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We introduce a new family of the 2D integrable mechanical system possessing an additional integral of
the third degree in velocities. This system contains 20 arbitrary parameters. We also clarify that the
majority of the previous systems with a cubic integral can be reconstructed from it as a special version
for certain values of those parameters. The applications of this system are extended to include the prob-
lem of motion of a particle and rigid body about its fixed point. We announce new integrable problems
describing the motion of a particle in the plane, pseudosphere, and surfaces of variable curvature. We also
present a new integrable problem in a rigid body dynamics and this problem generalizes some of the pre-
vious results for Sokolov-Tsiganov, Yehia, Stretensky, and Goriachev.
� 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

From about 150 years or so, Bertrand was interested in search-
ing for the structure of forces acting on the motion of a particle in
the Euclidean plane which guarantees the existence of an addi-
tional integral of a certain form. His accomplishment was slightly
in solving this problem for simple forms of the integral such as a
polynomial up to the third degree and a fractional function in
which the numerator and denominator are linear in velocity vari-
ables [1,2]. He was followed by Darboux who studied the construc-
tion of an integrable system having a quadratic integral and solved
the problem completely [3] (also, see [4]). This direction of
research was studied by several authors and it is called in literature
a direct method for obtaining the second invariant. The majority of
integrable mechanical systems describing the motion of a particle
in the plane having a polynomial additional integral in the veloci-
ties with degree ranging up to six were collected in Hietarienta’s
review [5]. Other systems were mainly presented by trials to insert
new arbitrary parameters to the structure of previous knowing
results [6] or by some changes in the methodology [7]. Other types
of integrable systems which have a configuration space involving a
large numbers of arbitrary parameters were introduced and they
were classified and interpreted physically by Gaussian curvature.
For instance, when Gaussian curvature vanishes (equals a negative
value), the configuration space becomes Euclidean plane (Pseudo-
sphere) (see, e.g.[8]).

The model of a rigid body acts a good example in the integrabil-
ity problems owing to its applications in diverse branches of
science such as astronomy and physics (see, e.g., [9–11]). Inte-
grable problems concerning the rigid body dynamics and their gen-
eralizations to a gyrostat were classified into general and
conditional integrable problems according to their validity on an
arbitrary level of a cyclic integral or on a fixed level (usually
zero-level) of it. The general integrable problems were tabulated
in small tables (see, e.g., [12–14]) and some other problems were
added (see, for example, [15]). The famous integrable problems
bearing the names of Goriachev- Chaplygin [12] are the first exam-
ple of conditional integrable problems and they were followed by
numerous generalizations (see, for example, [16–18]). It is worthly
notice that the first integrable mechanical system that possesses
an additional polynomial integral of a third degree in the velocities
is Goriachev’s case. This case was generalized in several works such
as [23–25]. A part of our interest in current work is to present a
new generalization of this case and its knowing generalizations.

Equations of motion of a rigid body

The general motion of a rigid body rotating around its fixed
point O due to the effect of a potential (velocity-independent)
and gyroscopic (velocity-dependent) forces is described by the
Lagrangian [26,27]
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L ¼ 1
2
x �xIþ l �x� V ; ð1Þ

where x is the angular velocity and I ¼ diagðA;B;CÞ is the matrix of
principal inertia about the fixed point O. The equations of motion
take the form

_xIþx� ðxIþ lÞ ¼ c� @V
@c

; _cþx� c ¼ 0; ð2Þ

where c ¼ ðc1; c2; c3Þ is a unite vector that is fixed upward in the
space while l takes the form

l ¼ @

@c
ðl � cÞ � ð @

@c
� lÞc: ð3Þ

The Eqs. (2) have three integrals of motion which are called in
literatures as classical integrals. They are:

Jacobi-integral : I1 ¼1
2
x �xIþ V ¼ h; ð4Þ

Geometric integral : I2 ¼c � c ¼ 1; ð5Þ
Area integral : I3 ¼ðxI þ lÞ � c ¼ f ; ð6Þ

where h and f are arbitrary parameters characterizing the values of
Jacobi and area integrals, respectively.

Due to Jacobi theorem on a last integrating factor [12], the
equations of motion (2) are completely integrable, or integrable
in short, if it possesses the fourth first integral of motion that is
independent on those (4)–(6). This means, one additional integral
of motion is required to prove the integrability and moreover, it
can be utilized to find the explicit solution of the equations of
motion. In general, the problem of motion of a rigid body has six
degrees of freedom: three of them for transition motion and the
others for the rotational motion. As a result of the body has a fixed
point, it only rotates about a certain axis passing through this
point. So, it has three degrees of freedom. Its position is always
determined by the Eulerian angles h;u and w. Moreover, the vari-
able w is cyclic variable. Therefore, we can utilize the Routh proce-
dure to eliminate this variable and the problem becomes two-
dimensional. Consequently, it is described by the Routhian

R ¼ 1
2

_c32

1� c23
þ Cð1� c23Þ

D
_u2

� �
þ fCc3 þ Al3ð1� c23Þ

AD
_u

� 1
A

V þ ðf � l3c23Þ
2

2D

 !
; ð7Þ

where D ¼ A� ðA� CÞc23. The new results are usually given by the
two functions V and l. This is due to, they are invariant under all
possible gauge transformations. This means, when we add the

gauge term dKðc1 ;c2 ;c3Þ
dt to the Lagrangian (1), the linear terms in veloc-

ity will be altered while the vector l and the potential V are not
changed. And so, the equations of the motion remain unchanged.
Furthermore, this illustrates the novelty of our results.

