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ABSTRACT

The Constrained Isoperimetric Problem

Minh Nhat Vo Do
Department of Mathematics

Master of Science

Let X be a space and let S C X with a measure of set size |S| and boundary size |0S|.
Fix a set C' C X called the constraining set. The constrained isoperimetric problem asks
when we can find a subset S of C' that maximizes the Fglner ratio F'R(S) = |S|/|0S]. We
consider different measures for subsets of R?, R3, Z?, Z? and describe the properties that must
be satisfied for sets S that maximize the Fglner ratio. We give explicit examples.

Keywords: amenability, isoperimetric, Fglner ratio, cooling function, cooling field.
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CHAPTER 1. INTRODUCTION

The Banach-Tarski paradox [7] is a consequence of nonamenability in group theory and
motivates the study of amenability. The constrained isoperimetric problem [1] arose from
the study of amenability [4].

A group G with finite generating set C' = C~! has a geometric realization called its
Cayley graph X = X(G,C). The graph X has G as its vertex set. Two vertices a,b are
connected by an edge e from a to b if b = ac for some ¢ € C'. Given a finite subset S of X,
we take |S| to be the number of vertices in X of S and |0S| to be the number of edges of
X with exactly one vertex in S. The Folner ratio of S is FR(S) = |S|/|0S| [3]. The group
G is amenable if there are subsets S; C Sy C --- C X exhausting X, with F'R(S;) — oo as
1 — 00. In general there are no finite subsets S C X with maximum Fglner ratio, however,
given a fixed finite set C' C X, a constraining set, we can find a subset S C C with maximum
Folner ratio in C'. This is the constrained isoperimetric problem [1].

Wherever there is a space X, a constraining subset C' C X, and a way to appropriately
measure the size and boundary, there exist analogous problems. We will characterize sets

with maximum Fglner ratios where X = R? Z2 R3, Z3 and give examples of each.

CHAPTER 2. TECHNICAL SETTINGS

The constrained isoperimetric problem involves a space X, a constraining set C' C X, and a

way to measure a set and its boundary. We will focus on the following settings:

2.1 GRAPHS

As a space X, we consider the case where X is the Cayley graph of the free Abelian group

Z? or 7. We take |S| to be the number of vertices in S and |0S] to be the number of edges



of X each having exactly one vertex in S.

2.2 FEUCLIDEAN SPACE

We also consider the case when X is either R? or R? with |S| equal to the classical area, or
volume measure, respectively. For |0S]|, when X = R? we consider two different measures
L and L, of lengths; when X = R? we use £, measure for volume and £; measure for area.
These are defined in Chapter 3.

The reason for employing the £ measure for the boundary length is that the problem

becomes the continuous limit analogue of the group theoretic one for Z2.

CHAPTER 3. MEASURE

For measuring we use the following modified definitions of Hausdorff measure. For the

standard definition we cite [2].

3.1 DIAMETER

Let AC R" and 7; : R® — R, with ¢ = 1,...,n, be projection maps. Let A,, = m;(A). We

define:
xl-dzam(A) = Sup{lx - yl ST,y € sz}a
and
li-diam(A) = in-diam(A),
i=1
while

lo-diam(A) = sup{|x — y| : x,y € A}.

In the case n = 2, we have 7, : R* — R and 7, : R* — R, the projections onto the z-axis



and y-axis, respectively. In this case we have

z-diam(A) = sup{|x1 — xa| : 21,20 € AL},

y-diam(A) = sup{|y1 — vo| : Y1, 2 € Ay},

and

l1-diam(A) = x-diam(A) + y-diam(A).

Depending on the context we will use the symbol diam(A) to denote either the [y or Iy

diameter of A.

3.2 HAUSDORFF MEASURE

Definition 3.1. A special rectangle in R™ is a subset of the form [aq, b] X [ag, ba] X - - - X [ay, by

for a; < b;.

Let S C R™ be a compact set. Let § > 0. We cover S with a § cover U = |J U; such that
the U, are special rectangles with diameter of U; < §. Diameter here can be taken to be

either [; or ly. We define the m-dimensional Hausdorff measure of S with respect to d to be

H™(S,d) = inf {Z diam(U;)™ : UUZ' D S, diam(U;) < (5} :

Here the infimum is taken over all covers . We define the n-dimensional Hausdorff measure
of S to be
H™(S) = lim H™(S,9).

6—0

We have the following theorems:

Theorem 3.2. Let S CR"™. Let 0 < a < 3. If H*(S) < 0o, then H?(S) = 0.



Proof. Given a covering U = |JU; of S with diam(U;) < 4, we have

Zdiam(Ui)ﬁ = Z(dlam(U)ﬂ *)(diam(U;)*)
< 255 (diam(U;)%)
= 55_(’“Zdiam(U

So
inf {Z diam(Ui)ﬁ} <inf {(5/3_0‘ Zdiam(Ui)o‘} < 677 inf {Z diam(Ui)a} .
Hence
< 7B — T . \8
0 < HP(S) (lsl_r)% inf {Z diam(U;) }

< 1 B—a . Na

< (lslir(l)(s inf {Z diam(U;) }

< Tim 55 lim i iam(U;)°

< (151_13(1)5 615{)10 inf {XZ: diam(U;) }

= lim 6~ “H*(S)

0—0
= 0-H*)
= 0.
[

Corollary 3.3. Let S CR"™. Let 0 < a < B. If 0 < HP(S) < oo, then H*(S) = oo. O

In the case where the dimension n = 1 we define £;(S) = H'(S) and Ly(S) = H'(S) to
be the £, and £, lengths of S using the [, and 5 definitions of diameter, respectively. When

n =2 we let area(S) = H*(S) using the I, diameter.



