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ABSTRACT

Evans Function Computation

Blake Barker
Department of Mathematics

Master of Science

In this thesis, we review the stability problem for traveling waves and discuss the Evans function, an
emerging tool in the stability analysis of traveling waves. We describe some recent developments in
the numerical computation of the Evans function and discuss STABLAB, an interactive MATLAB
based tool box that we developed. In addition, we verify the Evans function for shock layers in
Burgers equation and the p-system with and without capillarity, as well as pulses in the generalized
Kortweg-de Vries (gKdV) equation. We conduct a new study of parallel shock layers in isentropic

magnetohydrodynamics (MHD) obtaining results consistent with stability.
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CHAPTER 1. INTRODUCTION

In this thesis we study the stability of traveling waves in viscous compressible fluid dynamics.
Traveling waves occur in detonations in a reactive gas, as shallow water waves, as shock layers
in a viscous plasma, and in many other observable natural phenomena. Small disturbances to
these traveling waves may propagate causing the state of the system to alter, e.g. to bifurcate.
Alternatively, the state of the system may persist for all time assuming the disturbance is small
enough. For a dissipative traveling wave, stability means the shape of the wave is preserved as it
moves forward in time and that small perturbations decay leaving the system state unchanged.

Ideally, mathematical descriptions of behavior should match the physical phenomena observed.
Many mathematical models involve justifiable reductions that simplify the models but preserve key
physical characteristics of the system. However, these simplifications may result in the behavior of
the mathematical model and the physical phenomena diverging as parameters vary. Parameters
associated with change in stability properties of the mathematical model provide likely candidates
for points of divergence from the physical phenomena. Hence, traveling wave stability analysis
plays an important role in model verification.

To demonstrate the stability of traveling wave solutions, it suffices to show that there are no
eigenvalues of the linearized operator in the deleted right half complex plane due to Zumbrun and
his collaborators [46, 21, 35, 36] who generalized earlier work of [37, 18, 33, 34, 43]. Bounds on
the unstable spectra can often be found using energy estimates, but usually a region in parameter
space must still be checked for unstable eigenvalues. An effective way of checking for eigenvalues
in a bounded region employs the Evans function, an analytic function whose zeros correspond
in location and multiplicity to the eigenvalues of the linearized operator. The Evans function is
determined by writing the eigenvalue problem as a first order system and then evolving the system
toward zero where we initialize at —oo with the unstable manifold and at +oco with the stable
manifold. The evolved solutions are then evaluated at zero and the Wronskian taken to determine
linear independence. Hence zeros of the Evans function correspond to the intersection of the

unstable manifold at —oo and the stable manifold at +oco thus forming an eigenfunction. Care



must be taken to initialize the system in a way that preserves analyticity of the Evans function.
This allows us to compute the Evans function on a contour enclosing a bounded region where
eigenvalues may occur and then apply the argument principle to determine if there are roots inside
the contour. If the winding number is zero, then the traveling wave is stable, and if the winding
number is nonzero the wave is unstable.

Numerical implementation of the Evans function is difficult due to inherent stiffness in the
problem associated with resolving different growth and decay modes. Traditionally, this problem
was solved in an elegant fashion by lifting the problem into an exterior product space so that the
unstable and stable manifolds corresponded to a single stable mode in the new system. However,
the size of the lifted problem grows as (Z) where n is the dimension of the system and k is
the dimension of the stable or unstable subspace being evolved. Clearly this method becomes
numerically unwieldy very quickly as the system size increases. We review the recent development
of an orthogonalization method [28] that keeps the original dimension of the system and also
maintains analyticity of the Evans function. In addition we discuss STABLAB, an interactive
MATLAB based toolbox developed with convenience and flexibility in mind. As part of STABLAB,
we consider root solving for the Evans function, a significant problem since function evaluations
are costly making traditional root solving techniques, like Newton’s method, undesirable.

We use STABLAB to verify Evans function output for traveling waves in Burgers equation,
the generalized Korteweg-de Vries equation (gKdV) [39, 38], and the p-system with and without
capillarity [3, 24, 23]. We then conduct a new study in isentropic magnetohydrodynamics (MHD)

[4] obtaining results consistent with stability.



CHAPTER 2. MATHEMATICAL BACKGROUND

In this chapter we discuss some of the mathematical issues pertaining to traveling wave stability;
see [22] for details. Zumbrun and collaborators have shown for a large class of equations that
spectral stability of the linearized operator implies nonlinear stability; see [46, 21, 35, 36]. Spectral
stability can be determined using the Evans function, an analytic function whose zeros correspond

in location and multiplicity to eigenvalues of the linearized system.

2.1 TRAVELING WAVES

Consider the evolution equation,

up + f(u)e — (B(w)ug)s + (C(w)ugs)s =0, (2.1)

where x € R, and u, f € R", and B, C, Q € R™*"™ are sufficiently smooth.

Definition 2.1. A traveling wave profile of (2.1) is a solution of the form

u(z,t) = u(x — st), (2.2)

where s is wave speed.

Equivalently we make the transformation (x,t) — (x — st,t) and seek stationary solutions of

up = F(u) = (s — f'(u)uz + (B(w)ug)z — (C(u)Ugy)z- (2.3)

In this last method we transform our coordinates to a moving frame of reference so that the
traveling wave appears stationary. Then the existence of a traveling wave solution reduces to that
of an ODE,

(f'(u) = s)u’ = (B(u))" + (C(u)u")" = 0, (2.4)

with appropriate boundary conditions. We restrict our attention to continuous traveling waves

3



with asymptotically constant end states,

lim 4(z)=us and lim a™(z) =0, n>1. (2.5)

r—+o0 r—to0

A traveling wave solution is called a shock layer when u4 # u_ and a pulse when w4 = u_.

Remark. Considered as a dynamical system, the end states us are equilibrium points of (2.4) so
that connecting equilibria in the phase plane correspond to traveling waves. Note that (2.4) is
translationally invariant since it is autonomous in = so that {@(x + 0)}secr forms a smooth one

parameter manifold of profiles for a single connecting orbit.

We finish this section with a few examples of traveling waves.

Example 2.2. (Viscous Burgers equation) We consider the one-dimensional Burgers equations,
Up + Uy = Vg, (2.6)

where the constant v > 0 represents viscosity. Substituting @(z — st) = u(x,t) in (2.6) yields the
profile equation

— st + 4t = vi”, (2.7)

subject to @(+00) = us. Integrating from —oo to z gives

Taking z — +o0o we find

—s(uy —u_)+ %(ui —u?) =0, (2.9)

so that the Rankine-Hugoniot condition is

S (2.10)
2
Returning to (2.7) and solving for @’ we have
N 1 . N
i = g(u—u_)(u—u+), (2.11)



which has solution

i(z) = s — atanh (W) , (2.12)

where a = (u— —uy)/2 and § € R is some translate.

25F

Figure 2.1: Profile for Burgers equation

Example 2.3. (gKdV) We consider the system

Ut + Ugzr + ('U/p/p)z = 07 (213)

where p > 2, p € N. We translate (z,t) — (v — st,t) and seek stationary solutions of

Up — SUg + Ugzr + (WP /p)z = 0. (2.14)

The additional rescaling (u,z,t) — (s/0=Ply, s1/22, s3/%t) removes s;

Ut — Uy + Ugzy + (WP /p)y = 0. (2.15)

Hence, the profile equation is

u" — '+ (WP /p) =0, u(+oo)=0, n=01,2. (2.16)



Integrating twice and using separation of variables results in the solution,

1)
i) = (p(p;l)> sech((1 — p)a/2 + 8)/ @D, (2.17)

where ¢ € R is some translate; see Figure 2.2.

09r

081

071

0.6-

051

041

031

0.2

011

Figure 2.2: Profile for gKdV with p =5

2.2 STABILITY OF TRAVELING WAVES

After determining the existence of a traveling wave, we are interested in knowing whether it is
stable. If the solution @ is “bumped”a little, that is perturbed, will the system return to the shock

layer (possibly translated) or behave in some other fashion, e.g. bifurcate into something else?

Definition 2.4. We say 4(z) is (asymptotically) orbitally stable with respect to some set of
admissible perturbations A if u(z,t) = () + v(z,t) — 4(x + ) whenever v € A and where § € R

is some translate.

2.3 SPECTRAL STABILITY

Determining asymptotic orbital stability reduces to a study of the spectrum of the traveling wave
profile; see [46, 21, 35, 36]. The eigenvalue problem comes from the linearization of (2.3) about

the stationary solution #(x) and the formation of the eigenvalue problem,

A= Lv = —(A(Q)v), + (B(4)vg)z — (C(4)Vz )z, (2.18)
6



where A(t)v = df (4)v — dB(0)vi, — dC(4)viligy.

Definition 2.5. We have:
(i). The spectrum o(L) of L is the set of all A € C such that L — AI is not invertible.
(ii). The point spectrum o, (L) of L is the set of all isolated eigenvalues of L with finite multiplicity.

(iii) The essential spectrum o(L) of L is the entire spectrum less the point spectrum, that is

oe(L) = o(L) \ op(L).

Definition 2.6. We say that L in (2.18) is spectrally stable if there is no spectrum in the closed
deleted right half plane, ¥ = {A € C\{0}|ReX > 0}; see Figure 2.3.

Re

g

N7,

Figure 2.3: Deleted right half plane

Zumbrun and his collaborators [46, 21, 35, 36] have shown, generalizing the earlier work of
[37, 18, 33, 34, 43], that spectral stability implies asymptotic orbital stability; see [23, 3, 4] for
examples of application. In the case of instability, bifurcation diagrams may be constructed to
observe its onset.

We note that the operator L always has nontrivial point spectrum since zero is an eigenvalue

of L associated with translational invariance of (2.4).

Lemma 2.7. (Sattinger [41]) The derivative of the profile @' is an eigenfunction of L with

etgenvalue 0.

Proof. By translational invariance, we have for (2.3) that F(a(z 4+ J)) = 0 for all § € R. Then

differentiating with respect to d and setting § = 0, we have

0= %}"(ﬁ(m + ))lsmo = F' (@) (z) = L(i (2)). (2.19)

7



O

To be spectrally stable, both the essential and point spectrum of L must be excluded from ¥ .

2.3.1 Essential Spectrum. Excluding the essential spectrum is simplified by the following

theorem:

Theorem 2.8 (Henry [20]). The essential spectrum of L in (2.18) is sharply bounded to the right

of
oe(Li) Uae(L_), (2.20)

where Ly correspond to the operators obtained by linearizing about the constant solutions 4 = u,

respectively.

We linearize (2.3) about the constant solutions u to get the linear PDE

A= Lv:=—A4v, + Bivge — CLvpss, (2.21)

where Ay :=df (uy), By := B(ug), Cy := C(ug).
Since constant coefficient linear operators have no point spectrum, we note o(Ly) = o¢(L4).
We determine o,.(Ly) using the Fourier transfrom.
Note that
(L— ) "tv = (—i€Ay — 2By +i€3Cy — M) v, €€R. (2.22)

We see L — A is not invertible when —i€ Ay — £2By + i¢3Cy — M is singular. Thus
Neo(Ly) iff N€o(—i€Ay — 2By +i€3Cy), (2.23)

for some £ € R. This defines 2n-curves )\;-t (&) corresponding to the eigenvalues of the right-hand

side. Hence

oe(L)Uon(Lo) = X © U (©). (2.24)

In summary, sharp bounds on the essential spectrum of L are determined by the structure of

Ay, By, Cy. This allows us to explicitly compute o.(L) and see if it intersects X, ; see A.4 for an



example of computing the essential spectrum for Burgers equation.

2.3.2 Point Spectrum. FEnergy estimates provide a historically successful method for finding
bounds on the point spectrum of the linearized operator by leveraging the structure of the system.
However, finding uniform bounds excluding the imaginary axis while allowing zero is difficult if
not impossible. This difficulty can be remedied by transforming (2.18) to integrated coordinates.

We set

o(x) = /1 v(z)dz, (2.25)

substitute into (2.18), and integrate to obtain,
Ao = L0 :=—A(a)0" + B(a)v" — C(a)v". (2.26)

Lemma 2.9. The operator L in (2.18) and L in (2.26) have the same point spectrum with the

exception of A = 0.

Proof. Suppose that A # 0 and Lv = Av. We substitute ¢’ for v into (2.18) and integrate to obtain

(2.26). We note that ¢ and its derivatives decay to zero at oo,

AD(+00) = A/jo v = /jo —(A(2)v) g + (B(@)vg )z — (C(4)Vgg)s = 0,

yielding the needed boundary conditions so 0,(L)\{0} C 0,(L£). Now suppose L& = Ao with
9" (f00) = 0, n > 0. We set v = o' so that ¥(x) = [*  v(2)dz and substitute v = ¥’ into (2.26)
to obtain

A / v(2)dz = —A(@yo + Ba)' — Clap". (2.27)
Differentiating (2.27) yields (2.18) and thus ¢,(£) C o,(L). O

Remark. We note that when u_ # u that w(z) = [*_@/(z)dz = d(z) — d4(—00) is not an
eigenvector of £ associated with A = 0 since w(+00) # 0.

We give examples of energy estimates in sections 5.2 and A.3 and examples of using integrated

coordinates in our model systems in chapters 4 and 5 and in section A.6.



2.4 EVANS FUNCTION

Energy estimates often give only a bound on where unstable spectra may exist. The Evans function
is an analytic function that can be used to study stability in a bounded region using the argument
principle. Furthermore, the Evans function gives structural information about the system; see [24].

We write the eigenvalue problem (2.18) or (2.26), (L — A)v = 0, as a first order system,
W' = A(z, \)W. (2.28)

We note that lim, o A(z,\) = AL (N), where A is analytic in A\. We assume that the dimension
k of the unstable subspace U_ of A_ and the stable subspace S+ of AL sum to n, the dimension
of the entire phase space. We then initialize (2.28) at —oo with k vectors spanning U_ and with
n — k vectors spanning S; at +oo and solve both toward x = 0. This yields analytic basis
Wi Wy, ...,W, and W,;:l, W,;:Q, ..., W, I spanning the manifolds W7 of solutions of (2.28) that

decay as © — —oo and © — +oo respectively. We then define the Evans function as

D(A) :=det(Wy - W Wi - W, ). (2.29)

Hence, a zero of the Evans function corresponds to the manifolds W~ and W™ intersecting signi-

fying an eigenfunction exists.

Remark. The eigenvalues of the linear operator L correspond in both multiplicity and location to

the zeros of D()) analogous to the characteristic polynomial of a finite dimensional operator.

