
Results in Physics 8 (2018) 114–120
Contents lists available at ScienceDirect

Results in Physics

journal homepage: www.journals .e lsevier .com/resul ts - in-physics
Exact traveling wave solutions of fractional order Boussinesq-like
equations by applying Exp-function method
https://doi.org/10.1016/j.rinp.2017.11.023
2211-3797/� 2017 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

⇑ Corresponding author.
E-mail address: umarkhan@ciit.net.pk (U. Khan).
Rahmatullah a,b, Rahmat Ellahi a, Syed Tauseef Mohyud-Din c, Umar Khan d,⇑
aDepartment of Mathematics & Statistics, FBAS, IIUI, Islamabad, Pakistan
bDepartment of Mathematics, Government Science College, Quetta, Pakistan
cCenter for Research (CFR), University of Islamabad (UoI), Islamabad, Pakistan
dDepartment of Mathematics, COMSATS Institute of Information Technology Abbottabad, Pakistan
a r t i c l e i n f o

Article history:
Received 24 October 2017
Received in revised form 17 November 2017
Accepted 19 November 2017
Available online 28 November 2017

Keywords:
Exp-function method
New exact traveling wave solutions
Modified Riemann-Liouville derivative
Fractional complex transformation
Fractional order Boussinesq-like equations
Symbolic computation
a b s t r a c t

We have computed new exact traveling wave solutions, including complex solutions of fractional order
Boussinesq-Like equations, occurring in physical sciences and engineering, by applying Exp-function
method. The method is blended with fractional complex transformation and modified Riemann-
Liouville fractional order operator. Our obtained solutions are verified by substituting back into their cor-
responding equations. To the best of our knowledge, no other technique has been reported to cope with
the said fractional order nonlinear problems combined with variety of exact solutions. Graphically, frac-
tional order solution curves are shown to be strongly related to each other and most importantly, tend to
fixate on their integer order solution curve. Our solutions comprise high frequencies and very small
amplitude of the wave responses.
� 2017 The Authors. Published by Elsevier B.V. This is anopenaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
Introduction

In recent years, nonlinear evolution equations (NLEEs) of frac-
tional order have acquired a significant place in applied mathemat-
ics and engineering. These equations constitute remarkable
applications in biomechanics, nonlinear optics, plasma physics,
fluid dynamics, solid state physics and many other areas of physi-
cal sciences. Numerous methods have been proposed to look for
exact solutions of NLEEs such as homogeneous balance method
[1,2], Jacobi elliptic function method [3], Backlund transformations
[4], functional variable method [5,6], tanh-function method [7–9],
truncated painleve expansion method [10], ðG=GÞ-expansion
method [11,12], sine-cosine method [13], Hirota bilinear transfor-
mation method [14], F-expansion method [15,16], simple equation
method [17] etc.

The Boussinesq-Like equations [18–21] are nonlinear evolution
equations of the form

utt � uxx � ð6u2ux þ uxxxÞx ¼ 0; ð1Þ

utt � uxx � ð6u2ux þ uxttÞx ¼ 0; ð2Þ
utt � uxt � ð6u2ux þ uxxtÞx ¼ 0; ð3Þ
and

utt � ð6u2ux þ uxxxÞx ¼ 0; ð4Þ
where, utt and uxx are second dissipative terms, uxxxx is known as
fourth spatial derivative and uxxxt and uxxtt being mixed spatio-
temporal derivative of the same order. The Eqs. (1)–(4) are linked
to the good Boussinesq equation but then less conformable to the
analytical techniques as these equations can no longer be fully inte-
grable [19]. The spatio-temporal terms in (1)–(3) improve the prop-
erties of dispersion relation likewise the regularized Boussinesq
equation. Above NLEEs appear in shallow water long waves, propa-
gation of waves in elastic rods, coupled electrical circuits, vibration
in nonlinear string, nonlinear lattice waves, dynamics of thin invis-
cid layers with free surface, and in the shape- memory alloys [13–
16]. Solutions of Boussinesq-like equations are used for applying
nonlinear water model to coastal and ocean engineering.

