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ABSTRACT

Construction and Isomorphism of Landau-Ginzburg B-Model Frobenius Algebras

Matthew Robert Brown
Department of Mathematics, BYU
Master of Science

Landau-Ginzburg Mirror Symmetry provides for the construction of two algebraic ob-
jects, called the A- and B-models. Special cases of these models—constructed using invertible
polynomials and abelian symmetry groups—are well understood. In this thesis, we consider
generalizations of the B-model, and specifically address the associativity of the multiplication

in these models. We also prove an explicit B-model isomorphism for a class of polynomials
in three variables.

Keywords: Mirror Symmetry, Frobenius Algebras, Algebraic Geometry
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CHAPTER 1. BACKGROUND

Part of string theory includes the formation to two algebraic objects, called the A- and B-
models. These objects, created from polynomials, have many layers of structure, including
that of graded Frobenius algebra. The methods of construction differ significantly, and
we want to understand both models. In some cases, even the method of construction is
incomplete. Descriptions of the B-model can be found in [2] and [3], and details of their
construction follow in [9], [8], and [10]. The construction of the A-model, often called an
FJRW model, was formalized more recently in [4].

In order to understand these structures, we must first define several objects and properties

required in the construction.

1.1 DEFINITIONS

Definition 1.1. A polynomial, W(xy,--- ,x,), is called quasihomogeneous, or weighted ho-
mogeneous, if there exists a vector of rational numbers g = (¢, - -+ , g,) such that
W(ctxy, -, cx,) = cW(xy, -+ ,x,) for all ¢ € C. Such a vector ¢ is called a weight

system, or even just the weights of W.

Definition 1.2. A polynomial is said to be nondegenerate if it has a unique critical point

at the origin.

Definition 1.3. A polynomial is called admissible if it is nondegenerate and quasihomoge-
neous with a unique weight system. If an admissible polynomial has the same number of

monomials as variables, it is called invertible.

Definition 1.4. A polynomial W = W, + Wy + .- + W, is called a disjoint sum if no two

W;s have any variables in common.



Remark. Tt was proven in [7] that all invertible polynomials consist of disjoint sums of three

atomic types of polynomials. These are as follows.

Fermat : x{*;
Chain : 27" + 2125 + -+ + Ty 20"

a a
Loop : z{'xy + x5%x3 + -+ - + x0" 2y,

where a; > 2 for all i.

Definition 1.5. Let W = w; + ws + - - - w,, be a polynomial, where each w; is a monomial.
Denote the degree of w; as a polynomial of x; by deg,,(w;). Then the ezponent matriz of
a polynomial, denoted Ay, is defined to be Ay = (deg,,(w;)). For example, consider the

polynomial W = 2%y + 93, Its exponent matrix is

Ay =
0 3

The transpose polynomial is determined by the transpose of the exponent matrix, and is
denoted W7 For the above polynomial, the transpose matrix is

20
AwT: 5

1 3

so the transpose polynomial is W7 = 22 4 zy3.

Definition 1.6. The mazimal diagonal symmetry group, Gji**, of a polynomial, W (zy, - -+ , x,),
is defined to be the set of all diagonal matrices g € GL(n,C) such that Wog = W. As these
maps are diagonal, we often write them as the vector of their diagonal entries. It is shown

in [12] that these entries are always roots of unity, and thus we can write them as a vector



of the complex arguments of the diagonal entries.

27161

> (01, ,0,).

2710,

Note that this change in notation changes the group operation from matrix multiplication to
vector addition. If we consider the weights of the polynomial as a vector, J = (q1,q2, -+ , qn),

then J is always an element of G7j**.

Definition 1.7. The transpose of a group G < Gjj** is defined to be
G" ={ge Gy | gAwh™ € Zfor all h € G},

where G and GT are written in additive notation as subgroups of (Q/Z)". Several nice

properties of this transpose are proven in [1], such as:

(Gw)" = {0}
@' =a;

With an admissible polynomial and a subgroup of its maximal symmetry group that
contains J, we can construct an A-model. Using the transpose polynomial and transpose

group, which will always be contained in SL(n,C), we can also construct a B-model.



1.2 LANDAU-GINZBURG MIRROR SYMMETRY

The Landau-Ginzburg Mirror Symmetry Conjecture says that for any admissible polynomial,

W, and corresponding symmetry group, G:

Awea = Byr or. (1.1)

This is an isomorphism of graded Frobenius algebras. This means that these models
are isomorphic as vector spaces, and that the isomorphism respects the grading, the pairing
and the muliplication that we define on the model. In [10], Krawitz proves that the A-
and B-models for an invertible polynomial and its transpose are isomorphic on the level of
graded vector spaces. He also proves that if the B-model is constructed with the trivial
group, and if all of the weights are strictly less than %, then the isomorphism holds on the
level of Frobenius algebras.

More cases of this isomorphism were proven in [6]. Let W = Wy + Wy + -+ + W,, be
a disjoint sum of invertible polynomials with symmetry group G. Suppose that for each
g € GG, g fixes every variable of W; or no variable of W; for every ¢ < m. Similarly, suppose
that each h € G” fixes every variable of W/ or no variable of W} for every i < m. Then
Theorem 3.0.3 in [6] gives that (1.1) holds on the level of Frobenius algebras. This theorem
covers all B-models for loops and fermats, but only some chains. Work continues to prove

the remaining cases.

1.3 GENERALIZING B-MODELS

The construction of the B-model is well understood for invertible polynomials, but not in
other cases. It is natural to generalize the B-model in two ways. First, it has not yet been
proven that the multiplication of B-models for admissible but noninvertible polynomials is
associative. In his dissertation, [10], Krawitz proved that the multiplication of a B-model

constructed with an inveritble polynomial is always associative. Unfortunately, Krawitz’s



proof of associativity in the invertible case depends heavily on something that does not
apply to noninvertible polynomials, so his method of proof cannot be used again. We will
look at one special case in Chapter 4.

Another way to generalize is to allow for more complicated symmetry groups. In the
traditional construction, we restrict our group representations to only include diagonal ma-
trices. Many polynomials admit symmetry groups with nondiagonal representations. Such
groups, which may no longer be abelian, are also of interest. In Chapter 2, we will detail the
new construction process, and look at a multiplication that can be defined for the generalized
B-model. We will also include several examples.

Fan, Jarvis, and Ruan showed that A-models can be constructed using arbitrary sym-
metry groups [5]. If mirror symmetry were to hold for these new A-models, it is reasonable
to assume that the transpose groups will also be nonabelian. Defining B-models with such
groups will then provide candidates for the mirror model.

This generalized construction is difficult from the first few steps. Finding nonabelian
symmetry groups of an admissible polynomial often requires solving large systems of non-
linear equations. As this quickly becomes untractable, we must find other ways of finding
symmetry groups. One approach is to start with a specific group representation, and find
all of the admissible polynomials for which it is a symmetry group. In Chapter 3, we will

demonstrate a technique for doing exactly that.

1.4 GROUP-WEIGHTS

In 2013, Julian Tay proved a conjecture concerning the A-models in [11]. His theorem, called
the Group-Weights Theorem says that if two admissible polynomials have the same weights,
and some group G is a symmetry group for both polynomials, then the A-models for these
polynomials with this common group are always isomorphic. In Chapter 5, we will look at

what this can tell us about specific B-models.



CHAPTER 2. NONABELIAN CONSTRUCTION AND

EXAMPLES

The B-model is well understood in the case of invertible polynomials and diagonal symmetry
groups. Many cases of noninvertible polynomials have also been described, but it remains
to show in general that the multiplication of such models is associative. In the case of
nondiagonal groups, the B-model construction is not well understood. This case is the main
focus of this chapter, and is still a topic of current research.

Below, we explain the construction of an B-model, up to the level of Frobenius algebra,
using both diagonal and nonabelian symmetry groups. More details and examples of this
generalization can be found in Ryan Sandberg’s thesis, [13]. We highlight the differences
between the original and the nonabelian constructions. We also include several complete
examples.

In order to create a B-model, we start by picking an admissible polynomial and a group
of symmetries. In the abelian case, the polynomial must be quasihomogenous, but in our
generalization, we require the stronger condition of begin homogeneous. In both cases, we
require that the symmetry group be a subgroup of SL(n,C). We will see that this condition

is necessary for the existence of a multiplicative identity.

2.1 STATE SPACE

2.1.1 Abelian State Space. The first step is to define a basis for a vector space.
Throughout this thesis, we will refer to vector spaces as state spaces. In the abelian case, we
start by computing the restriction of a polynomial W (xq,--- ,x,) to the fixed locus of each
group. With the group elements written in additive notation, g = (61, - ,#6,), this amounts
to setting x; = 0 if 6; # 0. The restricted polynomial is denoted W |gx(g)-

Next, we construct the Milnor ring of each of these restricted polynomials. The Milnor



ring W is defined to be
(C[xla e 73377,]

oz’ ) Oxp

Each of these rings, Qw, ., is called a sector. Each sector forms a finite-dimensional vector

Qw =

space, and the unprojected state space, By (o}, is defined to be the direct sum of all of these

sectors.

Bw 0y = (@ QW|ﬁx(g>> :

gead
When we need to distinguish between sectors, we call QW|ﬁx(g) the g-sector.
Abelian Example. Consider V = 23 + 3 with symmetry group H =< h; >, where
hy = ( %, %) We can directly compute the following rings.
Qv = span{l, z,y, zy};
QW ey = QW|M(,L%) =C
In the abelian case, we denote a state space element as |m; g], where m is a monomial

in Qw‘ﬁx@.

2.1.2 Nonabelian State Space. In the nonableian case, restricting a polynomial, W,
to the fixed locus of a group element, g, is not as straightforward. In the diagonal case, a
nonzero polynomial was fixed by g exactly when each of the monomials were fixed. This is
not true in the nonabelian case. As an example, it is possible for a group element g to fix
r + y, and fix neither x nor y. Because of this, we cannot construct QW|ﬁx(g> in the same
way. Instead, we define a similar object, H,.

Computing H,. There are a few different ways of defining H,. Here, we give one of the

more intuitive definitions.
Clay, g, - - - )

dx,
(Jw, T — gu;)

Hy, =

where Jy is the Jacobian ideal of W (this is generated by all of the first partial derivatives

of W), and dx is a volume form (this will be explained later on).



