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ABSTRACT

Pro-Covering Fibrations of the Hawaiian Earring

Nickolas B. Callor
Department of Mathematics, BYU
Master of Science

Let H be the Hawaiian Earring, and let H denote its fundamental group. Assume (B;)
is an inverse system of bouquets of circles whose inverse limit is H. We give an explicit
bijection between finite normal covering spaces of H and finite normal covering spaces of
B,. This bijection induces a correspondence between a certain family of inverse sequences
of these covering spaces. The correspondence preserves the inverse limit of these sequences,
thus offering two methods of constructing the same limit. Finally, we characterize all spaces
that can be obtained in this fashion as a particular type of fibrations of H.

Keywords: fibration, Hawaiian Earring, pro-cover, covering space, inverse limit, bouquet of
circles
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CHAPTER 1. INTRODUCTION

1.1 INTRODUCTION

Cannon and Conner, in [1], [2] and [3], define a generalization of the fundamental group
and show that in this new theory the Hawaiian Earring serves an analagous role to that of
bouquets of circles for regular fundamental groups. This inspired the question of whether
the Hawaiian Earring serves as a generalization of bouquets of circles in other settings as
well. For instance, there is a bijection between covering spaces of bouquets of circles and
subgroups of the fundamental group of bouquets of circles. Does a similar bijection exist
between fibrations of the Hawaiian Earring and subgroups of the fundamental group of the
Hawaiian Earring.

Our primary result is that a particular family of sequences of covering spaces of the
Hawaiian Earring yields fibrations with several of the usual properties one may desire in
a fibration, such as compactness and unique path lifting. Furthermore, any fibration with
these properties is obtainable as the inverse limit of some member of this family.

We also show that a bijection exists between the same family of sequences and a certain
family of subgroups of the Hawaiian Earring Group. Thus we obtain also a relation between
fibrations of the Hawaiian Earring and this family of subgroups.

There is in fact a canonical bijection, in the sense that inverse limits are preserved, be-
tween this family of sequences of covering spaces of the Hawaiian Earring and a similar family
of sequences of covering spaces of bouquets of circles. The method of proof is constructive,
so that we obtain an algorithm for converting between these spaces.

We suspect that these results extend to settings over spaces other than the Hawaiian
Earring, specifically compact Peano Continua. The construction used for the general case
would almost certainly require the Axiom of Choice, though, so the Hawaiian Earring serves
as an important transition point between the intuition of bouquets of circles and the abstract

reasoning of general spaces.



1.2 OUTLINE

In Chapter 2 , we will give an overview of the concepts we wish to generalize as well as some
standard topological methods which will be of use to us. These facts and methods are quite
standard and so we will generally refer the reader to certain introductory topology texts for
proofs and examples.

In Chapter 3, we will define finite normal covering sequences and finite approximate
covering sequences, which are the families of sequences involved in our main theorem. We
will then state and prove the first half of the main theorem: these sequences yield fibrations
with certain desirable properties.

In Chapter 4, we will provide the algorithm for converting between these families of
sequences in the case that our base space is the Hawaiian Earring.

In Chapter 5, we prove the second half of the main theorem: any fibration of the Hawaiian
Earring with certain intrinsic properties is obtainable as the inverse limit of a finite approx-
imate covering sequence, or equivalently a finite normal covering sequence, of the Hawaiian

Earring.



CHAPTER 2. BACKGROUND INFORMATION

We assume the reader has a basic knowledge of introductory topology. For more intermediate
level topics, however, we will endeavor to provide the pertinent definitions and results before
venturing into new ideas. To not detract from the current research, we will usually express
old definitions and results in a way that gives us the most utility later on, rather than the
most generality. Each section will include references for the reader to consult if desired.
When we refer to a space X we will mean that X is a compact metric space, unless
specifically stated otherwise. Given a point x € X, a neighborhood of x will mean an open
subset of X containing the point x. Whenever we write f : X — Y, we mean that f is a
continuous function from X to Y if X and Y are topological spaces or a homomorphism if
X and Y are algebraic groups. We may also say that f is a map from X to Y. Similarly,

f:(X,z) — (Y, y) means that f is a map from X to Y and f(z) =y.

2.1 FUNDAMENTAL GROUP

We will begin with the same concept that motivated this research, namely the fundamental
group. We will refer the reader to [4, Chapter 1.1] and [5, Sections 51 and 52| for a more
detailed discussion on the fundamental group and its properties in general.

For the following section, X and Y are metric spaces, though not necessarily compact. 1

is the standard unit interval.

Definition 2.1. Suppose « : I — X such that a(0) = z¢ and «(1) = z;. We say that « is

a path in X from zy to x1. Furthermore, if xy = x1, we say « is a loop in X based at xg.

Definition 2.2. If for every pair of points x,y € X there exists a path in X from z( to 1,

we say that X is path-connected.

Definition 2.3. If for every x € X and every neighborhood U of = there exists a path-

connected neighborhood of z contained in U, we say X is locally path-connected.



Definition 2.4. If o and o' are two paths in X from z( to x;, we say a and o' are path

homotopic if there is exists F': [ x I — X such that

F(s,0) = a(s) and F(s,1) =d/(s),

F(0,t) = xg and F(1,t) = x4,

for each s € I and each t € I. F is called a path homotopy between a and o’ and we write

a~ao.

Lemma 2.5. The relation ~ is an equivalence relation.
Definition 2.6. If « is a path, we denote its >~ equivalence class by [a].

Definition 2.7. If « is a path in X from zg to x; and S is a path in X from x; to x5, we

define a x 3 to be the path ~ from z( to xy given by

a(2t) for t € [0, 3],
(1) =
B2t —1) forte[i1].
Lemma 2.8. The operation [a] x [] = [a * (] is a well-defined operation on path-homotopy

classes.

Theorem 2.9. Suppose xq € X. The set of homotopy classes of loops based at xy with the

product x forms a group.

Definition 2.10. The group in Theorem 2.9 is called the fundamental group of X relative

to the base point xy. We will denote this by m (X, zo).

Theorem 2.11. Given f: [ — X, we define f : m (X, f(0)) — m (X, f(1)) by

where f(t) = f(1 —t). Furthermore, f is an isomorphism.



Corollary 2.12. [f X is path-connected, then 7 (X, xo) is isomorphic to m (X, x1) for all

choices of xg,x1 € X.

Lemma 2.13. Given h: (X,z0) — (Y, y0), the map [a] — [hoa| is a homomorphism from

7T1(X> UUO) to 7T1(Y, Z/o)-

Definition 2.14. The map defined in Lemma 2.13 is call the induced homomorphism of h.

We denote it by h,.

Definition 2.15. If X is path-connected and 71 (X, ) is the trivial group for some zy € X,

we say that X is simply-connected.

Theorem 2.16. Given h: (X,z0) — (Y,v0) and k : (Y,y0) — (Z, 2z0), then

(koh), =k, oh,.

Furthermore, if h is a homeomorphism, then h, is an isomorphism.

Corollary 2.17. Given A C X, let 1 : A — X denote the inclusion map. Suppose there

exists v X —> A so that r o1 is the identity, then
e 1, 15 surjective and

® 1, 1S injective.

2.2 INVERSE LIMIT

We next discuss the concept of an inverse system, which is the tool that enables us to
construct the fibrations we desire. Though this concept may be defined quite generally,
we will discuss here only those types of systems which will be pertinent in the following
discussion. For a more complete discussion of the topic, including proofs of the theorems

below, the reader is referred to [6, Appendix 2, Section 2].



Definition 2.18. Let (X;) be a sequence of spaces. Suppose that for each i > 1 there exists

amap f;: X;11 — X;. Then the sequence of pairs (X;, f;) is called an inverse sequence.

Whenever we have an inverse sequence (Xj, f;) we define the following maps for i > j.

fii: Xi — Xi, given by  fii(x) = x;

fi,j Xz —>Xj, given by fi,j :fjofj_,_lon-ofi_l,

Thus our simplified definition is merely a restriction of [6, Definition 2.1 on p. 427].

Definition 2.19. Let (X;, f;) be an inverse sequence. Let

i=1

be the natural projection onto the ith factor. The inverse limit of (X;, f;) is
X ={z e [[Xilpi(z) = fio pisa(x)}.
i=1

We denote this as (X, (F})) = lir]rchi, where F; = pi‘X.
T

Figure 2.1: Representing lirjp X;
~Ji

The points of lil}l X, are ‘coherent’ sequences of points, in the sense that F; = f; o F; 1.
—Ji

In other words, Figure 2.1 is a commutative diagram. As with normal limits, inverse limits

do not depend on the first terms of the inverse sequence. In fact, we will show that, up



to homeomorphism, inverse limits of inverse sequences may be determined by any infinite

subsequence.

Definition 2.20. Suppose (X;, f;) and (Y}, g;) are inverse sequences. We say that (X, f;)

is a cofinal subsequence of (Y}, g;) if for each i there exists an integer m; such that
M1 >my, X; =Y., fi= 9mii1,m;-

Clearly m; > 1 and thus m; > 4 for all 7. Therefore lim; .., m; = 0o, so this agrees with

[6, p. 424]. Therefore we obtain the following result relating different inverse subsequences.

