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Abstract

It is shown that the system of equations {(x]...x),)* = (x]...x}) |r,s € N} is equivalent to
its two-element subset {(x{...x%)" = (x)...x5)%, (x¢...x%)° = (x{...x%)"}, whenever a,b,c are
integers such that 1 < a < b < c. The result implies that the language L = {x}...x*|k € N}
has a three-element test set 7 = {x¥...x% |k = a,a +1,a + 2}, with an integer @ > 1. © 2001
Elsevier Science B.V. All rights reserved.
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Introduction

Ehrenfeucht’s Conjecture, proved in [2], states that every infinite system of equations
in free monoids, with finitely many unknowns, has an equivalent finite subset. The most
simple example is a system of non-trivial equations in two unknowns, equivalent to
any of its elements, a consequence of the Defect Theorem (see, e.g. [8]).

Clearly the system

{G]... X)) =@&)...x)) | r,s € N} (1)
is equivalent to its (infinite) subset
{(x1...x) =x{ ... x| r € N} 2)

We consider system (1) to express our result in its most general form. It is not diffi-
cult to see that both systems have only cyclic solutions. Therefore a subset of (1) is
equivalent to the whole system if and only if it forces the cyclicity of the solution.
For every exponent k£ € N there exist a number of unknowns » such that the equation

(1) =xb o xk
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has a non-cyclic solution. Put, for example, n=2k—1 and
A, i=2j, 1<j<k—1,
e {Ak—fBA/—l, i=2j—1,1<j<k
with some letters 4, B. There exists also a non-cyclic solution (see [6]) of the equation

(2 =)

On the other hand, it was shown (see [1]) that the equation )" =x{ ...x] has only cyclic
solutions. Especially the cyclicity of the solution is forced by the single equation

(xl...x,,)k:x’f...xk (3)

n

from system (2), if k>n.

In [4] it is shown that system (2) is equivalent to its subset where r =2,3,..., [n/2]+
1. In the same paper it is shown that if n=3,4 or 5 then system (3) with £k =2,3 forces
cyclicity, and if n=7 then (3) with £k =2,3,4 does so. Interesting results regarding
more general equational systems can be found in [9].

All above results could suggest that the size and/or the maximal exponent of an
equivalent subsystem of (2) depends on the number of unknowns. In contrast to the
expectation we prove that already the pair of equations

2 2\3 30 332
O1.x,) =(x7...x,)7,

2 24 4 4y2
7)) =0 ...x,)7,

is good enough for arbitrary n.
A consequence of the result for the existence of a test set is proved in Section 4.

1. Factors, instances and equations

Let X be a finite alphabet. Elements of X are called letters and sequences of letters
are called words. The sequence of length zero is called the empty word. The set of
all words (all non-empty words, resp.) is denoted by X* (X, resp.). It is a monoid
(semigroup, resp.) under the operation of concatenation. The length of a word u will
be denoted by |u|. We say that a word u is a factor of a word v if and only if there
exist words z, z/ € 2* such that v =zuz’. The set of all non-empty factors of a word v
we shall denote by F(v). A factor u of a word v can occur in v in different instances
(each of those determined by the length of the word preceding u in v). The number
of instances of a non-empty word u in v will be denoted by f(u,v).

By a cyclic factor of v we shall understand every factor u of vv with |u|<|v|. An
instance of a cyclic factor will be sometimes called a cyclic instance of u, and it
corresponds to an instance of u in vv that starts within the first copy of v. The set
of all non-empty cyclic factors of v will be denoted by C(v). The number of cyclic
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instances of a non-empty word u in v will be denoted by c(u,v). If u is not a factor
(a cyclic factor resp.) of v, set f(u,v)=0 (c(u,v)=0 resp.).

We shall say that the word v is p-cyclic if and only if it is power of a word u,
|u| = p. Note that every word v is |v|-cyclic.

Let T be a finite set of unknowns. Each pair

(e,e)e Tt x T

we shall call an equation in unknowns from 7. For a particular equation we often use
the suggestive notation e=¢'.

