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1. Introduction

Let P(G, A) (or simply P(G)) denote the chromatic polynomial of a simple graph G. Two graphs G and H are chromatically
equivalent (simply y-equivalent), denoted G ~ H, if P(G) = P(H). A graph G is chromatically unique (simply y-unique)
if P(H) = P(G) implies that H = G. Let (G) denote the equivalence class determined by the graph G under ~. Clearly, G
is x-unique if and only if (G) = {G}. A graph H is called a relative of G if there is a sequence of non-isomorphic graphs
G = Hy, Hy, ..., Hy = H, such that each H; is a K;;-gluing of some graphs (say X; and Y;) and that H;, is obtained from H;
by forming a K,-gluing of X; and Y; for 1 < i < k — 1. We say H is a graph of type G if H is a relative of G or H = G. A family
4 of graphs is said to be relative-closed (simply y,-closed) if

(i) no two graphs in § are relative of each other; and
(ii) for any graph G € 8, P(H, 1) = P(G, A) implies that H € & or H is a relative of a graph in 4.

If & is a relative-closed family, then the chromatic equivalence class of each graph G in $ can be determined by studying the
chromaticity of each graph G in 4.

If G is a graph of order n and size m, we say G is an (n, m)-graph. The chromatic equivalence classes of 2-connected
(n, n + i)-graph have been fully determined fori = 0, 11in [2,6], and partially determined for i = 2, 3 in [3,4,8]. Peng and
Lau have also characterized and classified all chromatic equivalence classes of 2-connected (n, n 4+ 4)-graph with at least
four triangles in [7]. In this paper, we determine all equivalence classes of 2-connected (n, n+4)-graphs with three triangles
and one induced 4-cycle. As a by-product of these, we obtain various new families of y-equivalent graphs and x-unique
graphs. The readers may refer to [1] for terms and notation used but not defined here.
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2. Notation and basic results

Let C, (or n-cycle) be the cycle of order n. An induced 4-cycle is the cycle C4 without chords. The following are some useful
known results and techniques for determining the chromatic polynomial of a graph. Throughout this paper, all graphs are
assumed to be connected unless stated otherwise.

Lemma 2.1 (Fundamental Reduction Theorem (Whitney [10])). Let G be a graph and e an edge of G. Then
P(G)=P(G—e)—P(G-e)
where G — e is the graph obtained from G by deleting e, and G - e is the graph obtained from G by identifying the end vertices of e.

Let G and G, be graphs, each containing a complete subgraph K, with p vertices. If G is the graph obtained from G; and
G, by identifying the two subgraphs K, then G is called a K,-gluing of G; and G,. Note that a K;-gluing and a K,-gluing are
also called a vertex-gluing and an edge-gluing, respectively.

Lemma 2.2 (Zykov[11]). Let G be a K,-gluing of G and G,. Then

P(G) = P(G1)P(Gy)
P

Lemma 2.2 implies that all K;-gluing of G; and G, are x-equivalent. It follows from Lemma 2.2 that if H is a relative of G,
thenH ~ G.
The following necessary conditions for two graphs G and H to be y-equivalence are well known (see for example [4]).

Lemma 2.3. Let G and H be two x-equivalent graphs. Then G and H have, respectively, the same number of vertices, edges and
triangles. If both G and H do not contain Ky, then they have the same number of induced 4-cycles.

A generalized 6-graph is a 2-connected graph, consisting of three edge-disjoint paths between two vertices of degree 3.
All other vertices have degree two. These paths have lengths x, y and z respectively, where x > y > z. The graph denoted
by 6y, is of order x +y +z — 1 and size x + y 4 z (see [6]). We shall denote K; as C; for convenience.

Lemma 2.4.

OPC)=0-D"+(-D"(*A—1,n>2.
P(Gy1)P(Gy1)P(Gy1)  P(GIP(G)P(C)

ifz#1

) 20— 12 »

(ii) P(Qx,y,z) = w) i =1
AA—1) vyt

For integers x, y, z, n and A, let us write
n—2 ) )
QO) =) (D' -1
i=0

and
Myy2(A) = Qus1(M) Q1 (M) Q1 (M) + (A — D Q(M)Qy(AM)Q (1.

Note that when A = 1, we have Q;(1) = (—1)" and My, (1) = (—1)*?™*1 Lemma 2.4 can then be written as the
following lemma.

Lemma 2.5 ([4]).

(i) P(Cy) = A (A — DQx(R).
(ii) P(ex,y,z) = A()L - 1)IVIx,y,z()\)-

We also need the following lemma.

Lemma 2.6 (Whitehead and Zhao [9]). A graph G contains a cut-vertex if and only if (A — 1)? | P(G).

Lemma 2.6 also implies that if H ~ G, then H is 2-connected if and only if G is so.
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Table 1
24 types of 2-connected (n, n + 4)-graphs with exactly three triangles and one induced 4-cycle
1(a 2 Gs(c) Ga(d Gs(e) Gs(f) Gr(g) Gs(h)
% ‘? ﬁ? W. AWAN ﬁ |®|
{ § 52 &) e>4 ‘?
a>4 = =
F>3 g=3 h=2
t
Go(f) Gro(k) Gu(m) Gia(n) Gra(p) Gulg)  Gus(r9) )
e S o @ e o T
= m > 2 n=3 q=>3
p=>2 i =t t+u>1
Gao(y) Gaa(,7)
Gir(v Gls(w Gis() ' Ga1(2) Gas(¥ Gaa(p
v>3 W= @ a5 =2 3 y=3 ) d+y=>1 h > 2

The light lines of the graphs refer to the paths of indicated length.
3. Classification of graphs

Let § denote the x,.-closed family of 2-connected (n, n+ 4)-graphs with exactly 3 triangles and one induced C4. In [5], we
classified all the 24 types of graph G € § as shown in Table 1. Since the approach used to classify all the graphs G is rather
long and repetitive, we shall not discuss it here. The reader may refer to Theorems 1 and 2 in [5] for detail derivation of the
graphs.