Theorem 2.21. Suppose (X, f;) and (Y;, g;) are inverse subsequences. If either of the

following 1s true,
(a) (Xi, fi) is a cofinal subsequence of (Yj, g;), or

(b) There exist homeomorphisms h; : X; — Y;, for all i, such that h; o f; = g; o hi11, for

all 1,

then im X; =2 limY,.
«fi

i

Thus we will define an equivalence relation on inverse sequences as follows.

Definition 2.22. (X;, fi) ~ (Y}, g;) if there are cofinal subsequences (X,,, f;,) and (Yj,, g;,)

that satisfy condition (b) of Theorem 2.21.

Corollary 2.23. If (X, fi) ~ (Y;, i), then lir)p X, 2 limY,.
—Ji

<9

Now that we have some tools to help compute inverse limits, we will present some of the

properties that will be of use to us.

Theorem 2.24. Suppose (X, f;) is an inverse sequence, where each X; is compact and

nonempty. Then lirjrcl X, is compact and nonempty.
f

k3



Theorem 2.25. Suppose there exist maps g; : Y — X; so that g; = fiogix1 for alli. Then

there exists a unique map G : Y — lim X; such that

—fi

F, oG = g; for all i,

where F; : lim X; — X; 1s the standard projection map.

i

In other words, there is a map G so that Figure 2.2 commutes for all <.

Figure 2.2: The universal mapping property of inverse limits

2.3 (COVERING SPACE

We will now define what a covering space is as well as some related properties which we will
desire these spaces to have. For a complete treatment of this topic, the reader may wish to

see [4, Chapter 1.3] or [5, Section 53].

Definition 2.26. Suppose that p : X — X is a continuous, surjective map. We say that
U C X is evenly covered by p if p~'(U) is a disjoint union of sets in X, each of which is

mapped homeomorphically onto U by p.

Figure 2.3 illustrates the idea of p~™1(U) as the classic stack of disjoint copies of U.



Figure 2.3: Evenly covered neighborhood

Definition 2.27. Suppose p : X — X is a continuous, surjective map. If there exists an
open cover {U,} of X such that each U, is evenly covered by p for all a, we say that p is a

covering map of X. If we wish to emphasize X, we say that (X,p) is a covering space of X.

Though not at all obvious from the definition, the primary source of interest in covering
spaces is that they interact very nicely with respect to ‘lifting” maps, as outlined in the

following definitions and propositions.

Definition 2.28. Suppose p : X — X and f : ¥ — X. We say that a function
f:Y—Xisaliftof fifpof=f.

Definition 2.29. We say that p : X — X has the homotopy lifting property if for every
homotopy f; : Y — X and lift of fo, fo: ¥ —> X, there exists a homotopy f; : Y — X

of f, that lifts f,. If f; is unique, we say p has the unique homotopy lifting property.
See Figure 2.4 for a visualization of the homotopy lifting property.

Definition 2.30. We say p : X — X has the (unique) path lifting property if for every
path a : I — X and lift Z, of a/(0), there exists a (unique) path & : I — X that is a lift

of a and &(0) = Zo.

Theorem 2.31. Every covering space (X, p) of a space X has the unique homotopy lifting

property and p, 1S injective.

Of course, as one always does in mathematics after defining an object, we now define

when two such objects should be considered equivalent. Thus we define an isomorphism



fi

Figure 2.4: Homotopy lifting property

between covering spaces and state a basic result that demonstrates why this equivalence is

something of interest.

Definition 2.32. Suppose (X1, p;) and (X3, p2) are covering spaces of X. We say that these
covering spaces are isomorphic if there exists a homeomorphism f : X; — X5 so that
p1=p20 f.

Theorem 2.33. Let X be a path-connected, locally path-connected space and let xo € X.
Suppose (X1,p1) and (Xa, pa) are covering spaces of X. These covering spaces are isomorphic

for some homeomorphism f : X1 — Xy if and only if

Pre(m1 (X1, Z1)) = pou(m1 (X2, T2)),  for some T, € pfl(xo), T9 € ]92_1(%)-

Thus we see the beginnings of a correspondence between subgroups of m (X, zg) and
covering spaces, up to isomorphism. Though our current interests will lead us in a different

direction, we state a particular instance of this correspondence below.

Theorem 2.34. Let X be a path-connected, locally path-connected, and semilocally simply-
connected space. There is a bijection between isomorphism classes of path-connected covering

spaces of X and conjugacy classes of subgroups of m (X, xg), for any choice of o € X.

In fact, the main theorem of this paper may be thought of as a generalization of this fact in
many ways. On one hand, we will work with a generalized version of path-connected covering

spaces, but we will also be dealing with a space that is not semilocally simply-connected.

10



We close this section with a few results on restrictions of covering maps.

Lemma 2.35. Suppose (X,p) 1s a covering space of X. If U is evenly covered by p, then

every open subset of U is also evenly covered by p.

Lemma 2.36. Suppose (X,p) s a covering space of X. For a subspace A C X, let

A = p Y (A). Then the restriction p!A : A — A is a covering space of A.

2.4 FINITE COVERING SPACE

Having defined general covering spaces, we must now define the class of covering spaces that
will be used in the constructions described in Chapters 3 and 4. As with the previous section
on covering spaces, we refer the reader to [4, Chapter 1] for additional understanding, though

we will state the relevant facts here.

Lemma 2.37. Suppose (X,p) is a covering space of X. If X and X are path-connected, then
the cardinality of p~*(x) is constant for all x € X and is equal to the index of p,(m1 (X, %))

in 71 (X, x0), for any xo € X and Ty € p~'(xo).

Definition 2.38. Suppose that (f( ,p) is a covering space of X. Further suppose that X and
X are path-connected. Then we say that (X, p) is a finite covering space of X if [p~(z)] is

finite for all z.

Clearly if ()~( ,p) is a finite covering space of X and both X and X are path-connected,

then for some integer k, [p~!(z)| = k for all z € X. In this case, we say that (X,p) is a
k-cover of X.

Lemma 2.39. Suppose that (X,p) is a k-cover of X and ()z',ﬁ) is an (-cover of X. Then
():(,p op) is a kl-cover of X.

Proof. Let x € X. By definition, there exists U C X such that x € U and U is evenly

covered by p. Let {V,|a € A}, for some indexing set A, be the collection of disjoint open

11



sets in the definition of evenly covered. Since p|va is a homeomorphism for each o € A, then
there is exactly one point of p~!(z) in each V,,. Thus |A| = [p~'(x)| = k, so we may assume
A={1,2,... k}.

Let y; € pHz)NV; C X. Then since p is an l-cover of X, we have an evenly covered
neighborhood V/ in X such that y; € V7. By Lemma 2.35, V/ N V; C V/ is also evenly

covered, so we may assume V; C V;. Now let

yep~i(x)

Since V/ C V; and p is a homeomorphism on V;, we see that p(V/) is an open neighborhood
of x in X, so U’ is also an open neighborhood of z. Since (pop)~! =p~top~! we see that
p~Y(U’) consists of k disjoint open neighborhoods W; such that p|W, is a homeomorphism.

But W; C V/, so p~'(W;) consists of ¢ disjoint open neighborhoods Wi such that p| ., maps

W/
J

, .

W; homeomorphically onto W;.

Therefore (pop maps W] homeomorphically onto U’, so U" is evenly covered by pop.

o

We also see that (pop)~'(U) consists of kl disjoint copies of U’ so (X, po p) is a kf-cover
of X. O]

Definition 2.40. Suppose G < m1(X, zg). We say that G is a coverable subgroup of w1 (X, o)

if there exists a covering space (C,p) of X so that p.(m1(C,cy)) = G for some ¢y € p~*(z).

Definition 2.41. Suppose U is an open covering of X. For zq € X, we define m (U, x¢) to
be the subgroup of (X, x¢) generated by elements of the form [w * a * w], where im(«) is

contained in some element of U, and w is a path from zy to a(0).

Theorem 2.42. Suppose p: X — X has the homotopy lifting property and the unique path
lifting property. Further suppose that X and X are connected, locally path-connected spaces.
Then (X, p) is a covering space of X if and only if there ezists an open coveringU of X and

a point &y € X such that m (U, p(F0)) C p.(m (X, Z0)).

For a proof of Theorem 2.42 see [7, p. 81].

12



2.5 AUTOMORPHISM GROUP

Because most results for covering spaces are ‘up to isomorphism,” we wish to understand those
isomorphisms which map from one space to itself, called automorphisms. The concept we

will discuss is a generalization of the deck transformation group described in [4, Chapter 1.3].

Definition 2.43. Suppose p : X — Y. We define the automorphism group of p to be

Aut(p) = {h: X — X|poh = p, h is a homeomorphism}.

Proposition 2.44. Aut(p) forms a group under composition of functions.

Proof. Supposep: X — Y and f, g € Aut(p). Clearly fog: X — X is a homeomorphism.
Thus f o g € Aut(p) since po(fog)=(poflog=pog=np.

Let I : X — X be the identity map. Clearly I is a homeomorphism and po I = p, so
I € Aut(p). In fact, fol =1To f = f,so I is the group identity.

Since f is a homeomorphism, f~! is also a homeomorphism. Thus f~! € Aut(p) since
pofl=(pof)oft=pol=p Infact, fof = f"lof=1I sof!istheinverse of f.