In this work, new exact traveling wave solutions of Boussinesq-
Like equations (1)-(4) with their fractional order interpretations
(related to the models discussed in [22,23] and several other
papers):

D2a
tt u� D2b

xx u� Db
xð6u2Db

xuþ D3b
xxxuÞ ¼ 0; ð5Þ
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D2a
tt u� D2b

xx u� Db
xð6u2Db

xuþ D2aþb
xtt uÞ ¼ 0; 0 < a;b 6 1 ð6Þ

D2a
tt u� Daþb

xt u� Db
xð6u2Db

xuþ Daþ2b
xxt uÞ ¼ 0; ð7Þ

and

D2a
tt u� Db

xð6u2Db
xuþ D3b

xxxuÞ ¼ 0; ð8Þ
are obtained by applying Exp-function method [24,25] with the
help of symbolic computation and is also applicable to differential
equations of fractional order in a straightforward and simple way
[26]. This method incorporates fractional complex transformation
[27–29] and modified Riemann-Liouville operator [30,31] for seek-
ing exact solutions of Boussinesq-Like physical models of fractional
order. Among some other key techniques as mentioned earlier, the
Exp-function method also gives exact solutions, and in most of the
cases, a variety of solutions for a wide range of nonlinear problems
of fractional as well as integer order. This makes the Exp-function
method advantageous over the numerical, approximate analytical
and semi numerical techniques. Further, some other studies related
to solution methods can be seen in [36–59].

Theorem 1 [32]. Suppose that uðrÞ and uðcÞ are respectively the
highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r and c are both positive integers. Then the
balancing procedure using the Exp-function ansatz

uðnÞ ¼
Pd

n¼�can expðnnÞPq
m¼�pbm expðmnÞ ; ð9Þ

leads to c ¼ d and p ¼ q;8r; s;X; k P 1.
Theorem 2 [32]. Suppose that uðrÞ and uðsÞuk are respectively the
highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r; s and O are all positive integers. Then the bal-
ancing procedure using the Exp-function ansatz leads to c ¼ d and
p ¼ q;8r; s; k P 1.
Theorem 3 [32]. Suppose that uðrÞ and ðuðsÞÞX are respectively the
highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r; s and O are all positive integers. Then the bal-
ancing procedure using the Exp-function ansatz leads to c ¼ d and
p ¼ q8r; s P 1;8X P 2.
Theorem 4 [32]. Suppose that uðrÞ and ðuðsÞÞXuðkÞ are respectively the
highest order linear term and the highest order nonlinear term of a
nonlinear ODE, where r; s, O and k are all positive integers. Then the
balancing procedure using the Exp-function ansatz leads to c ¼ d
and p ¼ q;8r; s;X; k P 1.
Modified Riemann-Liouville fractional derivative

To cope with the functions that are nondifferentiable, Jumarie
presented new formulations for taylor series of fractional sense
and introduced modified Riemann-Liouville definition [30]. He
made comparison with the Caputo-Djrbashian derivative [33,34],
that defines a fractional operator of order less than 1 through a
derivative which does not always work. Due to this reason, he pre-
sented modified Riemann-liouville derivative [35]. Since then,
modified Riemann-Liouville derivative has successfully been
applied to a good deal of fractional order problems including our
present work.

Jumarie’s modified Riemann-Liouville operator [30,31] is
defined as
Da
t f ðtÞ¼

1
Cð�aÞ

R t
0 ðt�sÞ�a�1ðf ðsÞ� f ð0ÞÞds; a<0;

1
Cð1�aÞ

d
dt

R t
0 ðt�sÞ�aðf ðsÞ� f ð0ÞÞds; 0<a<1;

½f ðnÞðtÞ�a�n
; n6a<nþ1;nP1:

8>>>>>><
>>>>>>:

ð10Þ
Important properties of this particular operator are as follows

Da
t t

c ¼ Cð1þ cÞ
ð1þ c� aÞ t

c�a; c > 0; ð11Þ

Da
t ðcf ðtÞÞ ¼ cDa

t f ðtÞ; ð12Þ

Da
t ðaf ðtÞ þ bgf ðtÞÞ ¼ aDa

t f ðtÞ þ bDa
t gðtÞ; ð13Þ

where, a, b and c are constants.
The Exp-function method

Consider the general nonlinear fractional partial differential
equation containing higher order derivatives as well as nonlinear
terms

P u;
@au
@ta

;
@bu
@xb

;
@cu
@yc

; . . .