Nonabelian Example. Let W = 2% + 2 + 23 + w?, and let G = Ay, where G acts by
permuting the variables of W. Let g; be the identity element of G. Let g, be the element

corresponding to (12)(34). Then

Clz,y, z,w]
H, = R de Ndy Ndz Nd
T (3x3, 32,322, 3w, v — 1,y — Y, 2 — 2, W — w) LAay R gzl
C
~ Clovzul g gy nds ndu

(2, y2, 2%, w?)
= span{l, z,y, z,w, Ty, Tz, LW, Yz, YW, ZW, TYZ, YW, T2W, yzw, ryzwpde A dy A\ dz A dw,

and

0 o Clz,y, z,w]

g2

de Ndy Ndz N d
(3x3,3y?%,322, 3w, v —y,y — v,z —w,w — z) LAay R gz Al
~ Clzaz)en, 2026

(x%12)(34)7 2(212)(34))

dz(12)(3a) N dZz(12)(34)

= span{1, (12)(34), 2(12)(34), T(12)(34) 2(12)(34) }AT (12)(34) N dZ(12)(34)-
Here, x(12)(34) is the image of x and y in the quotient, and z(12)(34) is the image of z and w.
This is then repeated for every element of G. As in the abelian case, we then define the

unprojected state space to be the direct sum of these sectors:

Bwoy = (EB Hg> :

geG

Another way of finding H,. There is another way to do this construction using more
linear algebra. In the previous construction, we restricted to the fixed locus of g by equating
each variable with its image under g in a quotient. Alternatively, we can compute W|gy()
directly using a change of basis.

Let k be the geometric multiplicity of 1 as an eigenvalue of g. Let [T] be an eigenvector

matrix of g, where the first £ columns are eigenvectors with eigenvalue 1. Let the new



variables be labeled sq,--- ,s,. Then

Iy S1
i) So
= [T]

Tn Sp,

With this new basis, restricting W to the fix locus of g only requires setting s; = 0 for ¢ > k.
This gives Wlax(g), and H, is computed by finding the Milnor ring using the same methods
as in the abelian case. This method is useful because it gives an explicit way of writing
W gix(g), which is required for computing Hessians later in the construction.

Nonabelian Example. Let W, G, g1, g2 be defined as in the previous example.
For g1, note that 1 is an eigenvalue of geometric multiplicity 4, so T will be a square matrix.

However, we can pick our eigenvectors to be

1 0 0 0
0 1 0 0
0 0 1 0

In this case, T is the identity, so W = W. Hence Hg, is just the Milnor ring of W. This

is equivalent to what we found using the other method.

For g5, note that

-1 1 0 0

1 -1 0 0
go — Iy =

0 0o -1 1




We can then choose the eigenvectors to be

1 0

1 0

0 7 1

0 1

Now, let

10
- 10
01
01

Since the geometric multiplicity of 1 is 2, we need to introduce two new indeterminants. Call

them z(12)34) and z(12y(34). Then

T(12)(34)

T
- (95(12)(34) T(12)(34) ~(12)(34) 2(12)(34)> :
2(12)(34)

Then W = W (2 (12)(34), T(12)(34)s 2(12)(34)s 202)(34)) = 2T {19 (30) + 2219)(34-

The Milnor ring of W can then be computed as

Clza2)34)5 2(12)(39)]

H

g

I

5 3 dz12)39) N dZz(12)(34)
(621234 62(12)(34))

~ (C[x(12)(34)7 2(12)(34)]
(#012) 34> Z012)(30))

dx(12)(34) N d2(12)(34)

= span{l, T(12)(34), 2(12)(34)> T(12)(34) 2(12)(34) } AT (12)(34) N\ AZ(12)(34)

We can see that this is also equivalent to the other method of construction. As in the other

case, this process would need to be repeated for every element in the group G.

10



The direct sum of the following spaces can be shown to form the entire unprojected state
space.

Hyy = {1, z,y, z,w, xy, vz, 2w, Y2, yw, 2w, xYZ, LYW, T2W, Y2W, rYzWwrdr A dy A dz A dw;
Haz)a) = {1 209)(30), 212)39) T(12)(34)2(12)(30) AT (12)(39) A d2(12)(39);

H(13)(24) = {1, T(13)(24)> Y(13)(24) $(13)(24)y(13)(24)}d$(13)(24) A d@/(ls)(24)$

H(14)(23) = {1, T(14)(23), Y(14)(23)» $(14)(23)?/(14)(23)}d$(14)(23) A dy(14)(23);

H(123) = {1, T (123), W(123), I(123)w(123)}d$(123) A d$(123);

H(132) = {1, T(132), W(132), 33(132)@U(132)}d33(132) A dﬂ?(123);

H(124) = {17 T(124) 2(124) 5 $(124)Z(124)}d$(124) A dZ(124);

H(142) = {17 T(142) 2(142) 5 95(142)2(142)}6137(142) A d2(142);

H(134) = {1, T(134), Y(134)5 35(134)y(134)}d9€(134) A dy(134);

H(143) = {17 T (143) Y(143), x(143)y(143)}dx(143) A dy(143);

Hg34y = {1, Y(234), T(234), Y(234) T (234) Y Y (234) N\ AT (234);

H(243) = {1, Y(243), T (243), y(243):r(243)}dy(243) A d$(243)-

Many of these spaces are isomorphic, as the fixed locus of g is equal to the fixed locus of g~!.
It is important to remember that each of these is a different sector, even if they are trivially
isomorphic. In order to to simplify notation, we will denote the volume form for each sector
as eg.

Taking Invariants. After all of the H,’s are computed, we take a direct sum of these
spaces. This is what we call the unprojected state space. Next, we want to take G-invariants
of this whole space, which will result in the projected state space. To do this, we make use
of the map =, which is defined below. This map is called the Reynolds operator, and is a
surjection from the unprojected state space onto its G-invariant subspace. This operator is

also discussed in Chapter 3.

11



~(@n)-(@n)

The image of a basis for the unprojected state space will span the G-invariant space, but
it may not be linearly independent. In fact, many of the basis elements may be zero under
this map. An appropriate subset of the image of the basis of the unprojected state space
can be chosen to use as a basis for the projected state space.

One more thing to consider is the right group action of G on the unprojected state space.
If we let X represent our space, and X9 = {x|zg = x} be the g-invariants of this space, note

the following.

(X9h = {xh | xg =z}
={x|zhlg=2h"'}
= {x | zh'gh = z}

— thlgh

So, if we act on something that is g-invariant on the right by h, we get something that is

h~1lgh invariant. This will be important in many computations when using the = map.
Nonabelian Example. We will use the same polynomial and group as above. Some of

the basis elements of the unprojected state space can be shown to be lej, ey, le(2) 4, and

ue(12)34)- We will now project each of these using the m map.

leq:

m(ley) = % Zg(lel).

geG

Note that this basis element came from the sector H(;). So when we act on this by

12



an element g, we should land in the sector corresponding to ¢g~'(1)g = (1). Also, 1
is fixed by every element of G, so we really only need to consider how each g acts on
the volume form (the wedge product). As an example, consider the group element

(12)(34).

(12)(34)(e1) = (12)(34)(dx A dy A dz A dw)
=dy Ndzx Ndw A\ dz
= —dzx Ndy Ndw N dz
=dx Ndy Ndz N\ dw

= €1.

The third and fourth steps follow from the anticommutativity of wedge products. This
shows that (12)(34) fixes this volume form. In fact, all of the elements of G fix this

volume form, so

1
m(ley) = T Zg(ldx ANdy N dz A dw)

geG

1
:ﬁ21d1’/\dy/\d2/\dw

geG

= ldz Ndy Ndz N\ dw

= €.

So le; can be taken as a basis element of the projected state space.

xey: Next, we consider the element ze;. We have already seen that every element of G fixes
the volume form, but we need to check how they act on z. We can directly compute

each of these actions.

13



g | (1) (12)(34) (13)(24) (14)(23) (123) (132)

rg| =« Y z w Y z

g | (124)  (142)  (134)  (143) (234) (243)

xg| vy w z w x x

This gives us that

1

m(we)) = 5 p (wer)g
12 =

1
= Eel(i’m + 3y + 3z + 3w)

1
= Z($+y+2+w)€1-
Since this is linearly independent of the previously calculated basis element, we can

choose (x +y + z + w)e; as another basis element of our projected state space.

le(12)34): Doing this computation is more difficult, as the group element is no longer central.
In order to see how group elements act on variables that we introduced during the
construction, it is easiest to think about them in terms of the eigenvectors. When we
constructed a matrix, T, from the eigenvalues, we fixed an ordering. The variables
that we introduced, uy,--- ,u,, can then be equated to these eigenvectors in our state
space. So, if we want to see how h acts on w;, we multiply the 7th column of 7" on
the left by h. This will give us a vector in the eigenspace of hgh~!. This vector can

similarly be equated with some linear combination of basis elements in Hjgp,-1.

For example, consider how (13)(24) and (132) act on z(12)34). By the above, we can

14



equate u with the corresponding eigenvector, which was (1 1 0 0). Then

T(12)(34)(13)(24) = (1 10 0)

T(12)(34)(132) = <1 10 0)

= (0 01 1) = Z(12)(34)>

= (0 11 0) = Y(14)(23)-

h h=1(12)(34)h | (za2ia)h | (zaeo)h | (deaey A dzaen)h | (ea)en)h
(1) (12)(34) T (12)(34) 2(12)(34) dz(12)(34) N dz(12)(34) €(12)(34)
(12)(34) | (12)(34) T(12)(34) 2(12)(34) dzay3a) A dz(12)(34) e(12)(34)
(13)(24) (12)(34) 2(12)(34) T(12)(34) —dz19)30) N dza2yza) | —ea2) 34
(14)(23) | (12)(34) zaney | Tanen | —dranes) ANdzaes | —eaz)es
(123) (13)(24) Y(13)(24) Tazyea | —drasyea A dyas ey | —eaaes)
(132) (14)(23) T(14)(23) Y(14)(23) dx(1ay23) N dY(14)(23) e(13)(24)
(124) (14)(23) Yaa)(23) Taayes) | —draaes) A dyaaes) | —eas)a)
(142) (13)(24) T(13)(24) Y(13)(24) dr13)20) N dY(13)(24) €(14)(23)
(134) (13)(24) Y(13)(24) raney | —dras) e Adyasee | —eaes)
(143) (14)(23) Y(14)(23) Tanes) | —drages) A dyanes) | —eas) e
(234) (14)(23) T(14)(23) Y(14)(23) dz(14y(23) AN dY(14)(23) €13)(24)
(243) (13)(24) L(13)(24) Y(13)(24) dz(13)(24) N dY(13)(24) €(14)(23)
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So projecting le(iz)s4) gives

1

m(leqz)se)) = T3 Z(1d$(12)(34) A dza2y34))9
geG

1
=1 (1+1—=1—=1)(dragsey A dzaz) e + deas) e A dyasyea) + dxaaes) A dya)es))

=0

Hence this element projects to 0, and provides no new elements in the projected state

space basis.

ue(i2)34): We have already found all of the information we need for this computation.

1
T(@a@neanE) = 75 ) ([Taa@)ea @)y
geG

1

= E[(zx(m)(&;) - 2/2(12)(('34))6(12)(34) + (21‘(13)(24) - 2y(13)(24))€(13)(24)

+ (2z14)(23) — 2Y(14)(23) ) €(14)(23))
1
= 6[(33(12)(34) — 2(12)(34))€(12)(34) T (T(13)(24) — Y(13)(24)) €(13)(24)

+ (T(14)(28) — Y(14)(23))€(14)(23))-

Because this is independent of the other basis elements (it lives in different sectors),

we can take it to be an element of our basis.
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This process is then repeated for every element in the basis of our unprojected state space.