Composition of functions is associative, so Aut(p) is a group under composition. n
Definition 2.45. We will say that a map p: X — Y is normal if for each y € Y and each
pair of points z, 2’ € p~1(y), there exists f € Aut(p) such that f(z) =2’
Theorem 2.46. Suppose p : (X, %) — (X, x0) is a covering map, X is path-connected,

and X is path-connected and locally path-connected. Let H = p, (w1 (X, %)). Then:
e p is normal if and only if H is a normal subgroup of m (X, xg),
o Aut(p) is isomorphic to N(H)/H, where N(H) is the normalizer of H in m (X, xo).

In particular, if p is normal, then Aut(p) is isomorphic to the quotient m (X, xo)/H.

For the proof of this theorem, see [4, p. 71]. It should be noted that this proof does not
require the full strength of the covering map hypothesis. In fact, it is sufficient to assume

that p has the unique path lifting property, rather than that p be a covering map.

13



2.6 FIBRATION

We now define a fibration, which is exactly the generalization of a covering space we wanted

in the last result of Section 2.5.

Definition 2.47. Suppose p : X — X. We say that (X, p) is a fibration over X if it has the
homotopy lifting property, as defined in Section 2.3. We say (X, p) is a unique path-lifting

fibration over X if it also satisfies the unique path lifting property.

Theorem 2.48. Suppose (X' , D) 18 a unique path-lifting fibration over a path-connected space

X. Then for all z,y € X, p~(x) is homeomorphic to p~*(y).

Proof. Let a: I — X be a path from x to y. Then for each & € p~!(z), there is a unique
path &; : I — X that lifts a and begins at 7.

Since po az = a, @z(1) € p~!(y). Thus we have a continuous map f : p~'(x) — p~!(y).
Conversely, a(t) goes from y to z, and so there is a unique path az : I — X that lifts a

and begins at @;(1). Thus we have a continuous map g : p~'(y) — p~(2).

@ * « is homotopic to the constant path at z, so (& * ) is also homotopic to a constant

path at Z. Thus 4;z(1) = & so g o f is the identity. Therefore f is a homeomorphism. O]
Definition 2.49. The space p~!(z) in the previous theorem is called the fibre of p.

As a consequence of Theorem 2.31, every covering space is a fibration. Of course, not all

fibrations will be covering spaces.

Theorem 2.50. Suppose (Z,q) is a fibration over Y and (Y,p) is a fibration over X. Then

(Z,poq) is a fibration over X.

Proof. Suppose f; : W — X is a homotopy and fg W — Z is a lift of fy to Z. Note
thatp(quo) = fo, O f0:q0fg W — Y is alift of fy to Y.
Since (Y,p) is a fibration over X, we have a homotopy fi : W — Y that lifts f,.

However, ¢ o fo = fo, O fo is a lift of fy to Z.
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Since (Z,q) is a fibration over Y, we have a homotopy ft . W — Z that lifts f,. Thus
ft is a lift of f; since pogqo ft = po f; = f.. Therefore (Z,p o q) has the homotopy lifting

property and hence is a fibration over X. O
The next theorem extends this result to infinitely many nested fibrations.

Theorem 2.51. Suppose (X, f;) is an inverse sequence such that f; + X;11 — X is a

fibration for all i and let (X, F;) = hfj{l X;. Then for each i, F; : X — X; is a fibration.
—Ji

Proof. Fix i and for each j > i let f;; = fio fix10---0 f;_1. By the previous theorem, if

j—i| =1, then f;; = fi o fiy1 is a fibration, since it is the composition of two fibrations.
Clearly by induction f; ; is a fibration for all j > 7.

Suppose h; : Y — X; is a homotopy and ho : Y — X is a lift of he. By definition, for
j>ikFjo ho 1Y — X; will be a lift of hy to X;. Now (Xj, fi;) is a fibration over X;, so
there exists a lift (h;); : Y — X, of hy to X.

Now we have maps from Y to each X, for j > 4, so by the universal mapping property
of inverse limits, we have a map I:It Y — X. Since Fj o ]:It = hy, we see that (X, F}) is a

fibration over Xj. O

Definition 2.52. Suppose (X,p) is a fibration over X, with fibre F. We say this is a

minimal fibration if there exists a dense path-connected subset of X.

2.7 ToPOLOGICAL GROUPS

We will need relatively little about the concept of topological groups, but the reader is invited
to see [8] for more details. We will include proofs of the necessary lemmas, however. This is
in part because we will use a slightly different definition, but also because we require some

additional results.

Definition 2.53. Suppose G is a group, together with a topology 7. We say that G is a

topological group if (z,y) — zy~! from G x G to G is continuous.
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Lemma 2.54. Suppose G s a topological group. Then the following are all continuous:
(a) y—=>y~'
(b) (z,y) = xy;
(c) © — xy for fized y;
(d) y— zy for fized x.

Proof. Let 1 denote the identity of G. Let T : G x G — G denote the map (x,y) — zy~'.
(a) Since {1} x G is a closed subset of G x G, then f(y) = T(1,y) = y~' is continuous.
(b) Since P(z,y) = T'(z, f(y)) = xy is the composition of continuous maps, P(z,y) is
continuous.
(c) For fixed y, G x {y} is a closed subset of G x G, so x — P(z,y) = xy is continuous.

(d) For fixed z, {z} x G is a closed subset of G xG, so y — P(z,y) = zy is continuous. [

Definition 2.55. Suppose G is a metric topological group. We say that G is uniformly

equibicontinuous if for every e > 0, there exists 6 > 0 so that

d(gh,d'h') < e, whenever d(g,q') < and d(h,h’") <.

Lemma 2.56. If G is a compact metric topological group, then G is uniformly equibicontin-

uous.

Proof. Suppose that G is not uniformly equibicontinuous. Then for some € > 0, for all

n € N, there exist g,, g.,, hn, h!, € G so that

d(gn,q.) <06, d(hy,h,) <6, d(guhn, g, hl) > e

Since G is a topological group, the maps x — gx and x — zg are continuous for each

g € G. Since G is compact, we may assume that each of these sequences converges by passing

16



to a convergent subsequence. Let g, ¢’, h and b’ denote the limits of (g,), (¢.,), (h,) and (hl,),
respectively. Furthermore, since d(g,, ¢/,) and d(h,, h!)) both go to 0, g = ¢’ and h = .
Since x — gz is continuous for all ¢ € G, for sufficiently large n, d(g,h,, g,h) and

d(gnh.,, gnh) are both less than ie. Therefore, for sufficiently large n, we have
1
d(gnhn, gull)) < d(gnhn, gnh) + d(gnh, guhl) < &

Similarly, x — xh is continuous for all h € G, so for sufficiently large n, d(g,h.,, ghl) and

d(ght,, g, h,) are both less than te. Therefore, for sufficiently large n, we have

1
d(gnhiy guli) < g, ghy,) + d(ghn, guhy,) < 5e
Therefore, for sufficiently large n, we have
d(guhn, 9,17) < d(gnlin, guhi,) + d(guhiy, ghy) < e

This contradicts our assumption, though, so G is indeed uniformly equibicontinuous. [

Definition 2.57. Let p : £ — X be a fibration. We say that a subgroup of Aut(p), T,
acts topologically if T is a topological group, under the uniform topology, and f +— f(Z) is
a homeomorphism from T to p~(Z,) for each Iy € E, where the topology of p~!(Zg) is the

subspace topology induced from FE.

2.8 WEDGE ProbpuctT

Definition 2.58. Let X and Y be topological spaces. For z € X and y € Y, we define the
(x,y) wedge of X and Y to be

XV, Y =(XUY)/(z=y).
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Similarly, for A = {x1,xs,...,2:} C X and y € Y, we define the (A,y) wedge of X and
Y to be

X Vv,V =(-((X,v,Y),V,Y)).VY

T2 'Y TE Y T

Theorem 2.59. Suppose p: C — X is a finite covering space of a simplicial complex X .
Let Y be a topological space. For zg € X, let A =p~(xg) C C. Then for any yo € Y there
exists a unique covering map p: C 4V, Y — X,V Y such that p(c) = p(c) for all c € C

and p is the identity on each copy of Y.

Proof. Let U = X vV, Y, W =C 4V, Y. We will think of X and Y as being contained

Zo " Yo

in U and C' as being contained in W. Furthermore, we will label the copies of Y in W as
Yi,..., Y

Since p is a finite covering space, A is a discrete set of points in W and |A| = k. Thus
Y1, ..., Y} are pairwise disjoint closed sets in U. Let Z; be the point in Y; N A.

By construction of the wedge product, ¥Y; NY; = (0 if i # j. Since A is a discrete set of
points, for each Z; there exists an open neighborhood U; so that U; NU; = ) for ¢ # j. Thus
(YiUUy),..., (Y UUy) is a collection of pairwise disjoint open subsets of .

Let I; : Y; — Y be the map that identifies Y; with Y. Define p by

p(z) ifzxeC,
plx) = (2.1)
L(x) ifzeY,.

Note that if £ € C'NY; for some i, then T € A, so p(Z) = zo = [;(Z). Thus p is
well-defined. Also observe that p(C) = p(C) = X and p(Z) = Ur(L;(Y;)) =Y.

Now consider z € U and p~'(z). We will consider three cases.

Case 1: If x € X =Y, then there exists an open neighborhood in U that contains x and is
contained in X — Y. Since p is a covering map, there exists an open neighborhood in X (but
not necessarily in U) that contains = and is evenly covered by p. Let N(x) be the intersection

of these two neighborhoods. Note that N(z) is an open neighborhood in U, z € N(z) and

18



N(z) € X =Y. Furthermore, N(z) is contained in an evenly covered neighborhood, so N(z)
is evenly covered by p. Since im [; = Y for all i, we see that p~*(N(x)) = p~*(N(x)), so p
also evenly covers N (x).