We shall say that a morphism ¢ : 7" — X% is a solution of the system of equations
SCTt x T" in the semigroup X" if and only if for every (e,e’)€S the equality
¢@(e) = ¢p(e’) holds. Two systems of equations S, S’ are called equivalent if and only
if they have the same set of solutions.

We shall say that a morphism ¢ : Tt — 2% is length-preserving if and only if
|o(t)|=1 for each t€ T (i.e. p[T]C2).

We shall say that a solution ¢ : 7T — X7 is cyclic if and only if there exists a word
ve Xt such that ¢(x) is a power of v for every x€ 7.

Now we introduce two easy lemmas that allow to count the number of cyclic in-
stances of given word in another word.

Lemma 1.1. Let u,v,w € X" be words such that w € F(v) and v € C(u). Suppose that
every cyclic instance of w in u is contained in exactly one cyclic instance of v in u.
Then c(w,u)= f(w,v) - c(v,u).

Proof. Let I be the set of all cyclic instances of w in u, and V' the set of all cyclic
instances of v in u. By assumptions, there exists a mapping ¢ : W — V' that maps an
instance of w to the instance of v that contains the instance of w as a factor. Every
element of V' is an image of exactly f(w,v) instances of w. [J

Lemma 1.2. Let u,v,we Xt be words and k=1 an integer such that c(w,u)=1,
weF() and v € C(u*). Then c(v,u*)=k.

Proof. Cyclic shifts by i|u| elements, 1 <i<k, give exactly k different cyclic instances
of v in u*. Let us suppose, for contradiction, that we have k + 1 different cyclic
instances of v in u*. Then there are two different cyclic instances of v, and thus also
of w, starting within the same copy of u, a contradiction with c(w,u)=1. [

The following lemma is highly intuitive and is crucial for the method described in
Section 2.

Lemma 1.3. Let :TT — X" be a length-preserving morphism, and ve T, ue Xt
words such that y(v)=u. Then for each o€ 27,

c(a,u) = Z c(w,v) = Z c(w,v).

wey 1 (a) wey—1(2)NC(v)
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Proof. Every cyclic instance of o in u determines a unique cyclic instance of some
wey~!(a) in v. On the other hand, every cyclic instance of a wey~!(a) in v de-
termines a unique cyclic instance of W(w)=a in u. If the word w € y~!(a) is not in
C(v) then, by the definition, c¢(w,v)=0 and it can be omitted. [J

An important result in the elementary theory of words is the periodicity lemma of
Fine and Wilf (see [3]). We shall use the following formulation of the lemma:

Lemma 1.4. Assume u, ve€ Xt and let some of their powers u?,v? have a common
factor of length |v| + |u| — d (d being the greatest common divisor of |u| and |v|).
Then both u and v are d-cyclic.

Next lemma is a direct consequence of the above-mentioned defect theorem and it
allows us to restrict ourselves to the equations with at least three unknowns.

Lemma 1.5. Every equation (e,e') in two unknowns and with e # e', has only cyclic
solutions.

2. Quantitative equalities

In this section we introduce the method that will yield in Section 3 the main result
of this paper. Let R be a non-empty finite set of positive integers. Denote by P the
product of all integers in R. For each r € R, let # = P/r. We shall consider the system
of equations

(... X))y =0(1...x)); rseER. 4)

n n

For our purposes, however, it will be more convenient to study an equivalent equational
system

O xy =) rsER, ®))

n n

in which all equations have the same length.

Suppose we have an arbitrary, but fixed solution ¢ : X+t — Xt X = {x,...,x,},
of (5). Denote the word ¢(x;) by u; and the length of it by d;. Note that the word
@((x}...x7)") is independent of the choice of r € R. Denote that word by up.

We shall construct quantitative equalities connected to system (5), by means of
Lemma 1.3. To do this, choose a word o€ C(up) and trace back all its preimages in
words (x}...x")", r € R. In order to classify these preimages according to their structure,
we introduce a new alphabet Y consisting of new letters y; ;, with 1<i<n, 1<j<d,.
Denote by #; the word y;1...y; for every j,1<;j<n, and by z, the word (1} )
The system of equations '

z =2zg FKSER, (6)
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can be obtained from (5) substituting x; by #;, but note that it is a system in d
unknowns, with d = >, d;.
The most natural thing to do now is to define a morphism ¥ :¥* — X% by the
equality
lﬁ(m...nn):ul...u,,.