Although we can solve analytically the Evans function for a few relatively simple systems, for
example Burger’s (see A.5 and A.6), most systems are too complicated to solve the Evans function
analytically and hence require numerical computation.

If dim(k) > dim(n/2) it is often advantageous to use the adjoint formulation of the Evans

function; see [6]. Instead of finding the & dimensional unstable space of W' = A(z, \)WW at —o0,

10



we find the n — k dimensional unstable subspace of W’ = —A(z, \)*W at z = —oo. Then since

(2.30)

we have that W (x)W;(x) = constant. We note that W;(—o0)W;(—o0) = 0 since W;* is a left
eigenvector of A(—oo, \) corresponding to a different eigenvalue than that of the right eigenvector
W;(—o0). Thus W; and W; are orthogonal so that the original manifolds W_ and W, intersect

when W_ is orthogonal to W,. We then define the Evan function to be

D(\) = det(W* - W,.).

We may similarly define the Evans function using the adjoint at 4oc.

11



CHAPTER 3. NUMERICAL EVANS FUNCTION COMPUTATION

In this chapter we discuss numerical implementation of the theory introduced in Chapter 2. We
begin by showing how to numerically compute profiles. We then discuss various methods for
overcoming the challenge of solving stiff ordinary differential equations associated with the Evans

function. Finally we discuss root finding for the Evans function and computational issues.

3.1 BOUNDARY VALUE PROBLEM

Consider the wave profile ODE
y' = f(y), (3.1)

with stationary points uy, f(us) = 0, and where y = (y1,¥2,...,¥n) € R™. Our boundary value
problem (BVP) consists of (3.1) together with appropriate boundary conditions, suppose

I, y(—o00) =0, II}y(+o0) =0,

S

and a single phase condition, I-y(0) = . Here II; projects onto the stable subspace of df (u—) and
T} projects onto the unstable subspace of df (uy ). Our projective boundary conditions force the
BVP solver to approach the desired end states orthogonal to the undesired manifold. Because of
translational invariance, (3.1) together with projective conditions does not have a unique solution.

Hence, we break the domain in half and solve

(3.2)

on [0,00) subject to y(0) = z(0) and y;(0) = constant, and projective boundary conditions. We
give an example of solving a boundary value problem using these methods in A.2 and in the
examples below.

We note that solving the profile equation may be quite challenging. Sometimes dummy variables

12



must be introduced to obtain the correct dimensionality or to solve for wave speed. As parameters
vary, solutions often become difficult to obtain and so continuation, stepping through parameter
space with previous solutions as the initial guess in the boundary value solver, must be used. Even

correctly employing boundary conditions can be tricky.
Example 3.1. The p-system with real viscosity is given in Lagrangian coordinates by

Vg — Uy =0

(3.3)
w+p()s = ()

where v is the specific volume, u is the velocity, and p(v) is the pressure law which we assume to
be adiabatic satisfying p(v) = agv™7, ag > 0 and v > 1. The profile equation for a rescaled version

of the p-system, which we derive in 4.3, is given by

v =vlv—1+alv™? —1)), (3.4)

N O S
where a = v} T

subject to boundary conditions v_ =1, 0 < v(+00) = vy < 1 and v'(£o0) = 0;

see [3] for details. As described above, we break the domain in half doubling the size of the system,

vV =vv—1+alv™" —1)),
(3.5)
2 =—z2(z—1+a(z77 = 1)).

One boundary condition, v(0) = z(0), connects the two solutions associated with the negative and
positive domains. The other boundary condition, v(0) = (v_+wv4)/2, fixes a point on the manifold
of solutions associated with translational invariance. We use MATLAB’s bvp4c solver, which uses
collocation, to solve the boundary value problem using the tanh function in the initial guess. This

yields the profile given in Figure 3.1.
Example 3.2. The p-system with capillarity in Lagrangian coordinates is given by,

Ve — Uy = 0,

Ut +p(v)x = (%) - dvxmxv

T
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Figure 3.1: Profile for the p-system

where v represents specific volume, u is velocity, p(v) is the pressure law for an ideal gas, and d > 0
represents capillarity strength. We consider an adiabatic gas law, p(v) = v~ 7.

After some preliminary rescalings and integration, the profile equation, derived in 4.4, is given

by,
,U/
v—v_~4alw Y —v ") = ——dv" (3.7)
v
where
a=-———, (3.8)
v — v

and v_ = 1 and 0 < vy < 1; see [23] for details. We write 3.7 as a first order system setting y; = v

!
and yo = ',

Y1 = Y2,
3.9)
1 - Vo (
= —(y—1 To1) - £
Y2 = (11 + a(y; ) "
Splitting the domain in half and doubling the dimension of the system, we have
Y1 = Y2,
—1 _
y2 = —(n ~laly" 1) -2,
n (3.10)
Ys = —Y4,
1 - Ya
ya= (s —L1+aly;” —1)+ =,
1= (s (3 ) "
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where at * = 400 we have y; = vy, y2 =0, y3 = v_, and y4 = 0. We take for boundary conditions
in our solver the two matching conditions y;(0) = y3(0) and y2(0) = y4(0), the phase condition
y1(0) = (14+v4)/2 fixing a unique solution on the manifold of solutions associated with translational
invariance, and we take L- ([y1 y2 y3 ya]” —[v4 v, v= 0" )T) = L-([y1 y2 y3 ya]" —[v4 010]7) =0
where L is a basis for the unstable space at x = +oo causing the boundary solver to approach the
ends states orthogonal to the growth manifold. We modify the tanh function to obtain our initial
guess and solve using bvp5c, one of MATLAB'’s collocation boundary value solvers, to obtain the

profiles in Figure 3.2.

0.8-

061

-

. . . . . . . . .
-1400 -1200 -1000 -800 -600 -400 -200 0 200

Figure 3.2: The profile equation for the p-system with capillarity. As capillarity strength increases,
the profile becomes highly oscillatory.

3.2 THE COMPOUND MATRIX METHOD

In this section we consider numerical implementation of the Evans function discussed in section
2.4. We see how stiff ODE problems arise and how the compound matrix method overcomes this
difficulty; see [9] for details.

Consider the linear system

W' = A(z, \W (3.11)

with boundary conditions W(too) = 0, W € C", A € C (fixed), ' = %. We seek non-

trivial solutions to the BVP. Let {r; };?:1 and {r;}}_, be the generalized right eigenvectors of

15



A=(A) = limg oo A(z,A) and AT (X) = lim,_.o, A(z, A) respectively, with corresponding eigen-
values {,u;}le and {uj % _p+1 where Re(u;) > 0 and Re(,u;r) < 0. That is, {u;}j“:l are the
growth modes at * = —oo and {,u;r};?zkH are the decay modes at x = co. Then the unstable

manifold U™ (z) of = —oo is given by U™ (z) = Wy (2) A ... AW, (z) where W; satisfies

W= Az, \W
! ! (3.12)

Wi (z) ~ e*‘?”frj— x <0, j=1,...,k

and the stable manifold ST (z) of z = 400 is given by ST (z) = W, (z) A ... AW,f () where VVjJr

satisfies

W = A(z, W
! X ! (3.13)
Wj'(x) ~ et Irj' x>0, j=k+1,...,n.

Then a non-trivial solution exists when the unstable and stable manifolds intersect, that is when
the quantity
U™ (z) AST(x) =2 det[Wy Wy . W, W, .W,[]=0;

see appendix B for a discussion of exterior products. If the eigenvectors {r; };?:1 and {r;'}?:k 41

vary analytically in A, then we define the Evans function to be
D) = U (z,A\) A ST (2, \)|a=0

(3.14)
= det[W; Wy . W Wi . W o—o.

Numerically, the Evans function is difficult to compute. As an example, suppose n = 4, k = 2.
We have eigenpairs (uy,77), (15,75 ), (ud,75), (uf, 7). Assume Re(uy) > Re(u;) > 0 and
Re(ud) < Re(uf) < 0. The numerical problem is that it is hard to resolve multi-mode growth
and decay because any round-off error (or numerical error) favors the largest growth/decay mode;
see Figure 3.3. Hence in the long run, Wy (x) becomes aW7 (x) + bW, (z).

This causes either bad data, or slow computation. The compound-matrix method overcomes
this difficulty. We lift the problem from C" to A¥(C") (wedge product space). Note that
ARy = ).
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Fast Eigendirection
\

Slow Eigendirection

Figure 3.3: Numerical instability due to growth in the fast eigendirection

Ezample. Consider the n = 4, k = 2 case. Let {e1,...,e4} be the standard basis for C*. Then
A2(C*) has the basis (€1 A ez, e1 Aes,e1 Aeq, ez Aey, ez Aey). Then we lift A(x, \) into A2(C*) by

defining A® oe; Aej = (Ae;) Aej + e; A (Aej). Thus if

a1l a2 i3 a4
a21 Aag22 (23 Q24

A= , (3.15)
a3z1 asz Ga33 a34

(g1 Q42 Q43 Q44

then
a1 + asz ao3 a4 —a3 —ay 0
asz a1 + ass as4 a2 0 —a14
a42 43 ai1 + G4 0 aiz a3
AP = : (3.16)
—as; as1 0 a2 + a33 as4 —ao4
—ay 0 asy 43 a2 + Q44 a3
0 —ay1 asy —ay42 asz a33 + Q44

The numerical advantage in our new system A(?) is that a single trajectory corresponds to our

manifold of A.

Lemma 3.3. If {u;, ri}, are eigenpairs for A, then Zle o) 95 an eigenvalue of AR where
o € 8", with corresponding eigenvector (1) ATg(2) A oo AT (k)-

17



Proof.

A®) o To() NTo@) N - Aoy = ATU(l) ANTg2) N oo NTo(k)

+ To(1) A\ ATJ(Q) VAN To(k) (3 17)

Fro) ATo@) A A A’I"U(k)

= [to(1) + -+ Bo@®To) ATo@) A ATo)-
O

Corollary 3.4. If {u;}f_, are the largest eigenvalues of A, then Zle ;18 the largest eigenvalue
of AR,

Proof. All eigenvalues of A%) are of the form Zle Ho(i)- Thus the k largest of A form the largest

eigenvalue of A%, O

It has been demonstrated that the following numerical technique yields good stability. We

begin with

W =A® ()W  WeCrhF
(3.18)
W(-L) = et Ly,

Let W = e *v(x). Then W' = p~e* “v(z) + et “v'(x). Hence pu~ et “v(z) + e “v'(z) =

A®) (2, X)er *py(x). The new ODE becomes

() = (AW (2, A) = p7)o(x)
(3.19)
v(=L)=r".

3.3 THE POLAR COORDINATES METHOD

The compound matrix method provides an elegant way to overcome the inherent difficulty of

solving a stiff system. However, the dimension of the lifted problem grows as (Z) which becomes
large quickly, e.g. (150) = 252 and Gg) = 184,756. Several orthogonalization methods have been
developed to solve stiff Evans function problems maintaining the original dimension of the system.
However, these methods lose the important property of analyticity that allows implementation of
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the argument principle. A continuous orthogonalization method for Evans function computation
was given in [28] and demonstrated successfully in [3, 24, 23, 4], to name a few. We describe
this method of continuous orthogonalization, also known as the polar coordinate method, a.k.a.

analytic orthogonalization.
Lemma 3.5. If {q; ,q5 ,...,q; } is an orthonormal set spanning {w] ,wy ,...,wy } then there exists
a k X k matriz o~ such that

W™ = [wy,wy ey ) =47 ,65 5 qp Ja” = Q. (3.20)

Moreover,

wy Awy A Aw, = (deta”)gy Ngy Ao Agy . (3.21)

Proof. Since {q; } spans {w; }, w; = Qz for some coefficient vector z. Define the jth column of

a” tobex. Then W™ =Q a~.

_ ko - . k
Now w; =} _; o, ;q, which for ease of notation we denote » >/ _; ap,gp,. Then

k k k
wy Nwg N ... ANw, = (Z aplqm) A (Zamqm) AN (Z Oém-Qm)
p2

p1=1 pr=1

k
p1=1

k
. Z (Qpy Oy -y )y A Gy N oo A G, (3.22)
pr=1

k
p2=1
Yo (@) g Ay A A gy,

(J1,J2,--dK)EP
where P is the set of all permutations of (1,2,...,k), e.g. (j1,72, .-, Jk) = (2,3,...,k,1) € P. Let
|(41, 425 ---s ji)| denote the sign of the permutation, that is |(j1,j2, ..., Jx)| = 1 if (41,72, ..., Jr) can
be written as an even number of permutations, and |(j1, j2, ..., j&)| = —1 otherwise. Then by the

alternating property of wedge products we have,
Z (01 Qo o0y )Gy A iy N oo A GGy, = Z |(g1, J2s -y 1) | (00y Q0 )@y A g2 Ao A g
(41,32,---.Jk)EP (4132,--,dK)EP

=det(a)gr1 A g2 A ... A gk
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Note that W~ AW = (det a™)(det )@~ A QT. Then we define the Evans function,

D(N) = det(W~|W) = (det a~)(det a*) det(Q~|Q*). (3.23)

Consider continuous orthogonalization. Let W~ (z) = Q™ (xz)a~ (z). Then suppressing the bar

notation we have,

Hence,

Q' (v)a(r) + Q) (z) = Az, )Q(x)o(x)
= Q'(z)a(r) = Az, N)Q(x)a(z) - Q(z)d/(z) (3.:24)
= Q'(z) = A(z, NQ(x) — Q(z)B(x),

where B(z) = o/(r)a!(z). Note that « is invertible since otherwise {w;} would be linearly
dependent for some value of z signifying two unique solutions in phase space share a common
point.

Hence we seek to solve,

(3.25)
o' (z) = Ba
Recall that Q7 Q = I;xx. Thus
Q7TQ) =@"Q+Q"Q =T =0. (3.26)
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substituting for @', we have

0=(Q"Q)
=(Q"A" - B"Q")Q+Q"(AQ - @B)
=Q"AMQ - BTQ"Q +Q"AQ - Q"QB
= Q" (A" + 4)Q - B” - B.

(3.27)

Theorem 3.6. If (3.25) has orthogonal initial data, Q¥ Qo = Ipxk, then (3.27) is a necessary

and sufficient condition for orthogonality.

Proof. We have shown that (3.27) is a necessary condition for orthogonality. Since (Q¥ Q)" = 0,

then Q' QQ = constant so that if Q¥ Qo = Iyxk, then Q7 Q = Iy 0O

There are various continuous orthogonalization methods. For example, Drury’s method makes
the choice B = Q¥ AQ and Davey’s method sets B = (Q#Q)"'Q¥ AQ. Recently, Zumbrun
showed that Drury’s method is stable in the context of Evans function computation [44], and in
[28], Drury out performed other methods, such as Davey’s. Another stable method for continuous

orthogonalization is given by Dieci, Russell, and Vleck; see [15].

