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A B S T R A C T

Poly(lactic acid) (PLA) is one of the most popular environmental-friendly materials derived from renewable
agricultural resources. One of the most important features of this biomaterial is its ability to develop a phase
transformation under straining. Two strain-induced phases can potentially form, namely mesomorphic and
crystalline, whose respective occurrence is highly temperature and rate-dependent. The aim of the present
contribution is to provide a quantitative predictive modeling of this phenomenon. A large-strain constitutive
model is proposed to describe the strain-induced phase transformation in PLA along with the stress–strain
behavior over a wide range of straining temperatures across the glass transition involving glassy to rubbery
response. The material response is decomposed into two physically distinct sources, an elastic–viscoplastic
intermolecular resistance to deformation and a viscohyperelastic molecular network resistance to stretching
and chain orientation. The effective contribution of the amorphous, mesomorphic and crystalline phases to the
intermolecular resistance is treated in a composite framework considering a three-phase representation of the
microstructure. Using experimental data of an initially amorphous PLA extracted from the literature, the dual-
phase transformation kinetics is designed and the properties of each phase are isolated. The proposed model is
found to successfully capture the important features of the experimental observations in terms of strain-induced
phase transformation and mechanical response over a large strain range, a wide range of temperatures and
two strain rates. The model is then used to discuss some important aspects of the connection between the
phenomenon of phase changes and the material response.

1. Introduction

Development of biodegradable polymers represents the largest and
fastest growing area for ecological purpose. Nowadays, there is a strong
demand to find engineering polymers produced from renewable bio-
based raw materials that can be substitutes to traditional petroleum-
based polymers. Among those bio-polymers, poly(lactic acid) (PLA)
has attracted a lot of attention in the recent literature [1–16]. This
biodegradable thermoplastic polyester is one of the most popular
environmental-friendly materials derived from renewable agricultural
resources, e.g. corn-starch. The commercial introduction of bio-based
PLA begins in 2003 and has open the way for many applications in the
packaging and biomedical industries, particularly for its good proper-
ties close to traditional petroleum-based polymers, its transparency, its
compostability, its biocompatibility and its bioresorbability [4,15,16].
An accurate knowledge of the PLA response in connection to the
microstructure is of prime importance to improve performance.

A phenomenon of phase changes occurs during the straining of
PLA. Several studies showed that a part of the amorphous phase is
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transformed into two substructures, namely mesomorphic and crys-
talline phases [3,7–14]. Mulligan and Cakmak [3] observed, during the
straining of PLA, this new structure somewhat different of the amor-
phous phase and possessing a ‘‘nematic-like’’ order. The occurrence of
the mesomorphic phase in PLA, which has an intermediate ordering
between amorphous and crystal, is attributed to a limited molecular
mobility and relatively high entanglement densities preventing the
lateral arrangement of the molecular chains for crystallization. This
strain-induced imperfect order is thermally stable in PLA, surviving
from melting below the glass transition temperature 𝑇𝑔 and at a short
temperature range above 𝑇𝑔 [7–9,11]. An increase of the thermal
stability with the PLA straining is reported. Moreover, both tempera-
ture and strain rate influence in a significant manner the occurrence
of the two strain-induced phases [7,8,14]. Indeed, the strain-induced
orientation and the thermal-induced chain relaxation are competitive
processes mainly governed by the straining temperature and the strain
rate. A diagram in Fig. 1 summarizes their influence by plotting the
straining temperature and the strain rate in two axes. At high straining
temperature, although the rate of chain relaxation is important, the
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Fig. 1. Phase diagram of PLA; adapted from the experimental observations of Stoclet et al. [7,8].

crystallization occurs as long as the strain rate is low. With increasing
the strain rate, the two strain-induced substructures may co-exist when
the ratio between chain orientation and relaxation is the most favor-
able. If the strain rate is increased more, only the imperfect ordered
mesomorphic form is developed in view of the fact that the chain
relaxation rate is still high. When the strain rate is too fast, the chain
relaxation rate is much slower than the chain orientation rate and
neither the mesomorphic phase nor the crystalline phase occur.

The present work is aimed at modeling the strain-induced phase
transformation in PLA along with the stress–strain behavior. Our goal
is to propose a unified large-strain constitutive model valid over a
wide range of straining temperatures across the glass transition. PLA
presents a wide range of mechanical behaviors, which, in addition
to be highly nonlinear, is highly temperature and rate-dependent.
Below the transition temperature, the response is elastic–viscoplastic
at small/moderate strains and progressively viscohyperelastic if large
strains can be sustained by the material. When the straining tem-
perature is higher than the glass transition, the viscohyperelasticity
dominates. Various constitutive models have been developed to de-
scribe the large deformation of polymers exhibiting a yield event
(Ref. [17–40] among many other references). Although the process
of strain-induced crystallization has a depth impact on the response
of crystallizable materials, a literature survey shows that there exist
very few contributions dealing with their constitutive modeling. Some
investigations focused on the first rubber used, namely natural rubber
(NR), in which the first observation of the crystallization phenomenon
was reported in 1925 by Katz [41]. The first theoretical bases for
the strain-induced crystallization of this bio-material were provided by
Flory in his early work [42] within the context of hyperelastic statistical
mechanics. Recent research works proposed constitutive models to
describe the strain-induced crystallization in NR [43–48] but restricted
to the hyperelastic framework. The constitutive modeling of polymers
near the glass transition, and thus involving potentially a yield event,
requires to combine the (visco)hyperelastic framework to the elastic–
viscoplastic framework. Most of works paid special attention to the
most largely used strain-induced crystallizable petroleum-based poly-
mer, namely poly(ethylene terephthalate) (PET) [17–23,25–27,31,36,
37,39,49]. By contrast to NR in which the strain-induced crystallization
is a recoverable mechanism [50], the phenomenon is unrecoverable in
PET and in PLA. Although the mesomorphic phase is also observed in
PET, it is not stable but acts as a precursor of the crystalline phase
development during straining [51,52]. The modeling of the strain-
induced phase changes in PLA is not referred in the literature and
appears as a challenging task in view of the strong dependence on

temperature and strain rate of the two newly developed substructures.
The prediction of the mechanical response is a strong motivation for the
better understanding of the benefits or prejudices of the mechanism of
phase changes in PLA.