Note that if U; is a special rectangle in R? then

lg—diam(Ui) S ll—dlam(UZ) S 2 - lg—dlam(UZ)

We deduce the following corollary:

Corollary 3.4. In the case where n = 2, the Ly and Ly lengths of S satisfy the inequality
Lo(S) < Ly(S) <2-Ly(S). If either is finite then area(S) = 0. O

CHAPTER 4. PEANO CONTINUA

The sets that come under consideration in solving the constrained isoperimetric inequality
can be very general. In the plane R? this fact leads us to interesting problems in plane
topology. We collect some basic results from [8].

We begin with a classical convergence theorem. Let X be a metric space with countable
basis U = {uy, us, ...}. Let N(x,¢€) denote the open e-neighborhood of x € X. Let Xy = { X,

Xog, - ..} denote a sequence of subsets of X. We define

limsup Xy = {z € X | Ve > 0, N(x,¢€) intersects infinitely many Xo,’s}, and

liminf Xy = {z € X | Ve > 0, N(z,¢) intersects all but finitely many Xo,’s}.

We say that the sequence Xy converges if liminf Ay = lim sup &y. This common set is called

the limit of the sequence &p. This notion is defined in [5], page 5.

Lemma 4.1. There is a subsequence of Xy that converges. If X is compact and if each Xo; s

nonempty, compact, and connected, then the limit is also nonempty, compact, and connected.

Proof. Suppose a subsequence X; = {Xj;1, Xjo,...} has been chosen. If there is an infinite
subsequence of X; that misses the basis element u;,, then let X;;; be such a subsequence.

Otherwise, let X;41 = &;.



We claim that the diagonal subsequence D = {X1;, Xo9, ...} converges. Indeed, if x €
lim sup D, we must show that = € liminf D. If not, then there is a subsequence of D that
misses some neighborhood N(z,€) of =, and thus misses some basic open set u; about w.
This means that the subsequence X; also misses u;. Hence u; misses all Xy, for & > j, a
contradiction to the inclusion x € limsup D.

We next assume that each X;; is nonempty, compact, and connected. Taking x; €
X, we obtain a sequence which must have a convergent subsequence, since X is compact.
Thus the limit point is in limsup D, and hence, lim sup D is not empty. Since limsup D is
obviously closed, lim sup D is both nonempty and compact. It remains to show that lim sup D
is connected. Suppose to the contrary that it is the disjoint union of nonempty compact sets
A and B. Let U and V be disjoint open neighborhoods of A and B, respectively. Since
each X;; is connected and intersects both U and V for large 7, then for such large 7, X;; will
contain a point z; € X \ (UUV). A limit point of the z;’s must be a point of lim sup D that

is in neither A nor B, a contradiction. We conclude that lim sup D is connected. [

This limit theorem allows us to characterize compact, connected, and locally connected
subsets of the plane. A compact, connected metric space is called a continuum. If a contin-

uum is also locally connected then it is called a Peano continuum.

Lemma 4.2. Suppose that M is a continuum in the plane R? that is not locally connected.
Then there is an annulus A in the plane such that M N A has infinitely many components

that intersect both boundary components of A.

Proof. Since M is not locally connected, there is a point p € M and a closed disc neighbor-
hood D of p such that the component C' of D N M that contains p is not a neighborhood of
pin M. Thus, there is a sequence C}, Cs, ... of components of D N M distinct from C' and
points x; € C; that converge to p. We lose no generality in assuming that each intersects a
smaller disc neighborhood E of p. Each C; then contains a component of M N (D \ intE)

that intersects both boundary components of the annulus A = D \ intE.



Converging continua

]

Lemma 4.3. If M is a continuum in the plane that is not locally connected, then Lo(OM) =

oo. Consequently, £1(0M) = co.

Proof. Let A be an annulus in the plane such that M N A has infinitely many components
C1, Cs, ... that intersect both boundary components of A. Let d denote the L, distance
between the two boundary components of A. It suffices to show that each C; contains a

portion of the boundary of M of £; length > d.

(<5

Let C be one of them and use two arcs near another C; to cut A into a disc D crossed from
side to side by C'. Then C separates the top and the bottom of the disc from one another
in D. Hence D N dC' separates the top and the bottom of the disc from one another in D.

By the unicoherenceof D (see [8], chapter 2, section 4 and 5), some component of D N oC



separates the top and the bottom of the disc from one another in D. This component must
have £; length > £, length > d since it must intersect both sides of D (recall Corollary
3.4). [

There are a number of slight modifications to the previous result. Here are two of them.

Lemma 4.4. If M s a compact subset in the plane having infinitely many components

Ch, Cy, ... of diameter > € > 0, then L2(OM) = £,(0M) = oc.

Proof. By the convergence theorem (lemma 4.1), we may assume that the C; converge to a
continuum C' of diameter > €. Let p denote a point of lim sup C;, and let A denote a round
annulus centered at p in the €/4 neighborhood of p. Then, for all large i, C; intersects both
the inner and outer boundary components of A. Hence A N dC; contains a component that
crosses A and therefore, has length at least as large as the distance from one component
of A to the other. Since there are infinitely many C’s, the total length is infinite whether

measured using L4 or L,. O

Lemma 4.5. Suppose that M is a continuum in the plane R? that does not separate R? and
that has finite boundary length. Then

(0) The continuum M is a Peano continuum.

(1) The set OM is connected,

(2) The components u of M\ OM form a null sequence uy, us, ...

(8) The closure of each w; is a topological disc d;.

(4) If d; and d; intersect then they intersect in a single point.