Case 2: If x € Y — X, then there exists an open neighborhood M (z) of U that contains
x and is contained in Y — X. Since imp = X, we see that p—*(M(x)) = U;I; *(M(x)). Since
I7Y(M(x)) C Y; and I; is the identity on Y;, we see that U;I; ' (M (z)) is the disjoint union of
k open sets I, '(M(x)) each of which is mapped identically by p onto M (z). Thus j evenly
covers M(x).

Case 3: If x € Y N X, then x = 2y = yo. Let N(x) be an open neighborhood of x
in X that is evenly covered by p and let M(x) be an open neighborhood of = in Y. Since
XUY =Uand XNY =2z, N(z)UM(x) is an open neighborhood of z in U. Furthermore,

we see that

pHN(z)UM(x)) = p (N(2)) Up~ (M(2)) = p~ (N(2)) Ui I (M(x)). (2.2)

Since p evenly covers N(z), p~!(N(z)) is the union of k disjoint open sets in C', which
we shall call Ny(x), ..., Ny(z), each of which is mapped homeomorphically onto N(z). Each
Z; is contained in exactly one of these sets, so we may assume I; € Nl(x) Likewise, z; €
I;71(M(x)), which is an open set in ;.

Let L(x) = N;(z) U I7}(z). Since C'U; Y; = W and the only common points of C' and
the Y; are in A, we see that [Z(x) is open in W. Furthermore, p is clearly a homeomorphism
on each L(z) onto N(z) U M(z), so N(z) U M(z) is evenly covered by 7.

Therefore p is a covering map. In fact, we see that it is a k-covering map, where k = | A|,

and hence finite. Furthermore, if ¢ is another covering map that agrees with p on C and is

the identity on each Y;, then by our definition of p, ¢ = p, so this map is unique. O
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2.9 HAWAIIAN EARRING

We begin our discussion of the Hawaiian Earring by defining it as a particular compact
subset of the plane. The arguments in this paper will not rely on this embedding, but it will
enable us to write several maps explicitly. In turn, this enable us to give explicit descriptions
in later constructions. The description we give will differ slightly from the more standard

one given in [1]. However, we will show that it is equivalent.

Definition 2.60. Fix x € (0,1). For each n € N, define A,, to be the following subset of

the plane.

Ay ={(z,y) e R®|(z = X"’ +y° = X"}

Each A, is clearly a circle in the plane of radius x™ centered at (x™,0). As a result,
A;,NA; ={(0,0)} for all i # j. Since (0,0) will usually be our basepoint for any discussion

of H, we will denote it by 0. We now define the Hawaiian Earring as follows.

Definition 2.61. The Hawaiian Farring, denoted H, is defined to be

H:UAn.

We also define the Nth inner Hawaiian Earring to be

Hy = U A,.

n>N

Figure 2.5 depicts the Hawaiian Earring at a x = % scale.

Theorem 2.62. The Hawaiian Earring in Definition 2.61 is homeomorphic to the one de-
fined in [1]:

H:Lnj{(x,y) € R?|2% + (y+%>2:%}.
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Figure 2.5: The Hawaiian Earring, H

Proof. For each i, let S; = {(z,y) € R*z* + (y—i—%)2 = +}. Define f; : 4, — R? by

:17) Now define f : H — R? by

(

fl(u) lf U € Al,

fw) =14 fou)  ifue A,

\

Note that A; N A; = {0} if i # j. Since each f; is clearly continuous and well-defined on
its domain, 0 is therefore the only point at which f may not be well-defined or discontinuous.
However, f;(0) = 0 for all 7, so f is indeed well-defined and continuous.

Furthermore, f;(A;) C S; for all i since

() (e 1) = () o= () o= 3)

Therefore f(H) = U, f;(A;) = U;S;. Furthermore, if u,v € H, then for some i and j,

u € A; and v € A;. There are only two cases to consider.

Case 1: If i = j, then f(u) = fi(u) and f(v) = fi(v). Since f; is injective on A,
filu) # fi(v), so f(u) # f(v).

Case 2: If i # j, then f(u) = fi(u) € S; and f(v) = f;(v) € S;. Thus f(u) = f(v)
implies f;(u) = f;j(v) € 5;NS; = {0}. Then u € f;7'(0) = {0} and v € f;'(0) = {0}.
Therefore f(u) = f(v) implies u = v.
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In both cases, f is injective. It now remains to show that f=' : U;S; — H is also

continuous and well-defined. From the work above, we see that f~! is given by

fit(u) ifues,

fHw) = flw)  ifue S,

Of course, f; '(z,y) = (—(ix")y, (ix*)z), which is continuous. Thus the only point at
which f~! may not be well-defined or discontinuous is 0. However, it is clear that f;*(0) = 0

for all i, so f~! is indeed well-defined and continuous. Thus f is a homeomorphism. m

It will be useful to also present H as the inverse limit of finite unions of A;. Thus we

have the following definition and theorem.

Definition 2.63. For i,j € Z and 0 < ¢ < j, define the following:
Also define 6; : B, — B; by

u if u e A, for some k < 1,
0i(u) =

0 ifue A for some k > 1.

Theorem 2.64. For all i < j, 0;; is a retraction. Furthermore, (B;,6;) is an inverse

sequence and lim B; = (H, ©;), where ©, : H — B, is the map

+—0;

u ifu € Ay for some k < i,
Oi(u) =

0 otherwise.
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Proof. First note that by definition B; C B, ; for all .. Then clearly 6; is the identity on
B; = Ug<;Ag. Since Ay N Ay = {0} for k # ¢, we see that 0; is well-defined.
Since both v + u and u +— 0 are continuous, 6; is continuous. Thus 6; is a retraction.
Therefore (B, 6;) is clearly an inverse sequence. Let (X, F;) = Eran B;. We then define a
map f: X — H as follows. If (z;) = (0) let f((x;)) = 0, otherwise f((x;)) = xy, where k

is the smallest positive integer for which x; # 0. Now we verify that f is a homeomorphism.
e Since any subset of the positive integers has a least element, f is well-defined.

e Suppose that f((z;)) = f((v:)). If f((x;)) = f((y;)) = 0, then by definition x; = 0 and
y; = 0 for all ¢ and thus (z;) = (y;). Thus we may assume f((x;)) # 0, so for some
positive integers k£ and ¢, we have 2, = y, # 0 and x; = y; = 0 for all i < k and j < /.

However, this means that 0,_;(zx) = 0, so 7}, € Ag. Likewise y, € A,.

Since Ay N Ay = {0} for k # ¢, we must have k = ¢. Furthermore, if v € B, — {0},
then 0, '(u) = {u}. Thus zp1 € {21} and yr1 € {Yr}, SO Thy1 = Tk = Yo = Yr1-
If x; = y; # 0, then z;,1 € {x;} and y;11 € {v;}, S0 ;41 = x; = y; = Yir1. Thus by
induction x; = y; for all « > k. By choice of k we have z; = y; = 0 for all 7 < k, so in

fact (x;) = (y;). Therefore f is injective.

e Suppose z € H. If z = 0, then f(0) = x, so we may assume that x # 0. Since z # 0,
there is a smallest positive integer k such that x € B,. For ¢ > k, let z; = x;, and
for i < k, let x; = 0. Clearly 6;(x;11) = ;, so (z;) € X and by design f((z;)) = xy.

Therefore f is surjective.

e Since B, is compact for all 7, by Lemma 2.24, X is compact. H is a subset of the plane,
so it is Hausdorff. Therefore f is a continuous bijection from a compact space to a

Hausdorff space, which implies that f is a homeomorphism.

Finally, note that ©, o F' = F}, so (H,0;) = (X, F}). ]
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Thus we have three different ways in which to view the Hawaiian Earring: two different
compact subsets of the plane or as an inverse limits of bouquets of circles. We will usually
maintain the inverse limit perspective except when giving explicit functions, in which case
we will use the subset perspective with which we began this section.

Now that we have some understanding of what the Hawaiian Earring is, we wish to state,

and prove, several elementary facts about it.
Theorem 2.65. For all N > 0, there is a homeomorphism hy : H — Hy.

Proof. First, define fy : R? — R? by fa(z,y) = (X 'z, xV*'y), where x = 2. This is
clearly a homeomorphism of the plane since it is merely multiplication by a constant.

We verify, however, that fy(A,;,) = A,y for all m > 1. Suppose that (z,y) € A,

then
(M) = x4 (M) = N (@ =) )
= 2N ()
_ (Xm+N+1)2
Thus fy(H) = Hy, so hy = fN‘H is the desired homeomorphism. ]

This theorem justifies our decision to call Hy the Nth inner Hawaiian Earring, since
it is in fact a Hawaiian Earring. The next theorem highlights the importance of Hy in

understanding covering spaces of H.

Theorem 2.66. Suppose (C,p) is a connected, finite covering space of H. Then for some

N > 0, Hy s evenly covered by p.

Proof. For e > 0, U. = {(z,y) € H: 2+ y*> < ¢} is open in H and 0 € U.. Since p is a
covering map, Ug is evenly covered by p for some £ > 0. We may assume that { < 2 since

otherwise Uy = H so p is a homeomorphism and the result follows immediately.
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Since 0 < £ <2, 1< %, so there exists an integer N > 1 such that % < N.