In this contribution, we present and discuss an internal state vari-
able constitutive model to describe the progressive evolution of the me-
somorphic/crystalline phases in PLA along with the elastic–viscoplastic–
viscohyperelastic response over a large strain range involving, across
the glass transition, thermoplastic-type to rubber-type mechanical re-
sponse. The main objective is the consideration of the dual-phase
transformation in the constitutive theory with the strong, and complex,
influence of straining temperature and strain rate on the competitive
process as illustrated in Fig. 1. The mechanical coupling between
the three deformation modes in the elastic–viscoplastic intermolec-
ular resistance, due to the presence of amorphous and mesomor-
phic/crystalline phases, is achieved within a composite framework. The
latter is in turn coupled to a viscohyperelastic network resistance to
molecular orientation and relaxation capturing the strain-hardening
response. The material kinetics are designed using the experimental
data of an initially amorphous PLA strained over a wide range of
straining temperatures and two strain rates, in which the relationship
between mesomorphic/crystalline phases and strain was established
by means of X-ray diffraction technique by Stoclet et al. [7,8]. The
parameters are determined according to a three-step strategy by (i)
firstly designing the kinetics of the phase transformation, secondly
(ii) calibrating the amorphous intermolecular properties using the
elastic–viscoplastic region of the stress–strain curves and thirdly (iii)
calibrating the mesomorphic/crystalline intermolecular properties and
the network properties using the viscohyperelastic strain-hardening
region of the stress–strain curves. The proposed model is used to discuss
the connection between the phenomenon of phase changes, the physics
of the deformation of the (amorphous, mesomorphic and crystalline)
phases and the material response.

The outline of the present paper is as follows. Section 2 presents
the main features of the constitutive theory. Section 3 provides com-
parisons of the model results and experimental data along with the
methodology for the calibration of the model parameters and the
phase transformation kinetics. Some concluding remarks are finally
formulated in Section 4.

2. Model formulation

In this section, the theory for the finite deformation elastic-
viscoplastic–viscohyperelastic modeling is summarized. The material
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Fig. 2. Rheological representation of the model.

response is decomposed into two separate basic deformation mecha-
nisms: One deals with the intermolecular interactions between neigh-
boring polymer segments and the other accounts for the molecu-
lar network stretching and orientation process. The two mechanisms
are supposed to participate to deformation via the Taylor assump-
tion, i.e. parallelism. The intermolecular interactions are the origin of
the elastic–viscoplastic response at small/moderate strains while the
molecular network resistance is responsible for the viscohyperelastic
dramatic hardening at large strains. Depending on strain rate and
temperature, mesomorphic and/or crystalline phases develop in PLA
which generates an increase in intermolecular barriers. Because the
newly formed phases participate in the deformation, we assume that
they act in parallel in the intermolecular resistance. The constitutive
model is shown schematically in Fig. 2. The four branches are consti-
tuted by a spring in series with a viscous dashpot. In the following
derivation, quantities devoted to the intermolecular and molecular
network interactions will be referred with the subscript 𝐼 and 𝑁 ,
respectively.

The following notation is used throughout the text. Tensors and
vectors are denoted by boldfaced letters while scalars and individual
components of tensors are denoted by normal italicized letters. The
superposed dot designates the time derivative.

2.1. Kinematics

The constitutive model is formulated within the large inelastic
deformation kinematics framework which is briefly addressed in this
subsection. The deformation gradient 𝐅 is given by: 𝐅 = 𝜕𝐱∕𝜕𝐗 where
𝐗 is the position of a material point in the reference configuration
and 𝐱 its position in the deformed configuration. It is multiplicatively
decomposed into an elastic part 𝐅𝑒 and an inelastic part 𝐅𝑝 according
to the approach proposed by Lee [53]: 𝐅 = 𝐅𝑒𝐅𝑝. Since the model is
based upon a parallel scheme, the deformation gradients in the four
resistances 𝐅𝐼_𝑎, 𝐅𝐼_𝑚, 𝐅𝐼_𝑐 , 𝐅𝑁 are equal to the imposed deforma-
tion gradient 𝐅. The subscripts 𝑎, 𝑚 and 𝑐 refer to the amorphous,
mesomorphic and crystalline phases, respectively.

Using the polar decomposition, the elastic part 𝐅𝑒
𝐼_𝑖 and the inelastic

part 𝐅𝑝
𝐼_𝑖 of the intermolecular resistance may be expressed as the

product of a stretch and a rotation:

𝐅𝑒
𝐼_𝑖 = 𝐑𝑒

𝐼_𝑖𝐔
𝑒
𝐼_𝑖 = 𝐕𝑒

𝐼_𝑖𝐑
𝑒
𝐼_𝑖 and 𝐅𝑝

𝐼_𝑖 = 𝐑𝑝
𝐼_𝑖𝐔

𝑝
𝐼_𝑖 = 𝐕𝑝

𝐼_𝑖𝐑
𝑝
𝐼_𝑖 (1)

in which the subscript 𝑖 denotes the phase under consideration.
The elastic (network orientation) part 𝐅𝑒

𝑁 and the inelastic (flow)
part 𝐅𝑝

𝑁 of the network resistance may be also decomposed using the
polar decomposition:

𝐅𝑒
𝑁 = 𝐑𝑒

𝑁𝐔𝑒
𝑁 = 𝐕𝑒

𝑁𝐑𝑒
𝑁 and 𝐅𝑝

𝑁 = 𝐑𝑝
𝑁𝐔𝑝

𝑁 = 𝐕𝑝
𝑁𝐑𝑝

𝑁 (2)

The rate kinematics for the intermolecular and network resistances are
described by the velocity gradients 𝐋𝐼_𝑖 = �̇�𝐼_𝑖𝐅−1

𝐼_𝑖 and 𝐋𝑁 = �̇�𝑁𝐅−1
𝑁 :