3.4 METHOD OF KATO

If we initialize the first order system, W' = A(x, \)W given in (2.28) with analytically varying
initial conditions, then D(A) will be analytic allowing us to use the argument principle to deter-
mine the presence of unstable spectra. We obtain an analytically varying initializing basis using
eigenprojections of A(z, \) and a standard result due to Kato.

Let Py be the eigenprojection of AL := lim,_, 1, A(x,\) onto its stable/unstable subspace
respectively. Assume A is consistently split, that is, that the dimension of the stable subspace and
the dimension of the unstable subspace of A4 are constant and sum to n, the dimension of A, for
all A € Q where (2 is some region of interest. Then the projectors Py are analtyic by standard

matrix perturbation theory [30].

Proposition 3.7. (Kato) [30] Let P()\) be an analytically varying projection on a simply connected
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domain Q@ C C. Then, the linear analtic ODE

o= P'ry; (o) = r;) (3.28)
defines a global analytically varying basis {r;(\)} of the associated invariant subspace Range P(\)
where “ 7 7denotes d/d\. In particular if R(\) = [r1(\) ro(N) ...ri(N)] satisfies (3.28) where the
initial condition Rg = R(Xo) is full rank (its columns form a basis for the desired unstable/stable
subspace) and where PyRog = Ry, then

(i) rank(R) = rank(Ry)

(ii) PR =R, and

(iii) PR' = 0.

Proof. Note that (3.28) is a linear ODE with analytic coefficients, and thus has an analytic solution
in a neighborhood of A\g. By the principle of analytic continuation, there is a global analytic solution
to (3.28) on any simple connected domain containing Ag; see [30, 27, 45]. We also get property (i)
since (3.28) is a linear ODE; see [45, 27, 30]. Before proving properties (ii) and (iii) we note that
PP'P = 0 since P’ = (P?) = P'P + PP’ whereupon left multiplication by P yields PP'P = 0.

Now note that

(PR—R) =P'R+ PR - R
= PR+ (P-DR
(3.29)
= PR+ (P-I)P'R

— PP'R,
so that (PR — R)’ = —PP'(PR — R). Initializing this last ODE with P(Ao)Ry — Rop = 0 and

employing uniqueness of solutions of ODEs, we have PR = R. For (iii) note that PR’ = PP'R
and apply R = PR to get PR’ = PP'PR = 0. O

We note that together conditions (i) and (ii) give us that R(\) is a basis of the desired subspace
and condition (iii) suggests that this basis is in some sense optimal since its variation on the desired

manifold is minimal.
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3.4.1 Application. Using a forward difference scheme to approximate 3.28, we have

Rjyi =Ry P = B
= R; 3.30
Nt = A A=A (3:30)

so that Rj+1 = Rj + Pj+1Rj — PjRj = Pj+1Rj since PjRj = Rj.

For a second-order scheme we use the approximations,

B — I ~ Pl 5Rii1/0
Aj—&-l _>\_] +1/24Y5+1/25

Rj+1/2 ~ Pj+1/2Rja
1

P12 = 5(Pi1 + Bj),

p o _Bn-h
T N = A

to get the scheme

Rjt1 = Rj+ (N1 — >\j)P,]{+1/2Rj+1/2

Pjy1 = b

= Rj+ (Njt1 — Aj)mRﬁlﬂ
J J

(3.31)
=R; + (Pj+1— Pj)Pji1)2R;
1
= RBj+ 5 (Pjr1 = Bj) (P + )R
To insure R;; is in the range of Pj;; we multiply the scheme by P;y; to obtain
1
Rjy1 = Pip1Rj + 5Pt (P = By)(Pjaa + Fy) Ry, (3.32)
which simplifies to
Rjy1 = Pjall + (1/2)P;(I = Pj41)]R;. (3.33)

For details see [45].
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3.5 WINDING NUMBER AND ROOT FINDING

In this section we discuss a new method, inspired by [12], for finding the roots of the Evans function
in the case of instability. Computing the Evans function is costly making traditional root solving
techniques, like Newton’s method, undesirable since new Evans function calls are required at each
iterative step. The method of moments only uses the information given by the already evaluated

contour to evaluate roots.

3.5.1 Derivation of Moments. Let f be analytic inside and on a simple closed positively
oriented contour I' and let f be nonzero on I'. Suppose z1,--- ,z, are the n distinct roots of
f inside I with respective multiplicities my,ma,...,m, and ¢ # z; Vk is a constant. Then for
p=20,1,2,...

G, N
R R R MUCE (339

= omi

where my, is the multiplicity of z. Note that M,(c) is the p™* moment of f about c.

Proof. The proof follows from an easy extension of the argument principle [40]. Let zj be a zero

of f inside of T". Since f is analytic at zx, we have
f(2) = h(z)(z — 2)"™" (3.35)

where h(z) is analytic at z; and h(z) # 0 . Then f'(2) = h'(2)(z — zx)™ + muh(2)(z — z;)™ !

and
(= oPf'() (= dH() | (= cPm

9(2) = f(z) - h(z) + z— 25

(3.36)

Since h(z) is analytic at zj, the residue of g(z) at z is my(zr — ¢)?. Then by Cauchy’s Residue

Theorem,

C=f'(2) o NS
ﬁ o dz =2 ]; w(zk — )P, (3.37)

O

Note that My(0) gives the number of zeros of f(z) inside of I', and that M;(0)/Mp(0) and
Mo (1) /Mo(0) respectively give their center of mass and variance.
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3.5.2 Using the Moments to Find Roots. Let K,, be the m™ order elementary symmetric

polynomial in the roots {z}}_, of f inside I'. Then

P(2) = (2 = 21)(z = 22) -~ (= — 20) (3.38)

=" K2 4 Ko (D)K.

We determine K, using the moments described in the previous section. For example, consider the

case when f has two roots inside of T,

My(0) = 2 (3.39)
My (0) = 21+ 29
My(0) = 27+ 22
Since
M;(0)? = 27 + 2212 + 23
= MQ(O) + 22122
we find

K1 = M(0) (3.40)

Ky = %(Ml(O)g—MQ(O)).

Now (z — 21)(z — 22) = 22 — K12+ K3, s0 z1 and 2 are given by z1 5 = (K1 £ /K? — 4K>).
We note that this method is limited since there is no general closed solution to polynomials
of degree greater than four, and since small perturbations in polynomial coefficients can lead to

significantly different roots.
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3.5.3 Computing M(0). If f is analytic and nonzero on the contour C' and W = f(C) does

not pass through the branch cut of the log function, then

'(2) =lo z1)) —lo z
| ZE s = 0w )~ oxts o) (341)

where zq is the beginning point of C and z; is the end point. Now log(z) = Log|z|+iArg(z) 4+ i2kn

where Log is the natural logarithmic function of real variables and Arg is the principal argument

/. J;/g)) o

is just the change in the angle between f(z9) and f(z1) where the angle jumps by 27 when it

of z. Then

crosses the branch cut of log.

3.5.4 A Quadrature Method for M,(0). We use Simpson integration with Lagrange inter-

polation to approximate

using a centered difference approximation for f/(z).

Then,

Zit2
/ g(z)dz

P
/ S TEL

Zi42 .. . Zi+2 _ . — .
z/ (Z Zerl)(Z Zz+2) g(zl)dz—l—/ (Z Zz)(z Zz+2) g(Zi+1)dZ
5 (2= zip1) (2 — zig2) 5 (Zi1 — 2)(Zig1 — 2ig2)
(22 (2 = i)
+ Zito)dz.
/zi (zi42 = 2i)(2i42 — Zz‘+1)g( +2)
(3.42)
Let
N g(z:)
a= ;
(zi = zi41) (21 — 2i42)
9(2i+1)
b= , 3.43
(Zi+1 - Zz')(zi—i-l - Zi+2) ( )
.o 9(zi+2)

(Zive — 2i)(Zig2 — Zi+1)'
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We have

Zi42 Zi42
/ g(2)dz = / a(z — zi41)(z2 — zig2) + b(z — ;) (2 — zig2) + c(z — 2;) (2 — zi41)dz

2 2
Zitr2 T %

2

23— 23
=212 a4 b+te) —

3 (a(zig1 + zit2) + b(zi + zip2) + c(zi + 2iy1))

+ (ziq2 — 2i) (azi+1zi+2 +bzizipo + CZiZi+1)~

(3.44)

3.5.5 Apllication. The gKdV equation, discussed in more detail in section 4.2, is given by
Ut + Ugzr + (1/p)(WP), =0, p>2, peN. (3.45)

This system is known to undergo transition from stability to instability when p = 5; see [39, 38]
for details. In Table 3.1 we show how the root given by the method of moments convergences to
that given by Miiller’s method for the gKdV system with p = 6. We use Simpson integration with

quadratic Lagrange interpolation to evaluate the relevant integral.

Mesh Points 8 18 28 38 48 58 68 78
Abs Difference | 1.11 | 3.08(-1) | 1.74(-1) | 9.30(-2) | 5.98(-2) | 5.43(-2) | 3.78(-2) | 2.31(-2)

Table 3.1: Absolute value of the difference between the root given by the method of moments and
Miiller’s method for the gKdV sysem with p = 6.

3.6 MULTI-CORE PROCESSING

Numerical Evans function computations are costly since each function evaluation requires solving
an ODE to find an analytic basis. However, finding a basis for a point on the contour requires no
information about the other points, hence is embarrassingly parallel. We use Matlab’s new parallel
processing toolbox to compute the Evans function on eight cores resulting in a dramatic increase

in computation on the parallelized part.
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3.7 STABLAB

The Evans function has proven to be an excellent tool for studying shock wave stability in parameter
regimes that evade analytical proof, but also as a way of verifying or giving direction to analytical
results. Given a new system, we would like to be able to start computing the wave profile and the
Evans function within an hour. We would also like the flexibility to provide analytic components
to the computation when they are available. To accomplish this goal, we developed STABLAB,
an interactive MATLAB-based stability package.

In STABLAB, we provide options for computing the Evans function using either the compound
matrix method or the polar method. The adjoint formulation of the Evans function is also available
as well as a subroutine for finding an analytic basis using the method of Kato. Functions aiding
profile computation deal with the issue of translational invariance, and machinery is in place for
winding number calculations and root solving. Parallel computing is also available. See appendix
C for STABLAB documentation.

We use STABLAB to study the model systems given in chapter 4 and note that it is succesfully
used in [3, 24, 23, 26, 14, 25].
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CHAPTER 4. EXAMPLE SYSTEMS

In this chapter we apply the theory and methods introduced in chapters 2 and 3 to several model
systems; we verify shock layer stability for Burgers equation and the p-system with and without
capillarity. We also verify instability in gKdV.

4.1 BURGERS

Consider Burgers equation,

Up + Uy = Vgy (4.1)

where the constant v > 0 represents viscosity (by rescaling we may assume v = 1) and z and ¢

represent space and time respectively; see [8] for details. Assume that

u(x,t) = u(x — st) (4.2)

where s is wave speed. This substitution reduces the problem to one variable with a moving frame
of reference. The solution to this ODE is the wave profile and is stationary because our frame of
reference moves along at the same speed as the wave.

We assume asymptotically constant boundary conditions @(+00) = us where u_ > uy.

Transferring 4 into (4.1) we obtain

— st +ad’ = va”. (4.3)

Integrating yields

which becomes

—u?) =vil. (4.5)
Note that as z approaches +oo, 4’ — 0 and @ — u4 so that
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—s(uy —u_)+ %(ui —u?)=0. (4.6)

Equation (4.6) is the Rankine-Hugoniot condition which states that s multiplied by the jump

in u denoted [u] := u_ — uy equals the jump in 2u? denoted [fu?]. We simplify (4.6) to get

S = 7’“-‘,— ;_u_ . (4'7)

Now returning to equation (4.5) and solving for @' we obtain

= —(t—u_)(t—uy). (4.8)

The solution is,

(4.9)

i(x) = 5 — atanh (<—t+6>) |

2v

(u— —uq).

N[

where a =
4.1.1 Evans Function. We first find the eigenvalue problem by changing (4.1) to a scaled
moving frame of reference, (z,t) — (%’%, %), and find steady-state solutions to the equation
Up — SUy + Uy = Ugy- (4.10)
Linearizing about the steady-state solution 4 in (4.10) gives
Up — SUy + Uy + UgU = Ugy. (4.11)
This yields the eigenvalue problem

Au — su' +au’ + @'u = u". (4.12)
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0005 4 001

00151 4 -0.03F

Figure 4.1: Burgers equation Evans function output for a semi-circular contour of radius 10 using
60 mesh points. Numerical infinity is set to x = 12. We have (left) u_ = 10 and uy = 2 and
(right) u— =4 and uy = 2.

We write the eigenvalue problem (4.12) as a first order system,

W' = A(z, W, (4.13)

that is,

/

- . (4.14)

We use STABLAB to evaluate the Evans function. This yields the output shown in Figure 4.1.
Note that the contour goes through A = 0 since this is an eigenvalue of (4.12) with corresponding
eigenfunction 4/. In A.6 we consider the integrated coordinates case. Excluding the origin yields

winding number zero consistent with stability.

4.2 GKbDV

Consider the generalized Korteweg-de Vries equation (gKdV), see [39, 38] for details,

Up + Ugzr + (1/p)(uP)y =0, p>2, peN. (4.15)
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We look for a traveling pulse solution of the form,
W(x) = u(x — st,t), @M (+o0)=0, n=01,2..

Equivalently we translate (z,¢) — (x — st,t) and look for stationary solutions of

Ut — SUy + Ugas + (WP /p)y = 0.
We may scale out s under the transformation (u,z,t) — (s*/(P=Dy, s1/2z s3/%t) to get

U — Uy + Uy + (WP /)y = 0.
Under the new rescaling, the profile ODE becomes

" — ' + (uP/p) = 0.

Integrating twice and using separation of variables results in the solution,

1/(p-1)
a(x) = (‘”(p;l)> sech((1 — p)z/2 + 6)%/ =),

where § € R is some translate. The linearized eigenvalue problem is
M —/ +u” + (aP ) = 0.
Translating to integrated coordinates (v — u') we have

M — o + " + 0P = 0.
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We write (4.22) as a first order system,

/

U 0 1 0 u
o | =10 0 |- (4.23)

u” - 1—ar71 0 u
Our first order system has a two dimensional growth manifold at x = —oo and a one dimensional
decay manifold at x = +00. Hence, we use the adjoint formulation of the Evans function at x = —oo

as described in section 2.4. The output in Figure 4.2 has winding number one indicating that the
gKdV system is not spectrally stable, which holds anytime p > 5; see [39, 38]. We use the winding
number and root finding methods discussed in section 3.5 on this system. Table 3.1 demonstrates

the effectiveness of the method of moments for finding the root of the Evans function.
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0.03f

0.02f

0.01
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-0.01

-0.02

-0.03F

-0.04

~0.05 . . . . . . . .
-0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 4.2: Evans function output for the generalized Korteweg-de Vries equation with p = 7.