For all £ > N, if x € yB,, there exists an integer m, with N +1 <m <k and x € A,,, so

Thus for all £ > N, yB, C Us. Thus Hy = Upsny B, C Ue. Figure 2.6 illustrates a

particular open set U and shows a close-up view of the set.

(a) H, normal (b) Ug, 4x zoom

Figure 2.6: Evenly covered neighborhood of the Hawaiian Earring

Now p~'(Hy) is contained in the p~'(Ug), which is the disjoint union of sets W, ..., W,
each of which is homeomorphic to Ug. Let V; = p~(Hy)NW;. Since W, ..., W} are pairwise
disjoint, Vi, ..., Vi must also be pairwise disjoint.

Furthermore, V; C W, and p‘Wi is a homeomorphism, so p}Vi is also a homeomorphism,

for each ¢. Thus Hy is evenly covered by p. ]

25



CHAPTER 3. NEW IDEAS

We will now define the families of sequences of covering spaces in which we shall be interested.
We will also state and prove a generalization of the first half of our main theorem. For this
chapter, we will suspend our convention that spaces are compact. However, we will continue

to assume that all spaces are metric and nonempty.

3.1 FINITE NORMAL COVERING SEQUENCE

Definition 3.1. Suppose X is a path-connected, locally path-connected space. A finite

normal covering sequence of X is a sequence (F;, p;, ¢;) so that for all 4
(i) E; is path-connected and locally path-connected space,
(ii) p; : E; — X is a finite normal covering map,
(iii) ¢; : Ejy1 — E; is a covering map,
(iV) Dir1 = Di © .
If X is understood from context, we will usually just say (E;, p;, ¢;) is a F.N.C.S..

Figure 3.1 depicts a F.N.C.S. as a commutative diagram, where all maps involved are

finite covering maps.

Figure 3.1: Finite normal covering sequence

Observe that since p; is a finite normal covering map, (p;).(m1(E;, &;)), which we will
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denote by G, is a finite index normal subgroup of 7 (X, z¢) for some ¥; € p; '(xo). But
(Pis1)« = (pi 0 &i)s, 80 Giy1 < G;. Hence G,y is a finite index normal subgroup of G;.

On the other hand, ¢; is also a covering map, 5o (¢;)«(m1(Eis1, Tiv1)) = (pi); 1 (Gig1) is a
finite index normal subgroup of m(E;, Z;) = (p;); '(G;). Hence ¢; is a finite normal covering

map as well.

Theorem 3.2. Let X be a path-connected, locally path-connected space. If (E;, pi, ¢i) is a
F.N.C.S., then (E;, ¢;) is an inverse sequence.

Furthermore, if E = lim E;, then there exists a unique map p : E — X such that

—o;

p = ®;0p; for all i, where ®; : E — FE; is the natural projection from E to E;. p: F — X

s a fibration.

The commutative diagram in Figure 3.2 illustrates the result of Theorem 3.2:

L

Figure 3.2: Inverse limit of F.N.C.S. is a fibration

This is in fact a special case of Theorem 3.4. Though the proof of Theorem 3.2 is simpler

than that of Theorem 3.4, we will only give the more general proof as found in Section 3.2.

3.2 FINITE APPROXIMATE-COVERING SEQUENCE

As is often the case in mathematics, computations may be simplified by using approximations

of the original object. In this spirit, we define finite approximate-covering sequences.
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Definition 3.3. Suppose X = lim X; for some inverse sequence (X;, §;), where X; and X are
payy

K3

path-connected and locally path-connected spaces. A finite approximate-covering sequence

of X, relative (Xj,6;), is a sequence (C;, q;, ;) so that for all ¢
(i) C; is a path-connected and locally path-connected space,
(ii) ¢; : C; — X; is a finite normal covering map,
(iii) (C;, ;) is an inverse sequence,
(iv) 0; 0 Giy1 = qi 0 ;.
When X and (X, 0;) are understood, we will usually just say that (C;, g, ;) is a F.A.C.S..

Figure 3.3 depicts a F.A.C.S. as a commutative diagram, where the vertical maps are

covering maps.

Ciy1 —i— C;
di+1 CJZ
l |

Figure 3.3: Finite approximate covering sequence

Since we may always take X; = X and 6; to be the identity, we see that every F.N.C.S. is
a F.A.C.S relative (X, id). Therefore we see that any facts about F.A.C.S. are automatically
true for F.N.C.S. as well, such as Theorem 3.4.

Nevertheless, we have given these separate definitions because it is not yet known whether

they are, in general, equivalent in terms of what information can be obtained from each. Of
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course, one of the main results of this paper is that for X = H, F.N.C.S. and F.A.C.S. are

in fact essentially equivalent.

Theorem 3.4. Let (X,0;) = lirngZ». If (Ciyqiy ;) is a FLA.C.S. of X and (E,V;) = 1111}}1 Ci,
0 Y5

then there 1s a unique induced map p : E — X such that
O, op=gq;oV;, foralli.

Furthermore, (E,p) is a fibration of X.

The commutative diagram in Figure 3.4 illustrates the result of Theorem 3.4.

i
N T
: Cip1 —i— C;
]:? qz'Irl le
E Xip1 —b0i— X
-/
| ®N><x O
L
X

Figure 3.4: Inverse limit of F.A.C.S. is a fibration

Proof. We first prove the existence and uniqueness of the map p. Let (E,¥;) = 11%1 C;. Then
i
q; o V; is a map from E to X; for each i. Since X = liren X; by hypothesis, then there exists
0

a unique map p : K — X so that

O;op=g¢q;oW;, foralli. (3.1)
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Thus it remains only to show that (E,p) is a fibration. Suppose that f; : Y — X is a
homotopy and fo .Y — F is a partial lift of f,. Since ©; is continuous, ©;0 f; : ¥ — X

is also a homotopy. Furthermore, ¥; o fg is a lift of ©; o fy since

000 foly) =Oiopo foly) = ;0 foly). (3.2)

Since (Cj, ;) is a finite covering space of X, there exists a unique map ftl Y — G
such that

i © ng =0;0f;, and fO,i =T; 0 fo. (3.3)

Now ftz is a continuous map from Y x I to C; for all 7, so by Theorem 2.25 there exists

a unique map f:Y x I — F so that

Ui o fy,t) = fuily). (3.4)

Therefore W; o f(y,0) = fos(y) = W; 0 fo(y) for all i. However, f(y,0) is the unique map
that accomplishes this, so in fact f(y,0) = fo(y). Therefore we may set f,(y) = f(y,t).
X = lim X, so we may think of points of X as sequences of points in X;. Thus it suffices

to show that for all i, ©;0 f; = 0,0 (po ft) In fact, we have

Q0 fi =g o fii, by equation 3.3,
=g oV;of, by equation 3.4,
—O,0po f; by equation 3.1.

Since Y, f; and fg were arbitrary, this shows that (£, p) has the homotopy lifting property
and is therefore a fibration. In fact, we have shown that (F,p) has the unique homotopy
lifting property, since ft was uniquely determined by the fm, which were in turn uniquely

determined by f, and f;. m
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3.3 PRO-COVER

Definition 3.5. Suppose p : E — X is a fibration, where X = h%l X; for some inverse
Ui

sequence (X;,0;). (E,p) is a pro-cover of X relative (X;,0;) if there exists a F.A.C.S.
(Cy, qi, ;) such that

s
e p is the same map obtained from Theorem 3.4.

If the inverse sequence (X, 0;) is the trivial sequence (X, id), then we simply say (F,p) is a

pro-cover of X.
We immediately have the following corollaries to Theorem 3.4.
Corollary 3.6. Every pro-cover of X is a minimal fibration of X .

Proof. Suppose (C, q;,1;) be a F.A.C.S. where (F, (¥;)) = I;IIE C; and p is the induced map
from E to X. Then let z,y € F and let € > 0 be given.

Since F has the product topology, there exists N € N so that if ¥;(2) = U,;(g) for all
i < N then d(Z,7) < e.

Since Cly is path-connected, let vy be a null-homotopic path in Cx from Uy (%) to ¥y (7).
Clearly 1)ny_1 oy is a path in Cy_ from ¢y_1 0 Un(Z) = Un_1(Z) to Yy_1(7). Similarly
we obtain paths 7; in C; from W,;(Z) to W,(y) for all ¢ < N.

Conversely, Cy41 is a covering space of Cly, so there exists a unique lift of vy to a path
vn+1 based at Wy, 1(Z). Inductively we obtain paths ~; in C; based at V;(Z) that lift vy for
all 2 > N.

Clearly v(t) = (v:(¢)) is a path in E by the homotopy lifting property of inverse limits.
Furthermore, 7;(1) = ¥,;(y) for ¢ < N, so d(v(1),7) < e.

Since € > 0 and y € E were arbitrary, we see that the path-component of F containing

T is dense in E. In other words, E is a minimal fibration. O
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Corollary 3.7. Suppose (E,p) is a pro-cover of X relative (X;,0;), where X and X; are
nonempty metric spaces, not necessarily compact. Let (C;,q;,1;) denote a F.A.C.S. that

produces (E,p).
(a) (E,p) is a unique path-lifting fibration;
(b) If C; is compact for all i, then E is compact; and
(c¢) If X; is compact for all i, then E is compact.