We are now ready to study the chromaticity of all types of 2-connected (n, n + 4)-graphs having exactly three triangles
and one induced C,. We first note that if H ~ G;(1 < i < 24) in Table 1, then H must be of type G; for some 1 < j < 24in
Table 1 as well. For convenience, we shall say that the graph G;, or any of its relatives, is of type (i).

We now present our main result in the following theorem.

Theorem 3.1. For a graph G, let (G) = {H | H ~ G}. We have

. H € (G1(a)) ifand only if H is of type G1(a).

. H € (Gy(b)) ifand only if H is of type G, (b).

. H € (G3(c)) ifand only if H is of type G3(c).

. H € (G4(ad)) if and only if H is of type G4(d).

. H € (Gs(e)) ifand only if H is of type Gs(e).

- {(Ge(f)) = {Gs(f), Gis(f)}-

. {G7(®) = {G1(2), G(8)}.

. H € (Gg(h)) ifand only if H = Gg(h) or Gy (¢, y) with ¢ +y = h — 1, or H is of type Gy4(h).
. Go(j) is x -unique.

. {G1o(k)) = {Gio(k), G21(k)}.

11. Gy1(m) is x -unique.

12. H € (G12(n)) if and only if H is of type G12(n) or Gyg(n).

13. H € (G13(p)) if and only if H is of type G13(p).

14. H € (G14(q)) if and only if H is of type G14(q).

15. (G5(r,s)) = {Gi5(r', s) with1’' 4+ 5 =1 + s}.

16. H € (Gyg(t, u)) if and only if H is of type Gig(t', ) witht +u=t"+u’.

17. G17(v) is x -unique.

18. {Gig(w)) = {Gs(w), Gig(w)}.

19. H € (G19(x)) if and only if H is of type G12(x) or Gyg(x).

20. (G20()) = {G7(¥), Gao (W)}

21. (G21(2)) = {G10(2), G21(2)}-

22. H € (Gp(¢, y))ifandonly if H = Gg(¢p + v + 1) or Gpa (¢, ') with¢' +y' = ¢ + y, or His of type Goa(p + y + 1).
23. Gy3(yr) is x -unique.

24. H € (Gy4(p)) ifand only if H = Gg(p) or Gya(¢p, y) with¢d + y = p — 1, or H is of type Go4(p).

—_
QUOUWOoUONUTA WN =
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4. Chromatic polynomials of the graphs

Before proving our main result, we present here some useful information about the chromatic polynomial of G; (1 <
i < 24).Let W(n, k) be the graph of order n obtained from the wheel W, by deleting all but k consecutive spokes. Using
Lemma 2.1, we have P(W (n, 4)) = (A —2)(A — 3)P(Cy—2) + (A — 2)P(Cy—3) and P(W (n, 3)) = (A — 2)[P(Cy—1) — P(Cy—2)]

which will be used in computing the chromatic polynomials of the graphs in Table 1.

Lemma 4.1.
(1) P(Gy)

where N;(L) =

P(Ca1)P(W(6,4)) /(2 — 1)
A= D —2)(A3 — 642 4+ 131 — 11)Qup1 (V)
A — DN1(A),

(A —2)(%3 — 617 + 134 — 11)Quy1 (V)

and N;(1) = (= 1D(1 =6+ 13 = 1D)(=1)* ! = 3(=1)**L.

(2) P(G)

where N, (L) =

P(CH))P(W(b+4,4))/A2(A —1)

P(CHI(A = 2)(A = 3)P(Coy2) + (A = 2)P(Cpy) /A — 1)
A= D= 2)(A2 =34+ [ — 3)Q12(M) + Qi1 (M)]
Ak = DN2(A),

(A —=2)(W% =34 + 3)[(A — 3)Qs2(4) + Q1 (V)]

and N3(1) = (=1)(1 = 3+ 3)[(=2)(= D" + (=) = 3(-1)".

(3) P(G3) =

where N3(L) =

[(A — 2)*P(C42)P(C) /A(A — 1)] — [(A — 2)*P(Cey1)P(Ca) /A(A — 1)]
AL — D —2)2(A% = 3% + 3)[Qei2() — Qey1 (V)]
A(r — DN3 (1),

(h—2)2(0% = 33 + 3)[Qe12(A) — Q1 (W)]

and N3(1) = (—=1)*(1 = 3+ 3)[(- D — (=D = 2(-1)".

(4) P(Gs)

where Ny(L) =

(A —2)’P(642,2)
A= 1A —2)*Mg (L)
AL — DNg (1),

(O —2)*My22(0)

and Ng(1) = (=13 (=1 = (="

(5) P(Gs) =

where Ni(L) =

(h = 2)*P(Ces1)P(Ca) /A(h — 1)

(A —2)3(A% — 31 4+ 3)P(Coyr)

A = 1D — 2% = 3%+ 3)Qe1 (V)
AL — DNs (M),

(=2 = 3% +3)Qe1 (V)

and Ns(1) = (=1)*(1 =34+ 3)(—= )" = (=1)*.