Formulation of the problem

The method for constructing two-dimensional integrable sys-
tems (not necessarily plane) admitting an additional polynomial
integral in the generalized velocities was presented in [28] and it
was developed in later works (see, e.g., [29]). It also was applied
to build various integrable systems with additional integral quad-
ratic (see, e.g., [30,31]), cubic (see, e.g., [23,24]) and quartic (see,
e.g., [8,15–21]). The application of this method is only confined
to the two-dimensional mechanical systems. Numerous examples
are described by this type such as the problem of motion of a par-
ticle on a smooth surface (fixing or rotating) under the action of the
variety of forces or their dimensions are reduced by using a Routh
procedure to a two-dimensional mechanical systems such as the
problem of motion having n degrees of freedom with n� 2 are cyc-
lic. Also, one of the most significant examples is the motion of a
rigid body-gyrostat that rotates about its fixed point under the
action of the results of potential and gyroscopic forces allowing
to a cyclic variable to exist. In general, the two-dimensional
mechanical systems are described by the Lagrangian

L ¼ 1
2
ða11 _q1

2 þ 2a12 _q1 _q2 þ a22 _q2
2Þ þ a1 _q1 þ a2 _q2 � V ; ð8Þ

where aij; ai; i; j ¼ 1;2 and V are six functions in both variables q1; q2

and dots denote the derivative with respect to the time t. As a result
of those functions rely on the generalized coordinates q1; q2, the
system (8) accommodates Riemannian two-dimensional manifolds
as possible configuration spaces. And this permits the application
to several problems in the dynamics including the motion of a rigid
body about a fixed point, the motion of a particle on a fixed smooth
curved surface and the motion on pseudo-sphere. From another
point, the linear terms in the velocities characterize the gyroscopic
forces which do not produce work through the motion. This force
appears due to some aspects such as the body carries some charged
components moving in a stationary magnetic field and the utiliza-
tion of Routh procedure to eliminate cyclic coordinates. It is
denoted by the vector ða1; a2Þ and so, it is named a vector potential
while V refers to the scalar potential. By virtue of Birkhoff’s theorem
[32], the system (8) can always be referred to some isometric coor-
dinates n;g(say) and the Lagrangian (8) admits the form

L ¼ K
2
ð _n2 þ _g2Þ þ l1ðn;gÞ _nþ l2ðn;gÞ _g� V ; ð9Þ

where K is a function in the two variables n;g. This Lagrangian has a
Jacobi integral

I1 ¼ K
2
ð _n2 þ _g2Þ þ V ¼ h; ð10Þ

where h is an arbitrary constant. The Lagrangian (9) is completely
integrable if it has an additional integral I2 that is independent on
the Jacobi-integral (10) and thus, the solution of the equations of
the motion is reduced to a number of quadratures and to the inver-
sion of certain integrals. This is always ensured by Liouville theorem
of the equivalent Hamiltonian systems (see, e.g., [33]). Applying the
time transformation

dt ¼ Kds; ð11Þ
to the Lagrangian (9), we get

L ¼ 1
2
ðn02 þ g02Þ þ l1n

0 þ l2g0 þ U; ð12Þ

where U ¼ Kðh� VÞ and dashes refer to differentiation with respect
to s. The Lagrangian equations corresponding to the Lagrangian (12)
are

n00 þXg0 ¼ @U
@n

; g00 �Xn0 ¼ @U
@g

; ð13Þ

where X ¼ @l1
@g � @l2

@n . Eqs. (13) have a Jacobi integral

I1 ¼ 1
2
ðn02 þ g02Þ � U ¼ 0: ð14Þ

Notice that, the Jacobi constant h for the original system (8)
enters linearly as a parameter in the force function U. The addi-
tional integral which requires to ensure the integrability of the
Lagrangian system (12) is assumed to be cubic in the generalized
velocities. Following [28], it takes the form

I2 ¼ n0
3 þ P2n

02 þ Q2n
0g0 þ P1n

0 þ Q1g0 þ R; ð15Þ
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where Pi;Qi; i; j ¼ 1;2 and R are functions in both variables n and g.
Differentiating the integral I2 with respect to s and using the Jacobi
integral (14) to eliminate the even powers of g0, we obtain

@P2

@n
� @Q2

@g
¼ 0; ð16Þ

@Q2

@n
þ @P2

@g
� 3X ¼ 0; ð17Þ

@P1

@n
� @Q1

@g
þ 2XQ2 þ 3

@U
@n

¼ 0; ð18Þ
@P1

@g
þ @Q1

@n
� 2XP2 ¼ 0; ð19Þ

2U
@Q1

@g
�XQ2

� �
þ P1

@U
@n

þ Q1
@U
@g

¼ 0; ð20Þ
@R
@n

þ Q2
@U
@g

þ 2P2
@U
@n

þ 2
@Q2

@g
U þ Q1X ¼ 0; ð21Þ

@R
@g

þ Q2
@U
@n

� P1X ¼ 0: ð22Þ

The Eqs. (16)–(22) are seven nonlinear partial differential equa-
tions in seven unknowns. The two Eqs. (16) and (17) imply to

P2 ¼ j
@W
@g

; Q2 ¼ j
@W
@n

; X ¼ j
3
r2W; ð23Þ

where W is an arbitrary function in the two variables n and g while
j is an arbitrary constant. Inserting the expressions (23) into the
two Eqs. (18) and (19), we get

P1 ¼ @2U

@2n
þ j2

3
@W
@g

� �2

� @W
@n

2
 ! !

;

Q1 ¼ � @2U
@g@n

þ 2j2

3
@W
@n

@W
@g

; U ¼ �1
3
r2U; ð24Þ

where U is an arbitrary function in the two variables n and g. Taking
all obtained results into the two Eqs. (21) and (22), we can write the
function R -up to an additive constant- in the form

R ¼�j
9

Z
�3Wnr2Un þ ½j2ðW2

n �W2
gÞ � 3Unn�r2W

h i
� dgþ j

3

Z
2Wgr2Un þWnr2Ug þ 2Wngr2U
h

þr2WðUng � 2j2

3
WnWgÞ

�
0
dn; ð25Þ

where ½��0 means that the expression in the bracket is computed for
g taking an arbitrary constant value g0 (say). Notice, the following
compatibility condition