(5) The area of M is the sum of the areas of the open sets u;.

(6) The length of OM (using either of the £1 and Ly lengths) is greater than or equal to

the sum of the (corresponding) boundary lengths of the discs d;.

Proof. (0): Otherwise, OM has infinite length.
(1): If M were not connected then there would be a disc D in R? whose boundary misses

OM such that OM intersects both the interior and exterior of D. Since M is connected, it



must intersect D. Since 0D misses M, we must have 9D C M. Since M does not separate
R2, the interior of D must also lie in M. But the interior of D intersects M, a contradiction.

(2): If the components of M \ M do not form a null sequence, then we may pick arcs
Ay, Ay, ... in distinct components of M \ OM with all of the A; of diameter > ¢, for some
fixed € > 0. Using the convergence theorem, we find the existence of an annulus A such
that each A; joins the two boundary components of A. These A; are separated in A from
one another by dM. This separation requires infinitely many distinct long components of
OM N A, so that the length of M is infinite, a contradiction.

(3): Since OM is a continuum of finite length, it must be locally connected. A standard
result from plane topology ([8], Chapter 4, Theorem 6.7.) states that, if u is a bounded
complementary domain of a locally connected continuum, then du contains a simple closed
curve J(u) that separates v from infinity in R?. In the case of u;, the simple closed curve
J(u;) must contain u; in its interior, and since M does not separate R?, that interior must
coincide with w;. That is, the union of u; and J(u;) is a disc d; that is precisely the closure
of w;.

(4): If d;Nd; were to contain more than one point, then the union d; Ud; would separate
R2, and the bounded complementary components of the union would have to lie in M. But
this would contradict the assumption that u; and wu; are maximal components of M \ OM.

(5): Since the boundary of M has finite length, it also has 0 area (by Corollary 3.4).
Thus the area of M is entirely carried by the open sets u;. Thus the area of M is the sum
of the areas of the u;’s.

(6): It suffices to show that, for each n, the sum of the boundary lengths of dy, ds, ..., d,
is less than or equal to the boundary length of 9M. But that is obvious since these d;’s share

only finitely many points. O



CHAPTER 5. THE UNCONSTRAINED ISOPERIMETRIC PROBLEM

The classical unconstrained isoperimetric problem in the plane R? has a well known solution
[6]. Our problem is the £; analogue of this result. We state this classical result and prove

the £ case.

Theorem 5.1 (Classical unconstrained isoperimetric problem). A set of Lo boundary length
L in the plane R* cannot enclose an area greater than L?/4w. This inequality is sharp,

realized by a circle of circumference L and radius L/2.

Theorem 5.2 (The £; unconstrained isoperimetric problem). A set of L1 boundary length L
in the plane R? cannot enclose an area greater than L*/16. This inequality is sharp, realized

by a special square of perimeter L.

Proof. We assume that we are given a compact set M in R? with £; boundary length L < oco.
We are to show that area(M) < L?/16. We use the results from the previous chapter.

We may add to M any of the bounded complementary domains of M without increasing
the boundary length and possibly increasing the area. We may, therefore, assume that M
does not separate R2.

Since the boundary length is finite, the nondegenerate components My, My, ... of M
form a null sequence, and each M; is a locally connected continuum that does not separate
R2.

The bounded components of M \ 0M form a null sequence uy, ug, ..., each u; having
closure d; that is a disc. The area of M is the sum of the areas of the d;’s and the boundary
length of M is greater than or equal to the sum of the boundary lengths of the d;’s.

We translate the d;’s into the plane so that they are contained in disjoint special squares
Q; in R?. We treat each d; separately.

Let R; denote the minimal special rectangle in (); that contains the translated d;. Then,

d; intersects each of the four boundary edges of R;. It is an easy matter to show that the

10



£1 boundary length of R; is less than or equal to the boundary length of d;. Hence, we
may replace d; by R; without increasing the boundary length and without decreasing the
area. Now among special rectangles with a given boundary length, area is maximized by the
square of the same boundary length. Thus, we may replace R; by a square .S; C @); without
increasing boundary length and possibly increasing area.

If we have at least two @);’s we may place them side by side into one disc while decreasing
boundary length and maintaining total area. The result may then be replaced by a single
square of larger area and the same (decreased) boundary length.

By induction, we find that we may, without increasing boundary length, enclose almost
as much area as the original by a single square. That is, the optimum is realized by a single

square. Since the area of a square with perimeter L is L?/16, our proof is complete. O
We deduce the following corollaries regarding the bound on Fglner ratio of a set.

Corollary 5.3. Let S be compact, with Lo boundary length L. Then

1/2

1
FR(S) < 5=IS|'"

LQ
Proof. By Theorem 5.1, |S| < 10 80 L > 2/7|S|"/?, and hence
7T

Isl_ 1l _ 1
L = 2/als 2~ ayr

FR(S) = |S|/2.

Corollary 5.4. Let S be compact, with L1 boundary length L. Then

FR(S) < |

11



L2
Proof. By Theorem 5.2, |S| < 6 50 L > 4|S|'/2, and hence

S| _ _IS]
FRIS) =T = NERE

1
— |52,
718

CHAPTER 6. CHARACTERIZING OPTIMAL F@LNER SETS

We have not as yet managed to show that for every compact set C, there actually exists a
compact subset Sy C C whose Fglner ratio is maximum. In the previous chapter we showed
that the Fglner ratios are bounded above so that there is a sequence of compact subsets with
Folner ratios approaching a finite supremum. We now show that, in special cases, a subset

with maximum possible Fglner ratio, if it exists, may be taken to have a particular form.