(6) P(Ge)

where Ng(L) =

(A —2)*P(6f22) — ( — 2)*P(Gr42) + (h — 2)(A — 3)P(C41)
A =D = 2)[(h — 2)Mf22(0) — (A — 2)Qr2(A) + (A — 3)Qr11(W)]
A(r — DNs(1),

A =2)[(A = 2Mf22(1) — (A = 2)Qr12(M) + (A = 3) Q11 (V)]

and Ng(1) = (= D[(=D (=1 = (=D + (=2)(= 1Y/ "] = 4(=1)/ .

(7) P(Gy)

where N;(L) =

(A = 2)’P(6g1131) — [(A = 3)P(6g11.3.1) + P(0522)]
(A* = 5X + 7)P(0g41,31) — P(6g.2.2)

AL — DI = 5% + T)Mgy131(1) — Mg22(0)]

A — DN; (M),

(A =50 + 7)Mgi1,3,1(%) — Mg 22(2)

and N7(1) = (1 =5+ 7)(—=1)¥% — (= 1)85 = 4(—1)¢.

(8) P(Gs) =

(A —2)*P(Ons122) — [(A — 3)P(Ony122) + P(Oh31)]

= (A =51+ 7)P(Oht122) — P(Oh31)

AL — DI = 55X + T)Mpy1.22(0) — My 31(M)]
(L — DNs(1),
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where Ng(1) = (A% — 51 + 7)Mp1122(A) — My 31 (1)
and Ng(1) = (1 =5 + 7)(—= 1) — (=) = 4(—)".
(9) P(Gg) = (A —=2)[P(bj41,22) — P(6j3,1)] — [P(Bj+1,2,2) — P(631) — (A — 2)ZP(CJH—l)]
(= 3)[PB)1122) — P(6;3,0] + (A — 2)*P(Ciy1)
A= DA = 3)[Miy1220) — Mjz1(M)]+ A0 — D(A — 2)2Qi41 (1)
A — DNg(1),
where Ng(A) = (h — 3)[Mj11,22(A) — Mj 31 (W] + (A — 2)2Qi1 (1)
and No(1) = (=2)[(—1)/*® — (=15 ] + (- D)* (=1 = 5(=1y*".
(10) P(Gyo) = [P(CHP(W(k+4,3))/A(x — 1] — (A — DP(W(k + 4, 3)) + P(W (k + 4, 4))
(r = 2)(A* = 3% 4 3)[P(Cey3) — P(Ce2)] — (A — D (% — 2)[P(Ces3)
—P(Ces2)] 4+ (A = 2)(A — 3)P(Cy2) + (A — 2)P(Cieg1)
(r = 2)’[P(Cis3) — P(Ces2)] + (h — 2)(A — 3)P(Ces2) + (A — 2)P(Cieg1)
A= DO = 2)[(A — 2)°Qea3(A) — A = 54 + 7) Q2 () + Qs 1(M)]
AL — 1)Nyo(R),
where Nig(A) = (A — 2)[(2 — 2)*Qe3(A) — (> = 54 4+ 1) Qus2(A) + Q1 (W]
and Nio(1) = (= D[(=D*(=D*"? = 1 =54+ (=D + (=D =5(-D".
(11) P(G11)) = W —=2)P(W(m+5,3)) — (A —2)P(W(m + 4, 4))

= (A —2)’P(Cnya) — (A — 2)*P(Cy3) — (A — 2)*(h — 3)P(Cns2) — (A — 2)*P(Cs1)
A= D = 2)*[Qupa) — Quys(A) — (= 3)Quns2 () — Q1 (V)]
A(A — 1N (1),
where Ni1(A) = (A — 2)*[Qusa(A) — Qniz(W) — A — 3)Qug2(A) — Qi1 (A)]
and Ny1 (1) = (= D’[(=D)™* = (=)™ — (=2)(= D" — (=)™ "] = 5(-D)".
(12) P(Gip) = (A —2)[P(Bns2.22) — P(Ons13.1)] — (A — 2)*P(On3,1)

A= 1D = 2)[Mni222(2) — Mnt131(2) — (A — 2)Mp31(1)]
A — DNi2 (D),

where Nip(A) = (A — 2)[Mp42,22(A) — Muyq,31 () — (A — 2)Mj 3.1(A)]
and Nyz(1) = (=DI(=D"7 = (=)™ — (=) (=1D)"*] = 3(=D".
(13) P(Gi3) (O = 2)[P(Op12.2.2) — P(Opr1.31)] — (. — 2)°P(6p2.2)

A= DA —2)[Mpy222(A) — Mpi131(1) — (A — 2)Mp 22 (1)]
AL = 1DN3(A),

where Ni3(A) = (A — 2)[Mp4222(0) — Mpy131(A) — (A — 2)Mp 2 2(1)]
and Ni3(1) = (= D[(= P — (=1)P*® — (=1)(=1)""°] = 3(-1)".
(14) P(Gia) = (A — Z)Z[P(9q+l,2,2) — P(6g,3,1)]

A — D = 2)*[Mgs122(0) — Mg3.1(M)]
A — DN1a(1),

where Nia(A) = (A — 2)*[Mg11.2,2(A) — Mg 3.1(A)]

and Nis(1) = (- D?[(— DT — (=1 = 2(-1)".