@

@g
@R
@n

� �
¼ @

@n
@R
@g

� �
; ð26Þ

must be satisfied. Inserting all obtained results into the two Eqs.
(20) and (26), we have

j2½ðW2
n �W2

gÞr2Un � 2WnWgr2Ug þ 2ðWnwnn � 2WgWgn

�WggWnÞr2U� þ 3½Ungr2Ug �Unnr2Un þ 2Unggr2U� ¼ 0; ð27Þ
and

j3½ðW2
n �W2

gÞr2Wn � 2WnWgr2Wg þ 2r2WðWnðWnn

�WggÞ � 2WgWgn� þ 3j½WnðUgggg �UnnnnÞ þ 2Wgr2Ugn

þ ðWgg � 2WnnÞUnnnn þ ðUnn þ 2UggÞWggn

þ 3Wngr2Ug þ 3WggUggn �UnnWnnn þUgnr2Wg� ¼ 0; ð28Þ
Taking all obtained results into our considerations, we can for-

mulate the following.
Theorem 1. The 2D time-irreversible Lagrangian

L ¼ 1
2
ðn02 þ g02Þ þ jðWgn

0 �Wng0Þ � 1
3
r2U; ð29Þ

describes an integrable mechanical system on a zero-level of Jacobi-
integral

I1 ¼ 1
2
ðn02 þ g02Þ þ 1

3
r2U ¼ 0: ð30Þ

Its conditional cubic integral is

I2 ¼n03 þ jðWgn
02 þWnn

0g0Þ þ ½Unn þ j2

3
ðW2

g �W2
nÞ�n0

� ½Ugn � 2j2

3
WnWg�g0 � j

9

Z
�3Wnr2Un

h

þ ½j2ðW2
n �W2

gÞ � 3Unn�r2W
i
dg

þ j
3

Z
2Wgr2Un þWnr2Ug þ 2Wngr2U
h

þr2WðUng � 2j2

3
WnWgÞ

�
0
dn; ð31Þ

where the two functions W and U satisfy the two nonlinear partial dif-
ferential Eqs. (27) and (28).

Notice that, the integrable system involving in Theorem 1 is a
conditionally integrable due to it is only valid on a zero-level of
Jacobi integral. It is worth notice that the problem of construction
2D time- irreversible integrable mechanical system is reduced to
solve the two nonlinear partial differential Eqs. (27) and (28). This
reduction is introduced here for the first time. It is worth notice
that, when j vanishes, the problem under consideration becomes
time-reversible, i.e., it is invariant under a time transformation
s! �s. It is evident that the Theorem 1 is reduced to the results
obtained in [23] and can be summarized in the following.

Theorem 2. A 2D time-reversible mechanical system that is charac-
terized by the Lagrangian

L ¼ 1
2
ðn02 þ g02Þ � 1

3
r2U; ð32Þ

is integrable on a zero level of energy-integral

I1 ¼ 1
2
ðn02 þ g02Þ þ 1

3
r2U; ð33Þ

and the conditional additional cubic integral has the form

I2 ¼ n0
3 þUnnn

0 �Ugng0; ð34Þ
where the function U is a solution of the following partial differential
equation

Ungr2Ug �Unnr2Un þ 2Unggr2U ¼ 0: ð35Þ
A family of 2D-integrable system

A conditional integrable system

Now, we search for a solution of the two Eqs. (27) and (28). This
solution is acceptable if it generates new integrable systems gener-
alizing the previous results and can also be utilized to construct
new integrable model as we see later in the applications. According
to previous results, we can use the two variables p; q instead of n;g,
respectively, through the following point transformation
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n ¼
Z

dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3p3 þ a2p2 þ a1pþ a0

p ;

g ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b4q4 þ b3q3 þ b2q2 þ b1qþ b0

p
c3q3 þ c2q2 þ c1qþ c0

dq; ð36Þ

where ai; bi; ci are arbitrary constants and the two functions W and
U are assumed to have the following forms

Wðp; qÞ ¼f 1ðqÞ d1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3p3 þ a2p2 þ a1pþ a0

p
þ d2p

h i
þ f 3ðqÞ d3p2 þ d4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3p3 þ a2p2 þ a1pþ a0

ph i
þ f 0ðqÞ;

Uðp; qÞ ¼f 5ðqÞ d1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3p3 þ a2p2 þ a1pþ a0

p
þ d2p

h i
þ f 6ðqÞ d3p2 þ d4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3p3 þ a2p2 þ a1pþ a0

ph i
þ f 4ðqÞ ð37Þ

where f iðqÞ are arbitrary functions. In what follows we will use
Maple program to perform the calculations due to their complexity.
Preforming the point transformation (36), inserting the two expres-
sions (37) into the two Eqs. (27), (28)equating the coefficients of the
variable p to zero, we obtain a system of ordinary differential equa-
tions containing the functions f iðqÞ. Unfortunately, this system can
not be written in a suitable size and its solution after tedious com-
putations gives

L ¼1
2

�p2

P
þ G�q2

4F2

� �
� e3

ffiffiffiffiffiffiffiffiffi
lF3

q
ðA1

ffiffiffiffiffiffiffi
lP

p
þ A2P

�Þ � C2

2

�

�ð12e3lF � F�F��Þ þ C1F
�� �p

G
ffiffiffi
P

p þ
ffiffiffiffiffi
F3

p
G

½2A4

ffiffiffi
P

p

þ A5P
�� þ

e3
ffiffiffiffiffiffiffiffiffi
lF3

q
2G

3C3 þ 1
G

2C1F
� þ C2ðF�F��ð

�

�12le3C2FÞÞ�½A1

ffiffiffiffiffiffiffi
lP

p
þ A2P

�� þ le23F
3

16G2 16A1A2P
�½

�
ffiffiffiffiffiffiffi
lP

p
þ ðA2

1 � 4A2
2Þðb2 þ 4cl� 2P�2 Þ

i

þ le23ðA2
1 þ 4A2

2Þðb2 þ 4clÞF3

16G2 ; ð38Þ
Fig. 1. (a) The revolution surface characterized by the two Eqs. (80). (b) The correspo
where ei;Ai;Ci;l are arbitrary constants that are inserted instead of
the original ones for simplicity and the following two functions are
introduced owing to the appropriateness,