𝐋𝐼_𝑖 = �̇�𝑒
𝐼_𝑖𝐅

𝑒−1
𝐼_𝑖

⏟⏞⏟⏞⏟
𝐋𝑒
𝐼_𝑖

+𝐅𝑒
𝐼_𝑖�̇�

𝑝
𝐼_𝑖𝐅

𝑝−1
𝐼_𝑖 𝐅

𝑒−1
𝐼_𝑖

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐋𝑝
𝐼_𝑖

and 𝐋𝑁 = �̇�𝑒
𝑁𝐅𝑒−1

𝑁
⏟⏟⏟

𝐋𝑒
𝑁

+𝐅𝑒
𝑁 �̇�𝑝

𝑁𝐅𝑝−1
𝑁 𝐅𝑒−1

𝑁
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝐋𝑝
𝑁

(3)

The velocity gradients 𝐋𝐼_𝑖 = 𝐋𝑒
𝐼_𝑖+𝐋

𝑝
𝐼_𝑖 and 𝐋𝑁 = 𝐋𝑒

𝑁+𝐋𝑝
𝑁 are additively

spit into elastic and inelastic velocity gradients. The inelastic velocity
gradients 𝐋𝑝

𝐼_𝑖 and 𝐋𝑝
𝑁 may be written as:

𝐋𝑝
𝐼_𝑖 = 𝐅𝑒

𝐼_𝑖�̇�
𝑝
𝐼_𝑖𝐅

𝑝−1
𝐼_𝑖 𝐅

𝑒−1
𝐼_𝑖 = 𝐃𝑝

𝐼_𝑖 +𝐖𝑝
𝐼_𝑖 and

𝐋𝑝
𝑁 = 𝐅𝑒

𝑁 �̇�𝑝
𝑁𝐅𝑝−1

𝑁 𝐅𝑒−1
𝑁 = 𝐃𝑝

𝑁 +𝐖𝑝
𝑁

(4)

where 𝐃𝑝
𝐼_𝑖 and 𝐃𝑝

𝑁 are the inelastic deformation rates (symmetric parts)
and, 𝐖𝑝

𝐼_𝑖 and 𝐖𝑝
𝑁 are the inelastic spin rates (skew symmetric parts).

With no loss in generality, the inelastic flow is assumed irrota-
tional [54], i.e. 𝐖𝑝

𝐼_𝑖 = 𝐖𝑝
𝑁 = 𝟎, and the relations (4) give the evolution

equations of the inelastic deformation gradients:

�̇�𝑝
𝐼_𝑖 = 𝐅𝑒−1

𝐼_𝑖 𝐃
𝑝
𝐼_𝑖𝐅

𝑒
𝐼_𝑖𝐅

𝑝
𝐼_𝑖 and �̇�𝑝

𝑁 = 𝐅𝑒−1
𝑁 𝐃𝑝

𝑁𝐅𝑒
𝑁𝐅𝑝

𝑁 (5)

in which the inelastic deformation rates 𝐃𝑝
𝐼_𝑖 and 𝐃𝑝

𝑁 take the following
general forms:

𝐃𝑝
𝐼_𝑖 = �̇�𝑝𝐼_𝑖

𝐓′
𝐼_𝑖

√

2𝜏𝐼_𝑖

and 𝐃𝑝
𝑁 = �̇�𝑝𝑁

𝐓′
𝑁

√

2𝜏𝑁
(6)

where 𝜏𝐼_𝑖 =
(

tr
(

𝐓′
𝐼_𝑖𝐓

′𝑇
𝐼_𝑖

)/

2
)1∕2

and 𝜏𝑁 =
(

tr
(

𝐓′
𝑁𝐓′𝑇

𝑁
)/

2
)1∕2 are

the effective shear stresses, 𝐓′
𝐼_𝑖 = 𝐓𝐼_𝑖 − tr

(

𝐓𝐼_𝑖
)

∕3𝐈 and 𝐓′
𝑁 = 𝐓𝑁 −

tr
(

𝐓𝑁
)

∕3𝐈 are the deviators of the Cauchy stress tensors in which 𝐈 is
the unit tensor and, �̇�𝑝𝐼_𝑖 and �̇�𝑝𝑁 are the accumulated viscous strain rates

constitutively specified in Section 2.3.

2.2. Stress decomposition

The strain-induced phase transformation characterizes the hetero-
geneity of the initially amorphous medium which may be treated
in a composite framework considering a three-phase representation
of the PLA microstructure, involving amorphous, mesomorphic and
crystalline phases in the most general case. The progressive evolution of
the remaining amorphous portion 𝜒𝑎 can be expressed using the volume
fraction concept:

𝜒𝑎 = 1 − 𝜒𝑚 − 𝜒𝑐 (7)

where 𝜒𝑚 and 𝜒𝑐 are the degrees of mesomorphic and crystalline
phases, respectively, given by:

𝜒𝑖 = 𝜙∞_𝑖𝜅𝑖 (8)

in which 𝜙∞_𝑖 is the maximum degree of the newly formed phase and
𝜅𝑖 is the total degree of transformation.

The PLA material is thus considered as a mixture of mesomorphic,
crystalline and amorphous phases in the most general case and the
effective contribution of the three phases to the intermolecular Cauchy
stress 𝐓𝐼 is determined using a simple rule of mixture:

𝐓𝐼 = 𝜒𝑎𝐓𝐼_𝑎 + 𝜒𝑚𝐓𝐼_𝑚 + 𝜒𝑐𝐓𝐼_𝑐 (9)

In such an approach, the phase amount is explicitly introduced in
the model formulation. The three phases are however assumed to be-
have independently and without interaction. Although a more complex
composite-type formulation could be used to capture the underlying
interactions as well as the structure-response relationship [55,56], our
goal is to propose a simple approach to describe in a unified manner the
relationship between mesomorphic/crystalline phases and stress–strain
response across the glass transition.

