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Abstract

This paper gives an answer to Weihrauch’s (Computability, Springer, Berlin, 1987) question
whether and, if not always, when an effective map between the computable elements of two
represented sets can be extended to a (partial) computable map between the represented sets.
Examples are known showing that this is not possible in general. A condition is introduced and
for countably based topological Ty-spaces it is shown that exactly the (partial) effective maps
meeting the requirement are extendable. For total effective maps the extra condition is satisfied in
the standard cases of effectively given separable metric spaces and continuous directed-complete
partial orders, in which the extendability is already known. In the first case a similar result holds
also for partial effective maps, but not in the second. (©) 2001 Elsevier Science B.V. All rights
reserved.
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0. Introduction

In a series of papers Weihrauch has developed a general approach to study con-
structivity in analytical mathematics (cf. e.g. [32]). The essential insight was that all
sets studied there are equipped with some notion of approximation and that in impor-
tant cases their elements can be represented as limits of certain sequences of points
or (open) subsets approximating them. Moreover, in these cases the elements of the
sequences can be coded by natural numbers in an easy way. Thus, every element of
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the space can be named by an arithmetic function, namely the one which generates
the approximating sequence. The appropriate morphisms of such spaces are those maps
which are defined by a computable transformation of the approximating sequences, i.e.,
by a recursive operator on the name space. They are called computable.

Elements that can be approximated by a computable sequence, i.e., which can be
named by a total recursive function, are considered as computable. By coding the pro-
grams that compute the sequences (functions) one obtains a canonical indexing of the
computable points. Indexed sets have been studied in great depth by Mal’cev [18] and
ErSov [10-12]. The canonical morphisms of such sets are those maps which are defined
by a recursive function on the indices. In our case this means that they are defined
by operations which effectively transform the programs generating the approximating
sequences. These morphisms are called effective.

As it is easy to see, the restriction of a computable map to the subspace of all
computable points is effective. For certain special cases such as effectively given sepa-
rable metric spaces and continuous directed-complete partial orders it is known that the
converse of this implication is also true, i.e., every (total) effective map on the com-
putable elements can be extended to a (partial) computable map. In [32] Weihrauch
asks whether and, if not always, when such an extension result holds in general.

From the literature, examples are known which show that in general effective maps
are not extendable to a computable map (cf. [13,15,17,22,35,36]). Thus, the com-
putability notion for mappings between represented spaces is stronger than the com-
putability notion for maps between indexed spaces. The reason is that in the first case
computability involves continuity, which is not true, in general, in the second case.

As a consequence of a general result in [28] it follows under a fairly general and
natural assumption that exactly those toral effective maps between the subspaces of
all computable elements of a countably based 7j-space, which contains an effectively
presented dense subset and satisfies some further condition, and another countably based
Ty-space have a partial computable extension that possess a witness for noninclusion,
which means: if some basic open set in the domain is 7ot mapped into some basic open
set in the codomain, then we must be able to effectively find a witness for this, that
is, an element of the basic open set in the domain which is mapped outside the basic
open set in the codomain. The additional condition on the domain space requires that
the identity map on the subspace of computable points has a witness for noninclusion.
We say in this case that the space has a realizer for noninclusion.

By slightly modifying the notion of having a witness for noninclusion given in
[28], the present paper extends this result to the case of partial maps, thus improving
results in the preliminary version [27]. As is shown in [30, 28], total effective maps
always have a witness for noninclusion, if their domain of definition is domain-like, or
their codomain is an effectively given separable metric space and the domain contains
an effectively presented dense subset. By this way, the before mentioned extension
theorems follow as special cases. In the case of effective maps with an effectively
given separable metric space as codomain, the result remains true, if we allow the
maps to be only partially defined. The domain space has to satisfy a suitable separability
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condition, then. Moreover, the recursive function realizing the effective map must not
produce inconsistent information outside the domain of definition of the effective map.
But, as follows from an example by Friedberg [13], it does not hold for partial effective
maps the domain space of which is domain-like.

In [32] the theory of representations has been developed in great generality. Nev-
ertheless, considering only countably based 7j-spaces is not a real restriction. Such
spaces appear quite naturally in computer science. Scott [24] and Smyth [25] pointed
out that data types can be thought of as 7y-spaces the basic open sets of which are the
finitely describable properties of the data objects. Most structures considered in pro-
gramming language semantics are equipped with a canonical topology. Prominent ex-
amples are metric spaces, Scott domains, and 4- and f-spaces [7-9, 11]. As is shown by
Stoltenberg—Hansen and Tucker [31], many algebraic structures, e.g., all term algebras
over a finite signature, can be canonically embedded in complete ultrametric spaces as
well as in Scott domains.

This paper is organized as follows: Section 1 contains basic definitions and facts
from computability, numeration, and representation theory.

In Section 2, countably based Ty-spaces that satisfy some very general effectiv-
ity assumption and various representations with their derived numberings are studied.
Moreover, some important, standard examples such as effectively given separable metric
spaces, continuous directed-complete partial orders, 4-, and f-spaces are considered.
As a first step towards our final result, it is shown that every computable map be-
tween two countably based Tj-spaces is effectively continuous and, conversely, every
effectively continuous map between the subspaces of their computable elements can be
extended to a partial computable map between the spaces.

In Section 3, we present an example of Friedberg. This will provide us with the
necessary counterexamples for the investigations in Sections 4 and 5.

In Section 4, the above noted modification of the notion of a witness for noninclusion
is introduced and for maps between the subspaces of all computable elements of a
countably based Tj-space, which contains an effectively presented dense subset and
has a realizer for noninclusion, and another countably based Tj-space the statement
is derived that exactly the (partial) effective maps having a witness for noninclusion
are effectively continuous. From these two results the before mentioned answer to
Weihrauch’s question follows.

In Section 5, the results obtained in the preceding sections are applied to the standard
examples introduced in Section 2 and the problem is studied when effective maps have
a witness for noninclusion in these cases. Some final remarks appear in Section 6.

1. Basic definitions and properties
In what follows, let (,):w”>—® be a recursive pairing function. Moreover, let

P™ (R™) denote the set of all n-ary partial (total) recursive functions, and let W,
be the domain of the ith partial recursive function ¢; with respect to some Godel
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numbering ¢. We let ¢;(a)| mean that the computation of @;(a) stops, ¢;(a)] €4
that it stops with value in 4, and ¢;(a) |, that it stops within 7 steps. In the opposite
case we write @;(a) ] and ¢;(a) T, respectively. If 4 C w is not empty and (relatively)
recursively enumerable (r.e.), A, is the finite subset of 4 which can be enumerated
in s steps with respect to some fixed (relatively) computable enumeration of 4, i.e.,
As={f(0),..., f(s — 1)}, where f is the fixed enumeration function. The cardinality
of a set 4 is denoted by |4|. If F is a partial map from a set X into a set Y this is
written as F: X — Y.

Let S be a nonempty set. A (partial) numbering v of S is a partial map v:w— S
(onto) with domain dom(v). The value of v at n € dom(v) is denoted, interchangeably,
by v, and v(n).

Definition 1. Let v and x be numberings of the set S.

(1) v<,k, read v is many-one reducible to i, if there is a function g € P(!) such that
dom(v) C dom(g), g(dom(v)) C dom(x), and v,, = Ky(n), for all n € dom(v).

(2) v is many-one equivalent to k, if v<, k and x <,,v.

A subset X of S is completely enumerable, if there is an r.e. set W, such that v, € X
if and only if i€ W,, for all i € dom(v). Set C,, =X, for any such n and X, and let
C, be undefined, otherwise. Then C is a numbering of the class of all completely
enumerable subsets of S. If W, is recursive, X is said to be completely recursive. X
is enumerable, if there is an r.e. set 4 Cdom(v) such that X ={v;|i€ A}. A relation
RCS xS is completely enumerable, if there is an r.e. set 4 such that (v,v;) €R if
and only if (i, j) € 4, for all i,j € dom(v).