Proof. (a) This follows immediately from the proof of Theorem 3.4, since we showed (E, p)
has the unique homotopy lifting property.

(b) Since (C;, g;) is a finite normal covering space of X; is nonempty. Thus by Theorem
2.24, FE is compact and nonempty.

(c) Since (C}, ¢;) is a finite normal covering space of X;, which is compact and nonempty

by hypothesis, then C; is compact and nonempty. The result then follows from part (¢). O

The next result characterizes pro-covers in terms of subgroups of the fundamental group

of the base space.

Theorem 3.8. Let H be a subgroup of m(X, o). There exists a pro-cover (E,p) of X so
that p.(m1(E, %)) = H, for some &g € p~(x0) if and only if there exists a sequence of finite
index normal coverable subgroups of w1 (X, xq), H;, such that H; < H; 1 and H = NH,.

Suppose (E,p) is a pro-cover of X, where (C;, q;, ;) is the necessary finite approximate-
covering sequence. For xqg € X, fix &g € FE and &; € C; so that p(To) = ¢;(T;) = 0.
Then

T (E, To) = N(qi)«(m1(Ci, Ti)).-

Proof. First, suppose there exists a pro-cover (E,p) of X so that p.(m (F,Zo)) = H for
some Tg € p'(xg). Let (Cj,q,v;) be a finite approximate-covering sequence such that

(E, (V) = 1113}1 C; and p is the induced map from Theorem 3.4.
i
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Let #; = W;(%), which is contained in ¢; ! (), and let H; = (g;).(m1(C;, %;)). Then since
p=q; oV; for all 4,

pe(m(E, 20)) < H; < mi(X, 20). (3.5)

Consider [a] € m(F, Zy) and suppose p,([a]) = 0. Then (g; o ¥;).([a]) = 0 for all i.
However, ¢; : C; — X is a finite covering map, so by Lemma 2.31, this means (¥,).([a]) =0
for all . Then [a] = 0 since (E, (¥;)) = Ll%l C;, s0 p. is injective.

On the other hand, suppose «q is a loop in X based at xy such that [ag] € NH;. Since
lag] € H;, there is a loop «; € C; so that ¢; o a; = «ap and «;(0) = Z;. Furthermore, by
Lemma 2.31, this loop is unique.

Furthermore, ¢; 01; 0o ;v 1 = @11 0 ;11 = . By uniqueness, ¢; o a1 = «; for all ¢, and

so (a;) is a loop in E. Then p(a;) = ¢; 0 ¥;((a)) = ¢;(ay) = ap, so p. maps onto NH;. Thus

H :p*(’ﬂj(E,Zi'o)) = ﬂHZ

Now suppose there exists a sequence of finite index normal coverable subgroups of
™1 (X, xg), H;, such that H; < H;_y and H = NH,.

Since H; is a finite index normal coverable subgroup of (X, ), there exists a finite
normal covering space (Cy, ) of X such that (¢).(m1(Cy, 1)) = H; for some 71 € q; (7).

By way of induction, suppose that (Cj, ¢;) is a finite index normal covering space of X
such that (q).(m1(Cy, %;)) = H; for some &; € q; *(z0) for i < n.

Since H, < H, 1 < m(X,x0), H, is a finite index normal subgroup of H, ;. Fur-
thermore, since H, was a coverable subgroup of m(X,zg), there exists an open cover
U, of X so that 7 (U, z0) < H,. Let V, = {¢;',(U)|U € U,}. Then m(Vy,Tn_1) <
(n_1)7Y(Hy) < m(Cr1,Tn1), 50 (qu_1)7(H,) is a coverable subgroup for C,_; as well.
Therefore there exists a finite index normal covering space of C,_1, (Cy,1,_1) such that

(Vn-1)+(11(Cr Tn)) = (gn—1)«(H,) for some &, € ¢ 21 (Ty1).
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Let ¢, = ¢n—1 0 ¥p_1. Then (Cy,q,) is a finite index normal covering space of X so that

(02)+(T1(Cn 1)) = (Gn-1) (Y1) (71(Crr, £0))) = (Gn-1)+((Gn1)5 " (Ha)) = Hy.

Therefore (C;, ¢;,v;) is a F.N.C.S. for X. By the first part of this proof, if (F,p) is the

pro-cover obtained from (Cj, g;, ), then

p«(mi(E, %0)) = N(qi)«(m1(Ci, 7)) = NH; = H,

where Ty = (Z;) € E. O

Theorem 3.9. Suppose (E,p) is a pro-cover of a compact, path-connected, locally-path con-
nected space X, where (E;, p;, ¢;) is the corresponding F.N.C.S.. For each & € E, we obtain
an inverse sequence (Aut(p;),v;(Z)). The inverse system obtained by the union of these

sequences, denoted L, acts topologically and the fibre is totally disconnected.

Proof. Let g € X and Ty = (&;) € p *(zg). We will first show that there exist maps
v; » Aut(pir1) — Aut(p;) so that (Aut(p;), v;) is an inverse sequence.

Suppose fir1 € Aut(p;+1). For g; € E;, let o, be a path from Z; to ¢;. Since ¢; is a finite
normal covering map, there exists a unique path ¢y that lifts o, and begins at Z;,1. Let
Uit1 = &y,(1) and define f;(9;) = ¢i o fiy1(¥i+1). Since we used unique path-lifting to obtain
Uir1, [fi is well-defined and continuous.

Clearly f;'(7;) is obtained by the same process from fz.jrll. Thus f; € Aut(p;). Therefore
fit1 +— fiisamap from Aut(p;41) to Aut(p;), which we will denote by v;(Zy), since it depends
on the particular sequence Zo. Thus (f;(z;)) € E for all (z;) € E since ¢; o fix1 = fi o ¢;.
Likewise, f;(Z;) = Z;, since oz, and @&z, are both the constant path.

Furthermore, each f; is a homeomorphism, so clearly (f;(z;)) is a homeomorphism, with
(f;'(z;)) being its inverse. Thus lim Aut(p;) € Aut(p) for each lim Aut(p;). In partic-

<—V; (io) <—U; (530)

ular, this means that L C Aut(p).
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We now show that L acts topologically.

Define A : L — p~'(zg) by A(f) = f(Z0) = (fi(Z;)), for f = (f;) € L. A is well-defined
by definition of Aut(p), since p o f(Zy) = p(Zo) = .

For each &y = (Z;) € p~*(z¢) we construct (f;) so that (f;(Z;)) = (%;) = Zo, so A is onto.

Let d denote the metric on F and let d denote the standard bounded metric induced
by d. Furthermore, let p denote the uniform metric on L. Note that d(A(f),A(g)) =
A(f (7o), 9(F0)), 50 if d(A(F), A(g)) < 1, we have

d(A(f), Mg)) < supld(f(z), g(x))lz € E} = i(f. 9).

Hence A is continuous. Since the inverse limit of compact spaces is compact, and each
Aut(p;) is finite, and hence compact, L is compact. FE is Hausdorff, so any subset of F is
Hausdorff. Thus A is a homeomorphism.

Finally we show that the fibre is totally disconnected.

Let f,g € L= p~Y(x). If f # g, then for some N, ®x(f) # Pn(g) € py' (z0). However,
E; is a finite covering space of X, so p]_\[1 (x0) is a discrete set. Therefore we have nonempty
disjoint open sets U and V such that ®y(f) € U and ®y(g) € V. Thus &' (U) and &' (V)
are nonempty disjoint open sets separating f and g. Thus L, and hence the fibre also, is

totally disconnected. O]

35



CHAPTER 4. COVERING SEQUENCES OF THE HAWAIIAN EARRING

Recall from Section 2.9 that (H,0;) = grgl B,. Unless stated otherwise, for the remainder
of this paper any discussion of F.A.C.S. will be relative to that particular inverse sequence.
We will show that there is a natural correspondence between F.N.C.S. and F.A.C.S. for the
Hawaiian Earring. This correspondence is natural in the sense that it preserves the inverse

limit of the system as well as the internal structure of the sequence. In addition, our proof

will provide an explicit algorithm to construct each type of sequence from the other.

4.1 CORRESPONDENCE BETWEEN F.A.C.S anDp F.C.S.

Recall the equivalence relation ~ defined in Section 2.2. We define a similar relation on finite

approximate-covering sequences (and hence finite normal covering sequences as well).

Definition 4.1. Suppose (C;, g, ¢;) and (C/, ¢}, 1}) are finite approximate-covering sequences

of X, relative (X, r;) and (X/,7}), respectively. Then we write (C;, ¢;, ;) ~ (CI, ¢, }) if,

R

for all 4, there exist homeomorphisms f; : X; — X! and ¢; : C; — C! such that
(i) fiori=rio fiy1,
(i) gi o i =i giy1, and
(iii) fioq = q;o hs;
or if there exist cofinal subsequences of each with this property.
Figure 4.1 illustrates the meaning of (C;, ¢;, ¥;) ~ (C!, ¢}, 1!) as a commutative diagram.

Theorem 4.2. Let C be the set of ~-equivalence classes of finite normal covering sequences
of H, and let A be the set of ~-equivalence classes of finite approzimate covering sequences

of H, relative subsequences of (B;,r;). There exists a bijection T : C — A so that if

T([(Ei, pi, #:)]) = [(Ci, g3, ¥3)] then
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Cit1
¥ di+1
C;
g
7 e
4i Xz{+1 X£+1
< N
X; X!