Although the phases resulting from quiescent melt [57] are different
in morphology and in size than the newly formed phases due to
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straining, their rates of transformation, �̇�𝑚 and �̇�𝑐 , follow the classical
phenomenological formula initially proposed by Avrami [58–60], for
spherulitic growth in thermally-induced crystallization, and modified
by Doufas et al. [61]:

�̇�𝑖 =
�̇�

�̇�𝑟𝑒𝑓
𝑚𝑖𝐾𝑎𝑣_𝑖

(

− ln
(

1 − 𝜅𝑖
))

𝑚𝑖−1
𝑚𝑖

(

1 − 𝜅𝑖
)

(10)

where 𝑚𝑖 is the Avrami exponent and 𝐾𝑎𝑣_𝑖 is the transformation rate
function. The strain rate effect in Eq. (10) was introduced by Ahzi
et al. [21] with �̇� the strain rate and �̇�𝑟𝑒𝑓 the reference strain rate taken
equal to 0.01 /s in our simulations.

For the transformation rate function 𝐾𝑎𝑣_𝑖, we adopt the general
empirical form for PET, defined as follows:

𝐾𝑎𝑣_𝑖 = 1.47 × 10−3
(

4𝜋𝑁𝑢𝑖
3𝜙∞_𝑖

)1∕3
exp

(

−
( 𝜃 − 141

47.33

)2)

(11)

in which 𝑁𝑢𝑖 is the number density of nuclei originally present in the
amorphous phase.

It worth noticing that the Avrami formula may not be an adequate
choice for the phase transformation in PLA and an improved evolution
law could be provided from a thermodynamic reasoning [48]. Nonethe-
less, the Avrami formula may be regarded as a phenomenological
description of the evolution of the two newly formed phases needed
in the constitutive formulation.

The total Cauchy stress 𝐓 in the polymer is given by:

𝐓 = 𝐓𝐼 + 𝐓𝑁 (12)

in which 𝐓𝑁 is the molecular network Cauchy stress.

2.3. Constitutive equations

The two following subsections describe the constitutive theory for
the intermolecular and network resistances.

2.3.1. Intermolecular
The intermolecular resistance produces the initial stiff response due

to the intermolecular barriers (represented by the linear spring), fol-
lowed by the intermolecular flow (represented by the viscous dashpot)
characterized by the rate and temperature dependence of the yield.
The three phases do not co-exist during the first steps of the loading
due to the occurrence of the phase transformation at large strains.
The elastic–viscoplastic region of the stress–strain curve is thus solely
governed by the amorphous chains, in the glassy state or in the rubbery
state according to the stretching temperature. The mesomorphic and
crystalline intermolecular properties impact only the strain-hardening
region of the stress–strain curve.

The amorphous, mesomorphic and crystalline intermolecular
Cauchy stresses, 𝐓𝐼_𝑎, 𝐓𝐼_𝑚 and 𝐓𝐼_𝑐 , are constitutively related to the
corresponding elastic deformation by the following law for linear
elastic springs:

𝐓𝐼_𝑖 =
1

𝐽 𝑒
𝐼_𝑖

𝐂𝑒
𝐼_𝑖 ln

(

𝐕𝑒
𝐼_𝑖

)

(13)

where 𝐽 𝑒
𝐼_𝑖 = det 𝐅𝑒

𝐼_𝑖 is the elastic volume change, ln
(

𝐕𝑒
𝐼_𝑖

)

is the

Hencky elastic strain and 𝐂𝑒
𝐼_𝑖 is the fourth-order elastic stiffness tensor

of the amorphous, mesomorphic and crystalline phases. The three
phases are assumed to be isotropic and the elastic stiffness tensor 𝐂𝑒

𝐼_𝑖

is simply given, in Cartesian components, by the following standard
formulation:
(

𝐂𝑒
𝐼_𝑖

)

𝑖𝑗𝑘𝑙
=

𝐸𝑖
2(1 + 𝜈𝑖)

(

(

𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘
)

+
2𝜈𝑖

1 − 2𝜈𝑖
𝛿𝑖𝑗𝛿𝑘𝑙

)

(14)

in which 𝛿𝑖𝑗 is the Kronecker-delta symbol, 𝐸𝑖 and 𝜈𝑖 are the Young’s
modulus and the Poisson’s ratio, respectively.

It is well known that important changes occur in the amorphous
chain mobility around the glass transition temperature 𝑇𝑔 leading to

important stiffness variation with the temperature. The function given
by Dupaix and Boyce [27] is used to model the dependence on tem-
perature 𝜃 of the amorphous Young’s modulus 𝐸𝑎 below and above 𝑇𝑔 :

𝐸𝑎 (𝜃) = 𝐸𝑔1 − 𝐸𝑔2𝜃 for 𝜃 < 𝑇𝑔 − 𝛥𝑇𝑔∕2 (15)

and

𝐸𝑎 (𝜃) = 1
2
(

𝐸𝑔𝑟 − 𝐸𝑟1
)

− 1
2
(

𝐸𝑔𝑟 − 𝐸𝑟1
)

tanh
(

5
𝛥𝑇𝑔

(

𝜃 − 𝑇𝑔
)

)

−𝐸𝑟2
(

𝜃 − 𝑇𝑔
)

for 𝜃 ≥ 𝑇𝑔 − 𝛥𝑇𝑔∕2 (16)

where 𝛥𝑇𝑔 is the interval of the temperature range across which the
glass transition occurs, 𝐸𝑔𝑟 = 𝐸𝑔1 −𝐸𝑔2

(

𝑇𝑔 − 𝛥𝑇𝑔∕2
)

is the slope of the
glassy region, 𝐸𝑟1 is the slope of the rubbery region and 𝐸𝑟2 is the slope
of the linear drop across the glass transition region.

We assume that the inelastic flow in PLA is due to overcoming inter-
molecular resistances in both the amorphous phase and the two newly
formed phases. The rate of viscous flow of each dashpot element follows
an Arhenius-type expression for the thermally activated processes [19]:

�̇�𝑝𝐼_𝑖 = 𝛾0_𝑖 exp
(

−
𝛥𝐺𝑖
𝑘𝜃

(

1 −
𝜏𝐼_𝑖
𝑠𝑖

))

(17)

in which 𝛾0_𝑖 is the reference shear rate, 𝑘 is the Boltzmann’s constant,
𝛥𝐺𝑖 is the activation energy which must be overcome for flow to begin
in phase 𝑖, 𝑠𝑖 is an internal variable related to the resistance to shearing
of the phase 𝑖. Both activation energy and shear strength are physically
interpretable material constants capturing barrier to molecular chain
segment rotation in the amorphous phase and barrier to shear in the
two newly formed phases.