4.3 p-SYSTEM

We consider the p-system with real viscosity, also known as the one dimensional isentropic com-

pressible Navier-Stokes equations, in Lagrangian coordinates,

v — Uy =0

w+p(v), = (=)

(4.24)
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where v is the specific volume, u is the velocity, and p(v) is the pressure law which we assume to

be adiabatic satisfying p(v) = agv™7, ag > 0 and v > 1.

We seek traveling wave solutions to (4.24) with end states (vi, us ), v— > vy > 0, by translating

(z,t) — (x — st,t) and considering stationary solutions of

Vg — SU; — Uy = 0

ug — Sz + (agv™ ), = (%) )
xr

Rescaling by (z,t,v,u) — (—esz,es%t,v/e, —u/(es)), where e = v_ yields

V¢ + Uy — Uy =0,

/ -7y _ k)
u' + (av™7) (U X

where a = ape 71572

The profile equation thus satisfies,

v —u' =0

/ /
/ 7’*/1: E
u' + (av™7) (v)’

with boundary conditions (v(£o0), u(£00)) = (v4,us). Simplifying gives

v+ (av) = (ZI)/

Integrating from —oo to z yields the profile equation
vV =vlv—1+alv"?—1)).

Setting © = +oo we find

'U+—]. ,Yl—’U+
= — = .
—y +1 _,)7
vy —1 1—wvy
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(4.26)

(4.27)

(4.28)
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We linearize (4.26) about the profile (9, ) to find the eigenvalue problem,

4o —u =0,

h(0) / W\ (4.31)
! — -
)\quu(mHv) <{)> ,
where h(9) = 07Tt +a(y — 1) + (a + 1)9".
Changing to integrated coordinates, (u,v) — (u’,v") we have
Aw+v —u =0,
h(o) o (4.32)
/ r_ %
A+ — ol =
Writing (4.32) as a first order system yields,
0 A 1 U
d
Az, \) = W = , == 4.33
(zAN=1]0 o0 1 , v T (4.33)
MDA f(D) — A v’

where f(0) =0 — 9~ 7h(d), with h as before.

Once again using STABLAB, we have in Figure 4.3 the numerical profile and the Evans function
output as vy — 0. We note that as v; — 0 the Evans function approaches a limiting contour.
Humpherys, Lafitte, and Zumbrun discovered this limiting behavior numerically which led them
to prove stability analytically in the limiting case [24] demonstrating the power of employing the

Evans function to study shock wave stability. See also [37] ,[3].

4.4 p-SYSTEM WITH CAPILLARITY

We consider the isentropic gas dynamics system with capillarity (Slemrod’s model),

v — Uy =0
., (4.34)
Ut +p('U)x = (f) - dvmxzv

T
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Mach Infinity

Im
o

Figure 4.3: The profile equation (left) and Evans function output (right) for the p-system as

’U+—>0.

where v is the the specific volume, u is the velocity in Lagrangian coordinates, the constant d > 0

represents capillarity strength, and p(v) is the pressure law for an ideal gas.

Translating (x,t) — (z — st,t) we have,

Ve — SUz — Uy = 0,

u
Up — Sty + p(v) = <—m> — dVggg-
v/
Rescaling, (x,t,u) — (—sx,s%t, —u/s) the system becomes

Ve + Vp — Uy =0,

Uu
U + Uy + ap(v)z = (Tz) - dvzmm;
x

where a = 1/s°.

The profile equations satisfy

which simplifies to
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(4.36)
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with boundary conditions (v, u)(+00) = (v4,us). Integrating from —oco to z yields

v—v_+a(plv) —p_)) = P dv”, (4.39)
where
_ Vyp — V-
e el A0

is found by setting = +00 to get the Rankine-Hugoniot condition. We take p(v) = v=7.

Linearizing (4.36) about the profile equation (0, ) yields the eigenvalue problem

w+v —u =0,

W\’ (4.41)
Au+u' — (f(d)v) = (ﬁ) —dv",
where f(0) = —ap’(0) — 0, /9%. Transforming to integrated coordinates yields,
4o —u =0,
o (4.42)
Au+u' — f(o) = e dv"".
Writing (4.42) as a first order system gives
0 A 1 0 u
0 0 1 0 v
Az, \) = , W= , (4.43)
0 0 0 1 v
Ad Nd hj/d —(dd)~! v

where h = h(9,\) := 1+ ap/(d) + 0, /9% — \/9. There are two growth/decay modes of (4.43) at
both £00 making the ODE a stiff problem. We overcome this difficulty by using either the method

of continuous orthogonalization or the compound matrix method. To use the compound matrix
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method we lift A(z, \) into the exterior product space A?(C*) ~ C% obtaining,

0 1 0 -1 0 0
0 0 1 A 0 0
A (o) — Ad  hjd —(do)"t 0 A 1 | )
0 0 0 0 1 0
—\d 0 0 hjd  —(dv)~! 1
0 -xd 0 —Ad 0 —(dd)~!

see (3.16) and related discussion. We use STABLAB to verify some of the Evans function output
given in [23]. First, we numerically solve the profile equations. For small d the solution is monotone,
but as capillarity strength increases, the traveling wave becomes oscillatory, as in Figure 4.4. For
large capillarity strength, the profile becomes too oscillatory for accurate Evans function results;
overcoming this difficulty is an interesting direction for further work. In Figure 4.5 we give some

typical Evans function output and in Figure 4.6 we show the affect of varying v and d.

081

0.6

-

. . . . . . . . .
—-1400 -1200 -1000 -800 -600 -400 -200 0 200

Figure 4.4: The profile equation for the p-system with capillarity. As capillarity strength increases,
the profile becomes highly oscillatory.
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Figure 4.5: Evans function output for the p-system with capillarity. Here d = 0.45 and vy = 0.65
(left) and 0.25 (right).
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Figure 4.6: Evans function output of a semi-circular contour for the p-system with capillarity. On
the left d = 0.75 and v € [0.20,0.80]. The contours get closer to the origin and begin to wrap
around it as shock strength increases. The contours move away from the origin and shrink in the
small shock limit. On the right, v; = 0.25 and d € [0.15,0.80]. The contours get larger and more
spread out as d decreases.
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CHAPTER 5. ISENTROPIC MHD

In this chapter we discuss the numerical results of our work done in [4] as well as summarize a few

of the analytical results.

5.1 INTRODUCTION

Consider the system,

(5.1)

<
(V]
B4
I
TN TN
~ 5
oy}
=%
89
[V}
~_
I
=
—~
<|8
8
~—
8

(vBs), — (Bius), = ((cf:()v) B?’“”)z’

where v denotes specific volume, u = (u1,ug, us) velocity, p = p(v) pressure, B = (B, Ba, B3)
magnetic induction, B} constant, and x> 0 and n > 0 the two coefficients of viscosity, 1o > 0 the
magnetic permeability, and o > 0 the electrical resistivity; see [2, 13, 29, 31] for further discussion.

With brief exceptions, we take

n= _2/1’/37 (52)

as typically prescribed for (nonmagnetic) gas dynamics [5].
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By a viscous shock profile of (5.1) we mean a traveling wave solution

v(x,t) = 0(x — st),
up(x,t) = a1 (x — st),
ug(x,t) = Go(x — st), 53)
uz(z,t) = 4s(x — st),

(vBs3)(x,t) = (vB2)(x — st),

—

(vBs)(z,t) = (vBs)(x — st),

moving with speed s and having asymptotically constant end-states

(v, 14, Ust, us+, (VB2) 4, (vBs)+). Alternatively we translate x — x — st and consider stationary

solutions of

Under the rescaling,

Vi — SVUz — U1z = 0

1 z
UL — SUiz + (p+ <%> (B3 + B?,)) = (2u+n) (%)I

T

1 x
Uge — SUzez — <*BTBQ) = (u2 )
H g co (5.4)
U3t — SU3x — (iBTB ) = (uﬁ)
Ho z v S
* 1
)

(v,uy, us, us, o, T, t, BY) — (v/e, —u1/(s),us /e, uz /€, epo, —esw, es*t, — By /s), the system becomes

Vi + Uz — Ulz =0

_ 1 wLs
uie + ure + (au "+ (W) (B§+B§)> = (2n+n) (%)z

T

(5.5)




where p(v) = agv~7 and a = ape "7~ 1s72. We may also remove u by rescaling, so without loss of
generality, 4 = 1. Linearizing about the profile
(v, u1,us,us, By, Ba, Bs) = (0,41,0,0, Bf,0,0) we have

Ut + Uz — Ul =0

T

Ul + U1y — ay (ff“’*lv) = (2u+n) (uéz + L;l; v>
x

1 . ©

Ut + U2x — ;Bl (B2)x = U (UQ
0

(5.6)

)
U3t + Uz — iBf(Bﬂz = u (’ILgm)

g o

Note the system is decoupled and that equations 3-6 are two copies of the same system. Stability
for the first two equations was demonstrated in great generality in [3, 24] . We make the substitution

a = 0By and, dropping the subscripts on u; and B;, write the eigenvalue problem,

! 1 * 1/ ul '
A+ u —%BlB =pu

0

1 B\’
Aa+ o — Biu' = () (A) .
T o v

(5.7)

We make the substitution
xT x
a(x) :/ u(z)dz, a(x) :/ a(z)dz, (5.8)
to get

1 ~1\ !
W+M—mm3_uc>

0

1 B\’
)\6[/ + 6[” - BT’I]H == () <A> .
0l v

Then integrating form —oco to x we have, suppressing the tilde,
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1 1
At — —BiB=yp (“)
Ho v

1 B (5.10)
Aa+ o — Biu' = () (A) ,
g o v
or equivalently,
B* / "
At — AL =
Hov v
L (5.11)
Aa+ o — Biu = _ <A> )
ot \ v
Our first orders system is thus
/
u 0 1/ 0 0 U
! AD o/p 0 —oBfv !
= / ! . (5.12)
o 0 0 0 o o o
s 0 —Bid/p Ao oped? s
Recall that © satisfies
1—
v'=3/4)v(v—1+a(v " —1)), azvll Ufyr. (5.13)
—]

Before exhibiting our numerical results, we visit some of the energy estimates done in [4].

5.2 ENERGY ESTIMATES

To help with doing energy estimates, we note a few facts.

Fact 1: Suppose v is a smooth real valued function and w is a smooth complex valued func-

tion with the property that w(™ (£o0) = 0 for n = 0,1,2,... Then Re( [, vww’) = Re( [ vw'w) =

Re(—% I v'w|?).

Proof: If w = (a + ib) then ww’ = (a + ib)(a’ — V') = ad’ + bV’ + i(ba’ — ab’) and ww' =
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(a —ib)(a' +ib') = aa’ + b + i(ab' — ba') = aa’ + bb' — i(ba’ — ab’). Now

/wa’ = v|w|?|™, —/
R R
2 _
f/vx\w| f/vwwm.
R R

Thus,

W(vaw + vwy)

2Re( [ vwi') = Re(= [ wuluf?),

so that

Proof:
/w"ﬁ) = ww'|>, —/|w'|2
R R
= —/ lw'|?.
R
Fact 3: Suppose w, u are smooth functions with w™ = 0, «(™ = 0 for n = 0,1,2...

Re(/ vww') = Re(/ vow') = —l/vz|w|2.
R R 2 Jr

Fact 2: Suppose w™ (£00) =0, n = 0,1,2, ... Then

/w”w:—/ |w'|?.
R R

Re([pw'n) = Re(— [, wu') Proof:

so that

Re(/wau):ne(_/R

/w'ﬂ = wu|>, — / wi’,
R R
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(5.15)

(5.16)

(5.17)

(5.18)

Then

(5.19)

(5.20)



5.3 STABILITY FOR B =0

For B} = 0 the eigenvalue equations become

"

u
M+ = n
NP (5.21)
Aot o = @
v = () (5)
or
Mou + ou’ = pu”,
(5.22)

1 "\’
Ao+ da = ( > (O‘) .
ol 0

Taking the real part of the complex L?-inner product of u against the first equation and o

against the second equation yields,

)\/{/\u|2+/®u'ﬂ—u/u”ﬂ:0,
R R R
1 "\
o e [ () (Y a0
R R R \OHO v

Then summing the two, using Fact 1 and Fact 2, and integrating by parts, we have,

Re <)\/Rv (fuf? + |a|2)> _ —/R <u|u'|2 + <a:0@> |o/|2) —l—%/Rv (u +la) <0,  (5.24)

(5.23)

a contradiction for ReA > 0 and u, « not identically zero (Recall v > 0, v, < 0).

5.4 STABILITY FOR INFINITE jig

In the infinite pg case, the eigenvalue equations are given by,
1
M4 = p—
v (5.25)
Aa+ o — Biu' =0.

The first equation is stable by a simple adjustment to the B} = 0 case. Assuming Re\ > 0,
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we have u = 0 so that the second equation is
Aa+a’ =0. (5.26)

But this equation is constant coefficient and hence stable (ce™* doesn’t satisfy boundary condi-

tions).

5.5 INFINITE o CASE

In the infinite o case, the eigenvalue equations are

Bik a/ u//

A+ — — =
Hov v (5.27)

Aa+ o' — Bfu' = 0.
We rewrite this in symmetric form as

podAu + potu’ — Bia = ppou”
(5.28)
Aa+ o' — Biu' =0.