� �
¼ 0; ð14Þ

where u is a function to be known and P is a polynomial of u and its
partial fractional order differential operators. By applying fractional
complex transformation [27–29]

u ¼ uðnÞ; where n ¼ k
xb

Cðbþ 1Þ þm
yc

Cðcþ 1Þ � l
ta

Cðaþ 1Þ ; ð15Þ

we convert (4) into the following nonlinear ODE

Qðu;u0;u00;u000; . . .Þ ¼ 0 ð16Þ
In Exp-function method, we assume that the traveling wave

solutions can be expressed in the form of (9) which can further
be written as

uðnÞ ¼ ac expðcnÞ þ � � � þ a�d expð�dnÞ
bp expðpnÞ þ � � � þ b�q expð�qnÞ : ð17Þ

(17) holds key role for finding analytic solution of given nonlin-
ear problems. To attain the values of c and p, we balance the linear
term of highest order in (16) with the highest order nonlinear
term. In the same way, to obtain the values of d and q, we balance
the linear term of lowest order in (16) with lowest order nonlinear
term.
Applications of Exp-function method

Fractional order Boussinesq-like equations

(I) By using complex fractional transformation [27–29]

u ¼ uðnÞ; n ¼ k
xb

Cðbþ 1Þ � l
ta

Cðaþ 1Þ ; ð18Þ

and modified Riemann-Liouville derivative, Boussinesq-like equa-
tion of the form (5) is converted into the ODE

l2u00 � ðu00 þ 12uu02 þ 6u2u00Þk2 � uð4Þk4 ¼ 0; ð19Þ
that is integrated twice (neglecting constant of integration) to
obtain

l2u� k2ðuþ 2u3Þ � k4u00 ¼ 0: ð20Þ
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The values of c and d can be freely assigned because the resulted
solution does not strongly depend on the choices of c and d [25].
So, we opt p ¼ c ¼ 1 and q ¼ d ¼ 1 so that (17) becomes

uðnÞ ¼ a�1e�n þ a0 þ a1en

b�1e�n þ b0 þ b1en
; ð21Þ

substituting (21) into (20) gives

1
A
½C3 expð3nÞ þ C2 expð2nÞ þ C1 expðnÞ þ C0 þ C�1 expð�nÞ
þ C�2 expð�2nÞ þ C�3 expð�3nÞ� ¼ 0; ð22Þ

where,

A ¼ ðb�1e�n þ b0 þ b1enÞ3;
C3 ¼ �a1k

2b2
1 þ a1l

2b2
1 � 2a31k

2 ¼ 0;C2 ¼ �a0k
2b2

1 � k4a0b
2
1

þ a0l
2b2

1 � 6a0k
2a21 þ 2a1l

2b0b1 � 2a1k
2b0b1 þ k4a1b0b1 ¼ 0;

C1 ¼ �6k2a20a1 þ a1l
2b2

0 � a1k
2b2

0 � k4a1b
2
0 � a�1k

2b2
1 � 6a�1k

2a21
� 4k4a�1b

2
1 þ a�1l

2b2
1 þ 2a0l

2b0b1 � 2a0k
2b0b1 þ k4a0b1b0

þ 2a1l
2b�1b1 � 2a1k

2b�1b1 þ 4k4a1b�1b1 ¼ 0;

C0 ¼ 2a�1l
2b0b1 � 2a�1k

2b0b1 � 12a�1k
2a0a1 þ 2a0l

2b�1b1

� 2a0k
2b�1b1 þ 2a1l

2b�1b0 � 2a1k
2b1b0 � 3k4a�1b0b1

� 3k4a1b�1b0 þ 6k4a0b�1b1 þ a0l
2b2

0 � a0k
2b2

0 � k2a30 ¼ 0;

C�1 ¼ a�1l
2b2

0 � a�1k
2b2

0 � 6a�1k
2a20 � k4a�1b

2
0 � a1k

2b2
�1

� 6a2
�1k

2a1 � 4k4a1b
2
�1 þ a1l

2b2
�1 þ 2a0l

2b�1b0

� 2a0k
2b�1b0 þ k4a0b�1b0 þ 2a�1l

2b�1b1 ¼ 0;

� 2a�1k
2b�1b1 þ 4k4a�1b�1b1 ¼ 0;

C�2 ¼ �a0k
2b2

�1 � k4a0b
2
�1 � 6a2�1k

2a0 þ a0l
2b2

�1 � 2a�1k
2b�1b0

þ 2a�1l
2b�1b0 þ k4a�1b�1b0 ¼ 0;