(15) P(Gys) (A = 2)*P(Or1512.22) — (A — 2P (Br151222) + (A — 2)P(Brys412.2)
(A —=2)(A = 3)P(Br4542,2,2) + (A — 2)P(Or4541,2.2)

AR =1DA = 2)[(A = 3)Mry54222() + Mrys11,22(4)]
AL = 1DNi5(A),

where Nis(1) = (A — 2)[(A — 3)Mrp5122.2(A) + Mrisi122(A)]
and N]5(1) = (—1)[(—2)(—])r+5+7 + (_1)T+S+6] — 3(_1)r+s+1.
(16) P(Gis) = (h —2)*P(Briur2.22) — O — 2)*P(Briut12.2)

A= D = 2)* [Megur2,22(A) — Mesugr,22(0)]
AL = 1N (A),

where Nig(1) = (A — 2)*[Mqut2.2.2(A) — Mijugr.2.2(0)]
and Nig(1) = (—1D*[(= D — (=1)FH0] = 2(— 1)+ F1,
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(17) P(Gi7) = (A —2)°P(0,22) — (A — 2)P(6y22) + (A — 2)’P(Cyy1)

(A —2)(A = 3)P(0y22) + (h — 2)*P(Cyi1)

A =D = 2)[(A = 3)My22(A) + (A — 2)Qu11(W)]

AL — DNz (1),

where Niz(A) = (A — 2)[(A — 3)My 22(A) + (A — 2)Qy41 (V)]

and Ni7(1) = (—=D[(=2)(— D" + (= D(=D)" ] = 3(—=1)"*".

(18) P(Gig) = [P(CHP(W(w +3,3))/A(h — D] — (A — DP(W(w + 3, 3)) + [P(Ka)P(Cypi1) /A (A — 1)]
= [A2 =3x+3)— (A — DIPW(w +3,3)) + (b — 2)(A — 3)P(Cpy11)

(A —2)*[P(Bu,2.2) — P(Cui2)] + (A — 2)(A — 3)P(Cyi1)

A= 1D = 2)[(A = 2)My22(0) — (A = 2)Qui2(X) + (A — 3)Qus1(M)]

(A — 1Ny (1),

where Nig(A) = (= — 2)[(A — 2)My22(A) — (A — 2)Qui2(A) + (A — 3)Quy1(A)]

and Nig(1) = (=D[(=D(=D" " — (=D (= D" + (=2)(= D" = 4(- )"t

(19) P(Go) (A = 2)[P(Ox42,2.2) — P(Ox+1,3,1) — (A — 2)P(6x3,1)]

A= D = 2)[Mys222(A) — Mep1,31(A) — ( — 2)My 31(M)]

AL — DN1g (1),

where Nig(A) = (A — 2)[My12,22(A) — Myy1,3,1(A) — (A — 2)My 3.1(A)]
and Nyg(1) = (—=DI(= D" — (=1)**"® — (=D)(=1)*°] = 3(-D".
(20) P(Gyo) (A —2)?P(Oy41,31) — [(A = 3)P(By11.31) + P(6)22)]
= (A =51+ 7)P(Oy4131) — P(0y2.2)
M= DIG? =50+ T)My11.31(2) — My22(W)]
= A(A = 1)Nyp(1),
where Ny (L) = (A2 — 54 + 7)My11.3.1 (%) — My2,(1)
and Nyg(1) = (1 =5+ 7) (=118 — (=1)’*> = 4(—1).
(21) P(G1) = [P(CYPW(z+4,3)/A(A—D] = A —1PW(z+4,3)) + PW(z +4,4))
= (A —2)(A* =34+ 3)[P(C43) — (A — Dk — 2)[P(C43) — P(Cr12)]
+P(Cy2)] — (A = 2)(A — 3)P(Cry2) + (A — 2)P(Cp41)
(A = 2)’[P(C43) — P(Co2)1 4+ (A — 2)(A — 3)P(Co42) + (A — 2)P(Co11)
A =D =2 = 2)2Q13(0) — (A% = 54 + 7)Qu2(A) + Q1 (W]
AL = DNy (M),
where Ny (1) = (A — 2)[(A — 2)°Qe3(A) — (A2 = 54 + 7)Qe12(A) + Q1 (M)]
and Np1 (1) = (—=D[(=D*(=1)*" = (1 =5+ (=" + (- 1)*""] = 5(=1)".
(22) P(Gp) (A = 2)[P(Op4y+3,2,2) — P(Opty+2,3,1) — P(Opsy42,31) + P(Opsy+1,2,2)]
(A = 2)[P(Bp1y43,2,2) — 2POp1y+2,3,1) + P(Opsy11,2,2)]
AMA = 1A = 2)[Mg 4y 1322(0) — 2Mg 1y 1231(A) + My 11,22(A)]
A = DNz (A),
where Nyp(A) = (A — 2)[Mg 1y 13.22(0) — 2Mg11231(A) + Mpyyi1,22(0)]
and Nyy (1) = (= D[(= 1?78 — 2(=1)? 77 4 (—1)?H7+0] = 4(—1)¢ 77+
(23) P(Gp3) (A = 2)[P(Oy42,3,1) — P(Oy41,22)] — [P(By 33) — 2P(By+41,2,2) + P(Cyy3)]
(A =2)P(Oy4231) — A —DP(Oy11,22) — P(Oy33) — P(Cyy3)
AL =D =2)My4231(1) — (A — DMy 1122(A) — My 33(1) — Qyy3(A)]
AL = 1)Nx3(A),
where Np3s(A) = (A — 2)My 123,1(A) — (A — )My 1122(A) — My 33(1) — Qy43(R)
and Ny3 (1) = (=1)(=1)?*7 = (=3)(=D?** — (=) — (=1)V "> =6(-1)".
(24) P(Gaa) (A =2)[P(Bpy2,22) — P(0p11,3,1) — P(0p11,3,1) + P(0,,22)]