Clearly, the definition is correct,
o(x) =y(n), 1<i<n,

up =Y(z,), reR

holds and the morphism  is a length-preserving solution of (6). We can now classify
preimages of o in y rather than in ¢. Denote by W the set

w=we=|J(CGE)|reR). (7

of all non-empty cyclic factors of words z, (and potential preimages of o in V).

For elements of the set W we define two parameters (N.B.: sums j + 1,7 — 1 will
be further understood modulo »):

For every w € W denote by J(w) the set of all integers j, 1<j<n, for which there
exists an integer i, 1<i<d;, such that y;; occurs in w.

The second parameter of a word w € W we denote by a(w). First note that w belongs
to just one C(z,), r €R, if |J(w)|=3. In such a case put

ow)=r.

If J(w) = {/}, then put
a(w) = min{s |w € F(i})}.

If |[J(w)| = 2, then clearly J(w) = {j,j + 1}, for some 1<;<n, and put
o(w) = min{s | w € F(ii, )

Observe that 1 <g(w)<maxR holds for every we W.

We can summarize that |J(w)| says how many different words #; are “affected” by
w, while o(w) says how many copies of the same #; are “affected” by w.

Using the values |J(w)| and a(w) we shall classify the words from W. For k and s
with 1 <k<2 and 1 <s<maxR put

W(k,s)={we W||J(w)| =k and o(w) = s}
and
W(3,s)={weW||J(w)|=3 and o(w) = s}.

It is clear from the definition that the above classification is correct, i.e. it is disjoint
factorization of W. The fact is expressed in the following lemma.
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Lemma 2.1. Assume 1<k;<3 and 1<s;<maxR, i € {1,2}. Then
W(ki,s1) N W(ka,s2) # @ if and only if (ky,s1) = (ka,s2).
Furthermore,
W =W (ks)|1<k<3 and 1 <s<maxR).
The main motivation of the classification is that words from the same class have

the same number of instances in words z,. The number of these instances is counted
in the following lemma.

Lemma 2.2. Assume r € R and w € C(z,).

(1) If weW(l,s), then s<r and c(w,z,) equals (r — s+ 1)7.
(i) If we W (2,s), then s<r and c(w,z,) equals 7.
(iii) If we W(3,s), then s =r and c(w,z,) equals 7.

Proof. (i) Suppose J(w) = {j} and s>r. By the definition of W(l,s), the word w is
not a factor of 1} in contradiction with w € C(z,). By Lemma 1.1,

c(nz) = fOrn)e(n)z) = (r — s+ 1)F
holds and
c(w.zy) = f(w,15)e(,2:) = (1}, 20),

by Lemma 1.1 again.

(ii) Suppose J(w) ={j,j+ 1} and s > r. By the definition of W (2,s), the word w
is not a factor of #}n},, in contradiction with w € C(z,). Using again Lemma 1.1 we
obtain

c(w,z,) = fw, i ey, 2:) = ey, 2) = 7.

(iii) The equality s = r is clear. Furthermore there exists an integer j, 1<j<n such
that

Vi—td; M Yj+11 € F(w).
We have
Vjmrd,  MpYjsr My - y) =1
and hence c(w,z,) =7, by Lemma 1.2. [
For each 1<k <3, 1<s<maxR and r € R define
clk,s,r) = c(w,z,) (8)

with w € W(k,s). The definition is independent of the choice of the word w in W (k,s),
according to Lemma 2.2.
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Lemma 2.3. Let 1<k<3, 1<s<maxR and r €RR be integers. Then
(1) c(k,s,r) =0 if and only if C(z,)N W(k,s) is empty, i.e. if either s > r or k =3
and s # r.
(ii) If C(z,) N W(k,s) is not empty then W(k,s)C C(z,).
Proof. It is a direct consequence of the Lemma 2.2. [

The desired quantitative equalities are constructed in the following lemma.