Taking the real part of the complex L2-inner product of u against the first equation and o

against the second equation and summing gives,

/,uoﬁ)\\u|2+/p0f)u'ﬂ—/Biko/ﬂ—/uuou”ﬂzo
R R R R
A/|a|2+/a’@—/31‘u'd20.
R R R

Summing the two equations and using facts 1-3, we have

ReA ( [ ouolul + |a|2) — o [+ 52 [ aafup <o, (5.30)
R R 2 R

a contradiction for ReX > 0 and u not identically zero. If u = 0, then we have a constant coefficient

(5.29)

system for a which is thus stable.
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5.6 RENORMALIZED EVANS FUNCTION

There is a square root singularity in the Evans function when Bf = ,/movx. We remove this

singularity by introducing the pair of renormalizations

((1 — B} /\/lo)? +4X (/2 + 1/20Mo)>1/4 (U+/4 . )\)1/4

D) = 174 e
((1 — B}/ \/i0)? +4(u/2+1/2‘m0)) (”*MH) (5.31)
(1= By /\/om7)? + 4M(/204 + 1/20%“3))1/4 DOV
((1 — By //hov+)? + 4(p/2v4 + 1/2‘”*0”3))1/4
and 1/4
) ((1_31/\ﬁ) +4/\(u/2+1/20uo))
Doy (5.32)

1/4
(1= By /v/iw)? + (/2 +1/2000)

From [4] we have,

Theorem 5.1. On R\ > 0, the reduced Evans function D is analytic in A and continuous in all
parameters except at vy = 0 and By = \/lov+, at which points it exhibits algebraic singularities
(blow-up) at X = 0. The renormalized Evans functions D and D are analytic in A and continuous

in all parameters except at (A, vy) = (0,0).

In the limit that v, — 0, the profile equation reduces to v’ = (3/4)v(v — 1) which has solution
09 =1/2 — 1/2tanh(3z/8). From [4] we have,

Theorem 5.2. For o, jy and By bounded, the reduced Evans function D(X) converges uniformly
on compact subsets of {RX > 0} \ {0} in the large-amplitude limit vy — 0 to a limiting Evans

function D°(X) obtained by substituting 99 for ©. Likewise, D and D converge to

1/4
— B A o
DO o= (1 //i0)? + 4N (/2 4 1/2 ,UO))I/4 AY2DO(\) (5.33)
(1= By /v/im)? + 4(u/2 + 1/2010))
and 14
B0 ((LB*/f) +4>\(M/2+1/20M0))1/4 D), (530

(1= By /y/im)? + (/2 +1/2010) )
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each continuous on R\ > 0. Moreover, for Bf < \/fig, nonvanishing of D° on {RX > 0} is
necessary and nonvanishing of D° on {RX > 0} is sufficient for reduced Evans stability (i.c.,
nonvanishing of D, D on {RX > 0} for vy > 0 sufficiently small. For B} > Vo, nonvanishing of
DO on {RX > 0} is necessary and nonvanishing of D° on {RX > 0} together with a certain sign
condition on ﬁ(O) is sufficient for reduced Evans stability for vy > 0 sufficiently small.' This sign

condition is implied in particular by nonvanishing of ﬁ(O) on the range

\/;TOSBTS\/pTo+maX{\/§,\/$}. (5.35)

Finally, we state a Theorem from [4] which gives a bound on where any unstable eigenvalues, if
any exist, can occur. This facilitates a numerical study since we can compute the Evans function
on a contour containing the bounded region given below and than use the argument principle from

complex analysis.

Theorem 5.3. Nonstable eigenvalues R\ > 0 of (5.12) are confined for 0 < vy <1 to the region

1 1 o
RA+ SN < = t B2, | —. 5.36
HI9A < gmas{ o+ (BD 2 (5.36)

5.7 NUMERICAL STABILITY RESULTS

For a given amplitude, the analytical results in [4] truncate the computational domain to a compact
set, thus allowing for a comprehensive numerical Evans function study patterned after [24, 26],
which yields Evans stability in the intermediate parameter range. We then demonstrate Evans
stability in the large-amplitude limit by (i) verifying convergence to the limiting Evans functions
given in Theorem 5.2 (i.e., checking that convergence has occurred to desired tolerance at the limits
of values v, A considered), and (ii) verifying nonvanishing on ®A > 0 of the limiting functions D°,
DY, These computational results, together with the analytical results in [4], give unconditional
stability for all values except for cases where two or more parameters blow up simultaneously. The
numerical computations were performed in STABLAB.

When compared to the numerical study for isentropic Navier-Stokes [3, 24], this present system

is better conditioned, yet much more computationally taxing since there are more free parameters

1 D, D are real-valued for real A by construction, so that sgnf)((]) is well-defined.
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to cover, i.e., (v,vy, By, 1o, 0); the isentropic model by contrast has only two parameters (v, v;).
Since each dimension adds, roughly, an order of magnitude to the runtime, we used parallel compu-
tation via MATLARB’s parallel computing toolbox. In our main study, we computed along 30,870

semi-circular contours corresponding to the parameter values

(v, v+, BE, 1o, 0) € [1.0,3.0] x [1075,0.8] x [0.2,3.8] x [0.2,3.8] x [0.2,3.8].

In every case, the winding number was zero, thus demonstrating Evans stability; see Section 5.8
for more details.

We also carried out a number of small studies to illustrate our analytical work in the limiting
fixed-amplitude cases. These are briefly described below and are also given more detail in Section

5.8.

Figure 5.1: Renormalized Evans function output for semi-circular contour of radius 4.5 (left)
as the amplitude varies. Parameters are Bf = 2, uyop = 1, 0 = 1, v = 5/3, with vy =
1071,10715,1072,1072-5,1073,1073%,1074,107*5,107°,1075%,10~%. Note the striking concen-
tric structure of the contours, which converge to the outer contour in the large-amplitude limit
(i.e., vy — 0) and to a non-zero constant in the small-amplitude limit (i.e., v; — 1), indicating
stability for all shock strengths since the winding numbers throughout are all zero. The limiting
contour given by jjo()\) is also displayed, but is essentially identical to nearby contours. When the
image is zoomed in near the origin (right), which is marked by a crosshair, we see that the curves
are well behaved and distinct from the origin. Also clearly visible is the theoretically predicted
square-root singularity at the origin of the limiting contour, as indicated by a right angle in the
curve at the image of the origin on the real axis.

In Figure 5.1, we see the typical concentric structure as vy varies on [0,1]. Note that in the
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strong-shock limit, the output converges to the outer contour representing the Evans function
output of the limiting system. In the small-amplitude limit, the system converges to a non-zero
constant. Since the origin is outside of the contours, one can visually verify that the winding
number is zero thus implying Evans stability, even in the strong-shock limit.

In Figure 5.2, we illustrate the convergence of the Evans function as Bf — oo. Note that
the contours converge to zero, but they are stable for all finite values of Bj. Stability is proven
analytically in [4] by a tracking argument.

In Figure 5.3, we see the structure as pg — 0. Once normalized (right), we see that the
structure is essentially unchanged despite a large variation in pg; in particular, the shock layers
are stable in the pg — 0 limit. This was proven analytically in [4].

Finally, in Figure 5.4, we see the behavior of the Evans function in the case that r = pu/(2u +
1) — oo. This is the opposite case of that considered in [17]. As shown in [4] this case can be
computed by disengaging the shooting algorithm and just taking the determinant of initializing

e-bases at +oco. Notice that in this limit the shock layers are also stable.

aF
0.5
6
0.4r
03[ 4
02t
o
0.1
g ° § § ’ ' . . ' D D
-0.1
Pys
-0.2
-0.3F -4
-0.4
s
-0.5
. . . . . . . . . -8E . . . . . .
-0.2 -0.1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 08 0 0.01 0.02 0.03 0.04 0.05 0.06
Re Re

Figure 5.2: Evans function output for semi-circular contour of radius 5 (left) and a zoom-in of the
same image near the origin (right). Parameters are v, = 1072, yo = 1, 0 = 1, v = 5/3, with

1 = 2,3.5,5,10, 15,20, 25, 30, 35,40. Note that the contours converge to zero, which is marked
by a cross hair, as Bf — oc.
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Figure 5.3: Evans function output for semi-circular contour of radius 5 (left) together with a
renormalized version of the contours (right), where each contour is divided by its rightmost
value, thus putting all contours through z = 1 on the right side. Although these results are
typical, the parameters in this example are Bf = 2, vy = 1072, ¢ = 1, v = 5/3, with
to = 1075,1071,10715,1072,1072°,1072,10735,107%,107%>,107°. Note that the renormalized
contours are nearly identical. This provides a striking indication of stability for all values of g in
our range of consideration, and in particular for py — 0.
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0 02 1.2 14 0 o1 02 03 04 05 06 07 08 09 1

Re

Figure 5.4: Renormalized Evans function in the » = oo case. Parameters are v, = 107!, 1072,
1072,1074, 107%, 1075, up = 1, 0 = 1, v = 5/3. We also have a semi-circular radius of 4.5 with
T =2 (left), and a semi-circular radius of 1 with Bf = 0.5 (right).
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5.8 NUMERICAL INVESTIGATION

In this section, we discuss our approach to Evans function computation, which is used to determine
whether any unstable eigenvalues exist in our system, particularly in the intermediate parameter
range left uncovered by analytical results in [4]. Our approach follows the polar-coordinate method
developed in [28]; see also [3, 24, 26, 23, 14]. Since the Evans function is analytic in the region
of interest, we can numerically compute its winding number in the right-half plane around a large
semicircle B(0,A) N {RA > 0} containing (5.36), thus enclosing all possible unstable roots. This
allows us to systematically locate roots (and hence unstable eigenvalues) within. As a result,
spectral stability can be determined, and in the case of instability, one can produce bifurcation
diagrams to illustrate and observe its onset. This approach was first used by Evans and Feroe [16]

and has been applied to various systems since; see for example [38, 1, 10, 7).

5.8.1 Approximation of the profile. Following [3, 24], we can compute the traveling wave
profile using one of MATLAB’s boundary-value solvers bvp4c [42], bvp5c [32], or bvp6c [19],
which are adaptive Lobatto quadrature schemes and can be interchanged for our purposes. These
calculations are performed on a finite computational domain [—L_, L] with projective boundary
conditions My (U — Uy) = 0. The values of approximate plus and minus spatial infinity L
are determined experimentally by the requirement that the absolute error |U(+Ly) — Uy| be
within a prescribed tolerance, say TOL = 1073; see [26, Section 5.3.4] for a complete discussion.
Throughout much of the computation, we used L4 = £20, but for some rather extreme values in

our parameter range, we had to lengthen our interval to maintain good error bounds.

5.8.2 Approximation of the Evans function. Throughout our numerical study, we used the
polar-coordinate method described in [28], which encodes W = pQ, where “angle” Q@ = wy A+ - - Awy,
is the exterior product of an orthonormal basis {w;} of Span{W1,..., W}} evolving independently
of p by some implementation (e.g., Drury’s method) of continuous orthogonalization and “radius”
p is a complex scalar evolving by a scalar ODE slaved to €2, related to Abel’s formula for evolution
of a full Wronskian; see [28] for further details. This might be called “analytic orthogonalization”,
as the main difference from standard continuous orthogonalization routines is that it restores the

important property of analyticity of the Evans function by the introduction of the radial function
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p (Q by itself is not analytic); see [28, 45] for a discussion on this method.

5.8.3 Shooting and initialization. The ODE calculations for individual A\ are carried out
using MATLAB’s ode45 routine, which is the adaptive 4th-order Runge-Kutta-Fehlberg method
(RKF45). This method is known to have excellent accuracy with automatic error control. Typical
runs involved roughly 300 mesh points per side, with error tolerance set to AbsTol = le-6 and
RelTol = 1le-8.

To produce analytically varying Evans function output, the initial data V(—L_) and 9(L+)
must be chosen analytically using the method of Kato, see section 3.4. The algorithm of [11] works

well for this purpose, as discussed further in [3, 28].

5.8.4 Winding number computation. We compute the winding number by varying values
of A around the semicircle B(0,A) N {RA > 0} along 120 points of the contour, with mesh size
taken quadratic in modulus to concentrate sample points near the origin where angles change more
quickly, and summing the resulting changes in arg(D())), using Slog D(A) = argD(\)(mod2w),
available in MATLAB by direct function calls. As a check on winding number accuracy, we test
a posteriori that the change in argument of D for each step is less than 0.2, and add mesh points,
as necessary to achieve this. Recall, by Rouché’s Theorem, that accuracy is preserved so long as

the argument varies by less than 7 along each mesh interval.

5.8.5 Description of experiments: broad range. In our first numerical study, we covered
a broad intermediate parameter range to demonstrate stability in the regions not amenable to our
analytical results in [4], and also to close our study for unconditional stability for all (finite) system
parameters. Since Evans function computation is essentially “embarrassingly parallel”, we were
able to adapt our STABLAB code to take advantage of MATLAB’s parallel computing toolbox,

sending to each of 8 “workers” on our 8-core Power Macintosh workstation, different values of A
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producing a net speedup of over 600%. The following parameter combinations were examined:

(v,vy, Bf, po,0) € {1.0,1.1,11/9,9/7,7/5,5/3,1.75,2.0, 2.5, 3.0}
x {0.8,0.6,0.4,0.2,107%,1072,1072,107*,10~°}
x {0.2,0.8,1.4,2.0,2.6,3.2, 3.8}
x {0.2,0.8,1.4,2.0,2.6,3.2,3.8}

x {0.2,0.8,1.4,2.0,2.6,3.2,3.8}.

In total, this is 30,870 contours, each consisting of at least 120 points in A. In all cases, we found
the system to be Evans stable. Typical output is given in Figure 5.1.

We remark that the Evans function is symmetric under reflections along the real axis (conju-
gation). Hence, we only needed to compute along half of the contour (usually 60 points in the first

quadrant) to produce our results.

5.8.6 Description of experiments: limiting parameters. The purpose of our second study
is to verify convergence in the large-amplitude limit (v4 — 0), as well as illustrate the analytical
results in the limiting cases, namely as Bf — oo, Bf — 0, o — o0, pio — 0, 0 — 00, 0 — 0,
r — oo, and 7 — 0. In all cases, we found our results to be consistent with stability.

In Table 5.1, we provide typical relative errors between the normalized and limiting-normalized
Evans functions in the large-amplitude limit; we varied By for illustrative purposes. The relative

errors are given by computing, respectively,

D()\j) = D°(\))
DO(A;)

—DO()\))

D))
DO())

max
J

and max
J

along the contours except for small A (that is, when |A\| < 1072). Note that in the large-amplitude

limit, the relative errors go to zero, as expected.
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10(-1) || 9.94(-1) 1.23 3.46 933 | 2.16(1) | 4.89(1) | 1.09(2)
10(-2) |[ 4.36(-1) | 5.19(-1) 1.36 2.82 1.92 8.19 1.32(1)
10(-3) || 1.42(-1) | 1.72(-1) | 450(-1) | 8.34(-1) | 1.25 1.86 2.53

10(-4) || 4.23(-2) | 5.04(-2) | 1.32(-1) | 2.30(-1) | 3.23(-1) | 4.55(-1) | 5.88(-1)
10(-5) || 1.26(-2) | 1.50(-2) | 4.00(-2) | 6.83(-2) | 9.35(-2) | 1.28(-1) | 1.61(-1)
10(-6) || 3.94(-3) | 4.77(-3) | 1.28(-2) | 2.18(-2) | 2.96(-2) | 4.03(-2) | 5.01(-2)
10(-7) || 2.16(-3) | 2.62(-3) | 7.08(-3) | 1.20(-2) | 1.63(-2) | 2.21(-2) | 2.75(-2)
10(-8) || 2.07(-3) | 2.51(-3) | 6.78(-3) | 1.15(-2) | 1.56(-2) | 2.12(-2) | 2.63(-2)

Table 5.1: Relative errors for D(\) and D()). Here o = pig = 0.8 and = 5/3.