C�3 ¼ �a�1k
2b2

�1 þ a�1l
2b2

�1 � 2a3�1k
2 ¼ 0:

ð23Þ
Equating coefficients of expðnnÞ to be zero, we obtain following

system of equations

C3 ¼ 0; C2 ¼ 0; C1 ¼ 0; C0 ¼ 0; C�1 ¼ 0; C�2 ¼ 0; C�3 ¼ 0:

ð24Þ
and on solving it, we obtain

Case 1:

l¼2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2

0�2a20

q
a0

b2
0

; k¼2ia0
b0

; b0–0; a�1 ¼ a�1;

a0 ¼ a0; a1 ¼0; b�1 ¼ a�1b0

a0
; a0 –0; b0 ¼ b0; b1 ¼0: ð25Þ

Case 2:

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2

�1 þ 4a2�1

q
a�1

b2
�1

; k ¼
ffiffiffi
2

p
a�1

b�1
; b�1 – 0; a�1 ¼ a�1;

a0 ¼ a0; a1 ¼ 0; b�1 ¼ b�1; b0 ¼ b�1a0
a�1

; a�1 – 0; b1 ¼ 0:

ð26Þ
Case 3:

l ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2

1 � 2a21

q
a1

b2
1

; k ¼ 2ia1

b1
; b1 – 0; a�1 ¼ 0; a0 ¼ a0;

a1 ¼ a1; b�1 ¼ 0; b0 ¼ a0b1

a1
; a1 – 0; b1 ¼ b1: ð27Þ
The corresponding solutions for cases (25)–(27) are as follows

u1;1ðx; tÞ ¼ ða�1exta�xjb þ a0Þða�1b0exta�xjba�1
0 þ b0Þ

�1
;

x ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2

0 � 2a20

q
a0

b2
0Cðaþ 1Þ

and j ¼ 2ia0

b0Cðbþ 1Þ :
ð28Þ

u1;2ðx; tÞ ¼ ða�1exta�xjb þ a0Þ b�1exta�xjb þ b�1a0
a�1

� ��1

;

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2

�1 þ 4a2�1

q
a�1

b2
�1Cðaþ 1Þ

; j ¼
ffiffiffi
2

p
a�1

b�1Cðbþ 1Þ

ð29Þ

u1;3ðx; tÞ ¼ ða0 þ a1exta�xjb Þ a0b1

a1
þ b1exta�xjb

� ��1

;

x ¼ �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2

1 � 2a21

q
a1

b2
1Cðaþ 1Þ

and j ¼ 2ia1

b1Cðbþ 1Þ :
ð30Þ

(II) For Boussinesq-like equation (6), we use fractional complex
transformation (18) and modified Riemann-Liouville derivative to
convert it into the ODE

l2u00 � ðu00 þ 12uu02 þ 6u2u00Þk2 � k2l2uð4Þ ¼ 0; ð31Þ
that is integrated twice (neglecting constant of integration) and
then by using (21), we obtain an equation of the form (22) where,

A ¼ ðb�1e�n þ b0 þ b1enÞ4;
C3 ¼ �a1l

2b2
1 þ a1k

2b2
1 þ 2a31k

2 ¼ 0;

C2 ¼ �2a1l
2b0b1 þ 2a1k

2b0b1 þ k2l2a0b
2
1 � k2l2a1b0b1 � a0l

2b2
1

þ a0k
2b2

1 þ 6a0k
2a21 ¼ 0;

C1 ¼ �2a0l
2b0b1 þ 2a0k

2b0b1 þ k2l2a1b
2
0 � 2a1l

2b�1b1 þ 2a1k
2b�1b1

þ 4k2l2a�1b
2
1 þ 6k2a20a1 � a1l

2b2
0 þ a1k

2b2
0 � 4k2l2a1b�1b1

� k2l2a0b1b0 þ 6a�1k
2a21 � a�1l

2b2
1 þ a�1k

2b2
1 ¼ 0;

C0 ¼ �a0l
2b2

0 þ a0k
2b2

0 þ 2k2a30 þ 3k2l2a�1b0b1 þ 3k2l2a1b�1b0

� 6k2l2a0b�1b1 � 2a�1l
2b0b1 þ 2a�1k

2b0b1 þ 12a�1k
2a0a1

� 2a0l
2b�1b1 þ 2a0k

2b�1b1 � 2a1l
2b�1b0 þ 2a1k

2b�1b0 ¼ 0;