FðqÞ ¼ lðe3q3 þ e1qþ e0Þ þ e2q2; PðpÞ ¼ �lp2 þ bpþ c: ð39Þ
Moreover, we denote by circle ðÞ� and asterisk ðÞ� differentiation

with respect q and p, respectively. We introduce the notation

G ¼� l 3e23q
4 þ 6e1e3q2 þ 12e0e3q� e21

� �� 4e2ðe3q3 þ e0Þ

¼ 1
l
½F�2 � 2FF���: ð40Þ

The Jacobi integral for this system is

I1 ¼1
2

�p2

P
þ G�q2

4F2

� �
�

ffiffiffiffiffi
F3

p
G

½2A4

ffiffiffi
P

p
þ A5P

��

þ ½e3
ffiffiffiffiffiffiffiffiffi
lF3

q
ðA1

ffiffiffiffiffiffiffi
lP

p
þ A2P

�Þ �
e3

ffiffiffiffiffiffiffiffiffi
lF3

q
2G

� 3C3 þ 1
G

2C1F
� þ C2ðF�F�� � 12le3C2FÞð Þ

� �

� ½A1

ffiffiffiffiffiffiffi
lP

p
þ A2P

�� � le23F
3

16G2 16A1A2½

�P� ffiffiffiffiffiffiffi
lP

p
þ ðA2

1 � 4A2
2Þðb2 þ 4cl� 2P�2 Þ

i

� le23ðA2
1 þ 4A2

2Þðb2 þ 4clÞF3

16G2 ¼ 0; ð41Þ

The conditional cubic integral is

I2 ¼I2ðp; q; �p; �q;l; b; c; e0; e1; e2; e3;C1C2;C3;A1;A2

;A3;A4;A5Þ

¼ e3�p3ffiffiffiffiffi
P3

p � e3
4PG

ðA1l
ffiffiffi
P

p þ A2
ffiffiffiffilp
P�Þð12e3F2 þ GF�Þffiffiffi
F

p
"

�6ðC2ð12le3F � F�F��Þ � 2C1F
�Þ��p2 � e3G

16
ffiffiffiffiffiffiffiffi
PF3

p
½4A2l

ffiffiffiffiffiffiffi
lP

p
� a1lP���q�pþ �p

8G2 ffiffiffi
P

p �le3ffiffiffi
F

p ðlA1

ffiffiffi
P

p	
þ ffiffiffiffi

l
p

A2P
�Þð�3A3F

�G2 � 2C1G
2 þ C2ð288e23F3

þ 24e3GFF
� � G2F��ÞÞ þ 6e3ðlGþ 2FF��Þ C2F

�� þ 2C1ð Þ2

þ 4e3
ffiffiffi
F

p
ðlA1

ffiffiffi
P

p
þ A2

ffiffiffiffi
l

p
P�Þð6e3FF�
nding Gaussian curvature for the revolution surface given by the two Eqs. (80).
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þ GF��ÞðC2F
�� þ 2C1Þ � e23lFð6e3F2 þ GF�ÞðA2

1

� ðP�2 � b2 � 4clÞ � 4A2
2P

�2 Þ þ 24e3l� ðA2
1 þ 4A2

2Þ
� ðb2 þ 4clÞG2 þ 192e3A1A2F

ffiffiffiffiffiffiffi
lP

p
P�ð6e3F2

þ GF�Þ� þ 144e23lFC2 � ðC2ð6e3lF � F�F��Þ

�2C1F
�Þ � 24e3lp0G

2 þ 2G2F�ffiffiffi
F

p ð2A4

ffiffiffi
P

p
þ A5P

�Þ
)

þ 1

32
ffiffiffiffiffi
F3

p ½4Gð2lA5

ffiffiffi
P

p
� A4P

�Þ � e3lð4A2

ffiffiffiffiffiffiffi
lP

p(

� A1P
�ÞðC2ð12e3lF � F�F��Þ � 2C1F

� � 3A3lGÞ�

� e23l
16

ð ffiffiffiffi
l

p
A1A2ð2P�2 � b2 � 4clÞ � lP� ffiffiffi

P
p

ðA2
1

�4A2
2Þ
o
�qþ 3e3p0

2G
f4e3

ffiffiffiffiffiffiffiffiffiffiffi
l3F3

q
ðA2P
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: ð43Þ
A general integrable system:

The Lagrangian (38) and its two first integrals (41) and (43)
characterize a conditional integrable system owing to it is only
valid on a zero level of Jacobi integral (41). Therefore, we are going
to preform the inverse of time transformation (11) (for a detailed
for the computations of this method, see, e.g., [34]). Introducing
new arbitrary parameters Ni;ni by the relations
A4 ¼ N4 þ n4h; A5 ¼ N5 þ n5h; C3 ¼ N6 þ n6h;

A3 ¼ N7 þ n7h; C1 ¼ N8 þ n8h; ð44Þ
and performing the change of independent variable to the actual
time parametrization by using the relation

ds ¼ dt
K

ð45Þ

where
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ffiffiffiffiffi
F3

p
2G
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P
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l

p
e3n6ðA1

ffiffiffiffiffiffiffi
lP

p
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h i

� F
G

n7 þ n8F
��½ �;
ð46Þ

we arrive at the new Lagrangian

L ¼K
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)
þ h; ð47Þ

and its unconditional Jacobi integral takes the form

L ¼K
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� �
� 1
K

ffiffiffiffiffi
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þ
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� P� ffiffiffiffiffiffiffi
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p
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2Þðb2 þ 4clÞF3

16G2
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Its unconditional additional cubic integral can be formulated by
replacing ðp0; q0Þ ! ðK _p;K _qÞ and taking into account (44), we have