APPENDIX A. BURGERS EQUATION

A.1 BURGERS EQUATION

Consider Burgers equation,

Up + ULy = Vlgy (A1)

where the constant v > 0 represents viscosity and x and ¢ represent space and time respectively;
see [8] for details. Assume that

u(x,t) = a(x — st) (A.2)

where s is wave speed. This substitution reduces the problem to one variable with a moving frame
of reference. The solution to this ODE is the wave profile and is stationary because our frame of
reference moves along at the same speed as the wave.

We assume asymptotically constant boundary conditions @(+£o0) = ug where u_ > wug,
(+00)™ =0, n=1,2,...

Transferring @ into (A.1) we obtain
— st +at’ = vi". (A.3)

Integrating yields

— s/ ' —|—/ i = 1// a”, (A.4)



which becomes

—u?) =vi. (A.5)

Note that as x approaches oo, 4’ — 0 and 4 — u4 so that

—s(uy —u_)+ %(ui —u?)=0. (A.6)

Equation (A.6) is the Rankine-Hugoniot condition which states that s multiplied by the jump

in u denoted [u] := u_ — uy equals the jump in 1u® denoted [1u?]. We simplify (A.6) to get

S = 7“4_ ;u_ . (A'7)

Now returning to equation (A.5) and solving for &' we obtain

N 1 . _
/Zg( —u_)(% —uq). (A.8)
The solution is,
a(z) = s — atanh <W) : (A.9)
14

where a = $(u_ —uy).

A.2 NUMERICAL PROFILE

For illustrative purposes, we numerically solve the profile eugation using (A.3) instead of (A.8)
allowing us to demonstrate projective boundary conditions. Our boundary value problem does not
have a unique solution since a translation is also a solution. Hence, we fix 4(0) = s, the average
of our endpoint values. We make the transformation * — —x on the positive half of the domain

thus doubling the dimension of the system. If we let y; = @ and y = @’ for the left domain and
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y3 = @ and y4 = 4’ for the now translated right domain, then the new bvp is

Y1 Y2
1
2 S \Y1y2 — sy2
v | _ s (1Y ) ’ (A.10)
Y3 Ya
Ya L (sya — ysya)

with ya(—00) = ya(—00) = 0, y1(—00) = u_, y3(—o0) = uy and y1(0) = y3(0) = s.

We use projective conditions at —oo in the bvp solver to scale out the none-growth terms. Let A
be the matrix whose columns are the right eigenvectors of the jacobian matrix of the system at —oc.
Recall that the left eigenvectors are the rows of A~!. Then if RY is a right eigenvector corresponding
to growth and L? is a left eigenvector corresponding to none-growth, we have L¢- R9 = 0. Then our
projective condition is L% - (y_oo — (u_,0,u,,0)T). Our system has two such projection conditions.
This setup causes the boundary value solver to come in orthogonal to the undesired manifold and
to fix the solution at x = —oo at the desired end states. We obtain Figure A.1 using Matlabs
bvpdc solver. As you can see, reflecting the lower part back to the right side yields the desired

tanh solution.

45r

3.5

25r

Figure A.1: Traveling Wave Profile
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A.3 STABILITY OF BURGERS EQUATION

We say that a traveling wave is spectrally stable if the linearized operator has no eigenvalues in the
deleted right half plane, {A € C\ {0} | Re(\) > 0}. Zumbrun and Howard have shown for several
general classes of shock waves that spectral stability implies nonlinear stability. We use an energy
estimate to prove Burgers equation is spectrally stable.

We first find the eigenvalue problem by changing (A.1) to a scaled moving frame of reference,

(z,t) — (@, 1), and find steady-state solutions to the equation
Up — SUy + Uly = Ugy. (A.11)
Linearizing about the steady-state solution @ in (A.11) gives
Up — SUy + Uy + UgU = Ugy. (A.12)
This yields the eigenvalue problem
Au — su' + au’ + @'u = u". (A.13)

We make the coordinate change (u — u') and then integrate to obtain the integrated eigenvalue

problem

Au= (s —a)u +u". (A.14)

Taking the L? inner product with respect to @, the complex conjugate of u, we obtain

A/R\UF :/R(s—a)au’+/Ru“a. (A.15)

Integrating the right term by parts we have

)\/R\u|2:/R(s—a)au'—/R|u’|2. (A.16)

Then integrating the middle term by parts we find that 2Re [(s — @)uu’ = [ |u|*@’. Note that
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Im

Figure A.2: Essential spectrum of the linearized operator for Burgers equation

1’ < 0. Then

1
Re()\)/ |u|2:§/ \um’—/ /|2 < 0 (A17)
R R R

so that Re(\) < 0. Thus Burgers equation is spectrally stable.

A.4 KESSENTIAL SPECTRUM

Following the discussion in section 2.3.1, we have for (A.13) the Fourier version of the eigenvalue
problem,

M= —iAy — BL&% = :tzé(u_ —uy)é — €2, (A.18)

Hence, the essential spectrum is a parabola (see Figure A.2).

A.5 Evans FuNcTION

Previously we showed stability of traveling wave solutions using energy estimates. Energy estimates
often provide a bound on the region in the right half plane where eigenvalues can occur, but do
not say whether or not the bounded region contains eigenvalues. Becasue it is analytic, the Evans
function may be evaluated on a contour containing the bounded region and the argument principle
invoked to determine if there are any eigenvalues inside the contour. We use Burgers Equation to

detail how to compute the Evans function.
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We write the eigenvalue problem (A.13) as a first order system,
W' = A(z, \)W,

that is,

u A+d 4—s u’

Substituting (A.9) into (A.13) we obtain

/
v'=Nu—a (tanh (%) u) ,

subject to the boundary conditions u(+o00) = u'(+o00) = 0.

(A.19)

(A.20)

(A.21)

We are interested in solutions of (A.21) that connect the unstable manifold at —co and the

stable manifold at +oo. Indeed if the unstable and stable manifold intersect, then A is an eigenvalue.

For simplicity we evaluate the Wronskian at x = 0 to check for linear independence.

We begin by using the method of Kato (see section 3.4) to choose analytically varying initial

conditions so that the Evans function will be analytic.

The eigenvalues of A(x, \) are

i —sF/(0—s)2+4\+ @)
2 3

Ht+ =

which at x = +00 reduce to

_ FaF Va4 4\

Mt D)

and the associated right and left eigenvectors are

1 +1
T+ = VU4 s l:i:—)<,u:|: —1), vy € C.

[t vt (p— — py

(A.22)

(A.23)

(A.24)

We obtain our eigenprojection by multiplying the associated stable or unstable right eigenbasis

with the left one. This yields the projection,
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Pi = Tili =
HemBe \ e —pe
Let ¢ = a? + 4\ so we may simplify to get,
=t | H¥ -1
Py =707
Bp— —H+
so that
-1
[ M -1 [ FoT 0
PL=+207 | "7 o7 B
A N -1 FoT

Substituting P and P’ into the commutator operator and simplifying yields,

-1 0
(P’P—PP)y=¢""!
+a 1
Hence our analytically varying basis satisfies
st —¢! 0 s1
) tap~t ¢ |\ s
Thus the system of ODEs is
—5
5 =
R (A.25)
(53 N .

T2 +4N a2+ 4n
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subject to the initial conditions

v . (A.26)
M

The solution to this system is

5T =k (a® + 4)\)_Tl

ot (A.27)
ST = kF(a® + 407 T aTl(ag + 4)\)%.
From our initial conditions we obtain
EE = vs(a® +4x0,)V4
(A.28)

1
k= :Fikft.

Our analytic initializing basis is thus given by (A.27) and (A.28).

Returning now to (A.21),

v +a (tanh (%) u)l —du=0,

we see that the general solution is

u=C_ (\/ 4\ + a? — atanh (%)) sech <%> exp (gx/ 4N+ a2)

2

+Cy (—\/ 4\ + a? — atanh (%>) sech (%> exp (_I\/ 4N+ a2> .

2 2 2

For |z| >> 1 we have

VAaA 2
wi(z) =~ Y- 204 Flat ) eFTz(VIAt+aita)
u’ a4 2\ + avV4\ + a2
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Equating this to our initial conditions yields,

TF2C1(a+ VAN +a2) = s = kL (a? +4)) 714

so that
1 -1 —
Cyt ::Fiki (a—l— 4)\+a2) (a2+4/\) /4

Now

U FVAN + a?

W4 (0) = = C:t
u 2
x=0

so that

poy=| O O vy e

Then substituting for C the Evans Function is

—AELEL

D(\) = 5
(a + V4N + a2)

We note that the Evans Function is analytic in the right half plane and that the only zero is
A=0.

A.6 INTEGRATED COORDINATES

Since i is a solution of (A.3), we have

st —ad + v =0.
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Differentiating we have

st/ —aa” — (4')? +va" = 0.

That is, substituting @’ for w in

L(u) = su' — (du)" + u” (A.29)

gives L(4') = 0 so that @/ is an eigenvector with eigenvalue 0. This is the eigenvalue associated
with translational invariance discussed in section 2.3.

A useful technique for computing the Evans function involves changing the eigenvalue problem
to integrated coordinates. Doing so removes the eigenvalue at zero associated with translational
invariance while all other eigenvalues remain the same. This both makes it more probable to find
uniform bounds when doing energy estimates and aids in numerical computation of the Evans
Function. We employ this technique to Burgers Equation along with the method of Kato to see
how it simplifies the Evans Function.

Recall that the eigenvalue problem is

A — su’ + (du) = u”. (A.30)

We make the coordinate change (v — ') and then integrate to obtain the integrated eigenvalue

problem

u' + (s —a)u’ — Au=0. (A.31)
The ODE is thus
!
u 0 1 U
_ | (A.32)
u’ A d—s u’

Recall that when we use the method of Kato to find an analytically varying basis for our initial
conditions that = £00. Since u/(+00) = 0, our basis for the integrated problem will be the same

as we found previously, that is (A.27).
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Now substituting (A.9) into (A.31) we obtain

u” + atanh (%) u = u (A.33)
which has solution
L RV aﬂﬁ) R YV, ve=d (%“
u(r) =cpre™ sech (— + —=e> sech { — ). A.34
(z) = ey 2) T VD@ ) 3
For x >> 1 we have

2, < ' ) e (VA+aT+a) (A.35)

L +y/an+a2) ’

and for z << 1 we have

2 ! £ (VINTaT+a).
\/ﬁ ( L(a+ ax +a2) )e (A.36)
Then
Lot 2 -1
ct = §k1 (a® +4)\) 7
1 \ (A.37)
o = Sk (a® + 43
Now
1
wi(0) =4 (A.38)
SVAN+ a?
and
. _2
w-(0) = | YR (A.39)
1
Hence
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w_(0) w4 (0) | = —cc—. (A.40)

Then

1
D)) = —Zkfkf = constant. (A.41)

We see that using the integrated coordinate transformation and the method of Kato has greatly

simplified the Evans Function.

APPENDIX B. EXTERIOR PRODUCTS

Let V be a finite dimensional vector space over the field of scalars F'. Let W, =V xV x ... x V
denote the product set {(v1,va,...,vx)|v; € V'}. Let F(W}) be the set consisting of all finite linear
combinations of elements of Wj,. That is, an element of F(W}) takes the form Z;Vil a;V; where
a; € F and V; € Wy,. Let S(W},) be the subset of F(W},) generated by the set of all elements of

the following types:

(Uty ooy W F Uy ey k) — (UL, ey Wy ooy UE) — (Uy ey Uy ey UR)
(U1, .., Qup, .., ux) — (U1, .., Up, .., ux) o« € F

(u1,u2,..,ug) u; =u; for some i # j

Define A"V to be the quotient space F(Wy,)/S(Wy), and define
up A oo Aug = [(ug, ..., ur)] = equivalence class of (uy, ..., u). Thus two vectors are equivalent if
their difference is in S(W},). Note that F(W},)/S(W}) forms a vector space. We call A* V' the k-th
exterior power of V and a vector in /\k V is called a k-vector or k-form. Using our new notation

we have the following properties,

U Ao Alaw + ) Ao Aug = afur A AwA o Aug) + Bur Al AvA LA ), (B.1)
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and

UL A ... ANup =0 whenever u; = u; for i # j. (B.2)

Lemma B.1. The following holds:
ur Ao ANug Ao Nup Ao Aug = —ur Ao Aup Ao Aug A A ug.
Proof. By property (B.2) we have
u A AW+ w)A LA (vt w) A Aug = 0.
Expanding as in (B.1) we obtain,

O=u1 A AUAAUVA AU
F U A ANUANLCAWNA LN U
FUr AN ANWANALCANUN AN U

FUur AN ANWALCAWN N ug.

Two terms cancel using property (B.2) so that

UL AN CAUVNLAWA AU =—UL A AWALLAVAN A U O

O

Definition B.2. A permutation 7 is a bijective map from [1,2,...,m] to itself. We denote the set

of permutations defined on [1,2,...,m] by P, and use w(k) to represent the image of k under .

Proposition B.3. Let {v1,...,v,} form a basis for V. Then the k-vectors of the form

{a@) A s Ar |1 < (1) < . < (k) < n}

form a basis for /\k V.
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Proof. Any k-form in /\k V can be written
M
Zum AN WA AN T
r=1

where u, ; € V and M € N. Expanding u, ; in terms of {v;} yields

M

Z(am,lvl + ...+ ar,l,n”n) JARRVAN (Ozr,}g’lvl + ...+ ar,k,nvn)-

r=1

Repeated use of property (B.2) and Lemma B.1 yields the linear combination,

Z 57‘—1)71.(1) A oo N Vg (k-

TeEP

(B.3)

O

Definition B.4. Let W be a vector space. A map L : Wy, — W is multilinear if L(u, .., cu, +

By, .., ug) = aL(u1, .., Up, .., u) + BL(u1, .., Up, .., ug) for p=1,2,...k. The map L is alternating

or antisymmetric if L(ur(1y, ..., Ur(r)) = sign(m)L(u1, ..., ux), 7 € Py.