Theorem 6.1. If C is a closed disc in R? and if there is a subset Sy C C' that has maximum

possible Falner ratio, then we may take Sy to be a closed disc.
This theorem is a corollary to the following lemma and theorem.

Lemma 6.2. Suppose > a; and > b; are convergent series of positive numbers and that

a;/b; = 0. Then max(a;/b;) > (x = > a;/>_b;).

Proof. Otherwise, max(a;/b;) = Az, with A < 1. Hence, for each i, a; < Axb; so

20 T >obi

X

= \r <z,

a contradiction. ]

Theorem 6.3. Suppose that S is a compact subset of R? that does not separate R? and that
FR(S) > 0. Then there is a disc D in S such that FR(D) > FR(S).

12



Proof. We have seen that each component of S is locally connected, that the nondegenerate
components of S form a null sequence, and that the area of S is carried by a null sequence
of discs D1, D, ... in S, each pair intersecting in at most one point. Let the area of D; be
a;, and length of 9D; be b;. Then FR(S) < > a;/> b; = x. By lemma 6.3 there exists i,
such that FR(D;) = a;/b; > x > FR(S). O

Theorem 6.4. If C is a convex disc in R?, and if there is a subset Sy C C' that has maximum

possible Falner ratio, then we may take Sy to be the intersection of C' with special rectangle.

Proof. We may assume Sy is a disc by Theorem 6.1. Let t,b,[,r be top, bottom, left, and
right most points of Sy, respectively. They define a special rectangle R, containing the points
in the top, bottom, left, and right edges. Let S; = Ry N C. We claim FR(S;) > FR(Sp).
Certainly area(S7) > area(Sp). It suffices to show that the boundary length of S} is no greater
than the boundary length of Sy. The path from 7 to b in .57 is a geodesic by convexity of C
and has length as short as the corresponding path in the boundary of Sy and similarly for
the paths from ¢ to r, from b to [ and from [ to . Thus, the boundary length of S is less

than or equal to the boundary of Sj. n

Theorem 6.5. If C' admits an isometry T : C — C (L1 or Ly as appropriate), and if Sy

has mazimum Folner ratio in C, then Sy UT(Sy) also has mazimum Folner ratio in C.

. . 1S [ T'(So)|
Proof. L h Fol — =7r. Then ——— =r. N
7|“;0f e(tS S)’T C (' have maximum Fglner ratio 5] r en 0T (S0)] r ow
0o NT(So

<r,s0 |SoNT(Sy)| <7l0(SoNT(Sy))|. Hence

|a(SomT(So))‘ = | 0 ( 0)‘ | ( 0 ( 0))‘
S0 U T (So)] _ |So| + T'(So) — [So N T'(S)|
10(So UT(S))] 00| + [0T'(So)| — [0(So N T(So))]

r19So| + 7107 (So)| — r[0(Se N T'(S0))]
— [0S0l + 10T (So)| = |9(S0 N T'(S0))|

13



Remark. We did not prove the existence of optimal Fglner sets but rather if they existed,
they would have the above descriptions. Steiner [6] also did not give a proof of existence of

a solution to the classical isoperimetric inequality:.

CHAPTER 7. APPLICATIONS

We have not shown the existence of optimal Fglner sets; however, if there exists an optimal

Folner set, we show what form it must take in the following settings.

Theorem 7.1. Let |S| denote the area of S and |0S| the Euclidean length of the boundary

of S where S C R%. Let C be the unit square. If there is an optimal set Sy C C, then
1

2+

. Furthermore, FR(Sy) =

1
So = U D;, where D; are discs with radius
pise 2+

Proof. We use the following results from the calculus of variations:

B

(1) S must be locally convex in C, otherwise we can increase the area and decrease the

boundary length.

(2) Boundary of S must intersect the boundary of C' tangentially, otherwise rounding the

corners of S increases the Fglner ratio.
(3) S may be taken to be a disc if C' does not separate R? by Theorem 6.1.

(4) Boundary arcs of S that miss the boundary of C' must have constant curvature (classical

result).

(5) S may be taken to realize the symmetries of C'; because an optimal set union its image

under a symmetry is also optimal by Theorem 6.5.

The only sets in the setting of Theorem 7.1 that satisfy these conditions are circular discs

or a square minus the fragments cut off by four quarter circles at the four corners of C. (See

14



the figure below.) Hence, if there is an optimal Sy, then Sy = U D;, where D; are discs of
D;cC
uniform radius in C'. Let € be the radius of D;. Then

1
1So| = 1 —4(e* — 1—177'62) =1—¢e(4—n),

and
1
|0S]| :4(1—264—1-27%) =4 —2¢(4—m),
hence
1—e(4—m)
F =
R(50) 4—2(4—m)

1
which maximizes when ¢ = S with FR(Sy) =

Classical Fglner set.

O

Theorem 7.2. Let the measures of sets and boundaries be the same as in Theorem 7.1, and

let C' be a reqular n-polygon in R? with side lengths 1. If there is an optimal set Sy C C', then

ntan (%) — 4/ntan (%) s

So = D;, where D; are discs with radius €, = — p . Furthermore,
M e (2) (e (5 - )
FR(S()) = €p.

Proof. By the same argument as above we have Sy = U D;, where D; are discs of uniform
D;,cC
radius in C'. Let € be the radius of D;. We first divide the polygon P, with side length s

15



into n congruent triangles with central angel 27 /n as described below.

T
n
h
S
Then
s/2
(P ) hs (tan(w/n)) (S) n 52
re =n-—=n = —
AEATn 2 2 4 tan(m/n)
In the case when s = 1 we have
n
P)=———.
area(Fy) 4tan(m/n)

We think of Sy as P, removing n corners as described in the figure below.