Figure 4.1: (Cza Ql7¢l) = (Czlv Q;féb;)
(b) Aut(p;) = Aut(q;) for all .

Proof. First, we define T'.

Suppose (E;, p;, ¢;) € C. By Lemma 2.66, there exists M; > 0 such that p; evenly covers
H);,. Furthermore, since Hy = H, we may assume that M is the least such integer.

Let Ny = max{Mj, 1} and for i > 1, let N; = max{M;, M; 1+ 1}. Thus (1V;) is a strictly
increasing sequence with N; > M, for all ¢. Therefore Hy, C H)y,, so p; evenly covers Hy;,.

Let C; = p; '(By,). Since By, is a closed subset of H and p; is a covering map, by Lemma
2.36, we have a covering map ¢; : C; — By, such that ¢;(r) = p;(z) for all ¥ € C; C E.
Since p; is a normal cover, ¢; is also a normal cover.

Furthermore, since p; o ¢; = p;11, we have ¢;(Ci11) C C;. Let ¢; = @’ it Therefore we
obtain a finite approximate covering sequence of H, (Cj, gi, %), which is relative (By,, 0, ).

We then define T'([(E;, pi, ¢i)]) = [(Ci, ¢, i)
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We now show that 7' is well-defined.

Suppose (E;,p;, ¢;) ~ (Elpl, ¢h). If (Elpl,¢;) is a cofinal subsequence of (E;, p;, ¢;),
then clearly (CI,q¢.,1.) is a cofinal subsequence of (Cj, g;, ;). Thus we may assume there
exist homeomorphisms h; : E; — E! such that p; = p} o h; and h; o ¢; = ¢ o h;y; for all 7.

Note that p;*(Har,) = (pf © hy) " (Hay,), so hy o p;'(Hy,) = pi ' (Hay,). Thus pj also
evenly covers Hy;,. Thus both (Cj, ¢;, ;) and (C}, g}, v;) depend on the same sequence of

(N;). But h;op; ' = p/~!, so we have

Ci = p;l(HJ\Q') = h;l Opgil(HNi) = Cz/7
di Zpi‘ci =p;o hz’lci = q§ © hi‘cia

hiOl/}Z- = hlo¢z|cz = gb; Ohi+1|ci+1 = wgohi'i_l{ci_,_l‘

Thus (Cy, ¢;, ;) ~ (CL, ., Y%), so T is well-defined.
Next we show that T' is surjective.

Suppose (Cy, s, ;) is a finite approximate covering sequence of H relative (By, 0, ),

where (By,, fly;) is a subsequence of the usual (B;, ;). For each i, let E; = Cj qgl(o,())\/(op)HNi'
Let G; denote the union of the copies of Hy, in E;.

Since C; is a finite covering space, ¢; *(0,0) = {z1,..., 7} for some integer k. Therefore
G, is the disjoint union of k copies of Hy,, say Y3,...,Ys. In particular, this means we have

a map g; : G5 — Hy, which is the identity on each Y;. Then we define p; : E; — H as

follows.

qi(x), ifxeCy
pi(r) = (4.1)
gi(z), ifzeq,.

Note that p;(C;) = By, and p;(G;) = Hy, and By, NHy, = (0,0).
If » € By, then since p; was a covering space, there exists a neighborhood Uj(x) C By,
that is evenly covered by ¢;. If (0,0) # z, then we may assume (0,0) ¢ U;(x), so Us(x) is

also open in H. Furthermore, ¢; '(U;(x)) = p; }(Us(x)), so p; evenly covers Us(z).
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Furthermore, for g, %, € p; '(x) = ¢; *(z), there exists f; € Aut(g) so that f;(%o) = 7;.
Then for each =, € ¢;'(0,0), fi(x,) = Ty for some permutation o € Si. Then we have a

map ¢, : G; — G; that sends Y, to Y, by the identity. Thus

fi(z), ifxeCy;
Fi(z) = (4.2)

g9o(x), ifx e Gy,

is an automorphism of p; that sends zg to ;.

If z € Hy,, then since g; is the natural projection, any neighborhood Vi(xz) C Hy, is
evenly covered by g¢;. If (0,0) # x, then we may assume (0,0) € V;(z), so V;(z) is also open
in H. Furthermore, g; ' (V;(z)) = p; }(Vi(z)), so p; evenly covers Vi(z).

Again, for %o, 71 € p; '(z) = g; '(x), o € Y, and ; € Y, for some r, 5. Since ¢; is normal,
there exists f; € Aut(g;) such that f;(x,) = ;. Then for each ¢, fi(x;) = x,q) for some

o0 € Sk. Then with g, as before, we see that

fi(z), ifxeCy;
Fi(z) = (4.3)

g9-(z), ifze Gy,

is an automorphism of p; that sends Zg to 7.

If z = (0,0), then x = By NHy;,. Let U;(x) and Vj(z) be as in the preceding paragraphs.
Since z = (0,0), U;(z) U Vi(z) is an open set in H. For each & € ¢; ' (), we have a unique
lift of U;(z) by ¢; and a unique lift of V;(z) by g¢; so that & is contained in both. Thus the
union of these two lifts is a unique lift by p;. Therefore p; evenly covers U;(x) U V().

Furthermore, the same F; constructed for x € C; — {(0,0)} suffices for this case as well.

Then since x was arbitrary, this shows that p; : F; — H is a finite normal covering map.

39



Next, define ¢, : E;11 — E; by

(

Vi), ifze qz’_+11<BNi)§
dilr) = 4 (2N © Gi1) (), if € Q;L11<N1-BNZ-+1)§ (4.4)
thH (), if v € Giqq.

Note that

¢ (Qz—i-l( )) wl< 2+1) Ci; ¢1(G1+1> = hN¢+1*N¢(HN¢+1) = HN; and

(ﬁl(q;‘,—ll(NzBNpr1)) = ZN'L+1 (NiBNiJrl) = NZB 1+1 C H

Thus for o # (0,0), there exists a neighborhood U;(x) such that ¢;*(U;) is contained

entirely in one of the three closed sets ¢} (By.), ¢i}1(x,Bn,.,) or Giy1.

i1

Suppose = € C; — ¢; '(0,0). Then ¢;(z) € By, C By,,,- Since g1 is a finite covering
map, then there exists an evenly covered neighborhood of ¢;(z) in By, ,, say Ui(z). Since
qi(x) # (0,0), we may assume Us(x) N By, = U;(r), so Us(x) is an open neighborhood of ¢;(x)
in By, as well. Since g; is a finite covering map, there exists an evenly covered neighborhood
of ¢i(z) in By, by ¢; as well, say Vi(r). Let Wi(x) = U;(x) N Vi(z). Then Wj(z) is evenly

covered by ¢; and ¢;.1. Thus we have a unique neighborhood V~Vz( ) in C; such that ¢; is

[
a homeomorphism onto Wj(x). Since W;(x) C By, we have that 0; is the identity on W;(z),
s0 0; 0 gir1 = gi11 = ¢; © ;. Thus 1); must evenly cover W,(x)

Similarly, if z € y, By,,, — ¢; '(0,0) C G, then since uy,,, is the identity on N By
we have ¢;(x) = ¢;+1(x), so there is some open neighborhood of x that is evenly covered by
¢i+1. Since x # q; 1(0,0), we may assume that this open neighborhood is contained entirely
in y,By,, s 80 gi+1 = ¢; on the pre-image of this neighborhood, so ¢; also evenly covers it.

Third, if # € G;41—¢; *(0,0), then some open neighborhood of , U;() lies entirely within

Git1. Since hy,,,—n, is a homeomorphism, ¢; is a homeomorphism on each component of

;' (Ui(x)).
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Furthermore, we have as many copies of Hy, as we have lifts of the origin, so ¢; evenly
covers U;(z) with the same number of components as in the previous steps.

Finally, suppose # = ¢; *(0,0). Then we have

¢ () = U7 (1) = (g © 1)~ (@) = iy, (2)-

Therefore since each of these maps evenly covers some relatively open neighborhood of
x, ¢; evenly covers the union of these neighborhoods, which is open. Thus ¢; is indeed a
finite covering map, so (E;, p;, ¢;) € C.

(a) Let (a;) € 13;? E; = E. Note that for all 1,

pi+1(ai+1) =Dpio ¢i(ai+1) = pi(ai)-

Thus = = p;(a;) is well-defined. Since x € H, either x = (0,0) or there is a unique M
for which x € Ay;. In either case, x € By, for some j. Thus for £ > j, ap € C) and so
VYr(ars1) = dx(ars1) = a.

However, T is defined on ~ equivalence classes, so we may assume that j = 1. Thus (a;)
is a coherent sequence of (C;, g;, ¥;).

Conversely, suppose (a;) € Ergl C;. Observe that C; C E; and ¥;(a;11) = ¢i(air1), so
(a;) € 1&1}2 E;. Therefore Er;il E;, = E%} C;.

(b) Let p: E — H be the map induced by (E;, p;, ¢;) and let ¢ : E — H be the map
induced by (C}, ¢;, ;). As in the preceding argument, p;.1(a;11) = pi(a;) and 6;0q;41(a;41) =
qi(a;). However, p;(a;) € Ay, for some k, so qi(ax) € By, .