AA =D = 2)[Mp4222(4) = 2Mp4131(2) + Mp22(0)]
A(A — DNz (R),

where Npg(A) = (A — 2)[M4222(%) — 2M,113.1(A) + M, 22(A)]
and No4(1) = (—=D[(—= DT = 2(= )" + (1)1 = 4(—1)".

Proof. The computation of the chromatic polynomials in this lemma is straight-forward using Lemmas 2.1, 2.2, 2.4 and 2.5.
|
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Lemma4.2. Let §1 = {Gs, Gs}, §2 = {G3, Gis4, Gi6}, $3 = {G1, G2, G12, Gi3, Gis, G17, Gig}, $a = {Ge, G, Gg, Gis, Gao, G2,
Ga4}, $5 = {Go, G0, G11, G21} and G = {G3}. Then, foreach G € §;,i =1, 2, 3, 4,5, 6, H ~ G implies that H must be of type
Gor G foraG in G;.

Proof. It follows directly from Lemma 4.1 that if i # j, G, € §; and G4 € 4;, then N, (1)| =i # j = [Nq(1)]. Note that N, (1)
and Ng(2) are as defined in Lemma 4.1 O

From Lemma 4.1, we can also get the following useful information.

Lemma 4.3. (1) Gg(f) ~ Gig(w) ifand only if f = w.
(2) G7(8) ~ Go(y) ifand only if g = .
(3) Gio(k) ~ Gy1(2) ifand only if k = z.
(4) G12(n) ~ Gyg(x) ifand only if n = x.
(5) Gn(@, v) ~ Ga(p) ifandonlyif p —1=¢ +y.

Proof. The sufficiency of each part above follows directly from Lemma 4.1. To prove the necessity, we note that if G; ~ G;
for each part above, then both G; and G; must have the same order. It can then be checked that each of the above claims hold.
O

Lemma 4.4. (1) (a) P(G3) # P(G14), (b) P(G3) # P(Gys).
(2) P(Gs) # P(Gs).
(3) (a) P(Gy) # P(Gg), (b) P(Gs) # P(Gao).
(4) (a) P(G1o) # P(G11), (b) P(G11) # P(Ga1).
Proof. (1) P(G3) = (A — 1)2(A — 2)P(W(c + 3, 3)) — (A — 2)2P(W(c + 3, 3)),
PGy =(—10 — 2)3P(Cq+2) — (A —2)’P(W(q +3,3)).and
P(Gig) = (A — DA —2)PW(t +u+5,3) — (A —2)*’P(W(t +u+4,3)
(@) If P(G3) = P(Gys), Lemma 2.3 implies that ¢ = q. So, (A — )P(W(c + 3, 3)) = (A — 2)2P(C.>), a contradiction
since (A — 2)?P(C.4,) is divisible by (A — 2)? but not (A — 1)P(W (c + 3, 3)).
(b) If P(G3) = P(Gy6), Lemma 2.3 implies thatc—1 = t+u.So, (A —1)P(W(c+3, 3)) = P(W(c+4, 3)), a contradiction
since (A — 1)P(W(c + 3, 3)) is divisible by (A — 1)? but not P(W (c + 4, 3))
(2) P(Gy) = (A — 2)3P(842.2) and P(Gs) = (A — 2)°P(6e3.1). If P(G4) = P(Gs), Lemma 2.3 implies that d = e. So,
P(63.1) = P(B.2.2), a contradiction since both 6, 3 1 and 6, ; , are x-unique graphs that are not isomorphic.
(3) P(G7) = (A = 1)(% — 2)°P(Cgy2) — P(W(g +5,5)) and
P(Gg) = (A —1)P(W(h+5,4)) —P(W(h+5,)5)).
(a) IfP(G7) = P(Gg), by Lemma2.3,g = h.So, (A —2)3P(Cy12) = P(W(g+5, 4)), a contradiction since (A —2)>P(Cg2)
is divisible by (A — 2)3 but not P(W (g + 5, 4)).
(b) If P(Gg) = P(Gy), by Lemma 2.3, h = y. By Lemma 4.3 and the above result, we conclude that P(Gg) # P(Gag).
(4) P(Gio) =L —1)(A—=2)P(W(k+4,3)) —P(W(k+5,4)) + (A —2)P(W(k + 3, 3)) and
P(Gn) = (A —1DPW(@m+5,4)) —PW(@m—+5,4)) + (A —2)P(W(m + 3, 3)).
(a) If P(Gyg9) = P(Gqq1), by Lemma 2.3, k = m. So, (A — 2)P(W(m + 4, 3)) = P(W(m + 5, 4)), a contradiction since
(A —2)P(W(m + 4, 3)) is divisible by (A — 2)? but not P(W (m + 5, 4)).
(b) If P(G11) = P(Gz1),by Lemma 2.3, m = z. By Lemma 4.3 and the above result, we conclude that P(Gy;) # P(Gz1). O

Let w = A — 1 and [w"]P(G;) be the coefficient of " in P(G;). Using Lemmas 2.4 and 4.1, and Software Maple, we then
have the following straight-forward lemma.