The following elements can then be chosen as a basis for the projected state space.

A =leyq;
Ay =(z+y+z+wey;
As =(xy + 2z + 2w + yz + yw + zw)ey;
Ay =(zyz + zyw + xzw + yzw)ey;
As =(zyzw)ey;
Ag =€123 + €243 + €142 + €134
A7 =T (123)€123 + Y(234)€243 T T(124)€142 + T(134)€134;
Ag =w(123)€123 + T(234)€243 + Z(124)€142 + Y(134)C134;
Ag =T (123)W(123)€123 + Y(234)T(234)€243 + T(124)Z(124)€142 T T(134)Y(134) €134}
Ao =€132 + €234 + €124 + €143;
A11 =T (123)€132 + Y(234)€234 + T(124)€124 T T(134)€143;
A1g =w(123)€132 + T(234)€234 + Z(124)C124 T+ Y(134)€143;
Az =T (123)W(123)€132 T Y(234)T(234)€234 + T(124)2(124)€124 T T(134)Y(134)€143}

A =(za2)(9) — 202)60)eq2)(34) T (Ta3)21) — Ya3)20))eas)a) T (T4)(23) — Y(14)(23)) €(14)(23)-

Abelian Example. In the abelian case, we can use the same projection technique.
However, with an abelian group, the group action is much simpler. Consider projecting the

elements of the unprojected state space previously found for V and H. For example,

(13 0,0)1) = 3 32 (1 0,001

heH

_ %(Lx; (0,0)] + lwa; (0,0)] + [w?x; (0,0)])

=0.
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Note that when the monomial lives in the Milnor ring of a restricted polynomial, we omit
the components of k that correspond to the variables that were set to zero.
Doing this, we can pick a basis of the projected state space to be
= [1;01;
= [2y; 01;
RE
RE

hl;
1, h2).

It can be shown that a monomial m will be H-invariant if and only if

det(h)hom = m, for all h € H.

Because we require that G < SL(n,C), [1;0] will always be invariant. This element is the

multiplicative identity in every B-model.

2.1.3 An Alternative Construction. Usingsome additional group theory, it is possible
to do a simpler set of calculations and get an isomorphic vector space. The steps are as

follows:

Pick conjugacy class representatives in G, g1, go, - , gs;

Construct Hy,, Hy,, -+, Hy, in the same way;

Find the Cg(g;)-invariants of H,, for each i;

Take the direct sum of all of these spaces.

After following these steps, our new formula for the projected state space is

Bwe = P (Hy) 9.
(9)cG

Note that this computation really is easier to do. We are taking invariants with a smaller

group and we are summing over fewer spaces. Also note that each element of the centralizer
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of g conjugates g to itself. This means that when we implement the 7 map to find the
centralizer invariants, an element from the sector H, will map to another element in that
same sector. The only reason that we do not always use this simpler method is that it is
less intuitive than the other formulation. If nothing else, this means that it is unclear how
to define the pairing and multiplication on this space.

Also note that the difference in these constructions is not apparent in the abelian case.

In an abelian group, all elements form their own conjugacy classes.

2.2  GRADING

Now that we have our state space constructed, the next step toward creating a graded
Frobenius algebra is defining the grading. This amounts to assigning a degree to each basis
element. While the state space is constructed in the same way for both of the A- and B-
models, the gradings are defined differently. We include only the definition for the B-model

grading below.

2.2.1 B-Model Grading. The formula for the grading on the B-model is:

deg(me,) = 2p + Z 1 —2¢;.
0,27

In this formula, the ¢; are the quasihomogeneous weights of the variables. It is important to
note that in the nonabelian case we have only been working with disjoint sums of homoge-
neous polynomials. Because of this, the group representations are direct sums, and there is
a natural way to relate non-integer phases with weights. This means that this definition is
well-defined.

The 6’s are called the phases of g. These can be calculated using the eigenvalues of g. If
A; is an eigenvalue, then log()\;)/2mi is a phase of g. Special care should be taken to choose

a branch cut so that this value satisfies 0 < 6; < 1.
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The value of p is determined by looking at the total weighted degree of m. When using a
nonabelian group, it is possible that m is no longer a monomial. However, the total weighted
degree of each term in m will be constant, as degree is invariant under the Reynolds operator.

Abelian Example. Note that in the abelian case, the phases are just the entries of
the group elements in additive notation. We can also directly connect 6; to ¢;, so it is not
necessary to use homogeneous polynomials. We compute the grading of each element in our
basis for By p.

Element | By By Bs By

Degree | 0 4/3 2/3 2/3

Nonabelian Example. For this example, we will compute the degree of the element
Ay To do this, we compute the degree of one part of this element: (12y34) — 2Z(12)(34)-

We have already computed the eigenspace of (12)(34) corresponding to the eigenvalue 1.
This space had dimension 2. We assumed that z(12)34) and z(12)34) have the same weights
as the original variables of WW. In this case, these are all %

Next, we consider the phases, 6;. We first need to compute the eigenvalues of (12)(34).

These are {1,1, —1, —1}. Taking the natural log of each of these gives {0,0, 7, wi}. Dividing

11
1272

by 2mi gives {0,0 }. Because these values are in the interval [0, 1), we know that they
are acceptable values. If they were not, we would need to define a different branch cut of
the log function.

Last, we need to find the total weighted degree of x(12)(34) — 2(12)(34). We define the degree
of these new variable to be the same as the degree of the variables in the original polynomial.

This means that (12)34) — 2z(12)(34) has a total weighted degree of % Hence
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deg((z(12)34) — 2(12)(30))€(12)(34)) = 2P + Z 1 —2g;
0.7,

1
+Zl§

Wk Wl

Let us also consider the element le;. In the abelian construction of a Landau-Ginzburg
B-model, this element is always the multiplicative identity. We should check that it’s degree
is still 0 in this construction, especially since we want it to still be a multiplicative identity.

Note that p = 0, as no variables are present. Also, all of the eigenvalues of (1) are 1.

This gives that all of the phases are 0, so the sum in the formula is empty. Hence
deg(le;) =2-0+0=0.

The rest of the degrees can be computed as

Element A1 AQ Ag A4 A5 A@ A7
Degree | 0 2/3 4/3 2 8/3 2/3 4/3

Element Ag Ag A10 All A12 A13 A14
Degree |4/3 2 2/3 4/3 4/3 2 4/3

2.3 PAIRING

We next define a pairing function:

<-->BxB—C.
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on the basis of the state space. This pairing must satisfy properties of symmetry, linearity,
and nondegeneracy. By nondegeneracy, we mean that for every A € B, there exists B € B

such that < A, B > 0. In the abelian case, the pairing is defined by

(m,n) g=nh"
(megy, nep) =
0 otherwise

Here, the pairing of m and n is found in the same manner as in the original construction,

details of which can be found in [10]. This is by solving for the pairing in the formula

(m, n)

mn = Hess(W|gx(g)) + lower order terms,

Hg

where /i, is the dimension of H, as a vector space, and Hess(WW) is the determinant of
the Hessian matrix of W.

Once this is done for all of the basis elements, we extend the definition linearly for
the whole space. This makes our definition respect the symmetric and linear properties of
pairings. In the case of an invertible polynomial and diagonal group representation, this
pairing has also been proven to be nondegenerate. It remains to be proven in the case of
noninvertible polynomials and in the case of nonabelian groups. We will verify that in pairing
is nondegenerate in each of the B-models that we construct.

Abelian Example. The condition that the group elements must be inverses gives us
that only < Bi, B, > and < Bs, By > may be nonzero. We compute these using the formula

above.

< By, By >
lay = 1’—2H633(W) + lower order terms
1
lxy =< By, By > 9xy + lower order terms
1
— =< By,By >
9 1, D2
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. < B3, By >

1= Hess(W |gxh,)

P fix oy

1 =< Bg,B4>1

1=<Bs,B; >

We include the pairing matrix for reference. In a pairing matrix n, ; =< B;, B; >.

0§00
|t o000
10001
0010

Table 2.1: Pairing Matrix for Bys, s ¢

Nonabelian Example. In the nonabelian case, we use the same definition of the pairing.
This computation is much more involved, as our basis elements often include several terms.
For example, let us take the element A4 and pair it with itself.

First, we will use bilinearity to simplify.

<A14, A14> = <(l‘(12)(34) - Z(12)(34))€(12)(34), ($(12)(34) - 2(12)(34))6(12)(34)>+
2((z(2)89) = 202)39))€12)(39), (T(13)(29) = Y(13)(24))€(13)(24))
2((95(12)(34) - 2(12)(34))6(12)(34), ($(14)(23) - 9(14)(23))6(14)(23)>+
((za3)(20) — Y13)(24))€(13)(24)s (T(13)(24) — Y(13)(24) ) €(13)(24)) +
2((2(13)(24) — Y(13)(24))€(13)(24)> (T(12)(23) — Y(14)(23))€(14)(23)) +

((zaay(23) — Yaay(23))€4)23), (T(14)23) — Y(14)(23)) €(14)(23)) -

Next, note that many of these correspond to pairs of group elements that are not inverses of
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each other. In each of this cases, the pairing is zero. So this simplifies further to

(Ars, Ara) = ((Ta2)34) — 212)(34))€(12)(34) (T(12)(34) — 2(12)(34)) €(12)(34)) T
((z3)(24) — Y(13)(24))€(13)(24)5 (T(13)(24) — Y(13)(24) ) €(13)(24)) T+

((Taay(23) — Yaay(23))€4)23)s (T(14)(23) — Y(14)(23)) €(14)(23)) -

We have to compute each of these terms directly. We first must calculate the Hessians. To
do this, we compose the original variables with an appropriate eigenvector before computing
W . For example W\ﬁx(lgg) would be 3x?123) +w(123). Using this method, it can be shown that
the three Hessians that we need are 144x19)34)2(12)(34), 144 (13)(24)Y(13)(24), 1442 (14)(23)Y(14)(23)
respectively. Also, we have already computed H, for each g, and we know that each has

dimension 4. This implies

<($12 34) — 2(12 34),(9512 34) — 2(12 34)>
(95(12)(34)—2(12)(34))2: 2y L2 )4 Sk 1264 1442 (12)(34) 2(12) (34)

+ lower order terms.
We simplify to

Thia)ee) — 2220 2(12)@0) + 212 @y =

((Ta2) ) — 202)29), (Ta2)(29) — Z(12)(20))) 36T (12)(24) 2(12)(24) + lower order terms.

Here, we have to use the quotient relations defined during the construction to solve for the

pairing. Recall that x%12)(34) = 2(212)(34) = 0 in this ring. So

1
(aney — 202e0): (Fapesy — 2aen) = 15

by equating coefficients. Note that identical computations can be done for the other compo-

nents that we started with. Hence the pairing of A4 with itself is 3((212)(24)—2(12)(24)), (Z(12)(24) —
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2a)e)) =~
Similar computations can be carried out for each pair of elements in the basis. We
represent these results in a matrix. The 4, j coordinate is given by (A;, A;). Note that this

pairing is still nondegenerate as required.