Numbered sets form a category [10]. Morphisms are the effective maps, where for
two nonempty sets S and S’ with numberings v and v/, respectively, a map F:S — S’ is
called effective, if there is a function f € P(") such that for all n € v=!(dom(F)), f(n)|
€ dom(v') and F(v,) = vy, We say in this case that f realizes F or that f is a realizer
of F.

Obviously, only countable sets have numberings. In order to study the computability
of mappings between sets which may have the cardinality of the continuum, Weihrauch
considered sets the elements of which are no longer represented by numbers, but by
arithmetic functions.

Let B be the set of all functions p:w— w, and let T be a nonempty set. A repre-
sentation ¢ of T is a partial map J: B — T(onto) with domain dom(d). As in the case
of numberings the value of ¢ at p € dom(d) is denoted by J, and/or J(p).

Definition 2. Let 6 and n be representations of the set 7.

(1) 0<.n, read 0 is (computably) reducible to n, if there is a recursive operator [23]
I' such that for all p €dom(é), I'(p) € dom(y), and &, = #r(p).

(2) 0=cn, read ¢ is (computably) equivalent to n, if <.y and n<.d.

For pc B define M, to be the set of all numbers i with i 4 1 € range(p). Then M
is a representation of the powerset of w.
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Let 7’ be a further nonempty set and &’ be a representation of 77. A map F:T — T’
is called computable, if there is a recursive operator I' with I'(p) € dom(d’) and
F(3,)= [y, for all ped~'(dom(F)).

There is a natural way to introduce computability on a represented set. An element z
of T is said to be computable, if there is some p € R with z=4,. Let T; be the set of
all computable elements of 7. Obviously, the computability of an element is invariant
under the equivalence of representations. Associated with each representation ¢ of 7 is
a canonical numbering v° of the corresponding set 7, of computable elements, called
the derived numbering: v) = 8(¢;), if @; € dom(d); otherwise v¢ is undefined. As is easy

to see, the derived numberings of two equivalent representations of 7' are many-one
equivalent.

Lemma 3. Let 6 and &', respectively, be representations of the sets T and T'.
Moreover, let F:T—T' be computable. Then F(T,) C T/ and the restriction of F
to T; is effective with respect to the derived numberings.

The proof of this lemma is given in [32], where Weihrauch also asks when the
converse is true, i.e.:

Given an effective map F: T, — T/, is there a computable map F:T — T’ which
extends F?

As follows from examples in the literature, there is no such extension in general.
In Section 4 we present a condition, which in the case of countably based separable
topological Tp-spaces and certain natural representations characterizes the effective maps
that have a computable extension.

2. Topological spaces and standard representations

Let =(T,7) be a topological Ty-space with a countable basis #. For any subset
X of T, int.(X), cl.(X) and ext.(X), respectively, are the interior, the closure and the
exterior of X.

Let B:w— %(onto) be a total numbering of #. In the applications we have in
mind the basic open sets can be described in some finite way. The indexing B is then
obtained by an encoding of the finite descriptions. Moreover, in these cases there is
a canonical relation between the (code numbers of the) descriptions which is stronger
than the usual set inclusion between the described sets. This relation is r.e., which, in
general, is not true for set inclusion. One has to use this stronger relation in order to
derive the result we talked about in the introduction.

Definition 4. Let <z be a transitive binary relation on w. We say that

(1) <p is a strong inclusion, if for all m,n € @ from m <z n it follows that B, C B,.

(2) % is a strong basis, if <p is a strong inclusion and for all z€ T and m,n € ® with
z € B,, N B, there is a number a € w such that z€ B,, a <zpm and a <pn.
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Example 5. Let S be a nonempty set with a family {V, |n € w} of nonempty (basic)
predicates. Moreover, let D be a standard coding of all finite sets of natural numbers.
Define

Vo =({ValaeD,}.
Then {V, |n € w} is basis of a topology on S. Set
m=<pn & D,CD,.
Obviously, < is an r.e. strong inclusion and {7, |n € w} is a strong basis.

If one follows Smyth [25] and thinks of open sets as properties of data objects, then
strong inclusion relations can be considered as ‘definite refinement’ relations. For what
follows we assume that <p is an r.e. strong inclusion with respect to which # is a
strong basis.

Since in a Tj-space every point y is uniquely determined by (a base of) its neigh-
bourhood filter ./"(y), there is a canonical way to define representations of such spaces.

Definition 6. Let # be a filter. A nonempty subset # of # is said to be a strong
base of # if the following two conditions hold:

(1) (Vmn€ w)[B,,B, € F = (Jacw)B, € F Na<gm N\ a=<gn].

2) (Vmew)B,e A = (Jacw)B, € F Na<gm].

Definition 7. For pe B let
(1) &, be the unique point y € T such that B(M,) is a strong base of A"(y),
(2) p, be the unique point z € T such that M, is the set of all numbers n with z € B,,

if there are such points, and let £, and p, be undefined, otherwise. The map ¢ is called
standard representation of T.

Lemma 8. p=.¢

Proof. As % is a strong basis, we have for every point z € T that the set of all B,
with z € B, is a strong base of ./'(z). Thus, the identity on B witnesses that p < ¢.
In order to show that {<.p, let p € B and consider the set

Alpl ={n € w|(3a € M,)a <5 n}.

Obviously, A[ p] is r.e. in p. Hence, there is some recursive operator @ with Mg,y =
A[ p]. Assume that p € dom(¢) and let n € A[ p]. Then &, € B,. Now, to the contrary,
let the number m be so that ¢, € B,,. Since B(M,) is a strong base of A7(&,), there
is a number a € M, with a <zpm. It follows that m € A[ p]. This shows that &, € B, if
and only if ec A[p]. Thus &, = pg(,). U
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A representation { of T with { =, ¢ is called admissible. For the remainder of this
paper we assume that the spaces under consideration are admissibly represented. More-
over, the computability of a point is always meant with respect to such a representation.

Observe that the notions of a standard representation and of admissibility used in
this paper differ slightly from Weihrauch’s: In [32] filter bases are not required to be
strong.

Let us now introduce some well known examples of 7j-spaces with a strong basis.
We first give the definition of the space and then discuss properties of their admissible
representations and the corresponding derived numberings.

Example 9 ( Effective metric spaces). Let 4 =(M,d) be a separable metric space with
dense subset M. For the purposes of this paper it is sufficient to impose only rather
weak effectively requirements on the space (cf. [32, 16]). .# is said to be weakly effec-
tive, if there exists a total indexing 8 of M, such that the set {(i,,a)|d(B: B;) <V}
is r.e. Here v is a canonical indexing of the rational number set. If, in addition, also
{(i,j.a) |d(Bi, B;) >V} is re., 4 is called effective. Since the less-than relation on the
computable real numbers is completely enumerable [19], both conditions are satisfied
if the restriction of the distance function d to M, has only computable values and is
effective. (Here, computability is understood with respect to the standard representation
of the real number set R, and R, is enumerated by the corresponding derived num-
bering. As basis of the usual topology on R the set of all open intervals with rational
end points is taken, enumerated in a canonical way.)

As is well known, the collection of all sets B(; ,,y ={y €M |d(f;, y) <27} (i,m € )
is a basis of the canonical Hausdorff topology 4 on M. Define

<i>m> =B <],i’l> And d(ﬁiaﬁj) +27" <27,

Using the triangular inequation it is easily verified that <p is a strong inclusion and
the collection of all By;,, is a strong basis. If .# is weakly effective, we moreover
have that <jp is also r.e.