Lemma 4.5.
(1) P(G) = (A —2)(A*> =622 + 131 — 11)P(Coy1)
= o — 1)(@® =30 + 40 — 3)(®* + (=1)**)
and [0?1P(G1) = 7(—= D"
(2) P(G) = (A—2)(* = 3%+ 3)[(A — 3)P(Cp12) + P(Cos1)]
= w(w— 1)@ - o+ D[ - 2)(@"" + (=P + " + (=1’
and [0?]P(G,) = 7(—=1)P*1.
(3) P(Gs) = (A—2)*P(622) — (b — 2)*P(Cr42) + (A — 2)(h — 3)P(Cr11)
= (A =2P(G1) + A — D (A — 2)’P(Cr) — (A — 2)*P(Gr42) + (A — 2)(A — 3)P(Gr+1)
= o - D' + (1)) + 0’ (@ - D2+ (-1))
—o@— DI+ (=) + o - D -2) + (1))
and [w*]P(Gg) = 9(—1Y .
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(4) P(G;) = (3 =5k +T7)P(Ug113.1) — P(0g.2.2)
= (A =51+ 7)(A* = 3% + 3)P(Cgs2) — (A — 2)’P(Ce1) — (A — 1)*P(Cy)
= (@ — 30 +3)(@* — 0+ D@ + (-1)%) — 0w — D*(@° + (—1DF") — (@' + (—1)%)
and [0*IP(G;) = 8(—1)%*1.
(5) P(Gs) = (A —5A+T7)P(Ohr122) — POh31)
= (A =51+ D[ — 2)°P(Chi2) + ( — D?P(Cpi1)] — (A% = 3% + 3)P(Chy1)
= o(®—-1D*@* - 3w+ 3@ + (D" + 0’ (0 — 3w + 3)
x (" + (D" — 0@ -+ D"+ (=)'
— "6 _ gt + 7ot — 73 + 42 _ it + 2w4(—1)h+1
+ 803 (= D" + 100* (= D)™ + dw(—1)".
and [w*]P(Gg) = 10(= )",
(6) P(Gi2) = (A—2)[P(Oni2,22) — P(Ons1,31)] — (A — 2)°P(0n3,1)
= (A —2)’P(Cay3) + (A — 1)*(A = 2)P(Cos2)
— (A —=2)(%* =34+ 3)P(Coy2) — (A — 2)°(W% — 3% + 3)P(Cos1)
= (A — 2)’P(Cay3) + (A — 2)*P(Cog2) — (A — 2)*(A* — 3% + 3)P(Coy1)
— (U(CU _ 1)3(wﬂ+2 + (_1)ﬂ+1) + (U(CU _ 1)2(wﬂ+1 + (_1)1’!)
—o(@— 1% — o+ 1) (" + (=)'
and [@*]P(Gy2) = 8(—1)".
(7) P(Gi3) = (A —2)[P(Bps2.2.2) — P(Ops13.1)] — (A — 2)*P(6)2.2)
= (A —2)°P(Cpy3) + (. — D2(A — 2)P(Cpy2) — (A — 2)(A2 — 3% + 3)
X P(Cpy2) — (A — 2)*P(Cpy1) — (A — 1*(A — 2)°P(Gy)
= (A= 2°P(Gps3) + (h — 2)*P(Gpy2) — (A — 2)*P(Cpr1) — (A — D*(A — 2)°P(Gy)
o — 1@ + (= D)"") + o(@ — D" + (= 1)P)
—o(@— DY@’ + (= D) — 0* (0 — DX’ + (= 1)P)
and[w?]P(Gy3) = 9(—1)PH.
(8) P(Gi5) = (A —2)(A —3)P(Or45122.2) + (A — 2)P(Orys41,2,2)
= (A =2 = 3)P(Crysy3) + (. — D* (A = 2)(h — 3)P(Cris42)
+ ()L - 2)3P(Cr+s+2) + ()L - ‘1)2()L - 2)P(Cr+5+l)
C()((U _ ])3(0) _ 2)(a)T+S+2 + (_1)T+S+1) + 0)3(0) _ 1)(60 _ 2)
% (wr+s+1 + (_1)T+S) + w(a) _ 1)3(wr+s+1 + (_1)r+5) + 0)3((,0 _ 1)(a)r+5 + (_1)r+s+l)
and [@*IP(Gy5) = 10(=1)"T5.
(9) P(Gi7) = (A —2)(h —3)P(0,22) + (A — 2)*P(Cys1)
= (A =21 =3)P(Cpr1) + (A — (A —2)(A — 3)P(C,) + (A — 2)*P(Cyy1)
= o@- 1D (0-2)@" + D"+’ (@ - D(w-2)
x (@7 + (=1 + @ — D*(@" + (=)'
and [@*IP(G17) = 9(—1)".
(10) P(Gp) = (A —2)[P(0pty+3.2,2) —2P(Op1y12,3,1) + P(Opsy+1,2,2)]
= (A = 2)’P(Cpty4a) + (A = 1> — 2)P(Cypy43) — 2(A — 2)(A* — 31 + 3)
X P(Cpiy43) + (b —2)°P(Cpiyr2) + (A — D*(A — 2)P(Cpyt1)
= (A= 2)°P(Cpaysa) — (b — 202 — 4k + 5)P(Cppy43)
+ (A = 2)°P(Cppy42) + (A — 1?0 — 2)P(Cpyyp11)
= o(@— 1}’ + (1)) — o — (@ — 20+ 2)(@* T + (=17
+o(@— D7 + (D) + 0 (0 — D@ + (-7
_ w¢+y+7 _ 4w¢+y+6 + 7w¢+y+5 _ 7w¢+y+4 + 4w¢+y+3 _ w¢+y+2 + 2w4(_1)¢>+y
+ 8 (= 1)?T ! + 100 (—1)?TY + dw(—1)?Hr T

