based on biomechanical patterns (sensors captured movement in 

various upper limb DOF, then injections were made based on which muscles contribute to tremor 

in that DOF). This sort of treatment approach requires an understanding of how tremor from the 

different muscles manifests in the DOF of the upper limb. 

Future work will include modeling reflex activity and comparing our model to real input-

output data, with the ultimate goal of developing the method and increasing our understanding 

sufficiently so that we can extract the origin and propagation of tremor. Our end goal is to have 
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the following occur: 1) a patient with tremor walks into a specialized clinic and is instrumented 

with motion capture and/or EMG sensors (or marker-less motion capture is performed); 2) the 

data is passed into a decomposition algorithm; 3) we are able to tell the patient that their tremor 

is mostly due to tremorogenic muscle activity in specific muscles; 4) clinicians present a 

customized treatment plan and/or suppression device. This would allow the tremor patient to 

regain normal function and perform the activities of daily life. 
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 APPENDIX A. Moment Arm Conversion 

Here we will outline how to convert moment arms between different Euler angle 

sequences. We will follow an example converting from a YXY (or 2-1-2) order to a ZXY (or 3-1-

2) Euler angle sequence.

Euler Angle Sequences 

Let Frame A be an inertial base frame, with Frames A’ and A” as intermediate frames; the 

resultant, rotated frame is B. The first rotation occurs about one of the A axes; the second rotation 

occurs about one of the A’ axes; the third rotation occurs about one of the A” axes. The three 

rotation angles are called Euler angles and can be grouped into a single array, 𝐸𝐸 ���⃑ =  [𝜓𝜓 𝜃𝜃 𝜑𝜑]𝑇𝑇. In 

this example, the Euler angle order is ZXY, meaning rotate ψ about ZA, θ about XA’, and φ about 

YA’’. It is important to note some of the axes will be the same, i.e. ZA = ZA’, XA’ = XA’’, and YA’’ = 

YB. 

Rotation Matrices 

Each of the transformations, from one frame to the next in the sequence, can be 

represented by a rotation matrix, R. Here we will use the convention used in Robotics, e.g. in 

[54], (as opposed to the convention used in Dynamics, e.g. [68]): 
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�
𝑋𝑋𝐴𝐴
𝑌𝑌𝐴𝐴
𝑍𝑍𝐴𝐴
� =  𝑅𝑅 �

𝑋𝑋𝐵𝐵
𝑌𝑌𝐵𝐵
𝑍𝑍𝐵𝐵
� (A.1) 

Where each of the three steps of the Euler angle sequence makes one part of the rotation 

matrix: 𝑅𝑅 =  𝑅𝑅𝑍𝑍𝐴𝐴𝜓𝜓𝑅𝑅𝑋𝑋𝐴𝐴′𝜃𝜃𝑅𝑅𝑌𝑌𝐴𝐴"𝜙𝜙. 

Angular Velocities 

The angular velocity about the fixed (inertial or “base”) frame, 𝜔𝜔��⃑  = [ω1 ω2 ω3 ]T = [ωXA 

ωYA  ωZA]T, is related to the Euler angle rates 𝐸𝐸�⃑ ̇  =  [�̇�𝜓 �̇�𝜃 �̇�𝜑]𝑇𝑇 via a matrix which we will call 𝐶𝐶 for

this example, i.e. 𝜔𝜔��⃑ = 𝐶𝐶𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌. This is often referred to, e.g., in [68], as “the B matrix”, i.e. 𝜔𝜔��⃑ ̇ =

𝐵𝐵𝐸𝐸�⃑ ̇ . Please note that this matrix has nothing to do with our final frame, B. Continuing the ZXY

example, �̇�𝜓 is about ZA, so it will contribute: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  �
0
0
�̇�𝜓
� (A.2) 

�̇�𝜃 is about XA’, so it will contribute: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  𝑅𝑅𝑍𝑍𝜓𝜓 �
�̇�𝜃
0
0
� (A.3) 

because RZψ is the transformation that rotates the axes to the XA’ frame. In the same way, 