000 0 0 & 00000000 0
00 0 &0 0000000 O0 O
00 2000000000 0 0
0420 0000000000 0
0 0000000 0O0O0O0 O
000 00000000 O0 0 4 0
oo o0 000000 O0O0ZLTO0O O
1o 000000000400 0
000 0000000 L0 00 0
000 0 00000 L0000 0
000 0 0000 4L 00000 0
00 0 000 L0000 00 0
000 0 00 £ 0000000 0
(000 00 0000000 0 —1]

Table 2.2: Pairing Matrix for Bys s .54 43 4,

2.4 B-MODEL MULTIPLICATION

2.4.1 Multiplication in Abelian Construction. In the abelian case, multiplication

is defined as follows.
[m; g * [n; k] = e[ymn; ghl,
where

_ Hess(W |gix(gn) ) 1 six(g)nfix(n)
Hess(W|ﬁx(g)mﬁx(h) )PJ|ﬁX(gh) 7

and € = 1 if every variable is fixed by at least one of g, h, and gh, and € = 0 otherwise. Note

that we still reduce in the appropriate quotient rings after multiplying.
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Abelian Example. Consider B; x B3. Because everything is fixed by the identity group

element, € = 1. Also,

So,

L Hess(W |ax(gh)) 1] fix(g)fix(h)
Hess(W |ax(g)nfix(h)) fix(gh)
1-1

1.1

By x By = |1;0] % | 1; hq]
= [1;ha]

= Djs.

Consider B3 x B4. Neither group element fixes any variables, but the product is the identity,

so € = 1.

So,

o HGSS(W‘ﬁx(gh))M’ﬁx(g)ﬁﬁx(h)
Hess(W |gix(g)ntix(h) ) I ix(gh)
36y -1
144

= 9xy.

B3 * By = U_, hI-I * U_, h%-l
= [9zy; 0]

= QBQ

We include the multiplication table for the rest of the products.
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* Bl BQ B3 B4
By | By By, By DBy
By | By O 0 0
Bs | By O 0 9B,
By By 0 9B, 0

Table 2.3: Multiplication Table for B,z s ¢,

2.4.2 Multiplication in Nonabelian Construction. Generalizing this multiplication
to state spaces constructed with nonabelian groups is not a simple process. Now that we
have a pairing, it is at least possible to define a multiplication that is consitent with the
abelian definition. So far, there is no easy way to compute all of the products. It is also
unclear as to what conditions are necessary to make this multiplication associative. The

current method of multiplication makes use of many maps. These maps are shown in Figure

2.1.

H

g

N

/
Hg,h «_ ]¥(gh)—1 H th

A

Hy, b

E=3

x I \ H
Hyp, H(gh)’1
Figure 2.1: Multiplication Diagram

The idea here is that we want to multiply an element of H, with an element of H},. This
should result in an element of H,,. There is not a natural map into this space. However, all
three spaces can be projected into H, ), (restricting the the fixed loci of both g and h). On
the diagram, we label the map from Hg,)-1 to Hgj with f. What we need to find, however,
is a map between these spaces in the other direction. To do this, we make use of musical
isomorphisms.

It is possible to define a map from Hgj to Hy, (the asterisk denotes the dual space)
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using the pairing function. If m is an element of H,, then this map, which we denote b, acts
by:

b:m = (m,-).

Next, we use the adjoint of f, which is labeled f*, to map from H, to H(*gh)_l. This map

works by:
fr(my) = (my ().

Now, suppose that H,,)-1 has a n-dimensional basis with basis by, -+ ,b,. Then we define

a row vector

[<m> f(b1>>> T <m’ f(bn»]

There exists an element A in H(yp,)-1 such that the vector

[<)‘7 b1>7 T <)‘7 bn>]

is equal to our previous vector. The ff map sends our element in H Ekgh)_l to this A.

Note that Hgp-1 = Hg, in an almost trivial manner. This means that the last map on
the diagram is easy to compute.

It is important to note that in the diagonal case, these b and ff maps provide the v present

in the multiplication formula:

_ HGSS(W’ﬁx(gh)>ﬂ|ﬁx(g)ﬁﬁx(h)
H@SS(W’ﬁx(g)ﬂﬁx(h) )H|ﬁx(9h)

These factors appear when taking the pairings in the respective spaces.

2.4.3 Projecting into H,;,. When projecting from H, and H} into H, in this mul-
tiplication, we must multiply by a factor of €. In the diagonal case, this € is always either
0 or 1. If G is diagonal, then € = 1 if and only if every variable is fixed by at least one of

g, h, and gh. This definition is insufficient in the nonabelian case. In the example below,
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we suppress the epsilons thoughout the computation. We will scale the final products by
choosing specific values for the different epsilons that would arise.
While insufficient, we still have a condition that forces ¢ = 0. If dim(R) # 0, with R

defined as below, then € = 0.

3

i=1

We now define each piece of this equation.
m = (g,h, (gh)™").
X = C", where n is the number of variables in W.

m 3
X" =N X|ﬁX(mi)‘

r—1 k

Si = Zk:l ;Emi:k'
r = |my|, the order of the group element.
E,..1 is the eigenspace of m; corresponding to the eigenvalue ™/,

When computing the dimension of R, we do not worry about how fractions of different

spaces are added together, we simply sum up the degrees of all of the pieces.
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Example of ¢ Condition. Consider €23 x €123.

m = ((123), (123), (123))

X =Ct
( \
1 0
. 1 0
X™ = spang { ,
1 0
0 1
\ Vs
) ( )
1 1
1 w 2 w?
Sie3 = - spang § + - spang
3 w2 3 w
0 0
\ 7 \ J

Hence

dim(R) = —4+2+3=1#0.

Thus €(123) * €(123) = 0.

2.4.4 Nonabelian Example. We will compute the product of Ag and A;g. First, note
that the definitions give that this multiplication is distributive. We first consider the case
where e, # e,-1. We can show that our condtion for € = 0 is not satisfied, so we must use
the multiplication diagram. If we multiply ej23 and es34, it can be shown that we eventually
get a scalar multiple of )x(12)34) + 21234)e(12)(34). While this does respect the grading, it is
not G-invariant. When we add in all of the other products, we will still have something not
G-invariant. Because of this, we set these terms to zero.

So Ag * Ajg reduces quickly to €193 % €139 + €243 * €234 + €140 * €104 + €134 * €143. We will
show how to compute ejo3 * €132, and the other three products are very similar.

Note that (123)(132) = 1, so Hy, = H;. Also, note that His3 and Hi3y have the same

fixed locus, so the projections into His3n132 are inclusion maps. After projecting from both
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spaces, we take the product in that space. This gives us 1x1 = 1.

Next, we implement the b map, and send 1 to (1,-). The adjoint of f then maps this
element to (1, f(+)). This is still the pairing in Hy23n132, even though it is a function on H;.
We now evaluate this function on each of the basis elements of H; (Remember that this
is the unprojected Milnor ring. Don’t use only the invariant parts). We will use the same

ordering as when this Milnor ring was computed and write the results in a vector.

1 1 1
070707()’070707_70

97 72_,772_,77()’0707070 .

Now, we must consider the pairing matrix of H;. Again, this is not the same as the pairing
matrix that we found earlier as we have a different basis. Computing this pairing matrix
can be done using the exact same method from the abelian case. It happens to have Sil
on the main anti-diagonal and 0 in all other places. This means that we need to find an

element that, when paired with each of 1,z,y, z, w, xy, xz,yz, ryz, ryw, r2W, yzw, rYZW iS

1
27"

0 and when paired with each of zw,yw, zw is Because our pairing matrix is nicely
anti-diagonal, this is easily computed to have the solution 3yz + 3zz + 3xy.

Notice that this is not an element of our invariant space. That is because we have only
computed ejo3 * €130. When we finish out the multiplication of the other terms, we get
6(zy + 2z + zw + yz + yw + zw), which is 6A4;.

If we leave all values of € as 0 or 1, it can be shown that the multiplication is not
associative. To rectify this, we replace % with 3. This is effectively setting ¢ = g in
several cases. The complete multiplication table is given as Table 2.4.4. The lines separate
the different conjugacy classes corresponding to the sectors. Blank entries are zero. Sage

confirms that the multiplication as presented is associative. However, this multiplication

does not respect the pairing. Namely, it does not satisfy the Frobenius property:

< Ai*Aj,Ak >=< Ai,A]’ * Ay > . (21)
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2.5 ANOTHER NONABELIAN EXAMPLE

In order to demonstrate that in some cases, we can still get an associative multiplication by
picking € to be either 0 or 1, we work another example. This example will also show another

problem that can arise in defining the multiplication. Let W = 2%y + xy? + 22. We use the

G = S5, where
100 0 1 0 -1 -1 0
M=]o1o0|,(02)=]-1 -1 0] 132)=[1 0 0
00 1 0 0 1 0 0 1
01 0 1 0 0 -1 -1 0
(12)=110 0|, WB)=]-1 =1 0| @)=[0 1 o0
00 —1 0 0 -1 0o 0 -1

We next compute the 1-eigenspaces. For (1), everything is fixed. All other group elements

have one-dimensional fixed loci, which we list bases for below.

0 1 —2 1
(123),(132) = [0 |;(12): |1 {5 (@3): [ 1 |;(23): ] =2
1 0 0 0

The unprojected state spaces for these are as follows.
Hy ={1,z,y,zy}dx A dy;

Higz = {1}eq23;

Hizy = {1}e1so;

Hyp = {1,17512}612;

Hiz = {1,113} e13;

Hys = {1, ma3}e93.

Using the Reynolds operator, we next project these twelve elements in order to compute the
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basis of the projected state space. This gives us the following basis:
Ay =ey;

Ag = wyey;

Az = e123 — €132;

Ay = e1z + €13 + e3;

As = m19€12 + T13€13 + Taseas.

Next, we compute the B-model degrees of these basis elements.

Element

A Ay A3 Ay A

Degree | 0 4/3 2/3 1/3 1

We follow the same steps to define the multiplication of this model. Again, we suppress €
throughout. These steps successfully compute the multiplication of all pairs of basis elements
except for Ay x Ay.

Asin the previous example, all off the non-square terms must be zero because the products
are not G-invariant.

The square terms must also be zero, but for a different reason. The degree of A, is 1/3,
so the degree of Ay * Ay should be 2/3. The product of any of the terms of A, and itself lives
in Hy, but this has nothing of weight 2/3.

Setting these products to zero is justified by saying that € must equal zero in this case.
Note that if we were to let € be a linear combination of x and y, we would indeed get
something G-invariant of the right degree. There is no indication as to why this should
done, and at this point, setting € = 0 is preferrable.

The multiplication table, assuming AyxA4 = 0, is given as Table 2.5, and its multiplicative

associativity can easily be verified. Note however, that

1
<A1*A4,A5 >= 1# 5 =< A17A4*A5 >,
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* Al AQ Ag A4 A5
A1 Al A2 A3 A4 A5
Ay | Ay 0 0 0 0
A3 | A3 0 —6A4; O 0
Ag| Ay O 0 0 34,
As | As 0 0 34, 0

Table 2.5: Multiplication Table for B2y 42422 g,

so this algebra does not satisfy the Frobenius property. If we scale the product As x A5 by
a factor of 2, the Frobenius property will be satisfied and the multiplication will still be

associative.