The strain-softening phenomenon occurring due to strain-induced
disordering of the amorphous segments below 𝑇𝑔 is simulated using the
following evolution law:

�̇�𝑎 = ℎ
(

𝑠𝑠 − 𝑠𝑎
)

�̇�𝑝𝐼_𝑎 (18)

where ℎ is the slope of the yield drop with respect to strain, 𝑠𝑠 is the
steady-state value for 𝑠𝑎 while its initial value is noted 𝑠0.

2.3.2. Network
The network resistance produces two competitive processes: the

molecular network stretching and orientation process (represented by
the nonlinear spring) leading to the stress increase with deformation,
and the thermal-induced molecular relaxation process (represented by
the viscous dashpot) leading to the stress decrease by accommodating
a part of the imposed deformation. The molecular network Cauchy
stress 𝐓𝑁 is expressed by the Arruda and Boyce statistically-based
relationship [62]:

𝐓𝑁 = 1
𝐽 𝑒
𝑁

𝐶𝑟
3

√

𝑁𝑟𝑙

𝜆
𝑒
𝑁

L−1

(

𝜆
𝑒
𝑁

√

𝑁𝑟𝑙

)(

1
𝐽 𝑒2∕3
𝑁

𝐅𝑒
𝑁𝐅𝑒𝑇

𝑁 − 𝜆
𝑒2

𝑁 𝐈
)

(19)

in which 𝐽 𝑒
𝑁 = det 𝐅𝑒

𝑁 is the network volume change, 𝐶𝑟 is the
rubbery modulus, 𝑁𝑟𝑙 is the average number of rigid links in the
chain (i.e. average chain length), L−1 (𝑥) ≈ 𝑥

(

3 − 𝑥2
)

∕
(

1 − 𝑥2
)

is the
inverse Langevin function approximated by a Padé approximant and
𝜆
𝑒
𝑁 =

(

tr
(

𝐽 𝑒−2∕3
𝑁 𝐅𝑒

𝑁𝐅𝑒𝑇
𝑁

)/

3
)1∕2

is the stretch on each chain in the
network. Note that the tensor 𝐓𝑁 is deviatoric, i.e. 𝐓′

𝑁 = 𝐓𝑁 . The
material constants 𝐶𝑟 and 𝑁𝑟𝑙 can be defined respectively by the slope
of the stress–strain response at the strain-hardening and the strain at
which the stress increases rapidly.

The rate of relaxation process �̇�𝑝𝑁 is given by [19]:

�̇�𝑝𝑁 = 𝐶

(

1
𝜆𝑝𝑁 − 1

)

𝜏𝑁 (20)

where 𝐶 is a viscous coefficient defining the temperature dependence of
the relaxation and 𝜆𝑝𝑁 =

(

tr
(

𝐅𝑝
𝑁𝐅𝑝𝑇

𝑁

)

∕3
)1∕2

for which the initial value
is set slightly higher than one in order to avoid singularity of Eq. (20)
and instability in the computations.
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3. Experimentally-based material kinetics and parameter identifi-
cation

The previous constitutive model is implemented into MATLAB soft-
ware to simulate homogeneous deformation in PLA along with the mi-
crostructure evolution with strain. The model results will be compared
to the database of Stoclet et al. [7,8,63]. The authors reported the large
strain deformation response and the strain-induced phase transforma-
tion obtained by means of X-ray diffraction technique in an initially
amorphous PLA, poly(D, L-lactide), purchased from Natureworks (USA)
with a D-isomer fraction of 4.3%.

3.1. Presentation of the database

The experimental database is provided as symbols in Fig. 3 in which
the material was strained under two strain rates (0.01 /s and 0.04
/s) over a wide range of temperatures below and above 𝑇𝑔 ∼ 58 ◦C.
The stress–strain response of investigated PLA is provided in terms of
true axial stress plotted vs. true axial strain. While the stress–strain
curves at 0.04 /s are well available in the papers of Stoclet et al.
[7,8], those at 0.01 /s are only available in the thesis manuscript of
Stoclet [63]. A global view at Fig. 3 shows a strong dependence of strain
rate, temperature and strain. Small temperature and strain rate changes
result in significant changes of the material response along with the
phase transformation. The schematic visualization given in the form
of phase diagram in Fig. 1 highlights the complex phenomenon to be
modeled.

For a strain rate of 0.01 /s and at a temperature of 45 ◦C, PLA
is able to transform only in mesomorphic form. This is also true for
higher temperatures but for a temperature of 70 ◦C, both oriented
crystals and imperfect ordered mesomorphic forms co-exist in PLA. For
a temperature of 75 ◦C, solely crystalline ordering is formed in PLA.
A significant rate-dependency of the temperature effect on the strain-
induced ordering has been observed. Indeed, whereas both crystalline
and mesomorphic phases co-exist in PLA at 70 ◦C when the material is
stretched at 0.01 /s, this co-existence is shifted to 80 ◦C when the strain
rate is of 0.04 /s. From a certain temperature, neither the mesomorphic
phase nor the crystalline phase develops. The mechanical behavior of
PLA is highly nonlinear with the expected dependencies of the strain-
ing temperature on the different features of the stress–strain curves,
especially, on the initial stiffness and the strain-hardening. Above the
ductile/brittle transition temperature, located around 35 ◦C–45 ◦C, and
below 𝑇𝑔 the material exhibits the ductile response characteristic of
glassy polymers with a strain-softening phenomenon after yield prior
to the strain-hardening stage. Due to the increase in molecular mobility
and chain orientation process the material behaves as a rubber-like
material above 𝑇𝑔 characterized by a relatively compliant response
which stiffens with increasing strain.

The experiments in Fig. 3 constitute a fruitful database for the
identification of the constitutive model for which several inputs are
required:

• Phase transformation kinetics: 𝜙∞_𝑚, 𝜙∞_𝑐 , 𝑁𝑢𝑚, 𝑁𝑢𝑐 , 𝑚𝑚 and 𝑚𝑐 .
• Intermolecular parameters of the amorphous phase: 𝐸𝑔1, 𝐸𝑔2, 𝐸𝑟1,
𝐸𝑟2, 𝛾0_𝑎, 𝛥𝐺𝑎 and 𝑠0 (ℎ and 𝑠𝑠 if a strain-softening is present).