C�1 ¼ �2a0l
2b�1b0 þ 2a0k

2b�1b0 þ k2l2a�1b
2
0 � 2a�1l

2b�1b1

þ 2a�1k
2b�1b1 þ 4k2l2a1b

2
�1 � 4k2l2a�1b�1b1 � k2l2a0b�1b0

� a�1l
2b2

0 þ a�1k
2b2

0 þ 6a�1k
2a20 þ 6a2�1k

2a1 � a1l
2b2

�1

þ a1k
2b2

�1 ¼ 0;

C�2 ¼ 6a2�1k
2a0 � a0l

2b2
�1 þ a0k

2b2
�1 � 2a�1l

2b�1b0 þ 2a�1k
2b�1b0

þ k2l2a0b
2
�1 � k2l2a�1b�1b0 ¼ 0;

C�3 ¼ 2a3�1k
2 � a�1l

2b2
�1 þ a�1k

2b2
�1 ¼ 0:

ð32Þ
Equating the coefficients of expðnnÞ to be zero, we obtain sys-

tem of the form (24) and on solving it, we obtain
Case 1:

l ¼ 2ia�1

b�1
; k ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2a2�1 þ b2

�1Þ
�1

q
a�1; a�1 ¼ a�1;

a0 ¼ a�1b0

b�1
; b�1 – 0a1 ¼ 0; b�1 ¼ b�1; b0 ¼ b0; b1 ¼ 0: ð33Þ
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Case 2:

l ¼ 2ia0
b0

; k ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2a20 þ b2

0Þ
�1

q
a0; a�1 ¼ 0; a0 ¼ a0;

a1 ¼ a0b1

b0
; b0 – 0; b�1 ¼ 0; b0 ¼ b0; b1 ¼ b1: ð34Þ

Case 3:

l ¼ ia1
b1

; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2a21 þ b2

1Þ
�1

q
a1; a�1 ¼ a1b�1

b1
;

a0 ¼ 0; a1 ¼ a1; b�1 ¼ b�1; b0 ¼ 0; b1 ¼ b1: ð35Þ
The corresponding solutions for cases (33)–(35) are as follows

u2;1ðx; tÞ ¼ a�1exta�jxb þ a�1b0

b�1

� �
ðb�1exta�jxb þ b0Þ

�1
;

x ¼ 2ia�1

b�1Cðaþ 1Þ and j ¼ 2
a�1

Cðbþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð2a2�1 þ b2
�1Þ

s
:

ð36Þ

u2;2ðx; tÞ ¼ ða0 þ a0b1extaþjxbb�1
0 Þðb0 þ b1extaþjxb Þ�1

;

x ¼ �2ia0
b0Cðaþ 1Þ and j ¼ 2

a0
Cðbþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð2a20 þ b2
0Þ

s
:

ð37Þ

u2;3ðx; tÞ ¼ ðb�1exta�jxbb�1
1 þ a1e�ðxta�jxbÞÞðb�1extaþjxb þb1e�ðxta�jxbÞÞ�1

;

x¼ ia1

b1Cðaþ1Þ and j¼ a1

Cðbþ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�ð2a21 þb2
1Þ
:

s

ð38Þ
(III) For Boussinesq-like equation (7), we use fractional complex

transformation (18) and modified Riemann-Liouville derivative to
convert it into the ODE

l2u00 þ lku00 � ð12uu02 þ 6u2u00Þk2 þ k3luð4Þ ¼ 0; ð39Þ
that is integrated twice (neglecting constant of integration) and
then by using (21) into the result, we obtain an equation of the form
(22) where,

A ¼ ðb�1e�n þ b0 þ b1enÞ3;
C3 ¼ �a1l

2b2
1 þ 2a31k

2 � a1klb
2
1 ¼ 0;

C2 ¼ �a0l
2b2

1 þ 6a0k
2a21 � a0klb

2
1 � 2a1l

2b0b1 � k3la0b
2
1 þ k3la1b0b1

� 2a1klb0b1 ¼ 0;