Lemma4.6. Gg ~ G (¢, ¥) ~ Gu(d', y') ~ Gu(p) ifandonlyif h—1=¢p+y =¢'+y' =p— 1
Proof. It follows directly from Lemmas 2.1 and 2.3, 4.3(5), 4.5(5) and 4.5(10). O
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5. Proof of the main theorem

We are now ready to prove our main theorem (Theorem 3.1).

(1) Let H ~ G;(a). By Lemma 4.2, H must be of type (1), (2), (12),(13),(15),(17) or (19). If H = G;(a’), Lemma 2.3 implies
thata’ = a.IfH = G,(b), Lemma 2.3 implies thata = b+ 1. We note that P(G;) = (A—2)(A—3)P(0p+1,3,1) + (A —2)P(6p 3.1),
whereas P(G) = (A —2)(A —3)P(64,3,1) + (A —2)P(0,,2,1)- S0, P(Gy) = P(G;) implies that 6}, 3 1 ~ 6p41,2.1, a contradiction
since both of 6), 31 and 61, 1 are x-unique and non-isomorphic. Therefore, P(G;) # P(G;). Lemma 4.5 implies that
[w?]P(G1) # [w?]P(G12) or [@?]P(Gy3) or [w?]P(Gys) or [w?]P(Gy7). Thus, H cannot be of type (12), (13), (15) or (17). If
H = Gy9(x), Lemma 2.3 implies that a = x + 1. Since Lemma 4.3 implies that G1(x) ~ G19(x), we conclude that G; 7* Gyg.
Thus, H is of type G;.

(2) Let H ~ G;(b). By Lemma 4.2 and the above result, H must be of type (2), (12), (13), (15), (17) or (19). If H = G,(}’),
Lemma 2.3 implies that b’ = b. Lemma 4.5 implies that [0?]P(G,) # [w?]P(G2) or [w?]P(G13) or [w?]P(Gs) or [w?]P(G17).
Thus, H cannot be of type (12), (13), (15) or (17).If H = Gy9(x), Lemma 2.3 implies that b = x. Since Lemma 4.3 implies that
G12(x) ~ Gqg(x), we conclude that G, 7 Gig9. Thus, H is of type G,.

(3) Let H ~ G3(c). By Lemma 4.2, H must be of type (3), (14) or (16). Lemma 4.4 further implies that H must be of type
(3). If H = G3(c’), Lemma 2.3 implies that ¢’ = c. Thus, H is of type Gs.

(4) Let H ~ G4(d). By Lemma 4.2, H is of type (4) or (5). If H = G4(d’), Lemma 2.3 implies that d’ = d. By Lemma 4.4,
P(Gs) # P(Gy). Thus, H is of type Gj.

(5)Let H ~ Gs(e). By Lemma 4.2 and the above result, H must be of type (5). If H = Gs5(¢e’), Lemma 2.3 implies that ¢’ = e.
Thus, H is of type Gs.

(6) Let H ~ Gg(g). By Lemma 4.2, H must be of type (6), (7), (8), (18), (20), (22) or (24). If H = Gg(f’) or Gig(w),
Lemmas 2.3 and 4.3 implies that f’ = f = w. Suppose H = G. Note that Lemma 4.5 implies that [@?]P(Gg) # [w?]P(G7)
while Lemma 4.3 further implies that P(G;(g)) = P(Gx0(g)). Thus, H cannot be of type (7) or (20). If P(Gg) = P(Gg) =
P(Gy) = P(Gy4), then Lemma 2.3 implies that f —2 = h—1 = p — 1 = ¢ + y. However, Lemma 4.5 implies that
[@?]P(Gg) # [w?]P(Gg) and Lemma 4.6 implies that P(Gg(h)) = P(Go3(h)) = P(Gy(¢, y)) where ¢ +y = h— 1. Therefore,
H cannot be of type (8), (22) or (24). Hence, (Gg(f)) = {Gs(f), G1s(f)}.

(7) Let H ~ G;(g). By Lemma 4.2 and the above result, H must be of type (7), (8), (20), (22) or (24). f H = G,(g’) or
Goo(y), Lemmas 2.3 and 4.3 imply that g’ = g = y. Note that Lemma 4.5 implies that [0?]P(G;) # [w?]P(Gs). By Lemma 4.6,
we conclude that H cannot be of type (8), (22) or (24). Hence, (G;(g)) = {G7(g), G20(g)}.