2.5.1 Remarks. We set some of the products above to zero because they were not G-
invariant. In most of these cases, the products looked similar to something that was G-
invariant. For example, we would get something that looked like x + z, which was not
invariant while z — 2z was. We could force the product to be invariant by redefining the map
[ from Hy)-1 to Hyp in another way. Similarly, we could make the product invariant by
allowing for multiple € values in the same product of basis elements. This is less natural
than simply setting such products to zero, which is what we have done in the examples. If
we simply wanted to define an associative multiplication, we could also define all products

to be zero, but this is not enlightening.

2.6 ALL NARROW SECTORS

Even though much needs to be proven about this multiplication in general, there are things

we can say about special cases. We consider B-models with no non-identity broad sectors.

Definition 2.1. A sector is said to be narrow if it has trivial fixed locus, or equivalently if
1 is not an eigenvalue of the matrix representation of the group element. If a sector is not

narrow, it is called broad.

Lemma 2.2. All basis elements from narrow sectors in the same B-model have the same
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B-model degree.

Proof : Recall that the B-model degree is given as

deg(mey) =2p+ > 1 -2, (2.2)
0,47

If A; and Ay, are two basis elements from narrow sectors, then p = 0 for both. This is because
all of the variables of the original polynomial are zero when restricted to the fixed locus of
each group element.

Also, the summand in (2.2) will be equal in both cases, as 0; ¢ Z for all i. Since every
part of the formula is equal, the total degrees of A; and A, are equal.

Note that if at least one weight is strictly less than %, this common degree is strictly

positive. This is, however, also required in the construction for other reasons.

Proposition 2.3. Let W be an admissible polynomial, and G C SL(n,C) a corresponding
symmetry group. If all non-identity sectors are narrow, then the B-model constructed from
W and G is associative, and requires no additional scaling, meaning € can be chosen to be 0

or 1 in every case, in defining the multiplication.

Proof : By construction, basis elements consist of sums of elements from sectors whose
group elements are conjugate in G. Because the identity is central, no basis element can
contain terms from the identity sector and any other sector. Using this, we will show that

the following equation holds for all choices of basis elements.

Ai * (Aj * Ak) = (Az * AJ> * Ak (23)

If any of the three terms in a product is the identity, associativity follows trivially, so
suppose all of them are not the identity element. Similarly, if all of A;, A;, and A are in the

identity sector, then associativity is inherited from the Milnor ring of W. Hence, it suffices
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to show that if any of A;, A;, and A are in narrow sectors, then the products on both sides
of (2.3) are zero. We start by proving existence of basis elements in narrow sectors.
We can compute the basis elements from narrow sectors in general. If e, is the volume

form corresponding to the narrow sector H,, then the Reynolds operator applied to e  is

m(ey) = Zeg -h

heG

= E €nh-1gh

heG

= Calg)] 3 en
he(g)

Here, (g) means the conjugacy class of g. This last equality follows from the Orbit-Stabilizer
Theorem. Note that if h is conjugate to g, then 7w(e,) = 7(e,). As the Reynolds operator
preserves conjugacy classes, this is sufficient to show that each narrow sector will have exactly
one basis element. This proof of existence means that we must consider a few cases.

If exactly two of A;, A;, and Ay are in the identity sector, then the final product is
necessarily zero, so associativity holds. This follows from that fact that either the first
or second multiplication computed in each side of (2.3) will include both a nonconstant
polynomial and exactly one nontrivial group element. Since every sector except the identity
is narrow, the restricted Milnor ring in each nonidentity sector is just C, so a nonconstant
polynomial becomes zero in the quotient.

We now consider the case where exactly one of A;, A;, and A is in the identity sector.
If this element is A;, then the above argument gives that both sides of (2.3) are zero, so
assume without loss of generality that A; is in the identity sector. The right hand side of
(2.3) is still zero, but we must justify why the left hand side is also zero.

By Lemma 2.2, all elements of nonidentity sectors are of the same degree, so if the
product A; x Aj is nonzero, it must belong to the identity sector. If this were not the case,
the multiplication would not respect the grading. Hence |1;g]| % [1;h] = 0 if g and h are

both nontrivial and h # g~ L.
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Consider the B-model multiplication of |1;g] and |1;¢71]. According to the generalized
multiplication as defined by Sandberg, this product is a scalar multiple of Hess(W) in the
identity sector. This gives that the product of A; and Ay is a sum of scalar multiples of the
identity and some number of zeros, and is thus a scalar (possibly zero) multiple of Hess(W).
Because A; is not the identity, it has strictly positive degree. Since the hessian has maximal
degree, we get that the left hand side of (2.3) is zero as desired.

If none of A;, A;, and Aj are in the identity sector, by the above reasoning, the first
product computed on each side will be a scalar multiple of the identity. The second product
will then include both a nonconstant polynomial and exactly one nontrivial group element.
We have already shown that any such product is zero. Therefore (2.3) holds in this case,
too.

By exhaustion of cases, this proves the proposition.

2.6.1 Example. Let W = z* +¢* and let G by Qs with representation

Note that all non-identity sectors are narrow, so the B-model that is constructed using this
polynomial and group is associative, and requires no additional scaling during the multipli-

cation.
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We can pick our basis to be the following:

Ay = eq;
Ay =e_y;
Ag =e;t+e_;;
A4 =€j + €4,
As =ep +e_y;

Ag = 2%9%e;.

Then, using the definition of the multiplication without scaling, we get the multiplication

table below. Using Table 2.6, it is easy to verify that this B-model is in fact associative.

* Al A2 A3 A4 A5 AG
Al Al AQ Ag A4 A5 Aﬁ
Ay | Ay 164 O 0 0 0

As | A3 0 3246 O 0 0
Ay | Ay O 0 3246 O 0
As | A5 O 0 0 3246 O
A¢ | A¢ O 0 0 0 0

Table 2.6: Multiplication Table for Byai s o

By direct computation, we can see that the pairing, as defined in Chapter 2, satisfies the
Frobenius property. Hence this is actually the first example given of a Frobenius algebra

constructed using a nonabelian group.

CHAPTER 3. STARTING FROM THE GROUP

Given an admissible polynomial, it is difficult to find nonabelian symmetry groups. This
often requires solving large systems on nonlinear equations. It becomes even more difficult if
we impose restrictions such as a maximum order, requiring a real representation, or requiring

that the representation be contained in SL(n,C). To avoid this problem, we attempt to go

39



the other direction.

3.1 INVARIANT RINGS

We next look for ways to simplify the above construction using invariant theory found in
[16]. Rather than pick a polynomial and look for nonabelian symmetries, we can pick a
representation of a nonabelian group, and then pick an admissible polynomial from its ring
of invariants. If the representation for a group G is of degree n, then we define the ring of

invariants as:

Clxy, - - ,xn]G: {f€Clzy, -,z | flg-x) = f(x), Vg € G}.

WRecall the Reynolds operator on a polynomial ring:

1
7(x) :@ng.

geG

If x = 225 ... 2% is a monomial in Clzy, - - -, z,], define B(x) = by + by + - - - + b,.

A theorem by Emmy Noether gives a bound on how many generators are needed to form

the whole invariant ring. As presented in [16],
[ =Clr(x) | x € Clz1, -+, 2], Bx) < |G]].

Hence we only have to consider the image under the Reynolds operator of the monomials of
total degree less than or equal to the order of the group. We can improve this bound even
further by Molien’s Theorem, given in [17], which tells us exactly how many generators we
need of each total degree. The Molien series is defined to be:

1 1
do(t) = — —
o) !G|g;;det(1n—tg>’
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where I,, is the n x n identity matrix. Molien’s Theorem states that the coefficient of ¢* in

this power series is the dimension of the subspace of C[zy,- - ,,]¢ consiting of all of the

homogeneous polynomials of degree k.

3.2 AN EXAMPLE WITH Qg

Consider the group (g with representation:

The aforementioned theorem gives that we only need to look for generators with degree at

most 8. We compute the Molien series of this representation up to the ¥ term.

Do(t) =1+ 2%t  + 1 x5+ 3515+

This gives that we only need to compute two polynomials of degree 4, one of degree 6, and
three of degree 8. All other invariant polynomials can be formed using this eight polynomials.
We compute these six polynomials using the Reynolds operator. After scaling, we get the

following polynomials:
(i) ot +y%
(i) 2%y
(iif) =%y — 2y
(iv) 2% + ¢

(v) «%* + 2"

(vi) ziyt.
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Note that of these polynomials, (i), (iii), and (iv) are admissible. In fact, because G C
SL(2,C), we can construct a B-model using any of these three polynomials with this group.
However, the only group element that has 1 as an eigenvalue in this representation is the
identity. Because all of the non-identity sectors are narrow, we know from Section 2.6 that

the B-model will be associative.

CHAPTER 4. 3 B-MODEL ASSOCIATIVITY

As we attempt to define an associative multiplication on these generalized models, it is help-
ful to also consider the multiplication of B-models created from noninvertible polynomials.
Krawitz’s proof in [10] that the multiplication is associative for invertible polynomials is done
by considering each atomic type separately, and then showing that sums of atomic types also
lead to associative multiplication. As no such decomposition of noninvertible polynomials
exist, this method of proof cannot work in general. Below, we explicitly show that any B-
model constructed with W = 3 + 43 + 23 + azyz Ps, where a # /—27, is associative. This
polynomial, classified as Py by Vladimir Arnold, is the canonical example of a noninvertible

polynomial.

4.1 B-MOoODEL CONSTRUCTION

Let W = 2 + 3 + 2° 4+ axyz, where a # 0, /—27. If a = 0, then W is invertible, and thus
is included in Krawitz’s proof. If o = </—27, then W is not nondegenerate.

We consider two different groups: G = (g9) = ((3,%,0)) and G; = (j) = ((5,3,3))-
Note that symmetry gives us that these two cases suffice to show that the B-model created
with Py is associative, regardless of which nontrivial subgroup of G}** N SL(3,C) is used.
We exclude the trivial group, as the B-model is then just the Milnor ring, which is clearly
associative.

The Jacobian ideal of W is J = (32% + ayz, 3y* + awz, 322 + ary).

42



A basis for the Milnor ring of W is {1, z,y, 2z, xy, vz, yz, xyz}. Denote the Milnor ring by
Ow, and the dimension of this Milnor ring by u = 8.

Next, we compute the determinant of the Hessian matrix of W.

b6r az ay

Hess(W) =det | az 6y az

ay ar 6z

= o’ryz — 60%y® + +atryz — 6022% — 6022 4 2162y2
= 2a’zyz — 2% (3% + 3y® + 32°) + 2162y2
= (20° + 216)zyz — 20*(—3aryz)

= (8a® + 216)zyz.

Note that the assumption that o # v/—27 gives that Hess(WW) # 0.