• Intermolecular parameters of the mesomorphic phase: 𝐸𝑚, 𝛾0_𝑚,
𝛥𝐺𝑚 and 𝑠𝑚.

• Intermolecular parameters of the crystalline phase: 𝐸𝑐 , 𝛾0_𝑐 , 𝛥𝐺𝑐
and 𝑠𝑐 .

• Network parameters: 𝐶𝑟, 𝑁𝑟𝑙 and 𝐶.

As revealed by these experiments, the mesomorphic and crystalline
phases are two relative mechanisms dependent on the straining temper-
ature and the strain rate. The identification exercise is complex since a
small variation of these loading conditions has a strong impact on their
occurrence. Our goal is to propose a unified approach able to reproduce

the microstructure evolution in PLA across the glass transition along
with its elastic–viscoplastic–viscohyperelastic response.

In what follows, the identification scheme is divided into three sep-
arate and distinct steps: (i) We firstly design the phase transformation
kinetics, (ii) then we determine the intermolecular response of the
amorphous phase, and (iii) finally, by analyzing the strain-hardening
part, we deduce the intermolecular response of the two newly formed
phases and the network parameters.

3.2. Dual-phase transformation kinetics

The mechanism of phase transformation initiates beyond some crit-
ical strain. This strain of initiation is significantly influenced by the
stretching temperature as shown in Fig. 4a, and is higher for crys-
talline phase than mesomorphic phase. Due to the detrimental effect
of molecular relaxation on the molecular orientation necessary to form
the mesomorphic/crystalline phases at a higher straining temperature,
the initiation strain shifts to a higher value with increasing straining
temperature. A linear relationship exists between the initiation strain
and the straining temperature. It is well described for the mesomorphic
and crystalline phases, respectively, by:

𝜀𝑖𝑛𝑖𝑡_𝑚 = 0.013𝜃 − 0.117 (21)

𝜀𝑖𝑛𝑖𝑡_𝑐 = 0.01𝜃 + 0.225 (22)

Similarly, the maximum degree of mesomorphic and crystalline
phases is plotted in Fig. 4b as a function of temperature. While the
strain of initiation appears to be relatively strain rate independent,
an increase in strain rate shifts the maximum phase degree to higher
temperatures.

The WLF time–temperature equivalence principle is used to super-
impose the data by shifting them via a shift factor 𝑎𝜃_𝑖 [64]:

ln
(

𝑎𝜃_𝑖
)

=
𝐶1_𝑖

(

𝜃 − 𝜃𝑟𝑒𝑓
)

𝐶2_𝑖 + 𝜃 − 𝜃𝑟𝑒𝑓
(23)

in which 𝐶1_𝑖 and 𝐶2_𝑖 are two adjustable parameters depending on
the newly formed phase under consideration, and 𝜃𝑟𝑒𝑓 is the reference
temperature. Using a reference temperature 𝜃𝑟𝑒𝑓 of 70 ◦C, 𝐶1_𝑚 = 2,
𝐶2_𝑚 = 60 ◦C, 𝐶1_𝑐 = −5.47 and 𝐶2_𝑐 = 30 ◦C, Fig. 5 presents the
maximum degree of mesomorphic and crystalline phases as a function
of the reduced strain rate 𝑎𝜃_𝑖�̇� such that a straight line fit perfectly
describes the results. The simple linear relationships exhibit opposite
slopes and are described for the respective phases by:

𝜙∞_𝑚 = 1.029𝑎𝜃_𝑚�̇� + 0.121 (24)

𝜙∞_𝑐 = −23.97𝑎𝜃_𝑐 �̇� + 0.4 (25)

The opposite slopes in Fig. 5 are the sign of a complex competitive
process with strong effects of temperature and strain rate. Both oriented
crystals and imperfect ordered mesomorphic forms nucleate from a
higher ordered structure than the amorphous phase that pre-exists in
PLA [12,13]. We assume that the mesomorphic and crystalline phases
originate from different nuclei. The number density of nuclei 𝑁𝑢𝑖 is
found dependent on the temperature as shown in Fig. 6 and described
by two expressions for the mesomorphic and crystalline phases:

𝑁𝑢𝑚 = 8 × 1010 exp (−0.182𝜃) (26)

𝑁𝑢𝑐 = 1.1 × 109 exp (−0.106𝜃) (27)

To complete the identification of the Avrami formula (10), the
Avrami exponent is supposed to be the same for the two phases:

𝑚𝑚 = 𝑚𝑐 = 2.0 (28)

3.3. Stress–strain response

In what follows, we present the methodology for the parameter
calibration with an interest on the whole available tensile deformation
behavior.
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Fig. 3. Stress–strain response and material phase transformation (symbols: experiments [7,8,63], lines: model) at a strain rate �̇� of 0.01 /s: (a) 𝜃 = 45 ◦C, (b) 𝜃 = 70 ◦C, (c) 𝜃 =
75 ◦C, and at a strain rate �̇� of 0.04 /s: (d) 𝜃 = 70 ◦C, (e) 𝜃 = 80 ◦C, (f) 𝜃 = 90 ◦C.

Fig. 4. Data extracted from Fig. 3 as a function of temperature: (a) strain of initiation (symbols: identified values, lines: Eqs. (21) and (22)), (b) maximum degree of mesomorphic
and crystalline phases (1, 2: �̇� = 0.01 /s, 3, 4: �̇� = 0.04 /s).
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Fig. 5. Maximum degree of mesomorphic and crystalline phases as a function of
reduced strain rate 𝑎𝜃_𝑖 �̇� (symbols: identified values, lines: Eqs. (24) and (25)).

Fig. 6. Number density of nuclei as a function of temperature (symbols: identified
values, lines: Eqs. (26) and (27)).