Lemma 2.4. Assume o€ C(up). For each 1<k<3 and 1 <s<maxR denote

a(k,s) = card(Y~" (o) N W(k,s)). 9)
Then
max R
c(a,up) = Z Z c(k,s,r)d(k,s)
k=1 s=1

for each r €R.

Proof. Fix r €R.

L 13
c(up) "= Z c(w,z,)
wey—!(a)

7
2> dmz)
wey—1(a)NW

max R

Lemma 2.1 Z Z Z C(W,Zr)

k=1 s=1 wey—Ya)NW(k,s)

3

® Z Z Z c(k,s,r)

k=1 s=1 wey=Y(a)NW(ks)

2 ¥ Zc(k,s,r)oz(k,s). 0

k=1

W

Every r € R gives another expression of c(a,up) by means of coefficients c(k,s,r)
and variables d(k,s). We thus obtain |R| different quantitative equalities.

3. The main theorem

In this section we shall assume that

R={a,b,c},
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where a,b,c are integers such that 1 <a<b<c. According to the notation used in
Section 2 we denote P =abc, a=bc, b=ac, ¢ =ab. Fix an integer n and define

X ={x1,...,x:},

a set of unknowns.
We want to prove the following theorem:

Theorem 3.1. The system of equations

(xf...x = b xhye, (10)
(xf X ) = (. x)e (11)
in unknowns xi,...,x, admits only cyclic solutions.

Proof. Once more we will work with an equivalent system
(x§...x0ybe = (kb xbye, (12)
(x§...x9) = (x¢...xE)?, (13)

rather than with (10) and (11).

If n=1, then the statement is trivial. Owing to Lemma 1.5, we can assume 7> 3.

Let now ¢: Xt — X" be a solution of S. Define u;, d;, n;, d, Y, W, z4, zp, z. as in
Section 2.

The crucial point of the proof is the following definition of «.

Denote by m the smallest integer for which there exists i, 1<i<mn, such that u; is
m-cyclic. Denote by B C W the set of all § € C(z.) for which there exists an integer i,
1<i<n, with nf € F(f), and, furthermore, (f) is m-cyclic. The set B is non-empty,
as it contains #¢, for any i with 1 <<i<n, for which u; is m-cyclic. Choose fimax € B in
such a way that

|Bmax| = max{[] | € B}

and put
% = Y(Pmax)-

Now suppose that up is m-cyclic. By the definition, m <d; and every u? is a factor of
up, for each 1 <i<n. We deduce from Lemma 1.4 and from the minimality of m that
every u;, 1<i<n, is a power of a word of length m. As up is, by the assumption,
also a power of such a word, the solution ¢ is cyclic.

To prove that up is m-cyclic we first prove a consequence of Lemma 1.4.

Lemma 3.2. Assume ve Y™, y(v) is m-cyclic and n? € F(v) for some 1 <i<n. Denote
by v' the word that results from v when the factor n? is replaced by n*, k>1. Then
YV and u; are also m-cyclic.
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Proof. Obviously the word u? is a factor of W(v). As 2|u;| > |u;| + m, by Lemma 1.4,
the word u; is gcd(m,d;)-cyclic. The minimality of m yields ged(m,d;) =m and from
the construction of v/ we deduce that y(v') is m-cyclic. O

The proof of the Theorem 3.1 will be completed by the following Lemma.
Lemma 3.3. The word up is m-cyclic.

Proof. As up=(u¢...u?)’ is ad-cyclic and m<ad, Lemma 1.4 implies that it is far
enough to show |fmax| = || =2ad. Assume, on the contrary, that |«| <2ad.
Consider

vey Na)NW3,t) with 2<r < c.

By the definition of W(3,¢), there exists an integer j, 1<j<n, such that 17; € F(v)
and v e C(z;). Denote by v/ the word that results from v when every factor of the
form n7; is replaced by 5$. The length of v’ is less than 2cd <abcd = |z | and from its
construction we deduce that it belongs to C(z.). However by Lemma 3.2, v’ belongs to
B as well, and that contradicts the maximality of |Bmax|. Thus the set ' (a) N W(3,¢)
must be empty and d(3,7)=0, as soon as 2<t<c.