4.1.1 Finding G j-Invariants. Projecting our state space, we can pick a basis for By,

to be

1;0];
LT
L jT;

zyz;0];

=1
=
]
=
To demonstrate that the pairing is nondegenerate in this case, we include the pairing matrix.

We next compute all of the products. Note that B; is the multiplicative identity. Note that

3427

1
a®+
0
0
0

O O O
O = O O
S O = O

a3+27

Table 4.1: Pairing Matrix for Bp, ¢,
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by considering the group components of these basis elements,
BQ*BQ = Bg*Bg = 0.

Also, z = 0 in Qy when restricted to the fixed locus of j or j2. This gives that Byx By =
Bg * B4 = 0.

Now, we compute By Bs. Note that j-j* = 0, and that Hess(W|ax(j)) = plax) = 1. So

Hess(W)plax(j) O-‘
Hess(W () )1t

B {(80&3 +216)xyz O-‘
- < :

BQ*BgZ \‘

= (a® 4+ 27)B,

Collectively, this gives the multiplication table below. Note that any nonzero product of

* Bl Bg Bg B4
B | By B, B3 B,
BQ Bg 0 (CY3 + 27)B2 0
Bs | Bs (o®+27)B, 0 0
By | By 0 0 0

Table 4.2: Multiplication Table for Bp, ¢,

three basis elements necessarily includes the identity. This means that associativity follows

from commutativity.

4.1.2 Finding the G-Invariants. Projecting our state space, we can pick a basis for

Bw.c to be:
By = |1;0];
By = [20];
Bs = [1;g];
By = USQQL
B; = |zy; 01;
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B = |z91;
Br = |2 ¢%];
Bs = |zyz; 0].
To demonstrate that the pairing is nondegenerate in this case, we include the pairing

matrix. We next consider the multiplication. Note that B is still the multiplicative identity

0 0 00 0 00
0 0 00 &% 00 0
0 o 00 0 03 0
I o 00 0 30 0
0 =% 00 0 00 0
0 0O 03 0 00 0
0 0 0 0 00 0
| =% 0 00 0 00 0 |

Table 4.3: Pairing Matrix for Bp, ¢

element.

Also, note that Wlgx(g) = 2°, s0 Hess(Wlgx(g)) = 62, and plaxg) = 2.

The following products are zero by considering the sectors’ fixed loci: B3 x B3, Bs * B,
Bg x Bg, By x By, By x By, By x Br.

The following products are zero because of the quotient relations in Qy: Bsx Bs, Bg* By,
By x Bg, Bs x By, Bg * Bs.

The following products are zero because of the quotient relations in Qw |ax(g): B2 * B,
By x By, By x Bs, By *x By, By x By, Bs x Bg, Bs x B;, Bg x Bg, B7 x Bs.

The rest of the products are computed directly. We will summarize the results in the

table below. Also, let r = %
Consider (B;*B;)*xByj, # 0, with 1 <i < j < k < 8. Note that we can impose this ordering
because multiplication is commutative. If i # 1, then (7, j, k) is either (2,2,2) or (2,3,4). If

one of © = 1, then associativity follows immediately because Bj is the multiplicative identity.

If © = j = k = 2, then associativity follows from commutativity. The last case can be checked
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* Bl B2 Bg B4 B5 B6 B7 Bg
B, | By DBy Bs By Bs Bs DB; DBs
By| By —5Bs Bs B; Bs 0 0 O

Bs | Bs DBg 0O »rBs 0 0 rBg O
By|By By rBs 0 0 rBg 0 0
Bs | Bs  Bg 0 0 0 O 0 0
B | Bg 0 0 rBg 0 0 0 0
B7 | By 0 rBg 0 0 0 0 0
Bg | Bg 0 0 o 0 O 0 O

Table 4.4: Multiplication Table for Bp, ¢

directly. Note that

(BQ*B3)*B4:B6*B4

= ’I"Bg

This gives that

BQ*(Bg*B4) :BQ*T’Bg,
:TBg

= (BQ*Bg) *B4

This associativity was also verified using Sage’s FiniteDimensional Algebra module’s
is_associative() attribute. As this was the last case, we therefore have that every B-model
constructed from Py is associative, regardless of the admissible diagonal symmetry group

used.
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CHAPTER 5. USING GROUP-WEIGHTS IN SEVERAL

VARIABLES

The Group-Weights Theorem has provided a new way to approach some problems. This
theorem gives isomorphisms between many pairs of A-models. By the Landau-Ginzburg
Mirror Symmetry Conjecture, each of these A-models should be isomorphic to a B-model.

By transitivity, these B-models should also be isomorphic. We depict this in Figure 5.1.

Aw.¢ < Buyror

Aw, ¢ <> Bz ar
Figure 5.1: Isomorphism Diagram

We are particularly interested in cases where one of the B-models in this isomorphism has
a trivial group. The higher structure of such models is well understood, and isomorphisms to
B-models with more complicated groups will help us understand the B-model in the future.
In order to have one of the transpose groups be trivial, we require that the common group
used on the A-side be the maximal diagonal symmetry group for one of the polynomials.

In his thesis, [14], Nathan Cordner proves all relevant cases for polynomials of two vari-
ables. Here, we will consider only polynomials in three or more variables.

To begin, we list and prove several properties of invertible polynomials and their sym-

metry groups.
max

Property 5.1. Gi**, as an additive group, is generated by the columns of AI}}

A proof of this is given in [15].
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Property 5.2. If W =Wy +Wy+---4+W,, is a disjoint sum, then Ay is the block diagonal

matrix:
Aw

1

Aw,

Aw.,

This follows immediately from the definition of the exponent matrix and from the fact

that the W, are in distinct variables.

Property 5.3. If W =W, +Ws + -+ W, is a disjoint sum, then Gy* = Gyi® X Gyi® X
x Gipar

By Property 5.1, this group is generated by the columns of A;Vl. By Property 5.2, Ay
is a direct sum of the Ayy,. Because Ay is block diagonal, Ay is also block diagonal with
blocks A;Vl The columns of Ay thus generate a group that is the direct product of the
Gy o
Property 5.4. Let W be a loop with maximal symmetry group, Gii#**. For any non-identity
group element h = (hy, ha, - -+ , hy) in G, if all of the rational numbers are reduced so that
the numerator and denominator are relatively prime, then all of the h;’s will have the same

denominator.

Let W = x{'xo + 25°x3 + - - - + 2" xy. Then

a1 0 0]
0 ay 1

Aw =+ . . . 0
0 0 a,—1 1
_1 0 0 an |

Note that det Ay = ajas - - a, + (—1)""!. Call this value D. The inverse of this matrix is

given as Figure 5.2.
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a2a3 DY an —a3a4 ... an a4 ... an .o .. :i:a/n :':1
1 ¥l a1a3 - - Ap Q1G4 Gy 0 Fa10, tay
Ay == taz Fl 10204 -+~ Ay -+ FaA1020, Fajaz
D :
| @203 " Ap—1 —A3°""Ap—1 Q4" Ap-1 " +1 a1az -+ p—1 |

Figure 5.2: Inverse Exponent Matrix for a Loop

By Property 5.1, Gj** is generated by the columns of the matrix in Figure 5.2. The
last column of this matrix, call it g = (%,--- , %), generates the other columns, so Gj** is
generated by this last column. Note that all of the g; are relatively prime to D.

Let h € GJp**, with h = (hy,- -+ , hy), where h is not the identity. Then h = kg for some
k € N. Then h; = %, where D/ ged(k, D) is relatively prime to k/ ged(k, D). So

all of the h; have denominator D/ gcd(k, D). O

Property 5.5. Let W be a loop with mazimal symmetry group, Gy**. For any group element

h = (hy,ha, -+, hy) in GR*, if hy =0 for some i, then h; =0, Vj,0 < j <n.

Let h € G#**, with h = (hy,--- , hy), with h; = 0 for some i. Let g = (%,---, % be
defined as in the proof of Property 5.4. Then h = kg for some k € N, since g generates
Gi®. Since 0 = h; = k%, and ged(g;, D) = 1, we have that D | k. Thus h; = k% = 0 for

all j. O

Property 5.6. Let W be a chain with mazimal symmetry group, Gy**. For any generator of
this group, h = (hy,ha, -+, hy), if the numerator and denominator of each h; are relatively

prime, then the denominator of h; is strictly less than the denominator of h;, 1.
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Let W = 27" + z125° + - - - + 2129, Then

ag 0 -+ o 0
1 ay O
Aw =10 0
an—1 O
_O 0 1 an |

The determinant of this matrix is D = det Ay = ajas - - - a,. The inverse of this matrix is

given in Figure 5.3. Denote the first column the matrix in Figure 5.3 by g. By Property

L 0 0 0 07
4 1
r 0 0
1 —1 1
Aafl — ajazas azas as
: 0
+1 F1 +1 1 0
ai--an-—1 az--an—1 ag--an—1 an—1
F1 1 1 11
L a1 -an az- - +an asz---an An—10an an

Figure 5.3: Inverse Exponent Matrix for a Chain

5.1, the columns of this matrix generate G;7*, but all of the columns are generated by g, so

Gy* is generated by g. As Gjp** is cyclic of order D, if h = (hy,--- , h,) is a generator of
G®, then h = kg for some k € N such that ged(k, D) = 1. The denominators of the entries
of h are ay,aias,---ajas---a,, in that order, and k is relatively prime with each of these.

As each a; > 2, the denominator of h; is strictly less than the denominator of h; ;. O
Property 5.7. Let W be a chain with maximal symmetry group, Gy**. For any group
element h = (hy, ha, - - -, hy) in G, if h; =0 for some i, then h; =0, Vj <.

IS I
a’l’ a1a27 Y ai-an

From the proof of Property 5.6, we know tha g = < ) is a generator of
Gyr. Let h = (hy, he, -+ , hy) be an element of Gj** with h; = 0. There exists k € N such

that h = kg. Since h; = k—=— = 0, we know that aja,---a; | k. Therefore ajay---a; | k

ajaz--a;

for all j <i. Hence h; =k L —(forall j <i. O

a1ag---a;
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Property 5.8. Let W = z{*+x125*++ - -+x,,_12%" be a chain with weights ¢ = (q1,q2, "+ , qn)-

Any weight, q;, i > 1, can be determined solely from q;_1 and a;.

Since W is invertible, there exists a unique weights vector ¢ = (qi,- -+ , g,). By definition
W(ctxy, -, cx,) = cW(xy, -+ ,x,) for all ¢ € C. This gives that

an

at ag an
claf' + xx? + - F rpqzen) = et + Pal e Trg -y, T i

7

Equating coefficients, we get that if i > 1, then c%+1c¢%™ = ¢, so ¢;11¢{* = 1. Hence g;

can be determined solely from ¢;_; and a;. [

Property 5.9. If W is an invertible polynomial with exponent matriz Ay, then there is an

entry in every row and in every column of Ay} of the form %, where k € Z,k > 1.

By Property 5.2, Ay is a block diagonal matrix, where each block is the exponent matrix
of an atomic type polynomial. Hence it is sufficient to show that this holds for each atomic
type.