Another widely known fact is that each element of M is the limit of a normed
Cauchy sequence of elements of the dense subset Mj, where a sequence ())sce Of
elements of M, is said to be normed if d(y,, y,)<2™" for all m,n € @ with m <n. For
p € B define y, to be the limit of the sequence (By))acw, if this sequence is normed
and the limit exists. In any other case let }, be undefined. The map y is called Cauchy
representation of M.

Lemma 10. Let .# be weakly effective. Then the Cauchy representation is admissible.

Proof. For peB let

Alpl = {{a,m,n)|a € M, Na <gm Na <p p(n) — 1}.
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Obviously, A[ p] is r.e. in p. Hence, there is some recursive operator Q with Mg(,) =
A[ p]. Define the operator ®: B — B by

2(p)(0) = p(0),

D(p)(n+1)=1+m(Qp)ue: B(Ap)e) —1) = @(p)(n) — 1
A3 (Q(p)e)—1)=n+1)—1).
Clearly, @ is recursive.

Now, assume that p & dom(¢). Then B(M,) is a strong base of .4°(&,). There-
fore it follows by induction that @(p)(n) is defined, for all » € w. By the definition
of @ we moreover have that Mg ,) €M, and P(p)(n+1)—1=<pP(p)(n)—1. Set
&(p)(n)=m1(P(p)(n)—1). Then we obtain from the definition of < that (B pyimy Ineo
is a normed Cauchy sequence of elements of the dense subset M, which converges to
&,. Thus &, = V() This shows that £<.y.

For the proof that also y<<.¢ let

P(p)(n) =1+ (p(n+1),n).
Then ¥ is recursive. Moreover, we have for p € dom(y) and n €  that

d(Br ()t 1)~ 1)s By (W pymy—1)) 27 HPFD=D

= d(Bpn+2) Bpens1)) + 27D
< 2—(n—1) _|_2—(n+1)
_ 2—712('1/(P)(Vl)—1)_

Thus Y(p)(n+1)—1<p ¥(p)(n)—1, for all n€ w. In order to obtain that B(Muy(,))
is a strong base of ./(y,) it remains to show that for each B,, € .47(y,) there is some
acw with Y(p)(a) — 1 <pm.

Let 7, €B,, and let a be the smallest number n with 21" <27 — d(y,, B, (m))-
Since (fBp(n))new is normed and converges to 7y,, we have that

d(Brs(w(pya)—1)» Br(my) + 272 PNO=D
=d(Bpa+1)s Bryom)) +27°
<d(Bpta+1y7p) + A ps Prymy) +27°
< 276D 127 1 d(y ), Brymy)
< 27mm,

It follows that y, = &p(,y, 1e., y<c&0 O
Note that an analogous result has been shown by Weihrauch [32] for separable

metric spaces without isolated points. But as has already been mentioned his notion of
a standard representation is slightly different from ours.
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A standard example of an effective metric space is Baire space, that is, the set B
of all total arithmetic functions with the metric

0 if p=g¢q
d® = . D
(P.9) { 2 rap@F4(@)  otherwise.

The functions that are eventually zero form a dense subset. Let o be a canonical
encoding of these functions (cf. e.g. [32, p. 399]). The indexing of the basic open
balls considered above is denoted by H in this case. With the help of Lemma 10 it is
readily verified that the identity mapping on B is an admissible representation. Thus,
the computable elements are exactly the total recursive functions.

Example 11 (Effective continuous directed-complete partial orders). Let 2=(Q,C)
be a partial order with smallest element 1. A nonempty subset S of QO is directed
if for all yq, y, €S there is some u € S with y1, y, Cu. 2 is a directed-complete partial
order (dcpo) if every directed subset S of Q has a least upper bound sup S in Q. Let
& denote the way-below relation on Q, i.e., let y; <y, if for directed subsets S of Q
the relation y, C sup S always implies the existence of a u €S with y; Cu.

A subset Z of Q is a basis of 2, if for any y€ Q the set Z,={z€Z |z} is
directed and y=supZ,. A dcpo that has a basis is called continuous. As is well
known, on each dcpo there is a canonical 7j topology: the Scott topology. A subset
X of Q is open if X is upwards closed with respect to = and with each u € X there
is some ye€X with y<u. If 2 is continuous, this topology is generated by the sets
O.={yeQ|z«y} with z€ Z. Moreover, Z is dense in 2.

Let 2 be continuous, then it is called effective, if there exists a total indexing 5 of
Z such that the restriction of the way-below relation to Z is completely enumerable.
Set B, = Op(y) and define

m=<gn < f, < fn.
Then <j is an r.e. strong inclusion and the collection of all B, is a strong basis. [

A widely known example of an effective continuous dcpo is the space of all partial
arithmetic functions ordered by graph inclusion. The nowhere defined function is the
smallest element and the subspace of all functions with finite domain is a basis. With
respect to a canonical indexing of this basis (cf. e.g. [32, p. 444]) the computable
elements are just the partial recursive functions in this case.

As is well known, on Tj-spaces there is a canonical partial order, the specialization
order, which we denote by <..

Definition 12. Let 7 =(7,7) be a Ty-space, and y,z€T. y<.z if /' (y)C AN(2).

Note that in the case of a decpo with the Scott topology the specialization order
coincides with the partial order.
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Example 13 (Effective A-spaces). A- and f-spaces have been introduced by ErSov
[7-9,11] as a more topologically oriented approach to domain theory. They are not
required to be complete. An example of an f-space which is not directed-complete
can be found in [14].

Let % =(Y,0) be a topological Tj-space. For a subset X of Y, int(X) is its interior.
Moreover, for y,z€Y define y<z if zeint({u €Y | y<,u}). Then # is an A-space
if there is a subset Yy of Y satisfying the following three properties:

(1) Any two elements of Y, which are bounded in Y with respect to the specialization
order have a least upper bound in Y.

(2) The collection of sets int({u €Y | y<,u}), for y € Yy, is a basis of topology a.

(3) For any y€ Y, and u € Y with y<u there is some z € ¥; such that y<z and z<u.

Any subset Yy of Y with these properties is called basic subspace.

The A-space % with basic subspace Yy is effective, if there is a total indexing f
of Yy such that the restriction of the relation < to Y, is completely enumerable. For
m,n€w set B,=int({ucY | f,<,u}) and define

m<pn < Bn<<ﬁm~

Then <jp is an r.e. strong inclusion. Moreover, the collection of all B, is a strong basis.

Example 14 (Effective f-spaces). Let % =(Y,0) be again an arbitrary topological
To-space. An open set V is an f-set, if V is nonempty and there is a some ele-
ment zy € V such that V' ={y €Y |zy <,y}. The uniquely determined element z, is
called f-element. % is an f-space, if the following two conditions hold:
(1) If U and V are f-sets with nonempty intersection, then U NV is also an f-set.
(2) The collection of all f-sets is a basis of topology .
An f-space is effective, if the set of all f-elements has a total numbering f such
that the restriction of the specialization order to this set and the boundedness of two
f-elements are completely recursive and there is a function su € R®) such that in the
case that f5, and f,, are bounded, S, m) is their least upper bound.

Obviously, every f-space is an A-space with basic subspace the set of all f* elements.
Moreover, for y, z€ Y such that y or z is an f-element, y<z if and only if y<,z.

A common property of the above examples is that the spaces contain a dense indexed
subset such that for each basis open set B, one can effectively and uniformly generate
all dense points included in it.

Definition 15. A Tj-space 7 =(7,7) with a countable basis 4 and a total indexing
B of # is effectively separable, if there exists a dense subset Ty of 7 and a total
numbering f of Ty such that {{(i,n) | f; € B,} is r.e.

A further property of the spaces in Examples 11, 13 and 14 is that their canonical
topology has a basis with every basic open set being an upper set which has a lower
bound in a certain neighbourhood of it.
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Definition 16. We say that 7 is pointed, if there is a subset Pt of 7' and a numbering
y of Pt such that for all n€ w with B, #0, nedom(y), y, <.z, for all z€B,, and
An € By, if and only if n <pm, for all m € w.