(8) Let H ~ Gg(h). By Lemma 4.2 and the above results, H must be of type (8), (22) or (24). The result then follows from
Lemma 4.6.

(9) Let H ~ Go(j). By Lemma 4.2, H must be of type (9), (10), (11) or (21). If H = Gg(j’), Lemma 2.3 implies that j/ = j. If
H = Gyo(k), Lemma 2.3 implies that k+ 1 = j. We note that P(G19) = (A—3)[P(0k+2.3.1) —P(Ok+1.2.2) ]+ (A —2)P(6k3.1) and
P(Gg) = (}\. — 3)[13(9]'4_1,3’1) — P(ej,Z,Z)] + (}\, — 2)P(9121) So, P(Gg) = P(G]o) lmplles that 9k,3,1 ~ 9k+1.2,1v a contradiction
since 6 3,1 and 641,21 are x-unique and non-isomorphic. Lemma 4.3 further implies that H cannot be of type (21). If
H = G41(m), Lemma 2.3 implies that m+4 1 = j. We note that P(G11) = (A —3)[P(Om+2.3.1) —P(Om+1.2.2) 1+ A —2)P(Op,2,2)-
So,P(Gy) = P(Gy1) implies that 6y, 2.2 ~ Om41.2,1, a contradiction since Oy, 2 » and 6,41 2,1 are x -unique and non-isomorphic.
Thus, Gy is x -unique.

(10) Let H ~ Gyg(k). By Lemma 4.2 and the above result, H must be of type (10), (11) or (21). f H = Gyo(k’) or
G21(2), Lemma 2.3 and 4.3 imply that ¥ = k = z. Lemma 4.4 further implies that P(Gig) # P(Gi1). Thus, (Gio(k)) =
{Gio(k), G21 ()}

(11) Let H ~ Gy;(m). By Lemma 4.2 and the above results, we conclude that H must be of type (11). If H = Gq;(m’),
Lemma 2.3 implies that m" = m. Thus, Gy; is x-unique.

(12) Let H ~ G1»(n). By Lemma 4.2 and the above results, H must be of type (12), (13), (15), (17) or (19).If H = G,(p’) or
Gi9(x), Lemma 2.3 and 4.3 imply that i’ = n = x. Note that Lemma 4.5 implies that [0?]P(Gi2) # [@?]P(G13) or [w?]P(G5)
or [w?]P(G17). Thus, H cannot be of type (13), (15) or (17). Hence, H € (Gy,(n)) if and only if H is of type Gy (n) or G19(n).

(13) Let H ~ Gy3(p). By Lemma 4.2 and the above results, H must be of type (13), (15) or (17). f H = Gy3(p),
Lemma 2.3 implies that p’ = p. Lemma 4.5 implies that [w?]P(G13) # [w?]P(Gis). Thus, H cannot be of type (15). If
H = Gy7(v), Lemma 2.3 implies that v = p + 1. Note that P(Gi3) = (A — 2)(A — 3)P(0p41,22) + (A — 2)P(6p3,1) and
P(Gi7) = (A —=2)(A —3)P(By,2,2) + (A —2)P(6,,2,1). S0, P(G13) = P(Gy7) implies that 6,,12.1 ~ 6, 3,1, a contradiction since
Op+1,2,1 and 6, 3 1 are x-unique and non-isomorphic. Thus, H is of type Gy3.

(14) Let H ~ G14(q). By Lemma 4.2 and the above result, H must be of type (14) or (16). If H = G14(q’), Lemma 2.3 implies
thatq' = q.IfH = Gi6(q), Lemma 2.3 implies that g = t + u+ 1 and Lemma 4.1(14) and (16) then imply that 6, 5 5 ~ 63,1,
a contradiction since both 6, , and 6, 3 ; are x-unique and non-isomorphic. Thus, H is of type Gia.

(15) Let H ~ Gi5(r, s). By Lemma 4.2, H must be of type (15) or (17). f H = Gy5(r’, s’), Lemma 2.3 implies that
" +s = r + s. Using Lemma 2.1, it is easy to show that Gi5(r,s) ~ Gis(r’,s) if r’ +s = r + s. Lemma 4.5 implies
that [w?]P(G15) # [w?]P(Gy7). Thus, H cannot be of type (17). Hence, (G15(r, 5)) = {G15(', 8') with r +s =1"+5'}.

(16) Let H ~ Gyg(t, u). By Lemma 4.2 and the above results, H must be of type (16). f H = G(t’, u’), Lemma 2.3
implies that t’ + v’ = t + u. Using Lemma 2.1, it is easy to show that Gi5(t, u) ~ Gig(t’, u') if t’ + ' = t + u. Hence,
(Gis(t, u)) = {Gg(t',u') with t +u=1t"+u'}.
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(17) Let H ~ G17(v). By Lemma 4.2 and the above results, H must be of type (17). If H = Gy7(v’), Lemma 2.3 implies that
v/ = v. Thus, Gy7 is x-unique.

(18) The result follows from (6) above.

(19) The result follows from (12) above.

(20) The result follows from (7) above.

(21) The result follows from (10) above.

(22) The result follows from (8) above.

(23) Let H ~ Gy3(). By Lemma 4.2, H must be of type (23). f H = G,3(¢'), Lemma 2.3 implies that v’ = . Thus,
Gy3(v) is x-unique.

(24) The result follows from (8) above.

This completes the proof of our main theorem. O
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