3.3.1. Intermolecular
The intermolecular resistance arises from a combination of amor-

phous, mesomorphic and crystalline stiffness and flow. The parameter

calibration for the different phases is performed separately. With ref-
erence to the micromechanics concepts, we postulate that the proper-
ties of amorphous, mesomorphic and crystalline phases are the same
whatever the phase content. By this way, the individual constitutive
response of the three phases will be extracted.

3.3.1.1. Amorphous phase. The onset of phase transformation begin-
ning after a strain of 40% (Fig. 4a) the intermolecular parameters of the
amorphous phase, representative of its elastic–viscoplastic response,
were determined using the initial part of the stress–strain curves. The
elastic stiffness is reported in Fig. 7a as a function of temperature. It
is constant over a wide range of temperatures in the glassy region,
followed by a dramatic drop in the glass transition region and a
more gradual decrease in the rubbery region. The fitting of the elastic
stiffness–temperature data with the formulae (15) and (16) gives the
following values for the involved parameters:

𝐸𝑔1 = 402.85 [MPa] (29)

𝐸𝑔2 = 2.273 [MPa] (30)

𝐸𝑟1 = 24.53 [MPa] (31)

𝐸𝑟2 = 0.783
[

MPa ◦C−1] (32)

The amorphous yield properties, i.e. the material parameters in-
volved in the Arhenius-type relation (17), were identified using the ex-
perimental yield strength. The amorphous value of the pre-exponential
factor 𝛾0_𝑎 was fixed to a prescribed value:

𝛾0_𝑎 = 1.75 × 106
[

s−1
]

(33)

The other parameters in Eq. (17), 𝛥𝐺𝑎 and 𝑠0, were successively
iterated, by means of trial and error, in order to achieve optimal agree-
ment between the simulations and the yield strength. The amorphous
activation energy takes the following value:

𝛥𝐺𝑎 = 8 × 10−19 [J] (34)

The resistance to shearing 𝑠0 is given in Fig. 7b as a function of
temperature and follows the following expression:

𝑠0 = 1.434 × 104 exp (−0.1307𝜃) [MPa] (35)

The strain-softening phenomenon appearing at 45 ◦C is represented
by the formula (18) with the following parameter values:

ℎ = 140.0 (36)

𝑠𝑠 = 21.0 [MPa] (37)

The strain-hardening response is dominated by the molecular orien-
tation and relaxation, and the occurrence of strain-induced phases. The
intermolecular parameters of crystalline and mesomorphic phases were

Fig. 7. Amorphous intermolecular parameters as a function of temperature: (a) Young’s modulus (symbols: identified value, line: Eqs. (15) and (16)), (b) initial shear strength
(symbols: identified values, line: Eq. (35)).
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Fig. 8. Mesomorphic and crystalline intermolecular parameters as a function of temperature: (a) Young’s modulus (symbols: identified values, lines: Eqs. (38) and (39)), (b) shear
strength (symbols: identified values, lines: Eqs. (42) and (43)).

optimized to fit correctly the stress–strain data in the strain-hardening
region, simultaneously with the network parameters.

3.3.1.2. Mesomorphic and crystalline phases. In order to ensure a real-
istic description of the microstructure a difference between the inter-
molecular parameter values of mesomorphic and crystalline phases is
imposed. The mesomorphic and crystalline Young’s moduli are plotted
as a function of temperature in Fig. 8a and described by the following
relations:

𝐸𝑚 = 365688 exp (−0.152𝜃) [MPa] (38)

𝐸𝑐 = 12411 exp (−0.077𝜃) [MPa] (39)

The mesomorphic and crystalline values of the pre-exponential
factor are taken equal to the amorphous value, i.e. 𝛾0_𝑚 = 𝛾0_𝑐 = 𝛾0_𝑎.
The activation energies of mesomorphic and crystalline phases take the
following values:

𝛥𝐺𝑚 = 7.5 × 10−19 [J] (40)

𝛥𝐺𝑐 = 7 × 10−19 [J] (41)

The mesomorphic and crystalline resistances to shearing are plotted
as a function of temperature in Fig. 8b and described by:

𝑠𝑚 = 41918 exp (−0.13𝜃) [MPa] (42)

𝑠𝑐 = 20095 exp (−0.112𝜃) [MPa] (43)

3.3.2. Network
Figs. 9 and 10a shows the calibration result of the network parame-

ters as a function of temperature. As shown in Fig. 9a, the dependence
on temperature of the parameter 𝐶𝑟 follows a classical behavior on both
sides of 𝑇𝑔 , decreasing below 𝑇𝑔 and increasing above 𝑇𝑔 . The linear
phenomenological model of Richeton et al. [29] is adopted to describe
the behavior of the parameter 𝐶𝑟 below and above 𝑇𝑔 :

𝐶𝑟 = 47.07 − 0.8𝜃 [MPa] for 𝜃 ≤ 𝑇𝑔 (44)

and

𝐶𝑟 =
(

47.07 − 0.8𝑇𝑔
) 𝜃
𝑇𝑔

[MPa] for 𝜃 ≥ 𝑇𝑔 (45)

The parameter 𝐶 characterizes the thermal-induced chain relaxation
process increasing linearly with increasing temperature but with dif-
ferent slopes on both sides of 𝑇𝑔 as shown in Fig. 9b. The bi-linear
evolution of the parameter 𝐶 is independent on the appearing phase.
That is to say that only the temperature dependence is introduced. A
similar linear phenomenological model that for the parameter 𝐶𝑟 is
proposed for the behavior of the parameter 𝐶 below and above 𝑇𝑔 [32]:

𝐶 = 7.011 × 10−7 + 2.2 × 10−9𝜃
[

MPa−1 s−1
]

for 𝜃 ≤ 𝑇𝑔 (46)

and

𝐶 =
(

7.011 × 10−7 + 2.2 × 10−9𝑇𝑔
) 𝜃
𝑇𝑔

[

MPa−1 s−1
]

for 𝜃 ≥ 𝑇𝑔 (47)