Let hl,(B,)= (\{Bn|n<pm}. Then y, € hl,(B,). Note that
B, C{z € T | yu<.z} Chl,(B,).

As it is readily verified, Pt is dense in 7. Since strong inclusion is assumed to be
r.e., we obtain that if 7 is pointed then it is also effectively separable.

Obviously, every effective continuous dcpo with the Scott topology, every effective
A-space and every effective f-space is pointed.

For pointed spaces it can be shown that every element y is the least upper bound
of all y, with y € B,, where the least upper bound is taken with respect to the spe-
cialization order [26]. Thus, we have for the representation p that p, = sup y(M,)
(p € dom(p)).

Let us now return to the general case of a topological Ty-space .7~ with a countable
strong basis #. For every point z € T the set of all indices n with z€ B, is a filter
with respect to <.

Definition 17. A nonempty set / of natural numbers is a filter with respect to <jp if
the following two conditions hold:

(1) (Vmynel)(Bacl)a<gmANa<pm.

2) (Vnew)(Vmel)[m<gn=nel].

If only the first stipulation is fulfilled, / is called filtered with respect to <p.
For an important class of spaces every such filter is generated by the neighbourhood
filter of a point.

Definition 18. An enumeration (B/(4))sco With f:@ — w such that
range( ) C dom(B)

is said to be normed if f is decreasing with respect to <. If f is recursive, it is also
called recursive and any Godel number of f is said to be an index of it.

In case (By(,)) enumerates a strong base of the neighbourhood filter of some point,
we say it converges to that point.

Definition 19. A Ty-space 7 =(T,t) with countable strong basis 4 is strongly com-
plete, if each normed enumeration of nonempty basic open sets converges.

In the case of a weakly effective metric space, it follows from the proof of Lemma 10
that the space is strongly complete if and only if every normed sequence of elements
of the dense subset converges.
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Lemma 20. Let J be strongly complete. Then for every filter I with respect to <p
such that B, is nonempty, for each n€l, there is some point z€ T so that I is the
set of all indices n with z € B,

Proof. Since / is a filter, a sequence (a;);c., of elements of / can be constructed which
is decreasing with respect to < such that for every m €/ there is some index i with
a; <gm. Then, by the strong completeness of 7, there is a point z€ T so that the
set of all B,, (i € w) is a strong base of the neighbourhood filter of z. It follows that
for each n with z € B, there is some index i with a; <gn, from which we obtain that
nel, as g; €. The converse property that z € B, for every n €/, is obvious from the
construction of the a;. [

Every Tj-space with a countable strong basis is embeddable in a strongly complete
space.

Proposition 21. There is a strongly complete Ty-space 5 =(T,%) and a computable
embedding 1:T — T such that for every other strongly complete Tp- -space I 7 = (T 7)
and any computable map F:T —T there is a computable map G:T—T with

F=Gou If, in addition, ) ¢ % then range(1) is dense in 7.

Proof. Let 7 be the set of all filters with respect to <p, and for m,n € w define B, to
be the collection of all filters in 7 that contain 1 and set

m=<gn < m=pghn.

Then <j is a strong inclusion relation and the collection % of all sets l§n is a strong
basis of a topology % on 7. Moreover, we have for the representation p of I' that
Py =Mp, if M, is a filter With respect to <. Otherwise p is undefined.

For the verification that 7 is strongly complete let (a;)ice, be a sequence of indices
which is decreasing with respect to < such that B,l is not empty, for each i € w. Then
the sequence is also decreasing with respect to <p. Hence, the set / of all m € w with
a; < m, for some index i, is a filter with respect to <. Obviously, / eBa,, for all i € w.
It remains to show that the collection of all Z§a,. is a strong base of the neighbourhood
filter of /. The first condition in Definition 6 holds since / is filtered. For the second re-
quirement let n €  with I € Z§n. Then n € I, which implies that for some index i, a; <p n.

For ze T let 1(z) be the set of all indices n with z € B,. Then 1(z) is a filter with
respect to <. Since J is Tp, the map 1 is one-to-one. Moreover 1o p = p, which shows
that it is computable.

Now, assume that the empty set is not basic open and let n € . Then there is some
point z € B,. Hence n € 1(z), which implies that 1(z) € B,. Thus, «(T) is dense in 7.

Let 7 =(T,%) be a further strongly complete topological Tj-space with a strong
basis % and F:T — T be a computable map. For I € i(dom(F)), say / = 1(z), define
G(I)=F(z). Then for peB with p, €dom(F) we have that G(p,)=G(1(p,))=
F(pp), which shows that computability of G. [J
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As is well known, (the restriction of) each recursive operator (to Baire space) is
effectively continuous. The same can be shown for computable maps. We shall see that
both notions coincide. To this end we show that the representation p is both effectively
continuous and effectively open.

Definition 22. Let 7 =(T,t) and ' =(T",7’), respectively, be Ty-spaces with count-

able bases # and %’ and total numberings B and B’ of # and #'. A map F: T —T'

is called

(1) Effectively continuous, if there is a function #€R() such that for all n€ w,
F~Y(B})= U{B,Ndom(F) | a € Wi}

(2) Effectively open, if there is a function g€ R(!) such that for all n€ w, F(B,)=
U{B; Nrange(F) | a € Wy }-

Assume that F is effectively continuous and let this be witnessed by # € R("). For
disjoint basic open sets B/ and B/ one always has that F~'(B/) and F~!(B!) are
disjoint as well. But this does not necessarily mean that also | J{B,|a € Wy} and
U{B. | @ € Wiy} are disjoint. We call h consistent if for all m,n€

B:n ﬂB; =0 = U{Ba la € Wy} N U{Ba la € Wy} = 0.
Lemma 23. The representation p is effectively continuous.
Proof. For p €dom(p) and n € ®w we have

pp €B, & n+1¢&range(p)
& (Jij,acw)peHiy Nj<aNho(j)=n+1.

Let the function # € R be such that Wiy ={m | (3 <m2(m))otm,m)(j)=n—+1}. Then
it witnesses the effective continuity of p. [

It follows that all admissible representations of 7 are effectively continuous.
Lemma 24. The representation p is effectively open.
Proof. Let z€ T and i,n € w. Then we have

z € p(Hyny) < (Va<n)[oi(a)>0 =z € By)-1]
& (dm e w)z € By A(Va<n)[o(a)>0 = m <p o;(a) — 1].

The last equation holds as % is a strong basis. It follows that p is effectively open.
|

Now, let 7' =(T',7) be a further Ty-space with countable basis %’ and a total
numbering B’ of #'.
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Proposition 25. Let F:T — T'. Then the following statements hold:

(1) If F is computable then it is effectively continuous.

(2) If F is effectively continuous, then a computable map F:T —T' can be con-
structed which extends F.

Proof. Without restriction we assume that 7" and T’, respectively, are represented by
p and p’.

(1) Let the recursive operator I witness the computability of 7. Then Fop=p'o Tl
on p~!(dom(F)). As a consequence we have for n€ w that F~1(B!)=p(I'~'(p'~!
(B))))Ndom(F), which implies the effective continuity of F.

(2) Suppose that the function 4 € R") witnesses the effective continuity of F. For
peBset A[pl={acw| Wy NM,#0}. Then A[p] is r.e. in p. Hence, there is some
recursive operator I" with Mp(,) =4[ p]. Obviously, for p,q€ B with M, =M, we
have that My, =Myp). It follows for p,q€dom(p)NI~'(dom(p')) with p,=p,
that pp,) = plf(q)'_

For y €T set F(y)=pj,, for some pep’l(y)rjl"’l(dom(p’)), if this set is not
empty, and let F(y) be undefined, otherwise. Then F is computable.