Theorem B.5 (Universal Alternating Mapping Property). If L : W, — W is a multilinear

alternating map, then there exists a unique linear map

L: /\lc V — W such that ﬁ(ul Ao ANug) = Lug, oy ug), Vg, .., Uk.

Proof. A multilinear alternating map L : W), — W is uniquely extended to a linar map L :

F(Wy) — W by defining

B M M
LY V| = o L(Vy),
j=1 j=1

where a; € F and V; € Wj,. Note that S(Wy) is in the kernel of L. Consequently, every ¢ € F(W,)

in the equivalence class [¢] € A"V maps to the same element L(¢) in W. Define L([¢]) =

That is

L(uy A oo Aug) = L([(u, .oy ur)]) = L(ug, ..., ug).
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Suppose L were another such map. Then
Lluy A oo Aug) = L(ug A o Aug), Y(ug, ..., ug),

so that L — L is zero on the generators of A"V, and thus on all of A" V. O

Definition B.6. If V is a vector space over F' where ' =R or F' = C, an inner product on V'

is a function (-,-) : V- x V' — F which for all a, 8 € F and for all z,y,z € V satisfies:

(i) (ax + By, 2) = alz, 2) + By, 2),

(i) (2, 0y + Bz) = alz,y) + B(z, 2),

(iii) (z,z) > 0and (z,2) =0=2=0

(iv) (z,y) = (y, 7).

Definition B.7. A k-form in /\k V is called a pure form if it is a wedge product between k

linearly independent vectors in V. A k-form is decomposable if it can be written as a pure form.
Note that every element of /\lc V is a sum of decomposable elements.

Theorem B.8. Let V be a vector space with inner product (-,-). Then

(ur,v1) - (u1,vk)

[, v] := det - (B.5)

(ug,v1) -+ (ug,vg)

defined on decomposable elements u,v € /\kV defines an inner product on /\k V by extending

bilinearly to any k-form.

Proof. Let 4, v represent pure k-forms associated with u,v € Wy. Let A\, u represent k-forms with
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A= 2?21 aji;, pp=Y.v, Biv; where the 4;, 0; are pure k-forms and «;, 3; € F. Define

(ur,v1) -+ {ug,vg)

H(u,v) = det

(ug,v1) - (ug,vg)

Fix vg = (v1, ..., vx) and 99 = v1A...Avg. Now H(u,vg) : Wy — F is alternating and multilinear.
By the Universal Alternating Mapping Property, there exists a unique linear map f,, : /\k V-F
such that f,,(4) = H(u,vp). Fix X € A" V. Now foo(A) = Z?:1 o foo (45) = Z?:1 o H (uj,vp).
Now Hj(v) := Z?:l o H(uj,v) is multilinear and alternating, so by the Universal Alternating

Mapping Property, there exists a unique linear map g : /\k V — F such that gy(0) = Hx(v). Set

AprPENDIX C. STABLAB CoODE

In this appendix we document STABLAB.
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C.1 BURGER’S EQUATION

function Burgers
beep off; clc; clear all; close all

tic

p.ul=10;

p.ur=2;

Y%structure variables

s.I1=12;

c.ksteps=30;
c.basisL=0Qanalytic_basis;
c.basisR=Qanalytic_basis;
c.evans=Qevans;

c.LA=0A;

c.RA=0A;

c.epsl=0;

c.epsr=0;

c.proj=@projection2;

e.evans=’reg_reg_polar’;

m.damping=0;
m.method=@drury;

m.options=odeset(’RelTol’,1e-6,’AbsTol’,1e-8, ’Refine’,1,’Stats’,’on’);

71



%dependent structure variables
s.R=s.1;

s.L=-s.1;

e.LA=c.LA;

e.RA=c.RA;

e.Li=[s.L 0];

e.Ri=[s.R 0];

c.L=s.L;

c.R=s.R;

/preimage contour
circpnts=30; imagpnts=30; r=10; spread=4; zerodist=10"(-4);

preimage=semicirc(circpnts,imagpnts,c.ksteps,r,spread,zerodist);

halfw=contour(c,s,p,m,e,preimage) ;
w = [halfw fliplr(conj(halfw))];
wnd=winding_number (w) ;

plot(w,’-*k’);

time=toc;
fprintf (’Time: %1.2d seconds\n’,time);

fprintf (’Winding Number: %1.1d\n’,wnd);
function out = A(x,lambda,s,p)
a=.5%(p.ul-p.ur);

cc=.5%(p.ul+p.ur);

u=cc-axtanh (a*x/2) ;

uder=(-a"2/2)*sech(a*x/2)"2;
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out=[0 1; lambda+uder u-cc];

function out = Aadj(x,lambda,s,p)

a=.5%(p.ul-p.ur);
cc=.5%(p.ul+p.ur);
u=cc-axtanh(a*x/2) ;

uder=(-a"2/2)*sech(a*x/2)"2;

out=-[0 1; lambda+uder u-ccl’;

C.2 ISENTROPIC

function isentropic
beep off; clc; clear all; close all

tic

global s p

%independent variables
p.gamma=5/3;
p.vp=.001;

%dependpent variables

p.-a=—(1-p.vp)/(1-p.vp~-p.gamma) ;

%structure variables
s.I=12;

s.larray=2;
s.rarray=1;

s.side=1;
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c.ksteps=30;
c.basisL=0Qanalytic_basis;
c.basisR=Qanalytic_basis;
c.evans=Qevans;

c.LA=04;

c.RA=0Aadj;

c.epsl=0;

c.epsr=0;

c.proj=Q@projection2;

e.evans=’reg_adj_polar’;

m.damping=0;
m.method=@drury;

m.options=odeset(’RelTol’,1le-6,’AbsTol’,1e-8, ’Refine’,1,’Stats’,’on’);

%dependent structure variables
s.R=s.1I;

s.L=-s.1;

e.LA=c.LA;

e.RA=c.RA;

e.Li=[s.L 0];

e.Ri=[s.R 0];

c.L=s.L;

c.R=s.R;

s.sol = getprofile;
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/preimage contour
circpnts=30; imagpnts=30; r=10; spread=4; zerodist=10"(-4);

preimage=semicirc(circpnts, imagpnts,c.ksteps,r,spread,zerodist);

halfw=contour(c,s,p,m,e,preimage) ;
w = [halfw fliplr(conj(halfw))];
wnd=winding_number (w) ;

plot(w,’-*k’);

time=toc;

fprintf (’Time: %1.2d seconds\n’,time);

fprintf (’Winding Number: %1.1d\n’,wnd);

T TR To T ToTo T T oo oo o o o o o T T T T o oo o oo o o o o T T T T o o o oo oo oo o o o T T T T oo
Tl oo o ToToToToToTo o o o o o o o o To T ToToToTo T o oo o oo oo Jo T o T T T T o oo oo oo o oo o o T o
function sol = getprofile

global s

% BVP solver

options = bvpset(’RelTol’, 1e-6, ’AbsTol’, 1e-8,’Nmax’, 20000);
solinit = bvpinit(linspace(0,s.R,20),@guess);

sol = bvpbc(@double_F,@bc,solinit,options);

Tototo o ToToto oo Too o o ToTo o o ToTo o o o To o o o To o o o JoTo 1o o o To o o o To o o o o Fo o o o To o o o To o o o o
function out = guess(x)
global s p

a = 0.5%(1+p.vp);

(¢]
1]
o

.5%(1-p.vp);

[a-c*tanh((s.R/s.I)*x);a-c*tanh((s.L/s.I)*x)];

o
=1
ot

]
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Tototo o ToToto o Too o o Toto o o To To o o o To o o o To o o o To T 1o o o To o o o To o o o To o o o o To o o o To o o o o
function out = bc(ya,yb)

global p

out = [ya(1,:)-ya(2,:);
ya(l) - 0.5%(1+p.vp)]l;
Tototo o T T o e o To s o o T o o To oo o o oo o o oo o o o o o o o oo oo oo o o o o oo o o oo o oo

function out = F(x,v)

global p

out=v*(v-1+p.a* (v~ (-p.gamma)-1)) ;

function out = A(x,lambda,s,p)

a=p.a;

gamma=p .gamma ;

v=soln(x,s);

out = [0 lambda 1;
0 0 1;

lambda*v lambda*v f(v,gamma,a)-lambdal;

function out=f(v,gamma,a)

out=v-v~ (-gamma) *h (v,gamma,a) ;

function out=h(v,gamma,a)

out= -v~ (gamma+1)+a*(gamma-1)+(a+1)*v~ (gamma) ;atim}

function out = Aadj(x,lambda,s,p)
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a=p.a;

gamma=p.gamma;
v=soln(x,s);

out = -[0 lambda 1;
0 0 1;

lambda*v lambda*v f(v,gamma,a)-lambda]’;

function out=f(v,gamma,a)

out=v-v~ (-gamma) *h (v, gamma, a) ;

function out=h(v,gamma,a)

out= -v~ (gamma+1)+a* (gamma-1)+(a+1)*v"~ (gamma) ;

C.3 CAPILLARITY

function capillarity
beep off; clc; clear all; close all

tic
global s p b

p.d=-.45;

p.gamma=1.4;

p.vp=.15;
p.a=-(1-p.vp)/(1-p.vp~-p.gamma) ;
p.ul=[1;0];

p.ur=[p.vp;0];

7



%structure variables
s.I=25;
s.larray=[3;4];
s.rarray=[1;2];

s.side=1;

c.ksteps=30;
c.basisL=0Qanalytic_basis;
c.basisR=0Qanalytic_basis;
c.evans=0Qevans;

c.LA=0A;

c.RA=0A;

c.epsl=0;

c.epsr=0;

c.proj=@projection2;

e.kl=2;
e.kr=2;

e.evans=’reg_reg_polar’;

m.damping=0;
m.method=@drury;

m.options=odeset(’RelTol’,1e-6,’AbsTol’,1e-8, ’Refine’,1,’Stats’,’on’);

%dependent structure variables
s.R=s.1;

s.L=-s.1;

e.LA=c.LA;

e.RA=c.RA;
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e.Li=[s.L 0];
e.Ri=[s.R 0];
c.L=s.L;

c.R=s.R;

AM = Flinear(p.ul);
eig(AM)
PM = projectionl(AM,-1);

b.LM = orth(PM.’).’;

AP

Flinear(p.ur);

PP = projectionl(AP,1);

b.LP = orth(PP.’).’;

s.sol = getprofile2;

%preimage contour
circpnts=30; imagpnts=30; r=10; spread=2; zerodist=10"(-2);

preimage=semicirc(circpnts,imagpnts,c.ksteps,r,spread,zerodist);

halfw=contour(c,s,p,m,e,preimage);
w = [halfw fliplr(conj(halfw))];
wnd=winding_number (w) ;

plot(w,’-*k’);

time=toc;

fprintf (’Time: %1.2d seconds\n’,time);

fprintf (’Winding Number: %1.1d\n’,wnd);

ToToToto oo oo ToToToo o o oo To o Too o o o o ToTo oo o o o o To o o o o o ToTo o o o o Jo ToFo o fo o o o o o
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function sol = getprofile2
global s

% BVP solver

options = bvpset(’RelTol’, le-6, ’AbsTol’, le-8,’Nmax’, 20000);
solinit = bvpinit(linspace(0,s.I,400),0guess?2);

sol = bvpbc(@double_F,@bc2,so0linit,options);

Toto o Toto o Too o Too o To o o Jo o o To o o Jo o oo o o oo o o to o o o o to o o o oo o o o o oo o oo o Yo o o o
function out = guess2(x)

global s p

a = 0.5%(p.ul()+p.ur(1));

¢ = 0.5%(p.ul(1)-p.ur(1));

alpha = 0.75;

out = [a-cxtanh(alphax*(s.R/s.I)*x);-c*a*alpha*sech(alpha*(s.R/s.I)*x)."2;...
a-cxtanh(alphax*(s.L/s.I)*x);-c*a*alpha*sech(alpha*(s.L/s.I)*x)."2;];

Tl lololoToToToToToTo oo Toototo o o o o o o o o o o o o o o o oo oo oo foToToTo o ToToToToTo oo to o o

function out = bc2(ya,yb)

global s b p

out = [ya(s.rarray,:)-ya(s.larray,:);
ya(1l) - 0.5%(p.ul(1)+p.ur(1));
[b.LP zeros(size(b.LP))] * (yb - [p.ur;p.ull);
[zeros(size(b.LM)) b.LM] * (yb - [p.ur;p.ull)];
Tl To o ToToToToTo oo o o o o o o o o T T T T T o oo oo oo o o o T T T T T o oo oo oo o o T T T
function out = Flinear(U)

global p

out = [0 1;(1+p.a*p_prime(U(1)))/p.d 1/(-U(1)*p.d)];
Toto o o To T s o o To o o To oo o T oo o o oo o o T oo o T oo o oo o oo o o oo o o Voo o o oo o o oo o
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function out = p_prime(v)

global p

out = -p.gamma * v~ (-p.gamma-1);

ToloToto o o oo ToToToto o o oo ToToTo o o o o o o ToToo o o o o To ToTo oo o o o o ToFo oo oo o o To Fo oo oo o o Fo o

function out = F(x,y)

global p

out = [y(2,:);(y@,)-p.ul(D+p.a*x((y(1,:)" (-p.gamma) . ..
-p.ul(1)"(-p.gamma))) - y(2,:)./y(1,:))/p.dl;

function out = A(x,lambda,s,p)

v = soln(x,s);
b =1/v(1);
h = 1-p.a*xp.gamma*v(1l)~(-p.gamma-1) + v(2)/v(1)"2-lambda/v(1);
out = [0 lambda 1 0;
0 0 1 0;
0 0 0 1;
lambda/p.d lambda/p.d h/p.d (-b/p.d)]1;

function out = Aadj(x,lambda,s,p)

v = soln(x,s);
b=1/v(1);
h = 1-p.a*p.gamma*v(1l)~ (-p.gamma-1) + v(2)/v(1) 2-lambda/v(1);
out = -[0 lambda 1 0;
0 0 1 0;
0 0 0 1,
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lambda/p.d lambda/p.d h/p.d (-b/p.d)17;

C.4 ANALYTIC_CHOICE

function out = analytic_basis(projection,x,preimage,s,p,A,posneg,eps)

% out = analytic_basis(projection,x,preimage,s,p,A,posneg,eps)

)

% Returns an analytic basis at specified infinity using the method of Kato.
)

% Input "projection" is a function handle to the projection function to be
% used, "x" is the numerical value of infinity, "preimage" is the contour
% on which the Evans function is computed, "s" and "p" are structures

% explained in the STABLAB documentation, "A" is a function handle to the

% Evans matrix, "posneg" is 1 or -1 determining which space the

% projection function should return, and "eps" is the tolerance in the

% projection function.

iterations = size(preimage,2);

[p_old, Q1] = projection(A(x,preimage(1),s,p),posneg,eps);

[n,k]=size(Q1);

out=zeros(n,k,iterations);

out(:,:,1) = real(Ql);

for j=2:iterations
proj = projection(A(x,preimage(j),s,p),posneg,eps);
hout(:,:,j) = proj * (eye(n) + proj * p_old - p_old * proj) * out(:,:,j-1);
out(:,:,j) = proj * (eye(n) + 0.5 * p_old * (eye(n)- proj)) * out(:,:,j-1);
p-old = proj;

end
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C.5 CAPA

function out=capa(x,y,1ambda,s,p,A,n,k,MU)

b
A
A
A
A
A
A
A
A
A
A

out=capa(x,y,lambda,s,p,A,n,k,MU)

Returns the value y’(x) of the first order system y’=(A(x,lambda)-(mu)I)y

Input "x" is the value where y’(x) is evaluated, $y$ is the vector y(x),
"lambda" is the point in the complex plane where the Evans function is
evaluated, s,p are structures explained in the STABLAB documentation, "A"
is a function handle to the Evans matrix, "n" is the dimension of the
system and "k" is the dimension of the manifold sought, and "MU" is the
eigenvalue corresponding to the largest or smallest eigenvalue of

A(\pm \infty,lambda)

out = (A(x,lambda,s,p)-MUxeye(nchoosek(n,k))) * y;

C.6 CONTOUR

function out=contour(c,s,p,m,e,preimage)

A
A
A
A
b
b
A

out=contour(c,s,p,m,e,preimage)

Returns the Evans function output for the given input.