I2 ¼ I2ðp; q;K _p;K _q;l; b; c; e0; e1; e2; e3;N8 þ n8h;C2;N6

þ n6h;A1;A2;N7 þ n7h;N4 þ n4h;N5 þ n5hÞ: ð49Þ
Indeed the appearance of an arbitrary parameter h in the

Lagrangian (47) is unimportant and can be disregarded. The same
arbitrary constant h is now interpreted as the value of the Jacobi
integral. We should eliminate it from the additional cubic integral
by using the unconditional Jacobi integral (48) and this sometimes
makes a change in the degree of the additional integral. The
Lagrangian system (47)–(49) characterizes a new family of inte-
grable 2D time-irreversible mechanical system or in some times, it
is named a multi-parameters 2D time-irreversible integrable mechan-
ical system. It contains 20 arbitrary parameters. They are

e0; e1; e2; e3;l; b; c;A1;A2;C2;N4;n4;N5;n5;N6;n6;N7;n7;N8;n8

This system is new. It also generates a large class of 2D inte-
grable systems including all the previous results. For instance,
the 2D time-irreversible integrable system that was introduced
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by Yehia [23] can be obtained as a special case from our results by
setting n4 ¼ n5 ¼ n6 ¼ A1;A2 ¼ e2 ¼ c ¼ 0; c ¼ �l ¼ 1; p ¼ cos x.
Until now, the full physical interpretation of this system is
unknown. Nevertheless, one of an essential advantage of this sys-
tem is the structure of a configuration manifold including a large
set of free parameters. This structure extends the range of its appli-
cability to numerous problems such as the problem of motion in
the Euclidean plane, the hyperbolic plane and distinct varieties of
curved two-dimensional manifolds (for example, the problem of
rigid body dynamics).

Applications

Applications in the dynamics of a particle:

The presence of extra-parameters in the Lagrangian (47) can be
employed to construct new integrable problems that generalize
and unify previous results. In what follows we will only write
the Lagrangian and the additional integral for each integrable case
owing to the Jacobi integral can be constructed immediately from
the Lagrangian.

Case 1. The first case can be constructed by setting l ¼ 0 in the
Lagrangian (47) and its unconditional cubic integral (49), we get
after some manipulations:

L1 ¼ 1
2
ða1 þ a2qþ a3qxÞ q2

aq3 þ b
_x2 þ _q2

a20q
2

� �
þ c1q
aq3 þ b

_x

þ c21
2ðaq3 þ bÞða1 þ a2qþ a3qxÞ þ

b1 þ b2qþ b3qx
a1 þ a2qþ a3qx

þ h; ð50Þ

and its additional cubic integral

I2 ¼aq6 a3qxþ a2qþ a1
aq3 þ b

� �3

_x3 þ 3ac1q5

ðaq3 þ bÞ

� a3qxþ a2qþ a1
aq3 þ b

� �2

_x2 � q2ða3qxþ a2qþ a1Þ
aq3 þ b

� 2ðb2 þ b3xÞ � 3ac21q2

ðaq3 þ bÞ2
" #

_xþ 2b3

a20q
ða3qx

þ a2qþ a1Þ _q� 4c1q
aq3 þ b

b2 þ b3x
2

	

� aq2c21
4ðaq3 þ bÞ2

)
þ 2hða3qxþ a2qþ a1Þ

� a3
a20q

_q� qða3xþ a2Þ
aq3 þ b

q _xþ c1
a3qxþ a2qþ a1

� �	 

: ð51Þ

where a1; a2; a3;a;b; b1; b2; b3; a0 and c1 are new parameters, intro-
duced instead of the original parameters for convenience. We
should note also the variable x is introduced instead of the variable
p through the expression x� x0 ¼ R dpffiffiffiffiffiffiffiffi

bpþc
p ; x0 is an arbitrary con-

stant. This system is a new integrable problem. It contains ten arbi-
trary parameters a1; a2; a3;a;b; b1; b2; b3; a0 and c1. It also
generalizes the case obtained by Yehia [23] by adding one free
parameter c1 ¼ 0 which turns on the irreversible term. In the pre-
sent time, we are not able to give a mechanical interpretation for
the full system. So that, it is more suitable to calculate Gaussian
curvature

I ¼ 1

4ðaq3 þ bÞ2 aqða3xþ a2Þ þ a1½ �3
� ½3a2bq2ð7aq3 � 2bÞða2 þ a3xÞ2

� 3aa1ða2q6 � 13abq3 þ 4b2Þða2 þ a3xÞ þ 2aq3½a2ðq6 þ 3abq3

þ 3b2Þa23 þ 11a2
1b� � ða2

1q
6 � 2a2

3b
3Þa2 � 4a21b

2�: ð52Þ
The following two special cases may indicate the richness of
this system.

Case 1.a: The first system is obtained from Eq. (50) by setting
a2 ¼ a3 ¼ 0; a1 ¼ 1 and q ¼ ea0y. It has the Lagrangian

L ¼ 1
2

_y2 þ _x2

aea0y þ be�2a0y

� �
þ c1 _x
ae2a0y þ be�a0y
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þ c21
2 ae3a0y þ b½ � ; ð53Þ

and admits the unconditional second integral
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a
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( )

þ 2b3

aa0
_y: ð54Þ

It is worth notice that in this special case when b ¼ 0, the sys-
tem (53) and (54) reduces to

L ¼ 1
2

_y2 þ _x2

aea0y

� �
þ c1
ae2ay

_xþ ea0y½b2 þ b3x� þ c21
2ae3a0y

; ð55Þ

I2 ¼ _x3

e3a0y
þ 3c1

_x2

e�5a0y
þ e�5a0y � 3c21 �

2aðb2 þ b3xÞ
e�4a0y

	 

_x

þ 2a2b3

a0
_yþ c1e�6a0y c21 �

2aðb2 þ b3xÞ
e�4a0y

� �
: ð56Þ

Inserting these values of parameters in (52), we found the line
element of the last system has constant negative Gaussian curva-
ture (I ¼ � 1

4). This system can be interpreted as an integrable case
of motion on the pseudo-sphere.