It remains to show that on dom(F), F coincides with F. Let to this end p€p~
(dom(F)). Then a € A[ p] if and only if F(p,) € B.. Hence I'(p) € dom(p’) and F(p,)

:Plr(p) =F(pp). U

1

As is widely known, the set R") of all unary total recursive functions is dense
in Baire space. It follows that, if it is also dense in the domain of an admissible
representation (with respect to the induced topology), then the subset of all computable
points is dense in T.

The next result displays an important case in which the extension F constructed in
the above proposition is total. Moreover, it is uniquely determined in this case.

Lemma 26. Let J be pointed and T' be strongly complete. Moreover, let F: T — T’
be effectively continuous with Pt Cdom(F). Then the computable extension F of F
constructed in Proposition 25 is total and uniquely determined.

Proof. Let yc€ T and p<€p!(y). We first show that A[p] is a filter with respect
to <p.

Let to this end a,c € A[ p]. Then there are m € W) and n € Wy such that y € B, N
B,. Since 4 is a strong basis, there is some i € w with y € B;, i <gm and i <z n. It fol-
lows that y; <.y and y; € B,, N B,. Hence F(y;)€B,NB.. As #' is also a strong basis,
this implies that there exists an index e such that F(y;) € B., e <p a and e <p c¢. Thus
%i € By, for some b € Wj.). Since open sets are upwards closed under the specialization
order, we obtain that y € B, too, i.e., e € A[ p].

Next, assume that a € A[p] and c € w with a <p c. Then there is some m € Wy,
such that y € B,,. By the strongness of 4 we obtain some index i with y € B; and
i <gm. It follows that y; <.y and y; € B,,. Thus F(y;) € B,. But B, C B/, which implies

a —"-¢’
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that y; € B,, for some n€ Wy,). As a consequence we have that also y € B,. Hence
c e Al pl.

As we have just seen, all basic open sets B. with c€A[p] are nonempty. By
Lemma 20 we therefore obtain that there is a point z € T’ such that A[ p] is the set of
all indices a with z€ B.. Thus I'(p) € dom(p’), which shows that F(y) is defined, for
every yeT.

It remains to show that F is uniquely determined. As has already been mentioned,
it is shown in [26] that for every y €T, y=sup{y,|y €B,}. In a similar way it can
be proved for continuous maps G: T — T’ that G(y)=sup {G(y,) |y € B,}. With this
it follows that F' has at most one computable extension. [

In [28] Ty-spaces consisting only of computable elements are considered and a
condition is presented forcing effective maps between such spaces to be effectively
continuous. We shall generalize this result in our study when effective maps between
the subspaces of computable elements of two admissibly represented 7j-spaces have
a computable extension. The numberings of the spaces in that paper are assumed to
satisfy very natural conditions relating topology with effectivity. As we shall see next,
for numberings which are derived from admissible representations these conditions are
provable.

Definition 27. Let x be a numbering of 7.. We say that:

(1) x is computable if there is some r.e. set L such that for all i€ dom(x) and
n€ w,(i,n) € L if and only if x; € B,.

(2) x allows effective limit passing if there is a function pt € P(V) such that, if ¢, is
decreasing with respect to <p and the set of all B(¢,(a)) (a €w) is a strong
base of the neighbourhood filter of some point y € T, then pt(m) | € dom(x)
and X,¢m) = .

(3) x is acceptable if it allows effective limit passing and is computable.

Lemma 28. Let the numbering x of T, be derived from an admissible representation
of T. Then x is acceptable.

Proof. As it is easily verified, computability and the property of allowing effective limit
passing are both invariant under many-one equivalence. Therefore, we can assume that
x is derived from the representation p and/or the standard representation. In the first
case it is obvious that x is computable, in the second that x allows effective limit
passing.

In the sequel we always assume that x is a numbering of 7, which is derived from
an admissible representation of T, similarly for x’ and 7’. Then it follows for every
basic open set that one can effectively list all its computable elements. In general there
is no way to do the same with respect to its exterior. An exception are effective metric
spaces and effective f-spaces, respectively, since

Xo € extg(Bimy) < (3(,n) € M(@a))d(Bi ;) > 27" +27"



488 D. Spreen! Theoretical Computer Science 262 (2001) 473499

and
Xq € exto(By) < (In € M(9q))~(3¢)Bm, B <oPe-

As follows from the definition of admissible representations, for each computable
point one can effectively enumerate a strong base of basic open sets of its neighbour-
hood filter. The next result, which is proved in [28], shows that this can be done in a
normed way.

Lemma 29. There are functions ¢ € RV and p € R® such that for all i € dom(x) and
all n€ w with x; € By, q(i) and p(i,n) are indices of normed recursive enumerations
of basic open sets which converge to x;. Moreover, @pin(0)<p n.

Let us now assume that J is effectively separable with dense subset 7 and total
numbering f of Ty. Moreover, without restriction, suppose that the numbering x is
derived from the representation p. Then the function g € R™" with M(q@y;)={n|p: €
B,} witnesses that f§ <, x.

In [28] a countably based countable Ty-space .7 = (T, %) with numberings % and B,
respectively, of 7' and the topological basis % such that for some function g € R with
range(g) C dom(%) the set £(range(g)) is dense in 7 is called recursively separable.
Moreover, 7 is said to be effectively pointed, if there is a function pd € P! such
that for all n € dom(B) with B, #0, pd(n)| € dom(%), () € hly(B,) and Zpa(n) <: 2,
for all z € é,,.

Let 7. be the induced topology on 7;. Then it follows that 7 = (T, t.) is recursively
separable, if 7 is effectively separable. Moreover, .7 is effectively pointed, if 7 is
pointed.

As is well known, each function f € P(!) defines a partial effective map F/ : T, — T
with F/ '(x,-) :x/f-(i), if f behaves extensional on x;, which means that for all j € dom(x)
one has

xj =x; = f(j) L€ dom(x) Axly;) = Xy

In any other case, F' / is undefined. Observe that, if F: 7, — T! is an effective map
with realizer f € P(), then the effective map F/ defined by f is an extension of F.

For the following definition as well as the remainder of this paper we assume that
the spaces under consideration are represented by p and that x is the corresponding
derived numbering. Note that in this case we can always presume that an effective map
is realized by a total recursive function.

Definition 30. Let f € R, Then the set

(1) WE(f)={ze T |(Vi,j ex '({z})¢ri) €RVAM(¢ri) =M(ps;y)} is called
the weak extensionality domain of f.

(2) SE(f)={xi € WE(f)|M(@s) is a filter with respect to <z AD ¢ B' (M(¢si)))}
is called the strong extensionality domain of f.
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Obviously, dom(F) C SE( ) C WE(/).

If M(@y;)) is a filter with respect to <p and B'(M(¢y;))) does not contain the
empty set, then there are no disjoint pairs of basic open sets in B'(M(¢y(;))). We say
that f is correct if for all i € x~'(WE(f)) and m,n € M(¢s;)), B,, intersects B,.

Lemma 31. Let f € RV and F: T, — T/ be the corresponding effective map. If T is
strongly complete then SE(f)=dom(F).

Proof. Let x; € SE(f). Then M(¢/;)) is a filter with respect to <p/, which means
that it is both filtered and upwards closed with respect to <p/. Because of the first
property a sequence (@y)me» Of elements of M(¢pfi)) can be constructed, which is
decreasing with respect to <p/, such that for every ¢ € M(¢@/(;) there is some index m
with a,, <p c. All B, are nonempty. By the strong completeness of 7' we therefore
obtain that there is some point y € 77 so that B'(M(¢y(;))) is a strong base of A7().
Since M(¢/(;)) is upwards closed with respect to <p, it follows that M(¢@¢y) is the
set of all numbers 7 with y € B;,. Thus y = p'(@sq)) =7, i€, x; € dom(F). [

Because of Proposition 21 this means that the sets SE( /) are the natural (maximal)
domains of effective maps.