Here c,s,p,m,e are structures described in the introduction of the
STABLAB documentation. The input preimage is the contour on which the

Evans function will be computed.

lbasis=c.basisL(c.proj,c.L,preimage,s,p,c.LA,1,c.epsl);
rbasis=c.basisR(c.proj,c.R,preimage,s,p,c.RA,-1,c.epsr);

index=1:(c.ksteps+1) :length(preimage) ;
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lbasis=1basis(:,:,index);
rbasis=rbasis(:,:,index);
preimage=preimage (index) ;

out=zeros(1,length(preimage)) ;

%parfor j=1:length(index) %Use this for parallel computing

for j=1:length(index)
out(j)=c.evans(lbasis(:,:,j) ,rbasis(:,:,j),preimage(:,j),s,p,m,e);
j %Take this out for parallel computing

end

C.7 DAVEY

function ydot=davey(t,y,lambda,A,s,p,n,k,mu,damping)

h
h
h
h
h
h
h
h
h

W

A_
Winv

ydot

ydot=davey(t,y,lambda,A,s,p,n,k,mu,damping)

Returns the ODE output for the polar method using the method of Davey

Input "t" and "y" are provided by ode45, "A" is a function handle to the
desired Evans matrix, s,p are structures explained in the STABLAB
documentation, "n" is the dimension of the system and "k" is the

dimension of the manifold, "mu" is the rescaling value for increased stability,

and "damping" is the damping coefficeint.

= reshape(y(1:k*n,1) ,n,k);

temp=A(t,lambda,s,p);

pinv(W);

[reshape ((eye (n) -WxWinv) *A_temp*W+damping*W* (eye (k) -W’*W) ,n*k,1) ;0] ;

ydot(end) = (trace(Winv*A_temp*W)-mu)x*y(k*n+1,1);
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C.8 DOUBLE_F

function out = double_F(x,y)

% out = double_F(x,y)

A

% Returns the split domain for the ode given in the function F.

A

% Input "x" and "y" are provided by the ode solver. Note that s.rarray
% should be [1,2,...,k] and s.larray should be [k+1,k+2,...,2k]. See

% STABLAB documentation for more inforamtion about the structure s.

global s

out = [(s.R/s.I)*F(x,y(s.rarray,:));(s.L/s.I)*F(x,y(s.larray,:))];

C.9 DRURY

function ydot=drury(t,y,lambda,A,s,p,n,k,mu,damping)

% ydot=drury(t,y,lambda,A,s,p,n,k,mu,damping)

A

% Returns the ODE output for the polar method using the method of Drury

A

% Input "t" and "y" are provided by ode45, "A" is a function handle to the

% desired Evans matrix, s,p are structures explained in the STABLAB

% documentation, "n" is the dimension of the system and "k" is the

% dimension of the manifold, "mu" is the rescaling value for increased stability,

% and "damping" is the damping coefficeint.

=

= reshape(y(1:k*n,1) ,n,k);
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A_temp=A(t,lambda,s,p);
ydot = [reshape((eye(n)-W*W’)*A_temp*W+damping*W* (eye (k) -W’*W) ,nxk,1);0];

ydot(end) = (trace(W’*A_temp*W)-mu)*y(k*n+1,1);

C.10 EVAN

function out=evans(yl,yr,lambda,s,p,m,e)

% out=evans(yl,yr,lambda,s,p,m,e)

)

% Returns the evans function output at a given point.

)

% Input "yl" and "yr" are respectively the initializing values on the left
% and right for the desired manifolds, "lambda" is the value in the complex
% plane where the Evans function is evaluated, and s,p,m,e are structures

% explained in the STABLAB documentation.

fun=str2func(e.evans);

out=fun(yl,yr,lambda,s,p,m,e);

Toto oo ToToo o o Too o oo oo o o To o o o To o o o To o o o To o o o To o o o To o 1o o o oo o o To o o o Jo o o o o oo o o To o oo Jo o o o o oo o oo
function out=reg_adj_polar(yl,yr,lambda,s,p,m,e)

[omegal ,gammal]=manifold_polar(e.Li,orth(yl),lambda,e.LA,s,p,m,e.k1);
[omegar,gammar]=manifold_polar(e.Ri,orth(yr),lambda,e.RA,s,p,m,e.kr);
out=det (orth(yl) ’*yl) ’*det (orth(yr) ’*yr) *gammal ’ *gammar*det (omegal ’ xomegar) ;
Too o Too o Too o Too o Jo o o Jo o o To o o Jo o o Jo o o To 1o o o 1o oo 1o oo o o o 1o o To 1o o To o oo o Jo o o o o o Fo o o Yo o o Yoo o Jo o o Jo o o Yoo o o
function out=adj_reg_polar(yl,yr,lambda,s,p,m,e)
[omegal,gammal]=manifold_polar(e.Li,orth(yl),lambda,e.LA,s,p,m,e.k1l);
[omegar,gammar]=manifold_polar(e.Ri,orth(yr),lambda,e.RA,s,p,m,e.kr);
out=det (orth(yl) ’*yl)*det (orth(yr) ’*yr) ’*gammar’*gammal*det (omegar’*omegal) ;

To1oToto o o oo ToTo oo o oo o To oo o o o o fo o Too o o oo oo To oo o o o o ToTo o fo o o o o To oo fo o o o o To oo o o o o ToFo o fo oo o o Fo oo o
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function out=reg_reg_polar(yl,yr,lambda,s,p,m,e)
[omegal,gammal]=manifold_polar(e.Li,orth(yl),lambda,e.LA,s,p,m,e.k1l);
[omegar,gammar]=manifold_polar(e.Ri,orth(yr),lambda,e.RA,s,p,m,e.kr);
out=det (orth(yl) ’*yl)*det (orth(yr) ’*yr) *gammal *gammar*det ( [omegal omegar]) ;

Do Ttolooo o ToToTo o o oo ToTo oo o oo o ToTo o o o o o ToTo oo o o o o ToTo oo o o o o To oo fo o o o o To o oo o o o Fo oo oo o o To T o fo o o

C.11 MANIFOLD_COMPOUND

function out = manifold_compound(x,z,lambda,s,p,m,A,k,pmMU)

% out = manifold_compound(x,z,lambda,s,p,m,A,k,pmMU)

)

% Returns the vector representing the manifold evaluated at x(2).

)

% Input "x" is the interval the manifold is computed on, "z" is the

% initializing vector for the ode solver, "lambda" is the point on the

% complex plane where the Evans function is computed, s,p,m are structures
% explained in the STABLAB documentation, "A" is the function handle to the
% desired Evans matrix, "k" is the dimension of the manifold sought, and

% "pmMU" is 1 or -1 depending on if respectively the growth or decay

% manifold is sought.

[R,D] = eig(A(x(1),lambda,s,p));
[e,mat] = max(real(diag(pmMU+*D)));

MU = D(mat,mat);

[X,Z]=0de45(@capa,x,z,m.options,lambda,s,p,A,m.n,k,MU);

out = Z(end,:).’;

C.12 MANIFOLD_POLAR

function [omega,gamma] = manifold_polar(x,y,lambda,A,s,p,m,k)
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A
A
A
A
A
A
A
A
A
A

[omega,gamma] = manifold_polar(x,y,lambda,A,s,p,m,k)

Returns "omega", the orthogonal basis for the manifold evaluated at x(2)
and "gamma" the radial equation evaluated at x(2).

Input "x" is the interval on which the manifold is solved, "y" is the
initializing vector, "lambda" is the point in the complex plane where the
Evans function is evaluated, "A" is a function handle to the Evans

matrix, s,p,m are structures explained in the STABLAB documentation, and k

is the dimension of the manifold sought.

mu = trace(orth(y) ’*A(x(1),lambda,s,p)*orth(y));

[X,Y]=0de45 (m.method, [x(1) x(2)], [reshape(y,m.n*k,1);1],m.options,lambda,A,s,p,...

m.n,k,mu,m.damping) ;

omega = reshape(Y(end,1:m.n*k).’,m.n,k);

gamma

Y(end,m.n*xk+1) ;

C.13 PROJECTIONI

function P = projectionl(matrix,posneg,eps)

b
b
b
A
A

YA

P = projectionl(matrix,posneg,eps)

Returns a projector P

Input "matrix" is the matrix from which the eigenprojection comes,

"posneg" is 1,-1, or O if the unstable, stable, or center space is

sought respectively.

[R,D] = eig(matrix);

L

= inv(R);
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P

= zeros(size(R));

if posneg==

index = find(real(diag(D))>0).’;

elseif posneg==-1

index = find(real(diag(D))<0).’;

elseif posneg==0

index = find(abs(real(diag(D)))<eps).’;

end

for j=index

P=P+R(:,jD*L(,:);

end

C.14 PROJECTION2

function [P,Q1] = projection2(matrix,posneg,eps)

b
A
b
A
b
b
b
A

[P,Q1] = projection2(matrix,posneg,eps)

Returns a projector P and spanning set Q1 of the invariant subspace

associated with the given matrix and specified subspace.

Input "matrix" is the matrix from which the eigenprojection comes,
"posneg" is 1,-1, or O if the unstable, stable, or center space is

sought.

[U,T] = schur(matrix,’complex’);

E

k

= ordeig(T);

= length(find(posneg*real (E)>eps));
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US = ordschur(U,T,posneg*real (E)>eps);

Q1 = US(:,1:k);

[U,T] = schur(-matrix,’complex’);

E = ordeig(T);

k = length(find(posneg*real (E)>-eps));
US = ordschur(U,T,posneg+*real (E)>-eps) ;

Q2 = US(:,1:k);

R = [Q1 Q2];

L = inv(R);

P = zeros(size(matrix));
for k=1:size(Q1,2)
P=P + R(:,k)*xL(k,:);

end

C.15 RELATIVE_ERROR

function out=relative_error(x)

% out=relative_error (x)

%

% Returns max(|x(j+1)-x(1/1x(G) )
%

% Input "x" is a vector whose relative error is sought

out=abs (x(2)-x(1))/abs(x(1));
for j=1:length(x)-1
out=max (out,abs(x(j+1)-x(j))/abs(x(j)));

end
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C.16 SEMICIRC

function [preimagel=semicirc(circpnts,imagpnts,ksteps,r,spread,zerodist)

b
A
A
A
A
A
A
A
A
A
A

[preimage]l=semicirc(circpnts, imagpnts,ksteps,r,spread,zerodist)

Returns a quarter of a semicircle

Input "circpnts" is the number of points on the circle part, "imagpnts"
is the number of ponits on the imaginary axis, "ksteps" is the number of
kato steps taken (and are later taken out of the contour), "r" is the
radius of the semicircle, "spread" is a constant that spreads the points
on the imaginary axis so that they are more dense near the origin, and
"zerodist" is how close along the imaginary axis the contour comes to the

origin.

pl=(circpnts-1)*ksteps+circpnts;
p2=(imagpnts-1)*ksteps+imagpnts+ksteps;

theta = linspace(0,pi/2,pl);
ln=linspace(r~(1/spread) ,zerodist” (1/spread),p2) . spread;

preimage=[r*exp(li*theta) 1lnx*1i];

C.17 SOLN

function out=soln(x,s)

h
h
h
h
h
h

out=soln(x,s)

Returns the solution of bvp problem where the domain was split in half

Input "x" is the value where the solution is evaluated and "s" is a

stucture described in the STABLAB documenation
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if x<0

x=s.side*s.I/s.L*x;
temp=deval(s.sol,x);

out=temp(s.larray,:);

else

x=s.sidex*s.I/s.R*x;
temp=deval(s.sol,x);

out=temp(s.rarray,:);

end

C.18 WINDING_NUMBER

function out=winding_number (w)

A
A
A
)
b
b
b
b
b
b
A
A
A

out=winding_number (w)

Returns the winding number of a contour w

Input "w" should be a closed contour not passing through zero.

If £ is analytic and nonzero at each point of a simple closed positively

oriented contour C and is meromorphic inside C, then

WindingNumber (w)=NO-Np where w=£f’(C)./f(C) and NO and Np are respectively

the number of zeros and poles of f inscide C (multiplicity included).

The change in the argument between any two points of w should be less than

Pi for WindingNumber(w) to be accurate.

%Computes the winding number of the contour

out=0;
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for k=1:length(w)-1
if imag(w(k+1))==0 && real(w(k+1))<0
kp=pi*sign(imag(w(k)));
else
kp=imag(log(w(k+1) /norm(w(k+1))));
end
if imag(w(k))==0 && real (w(k))<0
kc=pi*sign(imag(w(k+1)));
else
kc=imag(log(w(k) /norm(w(k))));
end
optl=kp-kc;
opt2=-(2*pi-abs(optl))*sign(optl);
if min(abs(optl),abs(opt2))==abs(optl)
out=out+optl;
else
out=out+opt2;
end
end
temp=out/(2*pi);

out=round (temp) ;
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