Since we are concerned with ~ equivalence classes, we may assume that k£ = 1, and thus

p((a;)) = pi(a1) = qi(ar) = q((as)). (4.5)

Thus p = ¢, and so Aut(p) = Aut(q). ]
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CHAPTER 5. CHARACTERIZATION OF PRO-COVERS OF THE HAWAIIAN

EARRING

5.1 CHARACTERIZATION OF PRO-COVERS

Definition 5.1. Suppose X is a metric space. For z,y € X and € > 0, we write z ~, y if
there exists a finite set of points x = xg, x1,...,2, = y so that d(x;,z;1) < e for 1 <i <n.

The set of points xg, z1, ..., x, is called an e-chain from x( to z,.
Lemma 5.2. ~. is an equivalence relation.

Proof. d(z,z) =0 for all z € X, so ~, is symmetric.

If x9,x1,...,2, is an e-chain from z( to x,, then

Tny Tp—1y---,21, 20,

is an e-chain from z,, to xg. Thus ~, is reflexive.
If xg,...,x, is an e-chain from x( to x,, and x,, = Yo, ¥1,. .., Ym is an e-chain from z,, to

Ym, then clearly

Loy -3 Tny Y15+ - -5 Ymsy

is an e-chain from xy to y,,. Thus ~. is transitive. O

Definition 5.3. We denote the equivalence class of  under ~, as

[z]e = {y € Xy ~e x}.

If [z]e = X for some z € X, we say X is e-connected.
Note that if € > £ > 0, then = ~¢ y implies = ~, y, so [z]¢ C [z]..

Lemma 5.4. Let X be a compact metric space. X is connected if and only if it is e-connected

for all e > 0.
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Proof. Suppose X is connected. Let € > 0 and x € X be given.

Let B.(y) = {z € X|d(y,z) < €}. For all z € B(y), y ~¢ z. Therefore y € [z]. implies
B(y) C [z]e, so [z]¢ is open. Conversely, if y & [z]., then B.(y) C X — [z], so [z]. is closed.

Since [z]. is both open and closed, and X is connected, then [z]. = X. Since € was
arbitrary, this means X is e-connected for all € > 0.

Now suppose X is e-connected for all € > 0. Further suppose that U and V' are nonempty
open subsets of X such that UUV = X and UNV = (. Note that U¢ =V and V¢ = U, so
U and V are also closed.

For all w € U and v € V, u ~. v for all ¢, by hypothesis. In particular, this means that
d(U,V) < eforall e >0,s0d(U,V)=0.

However, U and V are closed subsets of a compact space, so they are both compact.
Therefore d(U,V) = 0 implies that U NV # @, which contradicts our choice of U and V.

Thus no such U and V exist, which means X is connected. O

Theorem 5.5. Let p: E — H be a minimal unique path-lifting fibration, with fibre F. If
E is a compact metric space and some subgroup of Aut(p) acts topologically then (E,p) is a

pro-cover of H.

Proof. Let 0 denote the point (0,0) € H as before, and fix some point 0 € p~'(0). Further-
more, let 7" be a subgroup of Aut(p) that acts topologically and let 7 : F' — T denote the
homeomorphism from F' to T

By Lemma 5.4, F' is not e-connected for some € so it is disconnected.

Since F'is a compact topological group, by Lemma 2.56 there exists 0 > 0 so that

dle,e') <d=d(f-e [f-€)<e/2, forall fie,e €F,

where f-e=7"1(7(f)(7(e)))), i.e. the induced group multiplication on F from T
Let V = {f € F|d(0, f) < 6}. For f, f' € F, write f ~y f'if there exists a finite set of
points f = fo,..., fr, = f such that f;(V) N f;_1(V) #0 for 1 <j <n.
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The same argument as in the proof of Lemma 5.2 shows that ~y is an equivalence
relation and that the equivalence class of a point is both open and closed. We denote the
~y equivalence class of f by [f]v.

By definition, if f(V) N f/(V) # 0, then there exists z,y € V such that f(z) = f'(y).
Since d(x,0),d(y,0) < 6, this implies d(f(z), £(0)),d(f'(y), (0)) < €/2.

Therefore d(f(0), f/(0)) = d(f, f') <€, so f ~y f implies f ~, f.

Since there are at least two ~, equivalence classes of F' this implies there are at least two
~y equivalence classes of F. Since these classes are open sets and F' is compact, there are
finitely many equivalence classes.

Now we define a group action of H on ~y-equivalence classes.

Suppose 7 is a loop in H based at 0. Let 74 denote the unique lift of v such that 4(0) = 0.

Let f, = 7(5(1)). If 4 and 4/ are homotopic, then 4(1) = 4/(1). Therefore f, depends
only on the homotopy class of 7.

Suppose e(V)Ne' (V) # 0. Then e(z) = €/(y) for some z,y € V C F. Since F 2 T is a

topological group, for all [y] € H we have

(M(e))(x) = (f(e)(x) = fi(e(z)) = f(e'(y)) = (f (D)) = (VI(€))(w)-

This clearly defines an action of H on the ~y equivalence classes, namely

0 - v =1 fv.

Let G = {g € H|g([f]v) = [f]v, for all f € F}. G is the stabilizer of the action defined
previously, so GG is a normal subgroup of H. Furthermore, the orbit of any ~y equivalence
class is finite, since there are only finitely many equivalence classes. Therefore [H : G] is
finite.

For each f € F, [f]. is an open subset of F' with the subspace topology, so there exists

an open subset Uy of E so that [f]. = F'NUy.
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Furthermore, since [f] is also closed in F, and F is closed in F since it is the pre-image
of a point, then [f]. is closed in FE.

Since F is a metric space, for each [f]. there exists a pair of disjoint open neighborhoods
so that [f]c is contained in one of these and F'—[f]. is contained in the other. By intersecting
Uy with the appropriate neighborhood, we may assume that Uy N [f']e = 0 if f o4y f'.

Let W = Nyepp(Uy). Since FNUs # 0 and p(F) = 0, clearly W # ). Let W¢ =H—{0}.
Thus {W, W€} is an open cover of H.

Note that W€ contains no non-trivial loops. On the other hand, suppose « is a loop
contained in W with «(0) = 0. Then for each f € F, there is a unique lift of «, &y so that
as(0) = f.

However, since « is contained in W, then &y is contained in Uy. In particular, this means
that ar(1) € [f], so [a] fixes [f] for all f € F. Hence [a] C G.

By Lemma 2.42 this means that G is a coverable subgroup. Thus we have a finite normal
covering space (C,q) so that m(C,Z) = 71 (H,0)/G for some 7 € ¢~1(0).

By hypothesis, F' is disconnected, so by Lemma 5.4 F' is not €;-connected for some €.

Since F' is totally disconnected, [0],, is also disconnected. Thus [0]., is not e;-connected
for some €5 > 0. If €5 > %el, then [()}51 is also not %el—connected. Therefore we may assume

1
€2 < €1

For ¢« > 2, we define ¢; similarly, so [()]Ei_l is not €;-connected and ¢; < %ei_l. Then for
each ¢; we construct a normal finite covering spaces of H, (C}, ¢;) as above.

Furthermore, if GG; represents that finite index, normal coverable subgroup used to con-
struct C;, then for all [o] € Gy, [ fixes [f]y, C [f]v,_, for all f € F. Therefore [a] fixes
[flvi_,, so G; C G;_;. Hence we may assume that (Cj,1);) is a finite normal covering space
of C;_y for some 1); for each i. Thus (Cj, g;, ;) is a finite normal covering sequence of H.

We now show that this F.N.C.S. yields a pro-cover homeomorphic to (E, p).

Let (C,(¥V;)) = Er£ C; and let ¢ : C — H be the induced fibration over H. Also let
0’ = (0)) € lim C;, where 0/ € ¢; *(0) for each .

q;
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Suppose T € E. Since (F,p) is a minimal fibration, for ¢ > 0 there exists a point Z. so
that d(Z,Z.) < € and there exists a path ¢, from 0 to Z..

Note that since (¢;) goes to 0, if (., is not the constant path, then (. is not contained in
some [0],. In particular, this means that for sufficiently large i, p o (., does not lift to a loop
in C;. Let 0;(Z.,) = (., (1), where (, is the unique lift of p o (., based at 0;.

Since é’q is not a loop, 0;(Z,) # 0,. Furthermore, Vi(0i41(Tery,)) = 04(Ze,) since ;0 65i+1
is also a lift of p o (., based at 0;, and thus equal to Q:E

Therefore we have a map from a dense leaf of E to each C; that commutes with ;. Since
C; is compact, we may extend this to a map from F to C; that commutes with ;. Thus we
obtain a map o : E — (. Furthermore, if * # y € E, then for some n, z., # g., for all
i > n. Hence o(Z) # o(9), so o is injective.

Conversely, suppose ' = (Z;) € C. Then since C' is minimal, we again have a sequence
of points ((.) so that there exists a path ¢/, from 0 to 7. so that go(/ is a path from 0 to
q(7,). Furthermore, this path is determined uniquely by the paths ¥; o (/. in C;.

Now since (F,p) is a unique path-lifting fibration, we may lift this path to one from 0
to some point Z,. Clearly the process to determine o(Z,,) yields the path g o ¢ and hence
o(Z,) = T,

Now FE is compact, so the sequence (Z,) has a convergent subsequence. Let & be the
limit of this subsequence. Since ¢ is continuous, (%) is also the limit of Z/ , which is .
Thus ¢ is onto and hence ¢ is a homeomorphism since F is compact and C' is Hausdorff.

]
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