Case 1.b: The second system corresponds to the case
a1 ¼ a3 ¼ 0; a2 ¼ 1; a0 ¼ 2 and q ¼ y2. The final result for this case
is

L ¼ 1
2

y6

ay6 þ b
_x2 þ _y2

� �
þ c1y2

ay6 þ b
_xþ b1

y2
þ b2x

þ c21
2y2ðay6 þ bÞ ; ð57Þ

and

I2 ¼ by12

ðay6 þ bÞ3
_x3 � c1y8ð2ay6 � bÞ

ðay6 þ bÞ3
_x2 þ _x _y2

� y6

ay6 þ b
þ c1y2

ay6 þ b
_y2 � b2y _y� y4

ðay6 þ bÞ3

� ½c21ð4ay6 þ bÞ þ 2b1ðay6 þ bÞ2� _x
� c1
ðay6 þ bÞ3

½c21ð2ay6 þ bÞ þ 2b1ðay6 þ bÞ2�: ð58Þ

This system is also new integrable system. The Gaussian curva-
ture (52) of this configuration space becomes

I ¼ 3b
ay2

7ay6 � 2b
ay6 þ b

� �
: ð59Þ

The Gaussian curvature (59) vanishes if b ¼ 0 and thus, the sys-
tem represents the motion of a particle in the plane xy under the
action of two scaler and vector potential. This system is new. It
generalizes the Holt supper-integrable separable system by insert-
ing the parameter c1 [35]. In other words, the Holt system remains
integrable in the presence of a gyroscopic force that is determined

by the vector potential ð c1y2

ay6þb
;0Þ. But it losses its separability.



Fig. 2. (a) The revolution surface characterized by the two Eqs. (76) and (77). (b) The corresponding Gaussian curvature for the revolution surface given by the two Eqs. (76)
and (77).
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Case 2. The second case can be constructed by setting e3 ¼ 0 in the
Lagrangian (47) and (49), we get after some computations

L ¼1
2
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Its complementary integral:
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q
þ ða3hþ a6Þð2lp� bÞ



; ð61Þ

where ai and c1 are arbitrary constants, used instead of the original
parameters for suitability. It should be noted that the additional
cubic integral is reduced to a linear integral in velocities. The sys-
tem (60) and (61) characterizes a new integrable problem which
contains fourteen arbitrary parameters. For the special case
b ¼ 0; c ¼ l, the Lagrangian (60) and additional integral (61) take
the form
L ¼ 1
2

a1 cos
ffiffiffiffilp
xþ a2 sin

ffiffiffiffilp
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xþ a3 cosh
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y
þ h ð62Þ

where ai; bi (i ¼ 1;2;3) and c1 are arbitrary constants while the two
variables p and q are replaced by the two variables x and y through
the point transformation

x ¼ 1ffiffiffiffilp arcsinðpÞ

y ¼1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e21 � 4e0e2

l

s Z
dq
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ð63Þ

Its complementary integral

I2 ¼ a1 cos
ffiffiffiffilp
xþ a2 sin
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x
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l
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l
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; ð64Þ

where h is the numerical value of Jacobi integral and it should be
eliminated by using the Jacobi-integral expression. This makes the
degree of the additional integral turns on a cubic in the generalized
velocities again. This problem is new integrable problem. It includes
eight arbitrary parameters.
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Application in a rigid body dynamic

Identifing the line element corresponding the two Lagrangians
(7) and (47), we find they are identical if A ¼ 4C, l ¼ c ¼ 1,
b ¼ e2 ¼ 0, e3 ¼ 2, e1 ¼ � 3

2, e0 ¼ � 1
2, n7 ¼ � 2

3, n8 ¼ � 1
36. Inserting

those values in the Lagrangian (47) and using new parameters
instead of the original ones, we get

L ¼1
2

_c32

1� c23
þ 1� c23
4� 3c23

_u2
� �

þ kþ cc1 þ dc2ð

þ m
c21
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�
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4
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�
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2
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� m
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m2ð1� c22Þð1þ 3c22Þ

2c41

þ c23
2½4� 3c23�

kþ cc1 þ dc2 þ
m
c21

ð3c22 þ 1Þ
� �2

#
: ð65Þ

Its Jacobi integrals admits the form

I1 ¼1
2

_c32

1� c23
þ 1� c23
4� 3c23

_u2
� �

þ 1
4

ac1 þ bc2 þ
k

c23

�

þ kðcc1 þ dc2Þ þ
1
2
ðcc2 � dc1Þ2 þ

mð2m� kc23Þ
c21

� m
c21

ð3c21 þ c23Þðcc1 þ dc2Þ �
m2ð1� c22Þð1þ 3c22Þ

2c41

þ c23
2½4� 3c23�

kþ cc1 þ dc2 þ
m
c21

ð3c22 þ 1Þ
� �2

#
: ¼ h: ð66Þ

The cubic additional integral can be written in form

I2 ¼4ð1� c23Þ
3

ð3c23 � 4Þ3
_u3 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� c23Þ

3
q
ð3c23 � 4Þ3

½ðc sinuþ d cosuÞ

ð3c43 � 6c23 þ 4Þ � 2k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q
� �

2c3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q
3c3 � 4

� ½d sinu� c cosu� _u _c3 þ
_u

3c23 � 4
½4ð3c43 � 6c23 þ 2Þ

� ½ðc2 � d2Þ cos 2u� 2cd sin 2u� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q
½ðdkð9c63

� 32c43 þ 40c23 � 16Þ þ bð3c23 � 2Þð3c23 � 4Þ2Þ cosu
þ ðkcð9c63 � 32c43 þ 40c23 � 16Þ þ að3c23 � 2Þ
� ð3c23 � 4Þ2ðsinuþ h

2
ð9c63 � 33c43 þ 40c23 � 16Þ

� 1� c23
4

ð8ðc2 þ d2Þð3c43ðc23 � 2Þ þ 4Þ þ k2c23ð3c23

� 8Þ� þ _c3
3c23 � 4

½2c3ð1� c23Þððc2 � d2Þ sin 2u

þ 2cd cos 2uÞ þ c3ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q ðððckþ 3cÞc23 � 2kc