�̇�𝜑 is about YA’’, so it will contribute: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  𝑅𝑅𝑍𝑍𝜓𝜓𝑅𝑅𝑋𝑋𝜃𝜃 �
0
�̇�𝜙
0
� (A.4) 

because RZψ and RXθ are the transformations that take us from the base frame, A, to the YA’’ 

frame. This results in: 
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�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  �
0
0
�̇�𝜓
� + 𝑅𝑅𝑍𝑍𝜓𝜓 �

�̇�𝜃
0
0
� + 𝑅𝑅𝑍𝑍𝜓𝜓𝑅𝑅𝑋𝑋𝜃𝜃 �

0
�̇�𝜙
0
� (A.5) 

When arranged in matrix form, this gives: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  �
0 cos(𝜓𝜓) − sin(𝜓𝜓) cos (𝜃𝜃)
0 sin(𝜓𝜓) cos(𝜓𝜓)cos (𝜃𝜃)
1 0 sin (𝜃𝜃)

� �
�̇�𝜓
�̇�𝜃
�̇�𝜙
� =  𝐶𝐶 �

�̇�𝜓
�̇�𝜃
�̇�𝜙
� (A.6) 

Or 𝜔𝜔��⃑ = 𝐶𝐶𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌. Suppose ZXY is the Euler angle sequence we want for our angular

velocities or torques. Now suppose the same procedure is followed for a different Euler angle 

sequence - a sequence that we have information in but we want to convert our angular velocities 

out of this sequence. In this example, we will use YXY, i.e. 𝐸𝐸�⃑ 𝑌𝑌𝑋𝑋𝑌𝑌
 = [α β γ]T where we rotate α 

about YA, β about XA’, and γ about YA’’  (where these are different XA’  and YA’’ axes than in ZXY). 

We find: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  �
0
𝛼𝛼
0
̇ � + 𝑅𝑅𝑌𝑌𝑌𝑌 �

�̇�𝛽
0
0
� + 𝑅𝑅𝑌𝑌𝑌𝑌𝑅𝑅𝑋𝑋𝑋𝑋 �

0
�̇�𝛾
0
� (A.7) 

Resulting in a matrix 𝐷𝐷: 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  �
0 cos(𝛼𝛼) sin(𝛼𝛼) sin (𝛽𝛽)
1 0 cos (𝛽𝛽)
0 − sin(𝛼𝛼) cos(𝛼𝛼)sin (𝛽𝛽)

� �
�̇�𝛼
�̇�𝛽
�̇�𝛾
� = 𝐷𝐷 �

�̇�𝛼
�̇�𝛽
�̇�𝛾
� (A.8) 

Where 𝜔𝜔��⃑ = 𝐷𝐷𝐸𝐸�⃑ ̇𝑌𝑌𝑋𝑋𝑌𝑌.

Conversion 

We can now convert 𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌 to 𝐸𝐸�⃑ ̇𝑌𝑌𝑋𝑋𝑌𝑌 by finding the equivalent 𝜔𝜔��⃑ , or the equivalent vectors

in the base frame, A. Since, by Equations A.6 and A.8 we have: 



53 

�
𝜔𝜔1
𝜔𝜔2
𝜔𝜔3

� =  𝐶𝐶 �
�̇�𝜓
�̇�𝜃
�̇�𝜙
�  =  𝐷𝐷 �

�̇�𝛼
�̇�𝛽
�̇�𝛾
� (A.9) 

Or 𝐶𝐶𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌 = 𝐷𝐷𝐸𝐸�⃑ ̇𝑌𝑌𝑋𝑋𝑌𝑌. We can find 𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌 given 𝐸𝐸�⃑ ̇𝑌𝑌𝑋𝑋𝑌𝑌 easily with 𝐸𝐸�⃑ ̇𝑍𝑍𝑋𝑋𝑌𝑌 = 𝐶𝐶−1𝐷𝐷 𝐸𝐸�⃑ ̇𝑌𝑌𝑋𝑋𝑌𝑌

because the 𝐶𝐶 and 𝐷𝐷 matrices are 3x3 and are invertible in most cases. For this example, 𝐶𝐶 is 

invertible if 𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 ≠ 0 and 𝐷𝐷 is invertible if 𝑠𝑠𝑖𝑖𝑠𝑠𝛽𝛽 ≠ 0. 