Since dom(F) C WE(f'), we can also consider F' as a partial map from WE( (") into
T'. With respect to the induced topology t/ the space 7/ =(WE(f),t/) also satisfies
the general assumptions made in this paper. Set ;4 =B,NWE(f) and let m <p, n,
if m <pn. Then <p, is an r.e. strong inclusion with respect to which the set of all
Bl is a strong basis. Moreover, the restriction of representation p to WE(f) is the
representation p/ of set WE( /), correspondingly for the derived numberings.

3. A counterexample

By Proposition 25 it suffices to study the problem whether a (partial) effective map is
effectively continuous. The following example of Friedberg [13], which was originally
stated in a slightly different way, shows that even for total maps this is not the case,
in general.

Proposition 32. There is an effective metric space M, an effective continuous directed-
complete partial order &, and a map F : M, — S, which is effective, but not continuous.

Proof. Let .# =(M,d) be Baire space and . = (S, C) be Sierpinski space, i.e., S={L,
T} with LCT. S is a basis of itself. Number its elements by ;=L and 5, =T, for
n=1. Then & is an effective continuous depo, and we have that By=S and B, ={T},
for n>1.

Obviously, all elements of S are computable. Moreover, M, =R, As is readily
verified, the restriction of the Godel numbering ¢ to R is acceptable. Note that
all acceptable numberings of M, are many-one equivalent [28]. Thus, ¢ is many-one
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equivalent to the derived numbering x of the representation p of M. It follows that
there is some function k € P(") such that k(i) | and x; = @, for i € dom(x).
Define

Q={i € o|[(Va<i)gi(a) = 0] A (Fo)[gi(c) # 0
ANVa < c)gi(a) = 0A (3] < c)(Vb<c)gi(b) = @;(b)]}.

Then Q is r.e. and for all i,j € o~ '(RM) with @i = @; we have that i € Q if and only
if j € Q. Moreover, let € R19 with

(2 if k() € Q,
Pri(n) = { 1 otherwise.

For the representation p’ of S we then obtain that p'(¢s;))=T, if k(i)eQ, and
p'(@ri)) = L. otherwise. Set F(x;) =xy). The numbering x" is derived from p’.
Now, assume that F is continuous. Since F(4n.0)=T and {T} is open in the Scott
topology on S, by the definition of the Baire metric there is some m>0 such that
for all g€ RV with g(a) =0, for a<m, we have that F(g)=T. Set n= max{q;(m) +
L|i<mA @;(m) |}, if the set is not empty, and let n = 1, otherwise. Furthermore, define

é(a):{o if a#m,

n otherwise.

Then g€ RM. Since §(a) =0, for all a<m, we have that F(§)= T. On the other hand,
since g(m)#0 and for every Godel number j<m, @;(m)# g(m), it follows from the
definition of F that F(§)# T. Thus, F cannot be continuous. [J

Because of Proposition 25 it follows that the map F cannot be extended to a com-
putable map. This shows that the converse of Lemma 3 is not true, in general, and
hence that working with computable elements only and maps which are computed
by transforming the programs that compute the approximations of the points results
in a more general computability notion than working with maps which are computed
by transforming the approximations itself. From the literature also other examples of
effective maps that are not effectively continuous are known [15,17,22,35,36]. The
importance of Friedberg’s example lies in the fact that it provides an example of a
total, effective, and discontinuous map on a natural space.

Since the metric topology on Baire space is induced by the Scott topology on the
effective continuous dcpo of all partial arithmetic functions, we have the following
consequence.

Corollary 33. There are effective continuous directed-complete partial orders 2 and
&, and a partial map F : Q. — S. which is effective, but not continuous. In addition,
the subspace dom(F') is recursively separable.
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As is well known, all total effective maps between the subspaces of computable
elements of two effective continuous dcpo’s are effectively continuous, and vice versa
[6,34]. The above result shows that this is no longer true in the case of partial maps.

4. Enforcing continuity

In this section we present a condition which forces a (partial) effective map between
the subspaces of computable elements of two countably based Ty-spaces to be effectively
continuous, and hence, to be extendable to a computable map. As we shall see on the
contrary, this requirement is satisfied by every effectively continuous map between such
spaces. The only extra stipulation in this case is that the domain space is effectively
separable and the requirement is already met by the identity map on the subspace of
its computable points.

The problem of when a total effective map is effectively continuous has been studied
by the author in [30, 28], where it is shown that effective continuity is always enforced,
if the effective map has a witness for noninclusion and its domain is recursively sepa-
rable. The following definition differs from that given in [28] in that now the second
requirement is independent of the first and is thus of a more global nature.

Definition 34. A partial map F: 7. — 1/ has a (global) witness for noninclusion, if
there exist functions s € R® and » € P®) such that range(s) C dom(C) and for all
i,m,n € ® the following hold:
(1) If i ex~'(dom(F)) with F(x;) € B, then x; € Cy;,my Ndom(F) C F~'(B],).
(2) If Wimy#0 and F(B,) & B,,, then r(i,n,m) | €dom(x) and x,; m) €hl,(B,)\
Csti,m)-
The pair of functions (s,7) is called witness for noninclusion of F.

Note that such a condition appears quite naturally. As follows from [1-4], the effec-
tive continuity of effective maps can only be proved indirectly. But assuming that a map
is not continuous means assuming that there is some basic open set in the codomain
into which no basic open set in the domain is mapped. And since in most cases only
the elements of a basic open set, but not of its complement are effectively listable, a
witness for this not being mapped into cannot be found effectively, in general, if the
map is only effective.

In applications often not the map F: T, — T/, but its restriction to a subspace F of
7 with dom(F)C 7, has a witness for noninclusion. We say in this case that F has a
witness for noninclusion with respect to 7.

Proposition 35. Let F: T, — T/ be effective with a realizer f € R and let it have a
witness for noninclusion with respect to 77. Then F must be effectively continuous.

Proof. Without restriction assume that 7 =WE(f). Let the functions s€R® and
r € P be a witness for noninclusion of F, p € R® and g € R() be as in Lemma 29,
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and pt € P witness that the indexing x allows effective limit passing. Then there is
some r.e. set ¥, such that for i € x~'(dom(F)) and m € w, as well as any index n of a
converging normed recursive enumeration of basic open sets, (n,i,m) € W, if and only
if F(x;) € B), and Xyn) € Cy(i,m), namely

Wy = {(n,i,m) | m € M(@i)) Apt(n) € Wyim}-

Set G(n,i, m)=uc: p({n,i,m)) |, and let h € R® be such that

| p40)(a) ifpp((n,i,m)) 14,
Crnimy(@) = Y )
@ p(r(i o Gnim)m)pgindnim)—1))(@ — g(n,i,m)) - otherwise.

By the recursion theorem there is then a function d € R with

Ph(d(im)im) = Pd(im)-

Let g(i,m)=g(d(i,m),i,m), and suppose that g(i,m)T, for some i,m € w so that F(x;)
is defined and F(x;) € B),. Then d(i,m) is an index of a normed recursive enumer-
ation of basic open sets converging to x;. By the acceptability of x it follows that
pt(d(i,m)) | € dom(x) and Xya(i,m)) =x;. Moreover, since x; € dom(F) and F(x;) € B},
we have that x; € Cy ). Thus xpyai,m)) € Cy(i,m)» Which implies that g(i,m) |. This con-
tradicts our assumption. Therefore g(i,m) |, for all i €x~!(dom(F)) and m € » with
F(x;)€B),.