Classical Fglner set in
a regular hexagon.

16



Now we look at one corner of the polygon P, with center O.

Now a = (7 — 27w /n)/2 = g — z, and so
n

= ‘ =€ tan(mw/n).

€
=€/t =
= ¢/tana tan(§ —7)  cot(m/n)

t
Also, tan f = z/e = ¢tan(m/n) = tan(m/n). So B = w/n. So area of sector ABD is
1 1 2
562 28 = 562 21 /n = %
Then the area of corner BCD is
1 er ™
2. —xe —area(ABD) = e-etan(n/n) — — = ¢ (tan (—) - —) :
2 n n n
Then
|So| = area(P,)—n-area(BCD)

B 4tan7z7r/n) — ne’ <tan (%) B %) i
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Now

10So| = n(1—2z)+n-length(BD)

= n(l —2¢-tan(w/n)) + 2me
= n—2 <ntan (%) —7r>.

Hence, the Fglner ratio of S is

o (o () -3
n — 2e (ntan (%) — 7T)

FR(S))

ntan (%) — 4/ ntan (%) s

2(tan (%) (n tan (%) — W)) -

The Fglner ratio of Sy is then maximized when ¢ =

and FR(S()) =

We now present the £; examples.

Theorem 7.3. Let FR(S) = |S|/|0S| where |S| denotes area of S and |0S| denotes the
L1 length of the boundary of S for S C R2. Let C C R? be a special rectangle. Then
FR(C) > FR(S) forall S C C.

Proof. Without loss of generality, assume that S is centered at the origin. From Theorem
6.4, if there is an optimal Sy C C, then Sy can be taken as the intersection of C' and a special
rectangle R centered at the origin. Any special rectangle R C C will have FR(R) < FR(C),

so for Sy to be optimal, Sy = C' N C = C, and hence, C' is itself optimal. O]

Theorem 7.4. Let C C R? be a unit disc under the L, norm, centered at the origin.

Let Sy = C' N R, where R is a special square centered at the origin with side /2 . Then
2 -2
5

FR(Sy) > FR(S) for all S C C. Also, FR(Sy) =

Proof. By Theorem 6.4 and Theorem 6.5, we have Sy = C'N R where R is a special square

centered at the origin with side s.
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The L constrained isoperimetric problem

We think of Sy as the diamond C with four cut off corners of depth 9. Then

[Sol = (V2)* —4-(26°/2) = 2 — 467,

and
0Sy| = 85 + 4 - (2 — 45) = 8 — 86.
So
2 — 462 1 — 242
F = =
R(S) =355 4(1=0)’
2—2

or s = /2 since s = 1 — §. The maximum Fglner ratio

which maximizes when 6 =

is

2-12

FR(S)) = =

0

Theorem 7.5. Let C C R? be the standard Euclidean unit disc. Equip R? with the L,
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measure of distance. If there is an optimal So C C, then Sy = RN C, where R is a square

of side length s = 2 cos(m/4 — d/2), where d is the solution to the equation x — cosx = 0.

Proof. By Theorem 6.4 and and Theorem 6.5, the optimal Fglner set is the intersection with

C' by a special square centered at the center of the disc C'.

d
— — — — C — — — —
! f I
I I
I I
I 'b
T _
o/ 20,
o el 1,
0]

L; Fglner set in a circle.

Let « be the angle between Oa and Ob as in the picture, 0 < o < 7/2. Then the area
in o - in 2 2—-2
of triangles Obe and Ocf is s1na2cosa = 51114 Q. The area of the sector Obe is 7T/—O‘_

Hence, the area of the intersection Sy is

sin 2«

1S = 4 - (2- ; +%(7r/2—204)).

Now the lengths of ab and cd are sin a. Notice here we use the £, length. The £, length of
arc bc is

L1(bc) = 2(cos @ — sin ).
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Hence, the boundary length of S is

|0So| =4 - (2sina + 2(cosa —sina)) =4 - 2cos a.

The Fglner ratio of Sy is

(sin(2a) + /2 — 2a)

FR(SO) - 4 cos «

Y

1
which has derivative FR'(Sy) = —§(4oz + 2sin(2a) — 7) tan asec . Thus, FR(Sp) is maxi-
mized when o = 7/4 — d/2 where d is the solution to the equation cosz = z. Insertion of «
in the derivative function shows that this result is correct. The side s of the square R where

So = RNC is simply s = 2cos(a) = 2cos(m/4 — d/2). O

Remark. The distance d is called the Dottie number, which is the distance between the

centers of two unit circles each of which divides the area of the other in two.

We have a result for the analogous cases in R of Theorem 7.4, however it is only a
heuristic result rather than a rigorous proof.
Conjecture 7.6. For S C R?, denote |S| to be the volume of S and |0S| to be the surface
area of S. Let C' be the unit cube. If there is an optimal Fglner set Sy C C, then Sy = U B;
B;cC

where B; are balls of radius e. We approximate the Fglner ratio of Sy to be maximized at

FR(So) =~ 0.185296 with ¢ &~ 0.25848315.
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Proof. By the same argument in Theorem 7.1, Sy has the desired form. We think of Sy as
the cube removing the fragments cut off by an eighth of a sphere at eight corners of the cube
as well as removing the eight cylindrical fragments along the twelve edges of the cube. Let

€ be the radius of the balls B;. Each corner fragment then has volume

Each cylindrical fragment along the edges has volume
(1 —2¢)(1 — 7 /4).
The volume of Sj is then
volume(Sy) = 1 — 8¢*(1 — 7/6) — 126*(1 — 2¢)(1 — 7/4).