If W = % is a fermat, then A;Vl = [é], and the result holds. If W is a loop, then we can
see that the result holds from Figure 5.2. Similarly, if W is a chain, the result holds from
Figure 5.3. [

Property 5.10. Given a system of weights, there is at most one distinct polynomial of each

atomic type that has that weight system.

We consider the three cases. If W, = 2% and W, = 2° are both fermat polynomials with
the same weight ¢, then qa =1 = ¢b, so a = b and W, = Ws.

Next, let Wy = 27' + 2125 + - - -+ 2,129 and Wy = x?l +x1x32 + - -+xn_1xfl” be chains
with weights ¢ = (¢1,¢2,- -+ ,¢n). By the same argument as the fermat case, a; = b;. From
the proof of Property 5.8, if ¢ > 1 then ¢;11¢]" = 1 = quqfi. This implies that a; = b; for
all 2 > 1. Hence W; = W,.

Now, let W) = 292y + 23223 + -+ + 2%x; and Wy = alay + 2Pa3 + --- + abra; be

loops with weights ¢ = (¢1,¢2, - ,¢,). Then by again equating coefficients, we get that
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g1 =1= qfiq,-H for 1 <i < nand ¢?q = 1 = ¢’~q,. Simplifying, we get that a; = b;
for all 3. Hence W, = W,. O

With these properties, we now show when it is possible for W; and W5 to be invertible
polynomials with the same weights satisfying Gy C Gy, We do this by considering

several cases below.

Lemma 5.1. Let Wy and Wy be invertible polynomials. If If GU* C Gya®, then AWZA;[}l

18 an integer matriz.

Recal from Property 5.1 that the columns of Al},ll generate Gy® and that the columns

of Ayl generate Gj2®. Since Ge® C Gy®, the columns of A} must be sums of the
columns of A;Vlz. Hence there exists an integer matrix B such that Aa}l = A;[}QB. So

AWzA;Vll = AWZA;VEB = B is an integer matrix. [J

Lemma 5.2. If Wy is a loop in three or more variables, and Wy and Wy have the same

weights, and Gyi® C Gya®, then Wy does not contain a fermat or a chain.

By way of contradiction, suppose that W, contains a chain or a fermat. Then xf’ is a

monomial of Wy for some ¢. Thus by Lemma 5.1,
(0,-++,0,b;,0,--- ,0)Ay} € Z".

Since W is invertible, by Property 5.9, there is a column of Aﬁ}l for which the 7th element

is +1/det(Aw,). Thus b; = kdet(Ayw,), for some k € Z. Equating the weights of W) and

Wy, we get
1 _ @ig1Giyy " Qi — Gig20it3 °* Qign + ig30iga Gign - F Qiyn £ 1
k det(AWl) det(AWl) '

with the indices taken modulo n. This implies that

1 = k(@ip10it2 -+ Qign — Qig20i43 - - Qipp + Qig3Qi4a ** Qign - F Gipn £ 1).
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Some simple algebra shows that this can only hold if n = 2. This is a contradiction, since

W1 has at least three variables. [

Lemma 5.3. If Wy is a chain in three or more variables, W1 and Wy have the same weights,

and Gyt® C Gya®, then Wy has no monomial of the form :Ui’ fori> 2.

By way of contradiction, suppose xf with ¢ > 2 is a monomial of W5. Since Gy2* C Gyi®,

AWzA;Vl1 is an integer matrix by Lemma 5.1. Hence
(0,-++,0,0;,0,--- ,0) Ay} € Z".

This implies that for some integer k, b; = kajas - - - a;

Equating the weights of z; in W and W5, we get

a1a2---ai_1—alag---ai_2+---ﬂ:1 1

ajasg - - - a; kajas---a;

This simplifies to

1 :k(alag---ai,l —alag---ai,g—i—-wil).
Algebraically, this can only hold for ¢ < 2. Since ¢ > 2, this is a contradiction. [
Lemma 5.4. If W, s the sum of two atomic types, and Wy consists of a single atomic type,
then Gyi® & Gya®.

If W5 is a fermat, this follows immediately from the fact that chains and loops each
have a minimum of two variables. Suppose that W5 is either a chain or a loop. If W; is
the sum of two atomic types, it is clear from Property 5.3 that there exists an element of
g = (91,92, -+ ,gn) in GR* for which g; = 0 and for some j > i, g; # 0. This violates

Properties 5.5 and 5.7. Therefore, Gy* ¢ Gyar. [

Lemma 5.5. If Gyt C Gya®, and W consists of the sum of atomic types, no two variables

that are part of the same atomic type in Wy form parts of distinct loops or chains in Wi.
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Suppose Gy C Gy®. By way of contradiction, suppose that there exist variables that
form part of the same atomic type in W5, that form parts of distinct chains or loops in Wj.
Reorder the variables so that if x; and z; form part of W, then so does z;, for ¢ < k < j.
Then there exists ¢ such that the monomial z;"x; is a monomial of W5, but z; and z; do not
form part of the same atomic type in Wj. The inverse of Ay, is block matrix, where each
block is the inverse of an exponent matrix of an atomic type polynomial. Thus there exist at
least m columns of Ag}l such that the ¢th entry is zero, where m is the number of monomials
in the atomic type to which z; belongs in W;. From Property 5.9, for one of these columns,
the jth entry is of the form % for k € Z,k > 1. Call this column v. We need AWZAI}}l to
be an integer matrix. However, we now have a row of Ay, -the row corresponding to the
monomial, z{*z;-and a column of A;Vll , v, that have a product of %, which is not an integer.

This is a contradiction. [

Lemma 5.6. If we have two pairs of polynomials in distinct variables, Wy, Wy and W3, Wy
satisfying the conditions that both polynomials in each pair have the same weights and G™**
of the first is contained in the second, then the polynomials Wy + W3 and Wy + Wy have the

same weights and G™* of the first is contained in G™* of the second.

This follows almost directly from Property 5.3. Note that strict containment of the
symmetry groups in at least one of the initial pairs is required to guarantee strict containment

for the symmetry groups of the sums. [J

Proposition 5.7. If Wy and W5 are invertible polynomials with the same weights satisfying

Gw* C Gys®, then Wy is a single atomic type.

Lemmas 5.5 and 5.6 show that if W) and W3 have the same weights and Gy C Gyi®,
then for some atomic type in W7, call it w;, there is a subset of the monomials of W5, call it
wy, for which, when treated as polynomials in the appropriate number of variables, w; and
wy have the same weights and the maximal symmetry group of w; is properly contained in

that of w,. Therefore, we can consider each of the atomic types in W independently. []
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Lemma 5.8. Let Wi and Wy be invertible polynomials with the same weights satisfying

Gt C Gye®. If Wy is a chain, then the only non-trivial Wy is a fermat plus a chain.

From Properties 5.4 and 5.6, it is clear that if Gy7* C Gy5°, then W, cannot contain a
loop. From Property 5.10, we do not need to consider the case of another chain. Therefore,
we need only consider the cases of fermats, and fermats plus chains.

By Lemma 5.3, at least one variable of any chain will have a weight equal to %, for some
k > 1. Similarly, all fermats have weights of this form. Hence, W5 cannot contain more then
one fermat, and that fermat must be of either x; or .

First, we consider the case where the fermat is in ;. Let Wy = 21" + 2125 +- - -+ 2,120
and Wy = :13!1’1 + a:l; + :pgxg?’ 4+ -4 xn_lel". From Property 5.6, we are allowed to assume

that the relative order of the variables must remain consistent. Equating the weights of W

and W5, we see that:

Cllzbl

a10a2

=b
CL1—1 2

In order for Gji** C Gpe®, we need C' = Ay, Ay, to be an integer matrix. In this matrix,
Cog = 2. Therefore, by = kas for some integer k. Substituting this into the weights, we see
az

that:

ai

a9 = ]fCLQ

a1—1
aq

=k
ap — 1

This holds iff a; = 2. Substituting this into the weights for x5, we see that by = 2as. Since

the weights of x; and x5 match, Property 5.8 gives us that the rest of the weights also match.

Also, all of the other monomials of W are fixed by Gj¢, as they are also monomials of W.

Now, consider the case where the fermat is of z5. Let Wi = x{* + x125* + - -+ + x, 129"
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and Wy = xlf + :vgz + xlmgs + -+ 2,120, Equating weights, we get

a] = b1
aja
192 _
a] — 1
a1a2—a1+1 . bl—l
a10a20a3 N blb3
Computing C' = AWzA;Vll , we find that ¢y = (;1?122 must be an integer. Therefore, by = kajas

for some integer k. Substituting this into the weights, we see that

a1a9 = kalag(al — 1)

1:]6((11—1)

This is true if and only if £k = 1 and a; = 2. Therefore, b, = 2as. Substituting these

equalities into the weights for x3, we get

alag—a1+1_bl—1

a10a20a3 B blbg
2a —1 1
20,2@3 N 2b3
203
=b
2ay — 1 °

However, ¢35 = ﬁ Hence b3 = kasas for some integer k. Making this substitution, we get

1
k= .
2@2—1

This is never true, hence the fermat in W5 cannot be in x,.

Now consider the case where W5 consists of the sum of two chains. From Lemma 5.3, if

. . b bo - .
Wy = af* + 2129 + - - - + xp,_12%, then there exist monomials 27" and z3? in Ws. Since W

is comprised of two chains, this requires that there exist a monomial xle’ Equating the
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weights of x;, we get:

=g 1—q

bz‘ a;
From the proofs of the other sections of this Lemma, we know that a; = 2, and thus ¢; = %

Hence,

2b1(1 — Qi—l) = ;.

+1
azasz-a;

Computing C' = A;[,ll, we find that ¢;9 = 0 and ¢;o =

. Thus we require b; = kas - - - a;
for some integer k.

Using ¢;_1 from W; and substituting in this new value for b;, we get that

a; = kay - ai(1—qgi-1)
az»:k(a/l...a/i_al...ai_2+a1...ai_3+...:|:1)
a; =k(ay---ai2a; + a1+ a;s(ai1 —1)a; —ay---a;i g +ay---a;3+---£1)

a; > ]{?CLi

This is a contradiction, hence W5 cannot consist of two chains. [

Lemma 5.9. If Wy s a single loop in three or more variables, then Wy does not consist of

a sums of loops.

By way of contradiction, let W5 be the sum of loops such that W; and W5 have the same
weights, and Gyf® C Gya®. Reorder the variables so that if x; and w; are a part of the
same loop, x; also forms part of that loop for all k such that + < & < j. This makes A;VE a
diagonal block matrix.

Let g be a column of Gy®. Then for some integer vector b,
= Ayib
g w9
By Property 5.9, for some m, the mth component of g is of the form % Since Wi is a
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loop, in this case | = det(Ay,). Now consider the mth component of A;VIQ b. Because the
numerators of the components of A;‘}Q are integers, and b is an integer vector, the numerators
of their product is also an integer.