Converting Torques 

OpenSim, which was used to calculate the moment arm matrix, M, follows the ISB 

convention [49], which is a YXY Euler angle sequence [47] for angles at the shoulder. Since 

angular velocities and torques are often defined in the same way (as vectors about axes in 

intermediate frames), the same process can be undertaken to convert torques from one Euler 

angle sequence to another: 𝜏𝜏𝑍𝑍𝑋𝑋𝑌𝑌 = 𝐶𝐶−1𝐷𝐷𝜏𝜏𝑌𝑌𝑋𝑋𝑌𝑌. For convenience, we will define 𝐸𝐸 =  𝐶𝐶−1𝐷𝐷. 

Therefore,  

𝜏𝜏𝑍𝑍𝑋𝑋𝑌𝑌 = 𝐸𝐸𝜏𝜏𝑌𝑌𝑋𝑋𝑌𝑌 (A.10) 

Moment Arms 

OpenSim defines the moment arm matrix, M, as 𝑀𝑀 =  𝜏𝜏
𝑓𝑓
. τ is “a scalar representing the

effective torque acting about a joint angle [q] that is due to the scalar tension force [f] generated 

by muscle activation" (definitions are quoted from [69] with notation adjusted). The values used 

in OpenSim for M are derived in [69] as 𝑀𝑀 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, where l = l(q) is “the musculotendon path 

length along which the [force f] is acting" [69]. This illustrates why the Euler angle sequence is 

so crucial. The moment arms were calculated about angles, q, and using l = l(q) that are 
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dependent on how the angles are described. Using a different Euler angle sequence would mean 

the axes used were different, resulting in different q and l, and a different M. 

Converting Moment Arms 

From OpenSim we can obtain MYXY, but for our model (or any system in another Euler 

angle sequence) we require M to be transformed to our Euler angle sequence, here MZXY. We 

know that a given set of forces, 𝑓𝑓, will result in different torques in the two systems: 𝑓𝑓  =

 𝑀𝑀𝑌𝑌𝑋𝑋𝑌𝑌
−1𝜏𝜏𝑌𝑌𝑋𝑋𝑌𝑌  =  𝑀𝑀𝑍𝑍𝑋𝑋𝑌𝑌

−1𝜏𝜏𝑍𝑍𝑋𝑋𝑌𝑌. Substituting in Equation A.10:

𝑀𝑀𝑌𝑌𝑋𝑋𝑌𝑌
−1𝜏𝜏𝑌𝑌𝑋𝑋𝑌𝑌  =  𝑀𝑀𝑍𝑍𝑋𝑋𝑌𝑌

−1𝐸𝐸𝜏𝜏𝑌𝑌𝑋𝑋𝑌𝑌       (A.11) 

𝑀𝑀𝑌𝑌𝑋𝑋𝑌𝑌
−1 =  𝑀𝑀𝑍𝑍𝑋𝑋𝑌𝑌

−1𝐸𝐸         (A.12) 

𝑀𝑀𝑌𝑌𝑋𝑋𝑌𝑌
−1𝐸𝐸−1 =  𝑀𝑀𝑍𝑍𝑋𝑋𝑌𝑌

−1        (A.13) 

Taking the inverse of each side we obtain 𝑀𝑀𝑍𝑍𝑋𝑋𝑌𝑌 =  𝐸𝐸𝑀𝑀𝑌𝑌𝑋𝑋𝑌𝑌. This same procedure can be 

applied to convert the moment arms matrix from OpenSim, MYXY, to another Euler angle 

sequence. Note that in our model this conversion applied only to the first three rows of M (entries 

for the shoulder DOF). 
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APPENDIX B. Feedback 

In addition to expanding the upper-limb tremor dynamics model to include muscle 

activity, this work also laid the foundation for future research concerning closed-loop feedback. 

Modeling reflexes is anything but trivial, so we followed a methodical approach in which we 

systematically addressed multiple feedback parameters. These parameters included saturation, 

homonymous vs. heteronymous feedback, and delay. Homonymous feedback is defined as from 

a given muscle to the spinal cord back to the same muscle; heteronymous feedback is from a 

given muscle to the spinal cord, and then to a different muscle. 

We simplified the analysis by adding the feedback at the level of DOF instead of 

muscles. While not as accurate as modeling feedback at the muscle level, this approach captures 

the main effects of feedback (since muscle force due to feedback combines as torque at the DOF-

level) and greatly simplifies the simulation.  