Assume next that F(B(@qyiy(9(i,m)))) & B;,, for some i,m € o such that g(i,m) | and
for all ay <a; <g(i,m), @uuy(ar) ], @qi(az)| as well as

Pq(i)(a2) <B Pqqi(ar)-
Then Wy n is nonempty and hence r(i, ¢, )(g(i,m)), m) | € dom(x). Moreover,
Xrti oy (gt m.m) € Moy gim) (Bogaatim)) )\ Cstim) 1)
S By (gti.m—1)\Coim)-

The last inclusion holds, since @qi)(g(i,m)) <p Puiy(g(i,m)—1). According to
Lemma 29, p(7(7, ¢y (g(i,m)), m), @gi)(g(i,m)—1)) is an index of a normed recursive
enumeration of basic open sets which converges t0 X, (¢, (g(i.m)).m)- In addition

P p(r(ip (9N (9iem)—1)(0) =B Pg(i)(g(i, m) — 1),

which implies that d(i,m) is also an index of a normed recursive enumeration of
basic open sets converging to x(r(i, @yi)(g(i,m)),m)). Therefore pt(d(i, m)) | € dom(x)
and x(pt(d(i, m))) = x(r(i, pqi)(g(i, m)),m)). Because of (1) it follows that xpyai,m)) ¢
Csi,m)- Hence g(i, m)T, which contradicts our assumption. Thus

F(By,gim)) S B

for all i,m € w such that g(i, m)| and for all a; <a> <g(i, m), @y (ar)l, @ui(az)l as
well as @yiy(a2) <5 @qi)(ar).
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For the next step let v € R®) such that

Wv(m) = {l | g(l’ m) l« /\(valaaZ)[al <ap §g(l, m)
= @qi(ar) | Aopgin(az) | Apgiy(az) <s oqiy(ar)l}

We want to prove that for all me w

F='(B),) = dom(F) N |_[{Boyogtim |1 € Wem }-

which shows that F is effectively continuous.

Let i €x~!(dom(F)) such that F(x;)€B.,. As we have seen above, g(i,m)]| in
this case. Moreover, i € Wy, and x; € dom(F) N B(@yi)(g(i, m))). For the verification
of the converse inclusion let i, € w with i € W,,. Then it follows from the second
assertion shown above that F(B(@yi)(g(i, m)))) C By, i.e., dom(F) N B(¢qi)(g(i, m))) C
F-Y(B!). O

It has already been noted that in order to derive the analogous result for total effective
maps, in [28] we had to assume that the domain space is recursively separable. Here,
we did not need this extra supposition, which shows the modified notion of a witness
for noninclusion is stronger than that used in [28].

As follows from Proposition 25 and Lemma 3, effectively continuous maps between
the subspaces of computable elements of two countably based Tj-spaces are effec-
tive. Let us see next, whether they can be realized in such a way that the additional
requirement in the above proposition holds. To verify this we need that the identity
map on I; has a witness for noninclusion.

Definition 36. Let . =(7,7) be a countable Tj-space with countable basis %, and
let ¥ and B be numberings of 7 and B, respectively. A pair of functions (s,7) with
s€R® and r € PP is a realizer for noninclusion of 7, if range(s) C dom(C) and for
all i, m, n € w the following hold:

(1) If i € dom(x) with %; € B,,, then X; € Cy(j,m) C By

(2) If Wiy # 0 and B, & By, then r(i,n,m) | € dom(¥) and F. n,m) € hly(B)\Cs(i,m)-

In the case that 7 is the subspace of computable points of a Ty-space .7, we also

say that .7 has a realizer for noninclusion if J has one.

Proposition 37. Let T be effectively separable. Then every effectively continuous map

F:T.—T! is effective with a realizer f € RV so that the following hold:

(1) WE(f) contains an enumerable subset X with dom(F) C cl,(X).

(2) If the effective continuity of F is witnessed by a consistent function, then f is
correct.

(3) If, in addition, 7 has a realizer for noninclusion, then F also has a witness for
noninclusion with respect to 7.
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Proof. Let 7€ R witness that F is effectively continuous and be k € R with

(@) = 0 if M(¢;) intersects Wi,
PH\) =\ ndefined  otherwise.

Then we have for i,j€w with M(@;)=M(¢p;) that dom(gs;))=dom(¢y;)). Let
veRM such that @y €RY and M(@y;))=dom(p;) and set f=wvok. Obviously,
f realizes F. Moreover, WE(f)=T1;. Since J is effectively separable, 7. contains an
enumerable dense subset X. It follows that dom(F) Ccl;(X). As is readily verified, f
is correct if the function % is consistent.

Now, let 4Cw, §€R? and 7 P®), respectively, witness that X is enumerable
and 7 has a realizer for noninclusion. Moreover, for i,m€w let (3,/,7) be the
first element enumerated in {(i’,m’,n’) | n’ € Wy N M(¢; )} with =i and i =m. Set
t(i,m) = 1. Then there is some function s € R®) such that W ,») = Wai.«(i.m)). Obviously
range(s) C dom(C).

In order to see whether the first condition in Definition 34 holds, let m € w and
i€x~!(dom(F)) with F(x;) € B,,. Then we have that W, intersects M(¢;). Hence
t(i,m) | € M(¢;), which means that x; € By; . It follows that x; € Cy(; ) N dom(F'). By
construction #(i,m) € Wy). Therefore Cy; my Ndom(F)C F~'(B).

It remains to verify the second requirement. Set »(i,n,m)=7(i,n,t(i,m)). Then we
have for i,m,n € w such that W, is not empty and F(B,) & B,, that #(i,m)| and
B, & Byim), which implies that 7(i,n,t(i,m)) | € dom(x) and Xz n (i,m)) € hl,(By)\
Csti,ii,my)-

Note that 7 has a realizer for noninclusion if 7 is effectively separable, the topol-
ogy t is semi-regular, i.e., B, =int;(cl,(B,)), for all n€ w, and the sets ext,(B,) are
completely enumerable, uniformly in ».

To see this, let X be the dense subset of 7. and let 4 C w witness its enumer-
ability. Moreover, let L C @ be such that for i € dom(x) and m € w, (i,m) € L exactly
if x; € ext,(B,,). Since the numbering x is computable, B<,,C. Let this be witnessed by
geRWM. Set s(i,m)=g(m). Then range(s)C dom(C). The first condition in
Definition 36 is obviously satisfied. For the second requirement let (i7,m,a) be the
first element enumerated in

{(n',m',d)|d € Enn' € M(@a) A {(d,m') € L}

with 7=n and m =m, where n,m € w, and define r(i,n,m)=a.

If B, £ B,, we have that B, intersects the complement of B,, which implies that
it intersects its exterior, since 7 is semi-regular. Hence, we can find a point x, of the
dense subset X in B,Next.(B,). Thus r(i,n,m)| € dom(x) and X ».m) € B,\Bn, i.c.,
Xr(i,n,m) € hln(Bn)\Cs(i,m)~

As we have already seen, for every effective metric space and every effective f-space
the exterior of B, is completely enumerable, uniformly in n. The canonical topology
of every metric space is semi-regular. In [29] it is shown that the class of f-spaces
with a semi-regular topology contains important subclasses.
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Now, combining the above two results we obtain the characterization we were look-
ing for.

Theorem 38. Let 7 be effectively separable and have a realizer for noninclusion.
Then a map F:T,— T/ is effectively continuous, if and only if it is effective with a
realizer f € RV so that F has a witness for noninclusion with respect to F7.

For total maps F, WE(f) coincides with 7;. By this way we obtain the ensuing
special case.

Corollary 39. Let T be effectively separable and have a realizer for noninclusion.
Then a map F:T, — T! is effectively continuous, if and only if it is effective and has
a witness for noninclusion.

A similar result has been derived in [28]. (Note that the semi-regularity require-
ment made there can be replaced by the assumption that topology t has a realizer for
noninclusion with respect to itself.)