If we do not allow the fraction to reduce, the denominator is equal to det(Ayy,, ), where
W, is the loop in W5 that contains x,,. This follows from the fact that A‘}}Q is also a block

matrix. Since g = A;VIQ b, their mth entries must also be equal, hence for some integer [,

1
det(AWl) N det(AWm)

This implies that

det(AWl) | det(AWm) (51)

Since W is a loop, the determinants of its exponent matrix is of the form

det(Aw,) = [ (1 — q”') +1,

eV 4

where V' is the set of indices for which x; is a part of the loop. Similarly,

det(Aw,) = [ (1 _q") +1.

i€V %

Because W is a loop, the weights of W, are strictly less than % Also, if % = k, then
G = k+r1 Therefore, k£ > 1.

Since the weights of W,,, are a strict subset of the weights of W7,

I (7)< ()

€ Vwm je VV[/1

But then by (5.1), det(Aw,) | det(Aw,,) < det(Ayw,) which is a contradiction. [

Collectively, these lemmas and propositions show that there is only one interesting case in
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three or more variables: W is a single chain, and W5 is a fermat plus a chain. In Section 5.1,
we provide a proof that the B-model isomorphism suggested by the Group-Weights Theorem
holds.

5.1 ExprriciT ISOMORPHISM

Lemma 5.8 and the Group-Weights Theorem give an A-model isomorphism using the poly-
nomials Wy = 22 4+ 2,25 + - - + z,_12% and Wy = 22 + 23° + Tows® 4+ - + xp_1xlm. Here,
we explicitly prove the B-model isomorphism found by transposing from A- to B-models in
the three variable case.

Let W =22 + 4?24+ 2% V = 2%y + y*2 + 2°, G =< (1/2,1/2,0) > and H = {0}. We
prove that By, = By g by constructing an isomorphism. In order to do this, we will create
both models, compute all of the possible products, and then show that a system of nonlinear
equations has a solution. We follow the construction and multiplication methods described

at length in Chapter 2. We start by finding everything needed to construct By .

1b6—-11
= (57 2ab 5) ;
VW = (2z, 2ay* 2,9 + b2"71);
Hess(W) = 4ab(2ab — b+ 1)y?* 2271,
Qu basis: ({Ly, -7 2} x {1, 2+, 2271} U {2 1,
(Ow)% basis: {142, y22} x {1,2,---, 21}
(QW|ﬁx(g))G = {1,z,---2"7?},
Bwe = (Qw)“ & (Qw|ﬁx(g))G;

dim (Bw.c) = 2ab— b+ 1.
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So, for the appropriate exponents, a basis can be chosen as follows.

Basis Element Degree

1;(0,0,0)] 0

1. 2r1(b—1)
y2 ) (07 07 O)—I 1T

b

y*12":(0,0,0)] e

]
]
[27(0,0,0)] &
]
]

25 (1/2,1/2,0)] | 2aretapttl

Now, we compute everything that we will need about By .

(ab—b+1 b—1 1)
qv = R

2ab 7 ab b
VV = 2y, 2® + ay* 'z, y" + b2"7);
Hess(V) = 2ab(ab + b — 1)y 12071,
Qy basis: {z,x2,-+ 22" YU ({1, y* {12+, 27}
dim (Qv) = 2ab— b+ 1;

Byvy = Qv.

Let ¢, ¢y, c, be nonzero constants in C. They will be described explicitly later on. We can

then choose a basis of By to be:

Basis Element Degree
|1:(0,0,0)] 0

¢ 1y :(0,0,0)] T
2 [25(0,0,0)] S
e |yrzm5(0,0,0)] 2
cxC? |x2"5(0,0,0)] Zarptabobyl

60



Define ¢ such that

15(0,0,0) 1]y, = [15(0,0,0)]
Y 5(0,0,0)] = ¢t [ :(0,0,0)]

z

I
i
12725 (0,0,0)]y, — ¢ [2";(0,0,0)],
[y?27 5 (0,0,0)]y,, + el [y72™ 5 (0,0,0)]y
]

2"5(1/2,1/2,0) |y — o€ 22" 5(0,0,0)],,

We extend linearly to all of By . Note that |1;(0,0,0)],, and |1;(0,0,0)], are the mul-
tiplicative identities, and they are mapped to each under ¢.

Consider the multiplication on the basis for By q:
Ly?%15(0,0,0)] r 45 <a

Lyzrl ) <07 0, 0)] * Ly%l ; (07 0, 0)—| -
—b |y H2am20,071:(0,0,0)] otherwise

5775 (0,0,0)] [ (0,0,0)] = [42"2 : 0,0,0)]

12 5(0,0,0)] * |%212°2;(0,0,0)] = Ly 251 2%25(0,0,0)] "+ s <a
0 otherwise
[y 5(0,0,0)] % | 2%2;(1/2,1/2,0)] =0
2"2752:(0,0,0 To 4 8o < b
Lzm : (O, 07 0)‘| * LZS2 : (O, 07 0>‘| — L ( ﬂ 2 2
0 otherwise
251 ,r2+s2 .
272 (0,0,0)] % [y (0.0,0y] = 4 Y2 0001 <b
0 otherwise
ro+s2 . i
2 (0,0,0)] % 25 (12, 12,00 = { G WAYBOT e <bol
0 otherwise
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|y?rit2sizrats2 - ((,0,0)] r+s <a
427127 5 (0,0,0)] % [7%12% 5 (0,0,0)] = and 1y + 53 < b

0 otherwise
ly?712725(0,0,0)] % |2%2;(1/2,1/2,0)] =0

da |y?a—2z1tr2ts2 (0,0, 0)] ro+ 59 <b—1
12725 (1/2,1/2,0)]% 2% (1/2,1/2,0)] =

0 otherwise
The multiplication on our scaled basis of By g is computed below.
et [yt 5(0,0,0)] r+s <a

eyt Ly 5(0,0,0)[xet [y (0,0,0)] =
—beprts |yntsmazb=l(0,0,0)] otherwise

et [y 5(0,0,0) ] x c32 [2%25(0,0,0)] = ¢res? [y 25 (0,0,0)]
et Ly 5(0,0,0) ] x ctes [y*r2* 5(0,0,0)]

chJrslc;? |y 51252 :(0,0,0)] r+s <a

0 otherwise

et [y 5(0,0,0)] * cpe? [22°25(0,0,0)] =0

C;z-&-sz LZT2+82 : (0’ 07 0)'| r9 + 89 < b
22" 5(0,0,0)] %22 | 2%25(0,0,0)] =
0 otherwise
2 [2m5(0,0,0)] x cire [y*12°2 5 (0,0,0)]
Cy Cr2+52 Ly81zr2+52 : (07 O7 0)"| T9 + 89 < b
0 otherwise

CpC22 1221925 (0,0,0)] To+ 83 <b—1
2 125(0,0,0)] xcpc? [22°25(0,0,0)] =
0 otherwise

cpre Yz 5(0,0,0)] x eite? 71225 (0,0,0)]
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c;1+51c7;2+82 Lyr‘1+51zr2+52 : (0’ O, 0)] r+s <a
= and r9 + 89 < b

0 otherwise
e [y2m5(0,0,0)] x cpes? |22°25(0,0,0)] =0
cpC? 2275 (0,0,0)] * cpe? |22°25(0,0,0)]

—accrrtsz [yarlyitrats (0 0,0)] ro+ Sy <b—1

0 otherwise

Next, we look at the pairings on the basis of By,. Allowing for exponents of zero, we

get the following.

ﬁ rn+s=a—1
< |y*127:(0,0,0)], |y*12%2:(0,0,0)] >= and ro+ sy =b—1
0 otherwise
% T9 + S9 = b—2
< [277:(1/2,1/2,0)7, [2%25(1/2,1/2,0)] >=
0 otherwise

All other pairings are zero. Now, consider the pairings on the basis of By, x:

< re? |y2m 5 (0,0,0)], cites? [y72°25(0,0,0)] >

e () r+s=a—1
= and 15+ s, =b—1
0 otherwise

< @ |22 5(0,0,0)], cpct? |22%25(0,0,0)] >
cicg_2 ;—;) ro+ SS9 =b—2

0 otherwise

Thus, in order for ¢ to be an isomorphism on the graded Frobenius algebra level, we have
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four conditions, two from the multiplication, two from the pairings. They are:

4c;) le, = - (5.2)
= cy (5.3)
At =2 (5.4)
At =1/2 (5.5)

. _ 1 :

Combining (5.3) and (5.5), we see that ¢;*~' = 1/2, so ¢, = 27-%. Again from (5.3), we
see that ¢, = ¢j' = 20-206-1. Using this value of c,, we can solve for ¢, in (5.4). This
. 1, _(@-ba (1=2a)(b—1)+a(2-b) Aa—3abtb—1

gives that ¢, = —22720-20)0-1) = —2 20-2J06-1) = —220-20)®-1), These numbers were

constructed so as to be solutions to (5.3), (5.4), and (5.5). Therefore, we only need to check

that they are also solutions to (5.2). Note that:

2 4a—3ab+b—1
—Cc, = 2 (1—2a)(b-1)

and

a—1 a
402_102 = 22 % 2124 % 2T—20)0-1)

(2b+4a—4ab—2)+(ab—a—b+1)+a
p— 2 (1—2a)(b—1)

4a—3ab+b—1
= 20=20)(b-1)

_ 2
= —C,

Therefore, if we let c;,cy,c. be defined as follows, then ¢, as defined above, is a ring homo-
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morphism that respects the pairing.

4a—3ab+b—1
Cp = —922(1-24a)(b-1)
1
Cy —= 21—2(1

Cc, = 2 (1—2a)(b-1)

Since ¢ is a diagonal map, with all non-zero entries on the diagonal, it is also a vector space
isomorphism. Thus, ¢ is an isomorphism on the graded Frobenius algebra level. We conclude

that Bwyg = BV,H- ]

CHAPTER 6. CONCLUSION

We have described the construction of a generalized Landau-Ginzburg B-model. In this con-
struction, we have allowed nondiagonal group representations to be used. We have demon-
strated all of the changes and allowances that must be made in this case, and have worked
on defining a multiplication. We have shown through explicit computation that this mul-
tiplication can be made to be associative in several cases. We have proven that such a
multiplication is also possible in the case of a certain type of group representation.

To avoid some of the difficulties apparent in the nonabelian construction, we have also
shown that invariant theory can be used to create less unwieldy examples. Picking a nice
group representation and then finding an admissible polynomial will facilitate future exam-
ples. These examples may be useful in determining necessary and sufficient conditions for
an associative multiplication, and reveal patterns in the requisite ¢ values.

We have also looked at another generalization of B-models, using noninvertible polyno-
mials. While we still do not have a proof for associativity in general, we have shown that any
B-model constructed using Ps has an associative multiplication, regardless of which abelian
group is used.

To further understand the B-model, we have also found two sets of B-models—one using
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a trivial group, one using a nontrivial abelian group-that are isomorphic. We defined a
map and proved explicitly that it is an isomorphism. As the higher structure of B-models
created with nontrivial groups is not well understood, this particular case may be of use in

the future.
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