� 4aðcosuÞ � ððdkþ 3bÞc23 � 2kd� 4bÞ sinu�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� c23Þ

3
q

ð5c43 � 10c23 þ 4ÞÞ
ð3c23 � 4Þ3

½dð3c2 � d2Þ

� cos 3uþ cðc2 � 3d2Þ sin 3u� þ ð1� c23Þð3c23 � 2Þ
3c23 � 4

½ðca� bdÞcos2u� ðcd� bdÞ sin 2u� � kð2� c23Þð1� c23Þ
ð3c23 � 4Þ

� ð9c43 � 22c23 þ 12Þ½ðc2 � d2Þ cos 2u� 2cd sin 2u�
�
6k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q
3c23 � 4

ða sinuþ b cosuÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c23

q
2ð3c3 � 4Þ3

� ½c sinuþ cosu�
� ½hðc23 � 1Þð3c23 � 4Þ2 þ ð3c63 þ 48c23 � 23c43 � 32Þk2

þ 4ðc23 � 1Þð3c63 � 3c43 � 10c23 þ 12Þðc2 þ d2Þ�

� c23 � 2

8ðc23 � 4Þ3
½8kð7c43 � 18c23 þ 12Þðc2 þ d2Þ

þ 2ð3c23 � 4Þ2½4ðcaþ bdÞ þ kh��: ð67Þ
It is worth noting that the two constants m and k appearing in

the Lagrangian (65) do not exist in the additional cubic integral
(67). They can be inserted into the additional integral (67) by
replacing the Jacobi-constant h by its expression (66). This is a
new integrable problem in a rigid body dynamic. It is more conve-
nient to address it in terms of the traditional Euler-Poisson vari-
ables to clarify that is new and to make the comparisons with
previous results easier. This is summarized in the following.

Theorem 3. If a rigid body with principal inertia matrix
I ¼ diagð4C;4C;CÞ rotates about its fixed point under the influence
of potential and gyroscopic forces taking the form
V ¼ C ac1 þ bc2 þ
k

c23
þ kðcc1 þ dc2Þ þ

1
2
ðcc2 � dc1Þ2

�

þ mð2m� kc23Þ
c21

� m
c21

ð3c21 þ c23Þðcc1 þ dc2Þ �
m2ð1� c22Þð1þ 3c22Þ

2c41

�
;

ð68Þ

l ¼ ðl1;l2;l3Þ ¼ C cc3 �
2mc3ð1þ 3c22Þ

c31
;dc3 þ

6mc2c3
c21

; kþ cc1

�

þdc2 þ
mð1þ 3c22Þ

c21

�
: ð69Þ

Or, equivalently,

l ¼ ðl1; l2; l3Þ ¼ C 0;0; kþ cc1 þ dc2 þ
m
c21

ð3c22 þ 1Þ
� �

; ð70Þ

where a; b; c; d; k; k and m are free parameters. Then the Euler-Poisson
Eqs. (2) with the two expressions (68) and (69) are integrable on a
zero-level of a cyclic integral

I3 ¼ 4ðpc1 þ qc2Þ þ r þ kþ cc1 þ dc2 þ
m
c21

ð1þ 3c22Þ
� �

c3 ¼ 0:

ð71Þ
Its complementary cubic integral is

I ¼ r þ cc1 þ dc2 þ 3m� kð Þ pþ cc3
2

� �2
þ qþ dc3

2

� �2
(

þ k

2c23



þ m

k

2c21
þ c23
c21

ðp2 þ q2Þ
� �

� c3 a pþ c
2
c3

� �
þ bðqþ d

2
c3Þ

	 

þ m3c23

2c61
ð3c21 þ c23Þ

� ðc21 � 2c22 � c23Þ þ
m2c23
c41

½ðc22 � 2c21Þðk� cc1 � dc2Þ

� r� þ mc23
4c21

½ðc2 þ d2Þc23 þ 4ðcpþ dqÞc3 þ 2½ðcc1 þ dc2Þ2

� 2ðcc1 þ dc2Þkþ k2 � 2ðac1 þ bc2Þ � r2��: ð72Þ
This case is a conditional integrable problem owing to it is only

correct on a zero level of cyclic integral. To avoid the inscrutability,
the comparison with previous results are tabulated in the Table 1.



Table 1
Comparison with previous results.

Case 1 Conditions Author-Reference Year

1. m ¼ k ¼ 0 Sokolov and Tsiganov [36] 2002
2. c ¼ d ¼ m ¼ 0 Yehia [23] 2002
3. k ¼ c ¼ d ¼ 0 Stretensky [25] 1963
4. k ¼ c ¼ d ¼ 0 Goriachev [37] 1915
5. k ¼ k ¼ c ¼ d ¼ 0 Goriachev [22] 1900

Table 2
Conditions lead to a Riemannian configuration space for the mechanical system (53).

Case Regions Conditions Type

1. Whole the xy-plane a > 0;b > 0 Riemannian
2. In the region

ðx; yÞ 2 R�� 13 ln � b
a

� �
;1½

n o a > 0;b < 0 Riemannian

3. In the region

ðx; yÞ 2 R�� �1; 13 ln � b
a

� �
½

n o a < 0;b > 0 Riemannian

4. Whole the xy-plane a < 0;b < 0 Pseudo-
Riemannian

5. In the region

ðx; yÞ 2 R�� �1; 13 ln � b
a

� �
½

n o a > 0;b < 0 Pseudo-
Riemannian

6. In the region

ðx; yÞ 2 R�� 13 ln � b
a

� �
;1½

n o a < 0;b > 0 Pseudo-
Riemannian
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Discussion