We now compute the surface area of Sy. Once we remove the corner fragments there are
eight rounded corners; each is an eighth of a sphere of radius ¢, hence the corner area of Sy
is

Ae?.

We removed the twelve fragments along the edged of the cube leaving twelve rounded edges.

The area of these are

12 (i ~2ﬂe> (1— 2e).

Finally, the area of the six remaining faces are

6-(1—2€)>
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Thus the surface area of S is

area(Sy) = 4me? + 6me(1 — 2¢) + 6(1 — 2¢)2.

Hence the Fglner ratio of Sy is

1—863(1 — 3m) —126%(1 — 2¢)(1 — 3m)

FR(Sy) =
(%) 4me? + 6me(1 — 2¢) + 6(1 — 2¢)?

Setting the derivative of F'R(Sp) to zero and solving for €, we obtain the maximum of

FR(Sy) = 0.185296 with e ~ 0.25848315. [l

Remark. The resulting Sy has the following depiction.

Conjecture 7.7. Let C' C Z? be a ball of radius r under the £, norm centered at the
origin. For S C Z3, let |S| denote the number of points in S and |dS| denote the number
of edges having exactly one vertex in S. We conjecture that if there is an optimal Sy, the
it is obtained by cutting off corners with depth ¢ and cutting along the twelve edges of the
resulting octahedron with depth d, where 0 < ¢ < r/2 and 0 < d < ¢/2. The Fglner ratio of
the resulting shape is

|0l

FR(S()) — @,

23



where

4 8 2 1 2 1 1
|S()| = (g’f’?) + 27“2 + g’f’ + 1) —6 <§C3 + gC) —12 (§d3 + (T —2c+ §)d2 - ad) s

and

19So| = 24 (““)2(”2) —3C(C; D sy (r—20+%)>

+24(r —2c+d+1)(2d — 1)+ 6 (23 + 2c + 1 — 4(d* +2d + 1)) .

The data provided by Maple suggests that F'R(Sy) maximizes when ¢ ~ 0.4r and d ~ ¢/3.

Proof. Under the £; norm, the ball of radius r has a shape of two pyramids with square

base. We first focus on the top half of the ball.

Cut at level c.

First at each z-level set k of the ball C' counting level zero at the top, there are

k
2 (Z(Qj + 1)) — (2k + 1) = 2k* + 2k + 1 points.

j=0
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Since the ball C' comprises of two pyramids each of height r we have the following formula

for the number of points in C":
- 2 2 4 3 2, 8
volume(C) =2 | Y (2k* + 2k +1) | — (2" +2r +1) = St oL

k=0 3

Similarly, the volume of each corner cut C'C of depth c is

c—1
2 1
1 CC=§ 2k* +2k+1) = = + ~c.
volume(CC) k0< +2k+1) 3¢t 3¢

We now compute the volume of each edge cut E'C' of depth d along each edge of the resulting
octahedron. We depict the local part of the resulting shape after cutting off the corners of

the pyramid as below.

There are 2n-1 points on this edge

There are r-2c+n points on this edge

Face A

Edge cut of depth d.
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On face A the edge ae has r + 1 — 2¢ points. We think of each layer of the edge cut EC' as
a plane slicing parallel to the edge ae at each level [ =1,2,...,n. At [ =1 only the edge ae
is sliced off. At layer [ = n, there are r +1 —2¢ — (1 —n) = r — 2c + n points on face A and
there are 2n — 1 points on face B. So the number of points being cut off at layer [ = n is
(r —2c+n)(2n — 1) points. An edge cut EC of depth d cuts off all layers from 1 to d, so

the volume of the edge cut is

d

_ _ MM =l@F (et et
volume(EC) —IZI((r 2c+1)(20-1)) = 3d + (r—2c+ 2)d 6d.

There are 6 corner cuts and 12 edge cuts in total, so the final remaining volume is

4 8 2 1 2 1 1
<§r3 +2r% 4 3 1) —6 <§c3 - §c> — 12 (§d3 + (r—2c+ §)d2 — 6d) .

We now proceed to compute the surface area. First, we compute the number of points on

each face. Before any cut, each triangular face has

Zz’ = w points.

The number of points lost due to corner cut is

C

1
Zz’ = C(C; ) points.
=1

Now we compute the number of points lost due to the edge cut. Recall the picture of edge
cut of depth d. At each layer [, there are r — 2c+ [ points on face A, so the number of points

lost due to an edge cut of d layers is

d
dd+1
Zr—2c+l:(r—2c)d+%

=1

points.
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So the number of points remaining on each side face SF' is

(r+1)(r+2) clc+1) d+1
9 —3 9 —3d<T—QC+T>.

Side face (SF)

Now cutting off corners results in six new corner faces C'F’, each of which has

2 "(2j +1) =2¢" + 2c+ 1 points.

J=0

Corner face (CF)

Cutting off the edges results in twelve new edge faces EFF'. Each has

(r—2c+d+1)(2d + 1) points.
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Edge face

After cutting off the edges, we must recount the number of points on each corner face.
d

Indeed, for each edge cut, Z 21 — 1 = d? points have been removed from a corner face, so
i=1
the number of remaining points on each corner face C'F' is

2¢% 4+ 2¢+ 1 — 4d>.