Let us now consider

vey N a)NW(2,t) with 3<r < c.

We have v=uv;v;11 with v; € F(i;) and v;11 € F(nj,,). As t=3, 11]2~ € F(v;) or ’7_?+1 €
F(vj41) holds. For symmetrical reasons we can suppose 17? €F(v;). Put ¢/ =1jUj41.
Then, as above, v/ € C(z.), and Y(v') € B, a contradiction to maximality of |fm.x| again.
Hence 4(2,¢1)=0, 3<t<ec.

Consider finally

vey N a)nw(l,t) with 4<t < c.

As t =4, there exists an integer j, 1 <j<n, such that ;7]2- € F(v). The word 15 € C(z.) is
longer than v, as t<c—1, and y(#) belongs to B. A contradiction with the maximality
of |fmax| yields d(1,¢#)=0, 4<t<c.

Using the above knowledge, Lemmas 2.2 and 2.4 yield the following quantitative
equalities:

c(o,up)
= Pa(1,1) + a(a — 1)a(1,2) + a(a — 2)a(1,3) + ad(2, 1) + ad(2,2) (14)
= P&(1,1) + b(b — 1)d(1,2) 4+ b(b — 2)a(1,3) + ba(2,1) + b&(2,2) (15)

= Pa(1,1)+ &(c — DA(1,2) + &(c — 2)4(1,3) + E8(2, 1) + ¢8(2,2)

+ (1, ¢) + Ea(2,¢) + a3, ¢). (16)
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Substituted @, b and ¢ with bc, ac and ab, respectively, equalities (14)=(15) and
(15)=(16) yield

a2,1)+da(2,2) =a(1,2) + 24(1,3)
and

32, 1)+ 8(2,2) = a(1,2) +28(1,3) +

" f b(o?(l,c) +d(2,¢)) +d(3,c¢)).
We obtain d(1,c)+d(2,c)+d(3,c) =0. However ~!(a) N W (k,c) must be non-empty
for at least one integer k, 1<k <3, since B €Y~ '(2)N W and some 1¢, 1 <i<n is
a factor of fax.

We have found a contradiction to |a| <2ad.

Theorem 3.1 is now proved. [

4. Test sets

Let L be a set of words from X*. We say that 7 C L is a fest set of L if and only
if any two morphisms g, # to a monoid agree on L, as soon as they agree on 7.
Using Theorem 3.1 we can prove the following theorem.

Theorem 4.1. Denote L={x\...x\|i €N}, a subset of . If a>1 is an integer, then
the set T={xt...x5|k=a,a+ 1,a+2} is a (three-element) test set of L.

This is a special case (n=m) of the following statement.

Theorem 4.2. Let uy,...,u,, vi,...,0, €A be words over an alphabet A and a>?2
an integer such that

kook _ ok k
Uy ... U, =0y...0, (17)

fork=a,a+1,a+2 Then (17) holds for all k€ N.

Proof. First, let n=1 or m = 1. Then the statement follows from Theorem 3.1. Indeed,
if e.g. m=1 then

Wy ..owy)) =@y ...up)) =07

for all r,s €{a,a+ 1,a+ 2}.

Suppose m,n>1 and proceed by induction on m + n.

If there exist 7, j €N such that |u;...u;|=]|v;...v;], then Eq. (17) splits into two
shorter cases.