It is well known that the two families of 2D integrable mechan-
ical systems with complementary cubic integral in velocities that
were introduced by Yehia in [23] and Yehia and Elmandouh in
[24] were only known until this time. These studies assumed that
the potential and gyroscopic forces admit certain formulas that
were inserted in the Eqs. (13)–(22) to find the coefficients of the
additional integral. In the present study, we do not postulate any
structure for these forces and solve the problem by reducing the
Eqs. (13)–(22) to two nonlinear partial differential Eqs. (27), (28)
which contain two unknown functions instead of seven unknown
functions. Therefore our results contain these previous results as
special cases due to it contains extra parameters that extend the
range of applications to diverse problems as we see above in the
applications. Although we are not able to interpret our system
physically, some applications including the dynamics of a particle
and a rigid body are studied to illustrate its richness with physical
applications. Nowwe are going to study the physical interpretation
for the obtained results in the dynamics of a particle. As we know
the Gaussian curvatures play an important rule in classification
and the interpretation of such problems. If the Gaussian curvature
is zero, positive value and negative value, the problem will
describe motion of a particle in the Euclidean plane, standard
sphere and Pseudosphere, respectively. In some times the Gaussian
curvature is variable, i.e., depends on the generalized coordinates
and so the surface on which the motion takes place is not know.
Now we are going to find the conditions on the parameters making
the configuration space corresponding to such problems to be
Riemannian.

Now, we consider the case 1.a. The metric corresponding the
Lagrangian (53) takes the form

dS2 ¼ dy2 þ 1
f ðyÞdx

2
; ð73Þ

where f ðyÞ is given by

f ðyÞ ¼ aea0y þ be�2a0y: ð74Þ
The metric (73) is Riemannian if f ðyÞ > 0 and Pseudo-

Riemannian if f ðyÞ < 0 while the coefficient of dx2 is infinite if
f ðyÞ ¼ 0 and we drop this case from our consideration since it
requires further investigation. It is clear that the sign of f ðyÞ does
not rely on the parameter a0 and so, we can put a0 ¼ 1. Thus the
conditions on the two parameters a and b for which the metric
(73) to be Riemannian or Pseudo Riemannian are collected and
summarized in Table 2 Thus for the first three cases in Table 2,
we can find the Riemannian metric corresponding to the last sys-
tem on a certain surface of revolution. If we postulate
ðrðyÞ; h; zðyÞÞ is a point on this surface in cylindrical coordinates,
we get

dr2 þ r2dh2 þ dz2 ¼ dy2 þ 1
aea0y þ be�2a0y dx

2
: ð75Þ

Identifying x by h and comparing the both sides of Eq. (75), we
obtain
r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
aea0y þ be�2a0y

s
; ð76Þ

and thus, we can evaluate z from the following first order differen-
tial equation

dz
dy

� �2

¼ 1� dr
dy

� �2

:

thus, we get

z ¼ 1
2

Z y

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� a20ðaea0y � 2be�2a0yÞ2

ðaea0y þ be�2a0yÞ3

vuut dy: ð77Þ

The surface of revolution is described by the two Eqs. (76) and
(77). This surface is dependent on the parameters a0;a; b and it is
presented in Fig. 2 for certain values of these parameters. Thus
the integrable mechanical system describing by (53) and (54) can
be physically interpreted as the motion of a particle with a unit
mass on a surface of revolution with the parametric Eqs. (76)
and (77).

For the case 1.b, the metric of the configuration space of the
mechanical system describing by the Lagrangian (57) admits the
form

dS2 ¼ dy2 þ y6

gðyÞdx
2
; ð78Þ

where

gðyÞ ¼ ay6 þ b: ð79Þ
Thus the configuration space associated the Lagrangian (57) is

Riemannian or Pseudo-Riemannian depending on the sign of the
function gðyÞ. These conditions are collected in Table 3. The cases
for which the metric of a configuration space is Riemannian, we
can find the equation of the surface on which the motion occurs.
In an analogy way to the above procedures, we can find the family
of the surface of the revolution on which the motion of the particle
takes place. Now we write down the equations describing it as

r ¼ y3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ay6 þ b

p ;

z ¼
Z y

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 9y4

ay6 þ b
1� ay6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ay6 þ b
p

" #2vuut dy: ð80Þ

It relies on the two parameters a and b. It is appeared in Fig. 1
for certain values of these values. Thus, the integrable system (57)
and (58) characterize physically the motion of a particle with a unit



Table 3
Conditions lead to Riemannian configuration space for the mechanical system (57).

Case Regions Conditions Type

1. Whole the xy-plane a > 0;b > 0 Riemannian
2.

In the region ðx; yÞ 2 R��
ffiffiffiffiffiffiffi
� b

a
6
q

;
ffiffiffi
b
a

6
q

½
	 


a < 0;b > 0 Riemannian

3. In the region

ðx; yÞ 2 R�� �1;�
ffiffiffiffiffiffiffi
� b

a
6
q

½[�
ffiffiffi
b
a

6
q

;1½
	 
 a > 0;b < 0 Riemannian

4. Whole the xy-plane a– 0; b ¼ 0 Plane
5. Whole the xy-plane a < 0;b < 0 Pseudo-

Riemannian
6. In the region

ðx; yÞ 2 R� Rn� �
ffiffiffiffiffiffiffi
� b

a
6
q

;
ffiffiffi
b
a

6
q

½
	 
 a < 0;b > 0 Pseudo-

Riemannian

7. In the region

ðx; yÞ 2 R�� �
ffiffiffiffiffiffiffi
� b

a
6
q

;
ffiffiffi
b
a

6
q

½
	 
 a > 0;b < 0 Pseudo-

Riemannian
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mass on a surface with parametric Eq. (80) under the action of
potential and gyroscopic forces. Notice the other cases can be
investigated in analogy method.

Finally, we obtain a new interesting rare integrable problem in a
rigid body dynamic which generalizes all previous cases in this
field. This case is interpreted physically as the motion of a heavy
magnetized gyrostat carrying electric charges in an axially sym-
metric combination of the three classical fields (for more details
about such interpretation see, e.g., [13]).
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