The identification exercise ends with the parameter 𝑁𝑟𝑙 controlling
the orientation-induced strain-hardening. It is plotted as a function of
temperature in Fig. 10a. If the occurrence of phases is distinguished, as
illustrated in the figure, it can be seen that the parameter 𝑁𝑟𝑙 increases
with increasing temperature below 𝑇𝑔 and remains constant above 𝑇𝑔 .
This is consistent with the classical evolution of the parameter 𝑁𝑟𝑙 [29].
However, the change from the glassy to the rubbery state involves
two distinct slopes. When the two strain-induced substructures co-
exist the slope is very low whereas it is very important when solely
the crystallization occurs. That highlights the complexity of the two
interacting processes, namely, the strain-induced orientation and the
thermal-induced molecular relaxation, both governed by the straining
temperature and the strain rate as discussed in the introduction using
the diagram in Fig. 1. The important molecular relaxation at high
straining temperature, translated by the parameter 𝐶 in Fig. 9b, im-
poses higher values of the parameter 𝑁𝑟𝑙 due to the solely occurrence of
the crystallization. When the latter is accompanied by the mesomorphic
phase, smaller values of the parameter 𝑁𝑟𝑙 are necessary. Therefore,
the parameter 𝑁𝑟𝑙 may be also related to the amount of crystalline
phase. Keeping in mind that the transformed PLA material is seen as a
composite, the parameter 𝑁𝑟𝑙 is plotted as a function of amount of the
non-crystalline portion in Fig. 10b. This plotting allows formulating a
simple exponential function:

𝑁𝑟𝑙 = 11.72 + 64 × 104 exp
(

−14.21
(

1 − 𝜙∞_𝑐
))

(48)

in which 𝜙∞_𝑐 is given by Eq. (25) as a function of the reduced strain
rate 𝑎𝜃_𝑐 �̇�.

3.4. Comparison between experiments and model

Fig. 3 presents the comparison of model simulations with experi-
mental stress–strain curves and phase changes. The lines represent the
simulation results while the symbols designate the experimental data.
A global view at these results shows that the general trends provided
by the model are satisfactory for the different straining temperatures
including the rate-dependency. The model provides a good description
of the microstructure evolution with strain and the main features of
the stress–strain curve across the glass transition: the initial elastic
response, the yield event (if any) followed by the steady state flow,
the strain-hardening and the dramatic strain-hardening at very large
strains.

The results reported in Fig. 3 illustrate the dependence of various
features of the stress–strain curve on straining temperature and strain
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Fig. 9. Rubbery modulus and viscous coefficient as a function of temperature: (a) rubbery modulus (symbols: identified values, lines: Eqs. (44) and (45)), (b) viscous coefficient
(symbols: identified values, lines: Eqs. (46) and (47)).

Fig. 10. Average chain length as a function of: (a) temperature and (b) amount of the non-crystalline portion (symbols: identified values, line: Eq. (48)).

rate. However, the microstructure effect on the mechanical response
cannot be assessed. We can use the proposed model to discuss the
benefits or prejudices of the mechanism of phase changes on the
material response.

3.5. Implication of the phase changes

Let us first show how the kinetics of phase transformation modi-
fies the large-strain mechanical behavior. To illustrate this important
feature, we re-consider in Fig. 11, the results presented in Fig. 3 in
which, respectively, only the mesomorphic phase (Fig. 3a), the two
phases (Fig. 3b) and only the crystalline phase occur (Fig. 3f). Fig. 11
presents the different cases in which no phase change occurs and only
one phase or both phases appear. The figure shows that the presence of
phases affects strongly the strain-hardening region. The mesomorphic
phase has a preponderant effect below 𝑇𝑔 and a minor effect above 𝑇𝑔 .
More interestingly, the crystallization-induced softening, also reported
in NR [48,50], is well accounted for by our approach.

As a final point of discussion, we propose to examine the model
response under continuous relaxation. Stoclet et al. [8] measured the
phase changes under continuous relaxation with jumps in temperature,
and the data are reported in Fig. 12a. The test consisted firstly to apply
a relaxation (i.e. �̇� is zero) at a temperature of 45 ◦C for a prescribed
delay during which the phase changes and the stress were measured.
Secondly, a ramp in temperature to 65 ◦C and then to 70 ◦C were
realized while the material is still under relaxation. The passage from
one temperature to the other is carried out progressively as shown
in the figure. While the strain-induced phase transformation in NR

exhibits a time-dependent behavior during relaxation [48], the results
of Fig. 12a show that the mechanism remains frozen in PLA. Fig. 12b
presents the simulated curves according to the experimental protocol.
Although some discrepancies can be observed, a general quite good
agreement is obtained. Indeed, the model is able to capture the depen-
dence on temperature of stress and occurrence of the two newly formed
phases, both below and above 𝑇𝑔 . The thermo-mechanical stability of
the mesomorphic phase up to 70 ◦C is also a feature reproduced by the
model.

4. Concluding remarks

In this work, we have presented a constitutive model for the PLA
mechanical response across the glass transition in connection to strain-
induced dual-phase transformation. The resistance to deformation in
the PLA material is assumed to be the sum of a network part and
an intermolecular part, the latter being a mixture of mesomorphic,
crystalline and amorphous contributions. The properties of each phase
were isolated using the experimental data of an initially amorphous
PLA strained over a wide range of temperatures and two strain rates.
The model was shown useful to understand the benefits or prejudices
of each mechanism: Below the glass transition, the mesomorphic phase
stiffens the strain-hardening. Above the glass transition, the mesomor-
phic phase is thermo-mechanically stable but has a minor effect on the
material response compared to the crystalline phase which softens the
strain-hardening.
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Fig. 11. Effect of phase transformation on the stress–strain curve: (a) �̇� = 0.01 /s and 𝜃 = 45 ◦C (corresponding to Fig. 3a), (b) �̇� = 0.01 /s and 𝜃 = 70 ◦C (Fig. 3b), (c) �̇� = 0.04
/s and 𝜃 = 90 ◦C (Fig. 3f).

Fig. 12. Stress–time response and material phase transformation under continuous relaxation with jumps in temperature: (a) experiments from Stoclet et al. [8], (b) model
simulation.

Our approach, although quite sophisticated and correctly reproduc-
ing the experimental observations, needs improvement for a fully realis-
tic description of the microstructure evolution such as the deformation-
induced anisotropy and the interactions between substructures. The
verification of model capabilities under different mechanical loading
paths is an important issue for further studies.
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