Suppose finally that no such i, j exist. For symmetrical reasons, we can suppose
|ui| <|vi]. Let j>1 be the integer for which

|U|...Llj_1| < |U]| < |u1u,|
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From (17) we deduce that there exist non-empty words zj,...,z,., of the uniform
length |v1| — |u1 ... u;j—1], such that

uf . uiyz1 .z =1, (18)

u‘f“ uj’f}zl e Zgyl = v‘f“, (19)

uit iz zagy = o (20)
Furthermore

Z1 o2 =220 Zg4] —Z3 .4 Zg42,
as all three words are a suffix of v{. Thus
Z| =Zp =" =Zgy

and we can write (18)—(20) as

a a a __ .a
uy ..Uy zy =1, (21)
a+l a+l_a+1 _ a+l
ui Tz =0 (22)
a+2 a+2_a+2 __ a+2
uy gz T =0y (23)

This is already discussed case m=1 and the Theorem 3.1 implies that all words
Ui,...,Uj, U1, Z1,...,2Zq42 are powers of a common word, say z. Let p,q €N be such
that

Z1 :Zp, Up...Ujqq :Zq, U1 :Z‘D+q.
Substituted in (17), we obtain that

(zq)kuf...uﬁ = (7T k (24)

and thus, cancelled z7, also

iy = (7)) (25)

hold for k=a, a+ 1, a+ 2. By induction, equality (25), and therefore also (24), hold
for all keN. [

5. Final observations and acknowledgments

The proof of Theorem 3.1 does not work if a=1, i.e. if R={1,b,c}, with 1 <b<ec.
The question whether the system of equations (3), £ =b,c has a non-cyclic solution
remains open. However, the method described in this paper puts some restriction on
the eventual non-cyclic solution (see [5]).
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The fact that equation

(xX1...x,) =x7...x2
has a non-cyclic solution was used in [7] to construct an independent system of equa-
tions over n variables of the size Q(n*). Theorem 3.1 implies that similar approach
cannot furnish an independent system of equations of the size Q(n®), in particular not
an exponential one.
The present paper was motivated by the question whether the equational system

(x]...x,,)zzx%...xi, (26)
(xX1...%,) =xi...x) (27)

has a non-cyclic solution in a free semigroup. This question was introduced by Ales
Drapal in a Student algebraic seminar as a problem which Juha Kortelainen was inter-
ested in and which has its roots as early as in [1]. As we said, the original question
turned out to be more difficult than expected but handling it, author discovered the
method described in this paper. Partial results were discussed in the seminar and the
remarks and suggestions of the seminar participants have been very helpful to progress
of the work. Ale$ Drapal has decisively influenced the formulation and formalization
of the presented ideas. While writing this paper, author was in direct contact with Juha
Kortelainen, who helped to put the result in a wider context of word equations and
to improve the exposition. Moreover, he pointed out the consequence in the theory of
test sets. The content of this paper corresponds to the first part of author’s M.D. thesis
([5]), the second part of which is dedicated to the partial results regarding system (26),
27).

References

[1] K.I. Appel, F.M. Djorup, On the equation zjzJ ...z} = )" in a free semigroup, Trans. Amer. Math. Soc.
134 (1968) 461-470.

[2] M.H. Albert, J. Lawrence, A proof of Ehrenfeucht’s conjecture, Theoret. Comput. Sci. 41 (1985) 121-
123.

[3] N.J. Fine, H.S. Wilf, Uniqueness theorem for periodic functions, Proc. Amer. Math. Soc. 16 (1965)
109-114.

[4] L. Hakala, J. Kortelainen, On the system of word equations xix} ---xi = yiyi---yi (i=1,2,...) ina
free monoid, Acta Inform. 34 (1997) 217-230.

[5] S. Holub, O rovnicich (x] ... x3)"=(x]...x},)° ve volnych pologrupach, M.D. Thesis, Charles University,
Prague, 1998.

[6] S. Holub, A solution of the equation (x]2 LX) = (xf ...x3)?, in: Contributions to General Algebra, vol.
11, Johannes Heyn, Klagenfurt, 1999, pp. 105-111.

[7] J. Karhuméki, W. Plandowski, On the size of independent systems of equations in semigroups in: Proc.
MFCS’94, Lecture Notes in Computer Science, Vol. 841, Springer, Berlin, 1994, pp. 443-452.

[8] M. Lothaire, Combinatorics on Words, Cambridge University Press, Cambridge, 1983.

[9] J. Kortelainen, On the system of word equations xou)x Xy . .. uhxm=yov' y1vh yy ... vh ym (i=0,1,2,...)
in a free monoid, J. Automat. Lang. Combin. 3 (1998) 43-57.