Feedback was successfully simulated using a simple model adapted by Bock and 

Wenderoth [70] from Stein and Oguztoreli [71] (Figure 1). According to this model, 

“proprioceptive feedback is modeled by a proportional and a differential component, where the 

latter is passed through a saturation non-linearity and both through a delay element” [70]. While 

from literature it is simple to identify useful saturation nonlinearity functions, the output of these 

functions depends entirely on the magnitude of the input. 
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Our models were robust during these preliminary tests. Our review of literature did not 

find any values for the saturation limits, so we performed a series of tests to see how the system 

was affected by different saturation levels. The saturation block was placed on the derivative 

portion of the feedback loop [70]. We concluded that application of a saturation limit was 

unnecessary for our model if we can assume that the saturation limit was low and we only 

analyzed situations when the output is stable without saturation. Our work on delay was still in 

its earliest stages, so it is not discussed here. 

Figure 11. Simulink block diagram for DOF(torque)-level feedback. 
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Homonymous and heteronymous muscular feedback relationships have been researched 

by multiple groups (see below). Unfortunately, many heteronymous gain values are unknown. 

From literature, we obtained gain values for approximately one half of the heteronymous input-

output relationships (Table 3). Until the remaining blank values can be determined or inferred 

from trends, it will not be possible to model the heteronymous feedback of the upper-limb 

model. 

Table 3. Heteronymous feedback gain values. 

DELT1 DELT2 DELT3 PECM2 BIClong BICshort TRIlong TRIlat BRA BRD PT FCR FCU ECR ECU 

DELT1 1 

DELT2 1 

DELT3 1 -0.0672 0.0192 0.0192 0.0322 0.0322 

PECM2 -0.0522 1 0.0092 0.0092 0.0222 0.0222 

BIClong 0.11 0.11 0.0082 0.0242 0.363 0.363 
-0.0472 -0.052 

0.273 
0.093 

01 01 01 01 
03 03 -0.54 

BICshort 0.11 0.11 0.0082 0.0242 0.363 0.363 
03 03 

0.273 
0.093 

01 01 01 01 
-0.0472 -0.052 -0.54 

TRIlong 
-0.11 -0.11 

0.0022 

0.0052 

-0.1252 -0.1252 

13 0.323 03 03 01 01 01 -0.11 -0.11 
03 03 

-0.325 -0.325 -0.325 

TRIlat -0.11 -0.11 
0.0022 

0.0052 
03 03 

0.143 0.413 03 03 01 01 01 -0.11 
-0.11 -0.1252 -0.1252 

BRA 0.413 0.413 03 03 0.733 0.413 

BRD 1 -0.556 -0.47 0.58 

PT 
0.0913 0.0913 

03 03 0.273 -0.310 0.363 
0.369 0.369 

FCR 
-0.41 -0.41 -0.41 0.811 0.811 -0.5911 -0.5911 

-0.47 0.6312 
0.412 

-0.31 
-0.355 -0.355 -0.355 0.751 0.751 -0.11 -0.11 0.61 

FCU 
01 01 

01 

-0.11 -0.11 01 01 

0.212 

0.312 0.4113 

0.21 
05 05 05 

ECR 
-0.11 -0.11 

-0.11 -0.8311 -0.8311 0.9611 0.9611 

0.328 -0.31 0.412 012 0.2713 
-0.11 -0.11 0.751 0.751 

-0.385 -0.385 -0.385 

ECU 0.212 0.1912 
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Legend for Table 3 citations: 1 = [72], 2 = [73], 3 = [74], 4 = [75], 5 = [76], 6 = [77], 7 = 

[78], 8 = [79], 9 = [80], 10 = [81], 11 = [82], 12 = [83], 13 = [84]. Rows indicate the muscle the 

signal is coming from (afferents or "sensors"); columns are the muscle the signal is going to 

(efferents or "actuators"). Shaded diagonal cells are homonymous feedback. Values were taken 

from the frequency/probability of occurrence, except for in [74]. Negative vales denote 

inhibition; when both excitation and inhibition values were given, table value is excitation-

inhibition. When different values were found for the same cells, both are shown. Values were 

obtained from short latency, group I, studies and were normalized to have maximum value of 

unity. 

Figure 12. Simulink block diagram for muscle-level feedback 