If we put the above characterization together with Proposition 25, we have the
following rather general answer to Weihrauch’s problem.

Theorem 40. Let T be effectively separable and have a realizer for noninclusion.
Then exactly those effective maps F : T, — T! have a computable extension F:T — T’
which are realized by a function f €RY so that F has a witness for noninclusion
with respect to T/ .

5. Special cases

There are important special cases in which total effective maps have a witness for
noninclusion. As follows from [30, 28] this holds if the domain of F' is the subset of all
computable elements of a pointed space, or the codomain is the subset of all computable
elements of an effective metric space and the domain is recursively separable. We shall
now investigate whether similar results can be obtained for partial effective maps.

Lemma 41. Let ./’ be an effective metric space. Then every effective map F : T, —
M! with a correct realizer f € R such that WE(f) contains an enumerable subset
X with dom(F) C cl.(X) has a witness for noninclusion with respect to I7.

Proof. Without restriction, let 7= WE( /). Moreover, for i,m € w, let (1,/m,a) be the
first element enumerated in
{(i',m',d")|d < m" Nd' € M(@ i)}

with 7=i and m=m. Set t(i,m)=a. Then there is some function s € R?® such that
Wyi,my=1{J | t(i,m) € M(@s(;))}. By the definition of WE( /') we have that W ,,) is an
index set with respect to the numbering x of 7;. Thus range(s) C dom(C).
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Now, suppose that i € x~!(dom(F)) and m € w with F(x;)€B.. Since the collec-
tion of all B) is a strong basis of the canonical topology A’ on M’, there is then
some index a such that @ <p m and F(x;) € B;. Thus #(i,m) | and F(x;) € B}, ), which
implies that x; € Cy; )y Ndom(F'). In addition, we have for z € Cy; ) Ndom(F') that
F(z)e B,’(i,m) CB,.

Next, we define the function ». As has already been mentioned, 7. contains an
enumerable dense subset. Let this be witnessed by the set £ C w. Moreover, let

A =A{((i,m), (j,n)) | 0(B:, ;) > 27" +27"}.

Then B, and B, are disjoint, for any pair (c,c’) € 4. Now, for i,m,n € ®, be (3,7, m,a)
the first element enumerated in

{(i",n',m',d') |d" € EAN' € M(@a) A (Be € M(@ga))et(i',m")) € A}

with 7=1i, n=n as well as m =m. Define r(i,n,m)=a.

If i,n,mew such that W, is not empty and F(B,) & B,,, then t(i,m)| and
by the definition of the strong inclusion for effective metric spaces we have that
cly (B m)) € B, Hence F(B,) & clu(By;,,). Thus, there is some point y€B,N
dom(F') with F( y)eextA/(Bt’(i’m)), meaning that there exists some basic open set B!
which is disjoint with By, and contains F(y). Let Z be the set of all points x;
for which ¢ is enumerated in M(¢s(;)). Then Z is completely enumerable. More-
over, it intersects B, and since the realizer f is correct, it is also disjoint with
Csii,m)- With [28, Lemma 6.9] it therefore follows that Z also intersects B, N.X. Thus
r(i,n,m) | € dom(x) and X pm) € By\Cytimy. 0

As follows from an example of Myhill [17, p. 293, Remark 2] and/or Pour-El [22],
the above theorem is false without the extra condition on WE( /') (see also [21, p. 211,
Proposition 11.4.9]). (Since the Myhill/Pour-El map is not continuous, it follows from
Proposition 35 that the map is only realizable by a recursive function f so that it has
no witness for noninclusion with respect to 77.)

We have already seen that every effective metric space has a realizer for noninclusion.
By definition, these spaces are effectively separable. From results in [33] it moreover
follows for effectively continuous maps between effective metric spaces that the effective
continuity can always be witnessed by a consistent recursive function. With Propositions
25, 35 and 37 we therefore obtain a characterization which tells us exactly which
(partial) effective maps between effectively given metric spaces are extendable to a
computable map.

Theorem 42. Let .4 and M' be effective metric spaces. Then exactly those effec-
tive maps F: M. — M/ have a computable extension F:M — M’ which are realized
by a correct function f€RY so that WE(f) has an enumerable subset X with
dom(F) Ccly(X).
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A similar result has been obtained by Hertling [16] with respect to the Cauchy
representation. Both results improve that of Weihrauch [32] and hence the well-known
theorems by Moschovakis [20] and Ceitin [5], which all give only a sufficient condition
for an effective map to have a computable extension: the subspace dom(F') is required
to have an enumerable dense subset.

In [23, p. 370, Ex. 15-30(b),(c)] an effective map F:R") — w is given which is
not the restriction of a fotal computable map between the effective metric spaces B
and . This shows that the above theorem as well as Theorem 40 cannot be improved,
in the sense that even if F is total, we cannot expect, in general, that the computable
extension F is a total map.

Let us now consider the case that the domain of a given effective map is a subset of
computable elements of a pointed space. As we have previously seen, pointed spaces
T are effectively separable with dense base Pt. Moreover Pt C T.. From Corollary 33
we know that, in general, we cannot expect a partial effective map between pointed
spaces to be continuous, even if the domain of the map is recursively separable. The
situation is different, however, if the domain of the map is itself effectively pointed,
which means that without restriction we can consider the map to be a total map on the
computable elements of a pointed space. In this case it has a witness for noninclusion.

Lemma 43. Let 7 be pointed. Then every total effective map F:T, — T, has a wit-
ness for noninclusion.

Proof. As 7 is pointed, we have that T; is effectively pointed. Let this be witnessed
by the function pd € P(). Then, for i,n,m € w, set r(i,n,m)=pd(n) and let s € R?
with W my={j| m € M(@s(;))}, where f € R realizes F. Since F is total, Wy ) is
a index set with respect to the numbering x of 7;. Thus range(s) C dom(C). Obviously,
Cyimy={z€ L |F(z)€B,,}. As follows from [28, Lemma 6.4], F is monotone with
respect to the specialization order. With both properties it is now readily verified that
(s,r) is a witness for noninclusion of F. [J

As a consequence we have that every pointed space has a realizer for noninclu-
sion. Therefore, by applying Theorem 40 and Lemma 26, we obtain the following
coincidence of effective and computable maps between pointed spaces.

Theorem 44. Let T and T be pointed. Then every total effective map F: T, — T, has
a (possibly partial) computable extension F:T — T’ and, conversely, the restriction
of each computable map G :T — T’ to the computable elements of T is effective. If, in
addition, ' is strongly complete, the every such extension F is uniquely determined
by F and total.

Obviously, every effective continuous depo is strongly complete. As a special case we
thus obtain the well-known Myhill/Shepherdson Theorem (cf. [32, 34]). But the result
also holds for maps between effective 4- and f-spaces. In addition, as a consequence
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of Lemma 26, Theorem 40 and Lemma 43, we gain that the total effective maps
between the subspaces of all computable elements of a pointed space and a complete
weakly effective metric space are exactly the extensions of uniquely determined total
computable maps between these spaces.

6. Conclusion

In this paper we have given an answer to Weihrauch’s question whether and, if not
always, when an effective map between subspaces of computable elements of two rep-
resented sets is extendable to a computable map, in the context of effectively presented
topological Tj-spaces. Considering topological spaces is not a restriction in dealing
with this problem, as any representation induces a topology on the represented set. In
the case of the representations considered here this topology is equivalent to the given
one.

We characterized the effective maps that have a computable extension. The addi-
tional requirement that is satisfied by the extendable maps allows the generation of
negative information. In the context of effectively given topological spaces, one can, in
general, only list the (computable) elements of basic open sets, but not those of their
complements. Such information is necessary in order to force an effective map to have
a computable extension. In special cases, such as effective metric spaces, in which this
information can always be obtained, the extra condition can be verified.
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