New corner face (CF)

Remember that the surface area is not simply the number of points on the boundary

faces. Rather, it is the number of edges connected to the outside of Sy from these points. On
(r+1)(r+2) _clc+1)
-3
2 2
which has three exterior edges. Now on each edge face EF there are (r —2c+d+1)(2d+ 1)

d+1
each side face SF' there are —3d (r —2c+ %) points, each of
points. However, 2(r — 2¢ + d + 1) points have already been counted toward the side face.
The remaining (r — 2¢ + d 4+ 1)(2d — 1) points have two exterior edges each.
On each corner face there are 2¢* + 2¢ + 1 — 4d* points. 4 - (2d — 1) points have been

counted toward the edge faces, and eight have been counted toward the side faces. The
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remaining 2¢* + 2c + 1 —4d* — 4(2d — 1) — 8 = 2¢* + 2c + 1 — 4(d? 4+ 2d + 1) interior points

has one exterior edge each.

Number of exterior edges
at points on each face

Since there are eight side faces, the surface area due to these faces is

8~3<<T+1>2(T+2) —30(0;1) —3d(r—2c+¥)).

There are twelve edge faces, the surface area due to these faces is

12-2(r — 2c+d + 1)(2d — 1).

There are six corner faces, the surface area due to these faces is

6- (27 +2c+1—4(d>+2d+1)).
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Hence, the surface area of Sy is

area(Sp) = 24 ((r D2 geletl (r — 2+ E))

2 2 2
+24(r —2c+d+1)(2d — 1)+ 6 (2 + 2c + 1 — 4(d* + 2d + 1)) .

Maple yields the following maximum Fglner ratios for the following values of r.

r c | d FR(Sy)

10 | 4 | 2 | 1117/750
20 | 9 | 4 |7603/2670
30 | 14 | 5 |8379/1978
40 | 19 | 7 | ~5635
50 | 23| 8 | ~7.036
60 | 28 | 10 | ~8.441
70 | 33 | 11 | ~9.847
80 | 38 | 13 | ~11.252
90 | 43 | 14 | ~12.66
100 | 47 | 15 | ~ 14.066

200 | 95 | 30 | ~28.148
300 | 144 | 44 | ~42.236
400 | 192 | 58 | ~ 56.325
500 | 240 | 72 | ~70.414
600 | 288 | 86 | ~ 84.503
700 | 336 | 100 | =~ 98.593
800 | 384 | 114 | =~ 112.683
900 | 432 | 128 | = 126.773
1000 | 480 | 142 | ~ 140.863
2000 | 961 | 283 | ~ 281.763
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Remark. The resulting shape has the following depiction.

CHAPTER 8. COOLING FUNCTIONS AND COOLING FIELDS

Let G be an infinite group with finite generating set C', and let I' be the Cayley graph of G.
Given a finite set S C G, let E(S) denote the edges of I' with at least one vertex in S; and
let OF(S) denote the edges of I" with exactly one vertex in S. We orient each edge e € E(S)
and let i(e) be the initial vertex of e and t(e) be the terminal vertex of e. For each edge e,
we choose the orientation so that i(e) € S.

We give the definition of cooling function from [1].

Definition 8.1 (Cooling Function). A cooling function for S is a function ¢ : E(S) — R

such that for all vertices v € S,

h(v) = cle) = Y ele) =1,

i(e)=v t(e)=v

where h(v) can be interpreted as the net loss of heat at each point v € S. The cooling norm

of cis ||c|| = nax, lc(e)].

We have the following result from [1].
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Theorem 8.2 (Absolute Cooling). Let I' be an infinite, locally finite, connected graph with
vertex set G and let S C G be a finite set such that S together with E(S) form a connected

graph. Then S admits a cooling function ¢ of minimum possible cooling norm N = ||c||, and
N = [lell = max FR(S)) = max Sol/|9B (S5

In the case S is optimal i.e., FR(S) > FR(S) for all Sy C S, then we say ¢ is an optimal
cooling function.

The Absolute Cooling Theorem guarantees an optimal cooling function on an optimal
Folner set S C G. We investigate to see whether it is possible to construct an analogue of
a cooling function in the continuous case, where the space X is R? with the £; boundary

length. We define the notion of a cooling field.

Definition 8.3 (Cooling Field). A cooling field for S C R? is a differentiable function
C: S — R? satisfying
divC((z,y)) > 1 for all (z,y) € S.

The cooling norm of C is ||C|| = sup {sup|v; - C((z,y))|} where {#;} are standard unit

(zy)es
vectors of R,

Since the existence of an optimal cooling function is guaranteed, our goal is to construct
an approximation to a cooling field from a cooling function on the integer lattice.

Let S C R? be compact. Let & € N and let the transformation map T}, : S — R?
be defined as Ty(z,y) = k(z,y) = (kx,ky). Let Q) be a collection of squares Q;; =
[i,i 4+ 1] X [j,7 + 1] with 4, j € Z such that Q; ; N Ty(S) # 0 and let Sy, = Q) N Z>.

Let ¢; be a cooling function on Sy as guaranteed by Theorem 8.2. Let v € Sy and denote
the left, right, above and below edges at v to be e, e,, €4, €, respectively. If v = i(e;) then we
define sg(e;) = 1 otherwise, sg(e;) = —1, where j = {l,7,a,b}. Then let v,, = sg(e;) - cx(e;)
for j = {l,r, a,b}.

For each point v € Sy, let s, C R? be the square centered at v with sides 1. We define
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fo: 5y — R% by

folz,y) = (1= (2 — [2]) v, + (@ = [2])V0, (1= (¥ = [¥]) 70, + ¥ = [¥])0)5

where |-| denotes the floor function.

Let fx : Tx(S) — R? be defined as follows: given (x,y) € T},(S), there exists a point v € Z?
such that (z,y) lies inside the square of side 1 centered at v. We let fi(z,y) = f,(x,y) and
let f:S — R? be defined as f(z,y) = fu(Ti(z,y)).

We have the following theorem:

Theorem 8.4. The function f is a cooling field almost everywhere on S, i.e., f exhibits the

following properties:

1. divf = % + % > 1 almost everywhere.

or Oy

2

H ,
2. ||fll £ FR(S) = WSQSS?) at all points where f is defined, where H® are FEuclidean i™

dimensional Hausdorff measures on S and 05S.

If S is an optimal Folner set then we obtain the following two conditions:

Ofi | Of

3. divf = — + —— =1 almost everywhere.

or Oy

4. Iflasll = FR(S) at all points on the boundary of S where f is defined.
Proof.

1,3 Let ¢ be a cooling function defined on Sy and f; and consequently f be defined as
above. Let (z,y) € S. Note that Ty(z,y) = k(x,y) € Sp. We assume k(z,y) lies
inside the interior of a square of sides 1 centered at some v € S,. We show that
divf(k(x,y)) > 1. Since we are concentrating on one square centered at v, without

loss of generality let’s assume that the lower left corner of the this square lies at the
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origin. Furthermore, for simplicity, let’s denote k(z,y) = (2o, yo). Then the function

fo(z,y) simplifies to f,(z,y) = ((1 — 2)vy + 2%0,, (1 = Y)Y, + YVu,)- SO

din(xo,y0> - dinv(SUano)

= Yo — /Y'UZ + Tva — /Y'Ub

= h(v) = Z ce(e) — Z ce(e) > 1,

i(e)=v t(e)=v

Equality is obtained the same way for an optimal Fglner set. Hence, except on the

edges and corners of all squares v, conditions 1 and 3 hold.

2,4 This is a direct consequence of the properties of the cooling function ¢ and the definition

of the norm.

CHAPTER 9. EXAMPLE OF COOLING FUNCTIONS AND COOLING FIELDS

We would like to explicitly construct an example of a cooling field given a cooling function.
On an arbitrary M x N grid centered at the origin of 1 x 1 squares in Z x Z, with M, N
odd, let

Flay) = (N(2x+1) M(2y+1)>,

2(M + N)’ 2(M + N)

for (z,y) in the first quadrant. For each point (z,y) assign fi to the right edge and f; to
the top edge, then with appropriate sign changes in other quadrants, f defines an optimal
cooling function on the grid. From here we may think of a cooling function as being defined
on the points and assign the values of f; to the right edge and f; to the top edge.

Let r be a m x n rectangle in R2. Let Ry, be a grid of size km x kn centered at the origin
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of 1 x 1 squares in Z x Z, with km and kn odd. Then

(k) = (kn(%a: +1) km(2ky + 1)) 7

2k(m+mn) ’ 2k(m +n)
for (z,y) in the first quadrant and with appropriate sign changes in other quadrants defines

an optimal cooling function on Rj.

We defined the scaled cooling function by dividing all lengths by the £k factor

Ck scaled (2, Y) (%k‘n(%@kx +1)) %km(%@ky + 1)))

L2k(m+n)  12k(m+n)
B <n(%(2kx—|— 1)) m(L(2ky + 1)))
- 2(m+n) = 2(m+n)
B (n((2.¢1:+ L)) m((2y + %)))
N 2(m+n) = 2(m+n) )

nw my
(m+n) (m+n)

Then C(z,y) = kh_g)lo Ck scaled (T, Y) = ( ) is a cooling field on r.

Remark. Note that since we a have a nicely constructed cooling function on Ry, we can
simply use a limiting method here rather than an interpolation method as described in the

previous chapter.

On the other hand given a cooling field C'(z, y), we would like to create a cooling function

on subsets of Zx7Z. By this we mean there exists k& > 0 such that when we define Cy(kz, ky) =

kC (’%, k—,j”) on the Ry grid, we have that Cy(kz, ky) is “approximately” a cooling function.

nx my

For example: Let C(z,y) = ( ety
m+n’' m+n

) be a cooling field on an m by n rectangle

kx k
r in R% On the grid Ry we define Cy(kz, ky) = kC( * y) — k( ne my ) _

kT ok m+n' m+n
knx  kmy
m4+n m+n

). We check to see whether C), “approximates” a cooling function.

1. Net input and output of heat at each point in R should be 1:
Let (z,y) € r, then k(z,y) = (kz,ky) € Ry. Then the outflow of heat at the point
knx  kmy
kx, ky) is Cp(kx, ky) =
(l’, y)lS k( xz, y) (m+nam+n

composed of the x component of the outflow of heat from the point (kx — 1, ky) and

). The input of heat at the point (kz, ky) is
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the y component of the outflow of heat from the point (kz, ky —1). We compute those:

- ka—1 ky _
Crlkr — 1, ky) = kC’(kx 1 @):k<n k m )Z(n(kx 1) mky);

Lk m4+n m+n m+n m+n

_ ke byl -
Colhz,ky —1) = kc(lm ky 1):k(nk ’m . >:(nk:c m(ky 1));

£k m+n" m4+n

The total net loss of heat at the point (kz, ky) is then

nkx n(kx—1)+ mky  m(ky—1) n m__
m+n m+n m+n m+n  m+n m4n

. We require ||Cy(kz, ky)|| to be the Fglner ratio of Ry for (kx,ky) € ORy. Since Ry is

k2 k
a rectangle of size km X kn, the Fglner ratio of Ry is mn_ TR Points
2k(m+n)  2(m+mn)

k k
on the boundary of Rj have the form (:I:Tm,%) or xl,:|:7n>, where 1 < ‘

k
o (e

km
2

kn
and y; < 7‘ Since we are using the sup norm it follows that

kn kmn
+— =
‘C( 2)H 2m+7)
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