C1 ¼ 6a�1k
2a21 � a�1l

2b2
1 � 4k3la�1b

2
1 � 2a1l

2b�1b1 � a�1klb
2
1

� 2a0l
2b0b1 � a1klb

2
0 � k3la1b

2
0 � 2a1klb�1b1 þ 4k3la1b�1b1

� 2a0klb0b1 þ 6k2a20a1 � a1l
2b2

0 þ k3la0b1b0 ¼ 0;

C0 ¼ �2a0l
2b�1b1 þ 12a�1k

2a0a1 � 2a1l
2b�1b0 � 2a�1l

2b0b1

� 2a1klb�1b0 � a0l
2b2

0 � 3k3la�1b0b1 � 3k3la1b�1b0

� 2a�1klb0b1 � 2a0klb�1b1 þ 6k3la0b�1b1 þ 2k2a30

� a0klb
2
0 ¼ 0;

C�1 ¼ 6a2�1k
2a1 � a1l

2b2
�1 � a1klb

2
�1 � 2a�1l

2b�1b1 � 4k3la1b
2
�1

� a�1klb
2
0 � 2a0l

2b�1b0 � k3la�1b
2
0 þ 4k3la�1b�1b1

� 2a�1klb�1b1 � 2a0klb�1b0 � a�1l
2b2

0 þ 6a�1k
2a20

þ k3la0b�1b0 ¼ 0;

C�2 ¼ 6a2�1k
2a0 � a0l

2b2
�1 � 2a�1l

2b�1b0 � a0klb
2
�1 � k3la0b

2
�1

þ k3la�1b�1b0 � 2a�1klb�1b0 ¼ 0;C�3 ¼ �a�1l
2b2

�1

� a�1klb
2
�1 þ 2a3�1k

2 ¼ 0:

ð40Þ
Equating the coefficients of expðnnÞ to be zero, we obtain sys-
tem of the form (24) and on solving it, we obtain

l ¼ l; k ¼ k; a�1 ¼ 0; a0 ¼ b0

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ lk

8

s
; a1 ¼ a1;

b�1 ¼ 0; b0 ¼ b0; b1 ¼
ffiffiffi
2

p
a1kffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 þ lk
p ; ð41Þ

The corresponding solution for above case is

u3ðx; tÞ ¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ lk

p
b0

k
þ a1extaþjxb

 !

� b0 þ
ffiffiffi
2

p
a1ke

xtaþjxb 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ lk

p
 !�1

;

x ¼ � l
Cðaþ 1Þ and j ¼ k

Cðbþ 1Þ

ð42Þ

(IV) Finally, for Boussinesq-like equation (8), we use fractional
complex transformation (18) and modified Riemann-Liouville
derivative to convert it into the ODE

l2u00 þ lku00 � ð12uu02 þ 6u2u00Þk2 � k4uð4Þ ¼ 0; ð43Þ
that is integrated twice (neglecting constant of integration) and
then by using (21) into the result, we obtain an equation of the form
(22) where,

A ¼ ðb�1e�n þ b0 þ b1enÞ3;
C3 ¼ �a�1l

2b2
�1 þ 2a3�1k

2 ¼ 0;

C2 ¼ k4a0b
2
�1 þ 6a2

�1k
2a0 � a0l

2b2
�1 � 2a�1l

2b�1b0 � k4a�1b�1b0 ¼ 0;

C1 ¼ 6a2�1k
2a1 þ 4k4a1b

2
�1 � a1l

2b2
�1 � a�1l

2b2
0 þ 6a�1k

2a2
0

þ k4a�1b
2
0 � 2a�1l

2b�1b1 � 4k4a�1b�1b1 � 2a0l
2b�1b0

� k4a0b�1b0 ¼ 0;

C0 ¼ 3k4a1b�1b0 � 6k4a0b�1b1 � 2a�1l
2b0b1 þ 12a�1k

2a0a1

� 2a0l
2b�1b1 � 2a1l

2b�1b0 þ 3k4a�1b0b1 � a0l
2b2

0

þ 2k2a30 ¼ 0;

C�1 ¼ �a�1l
2b2

1 þ 6a�1k
2a21 þ 4k4a�1b

2
1 þ 6k2a20a1 � a1l

2b2
0

þ k4a1b
2
0 � 2a1l

2b�1b1 � 4k4a1b�1b1 � 2a0l
2b0b1

� k4a0b1b0 ¼ 0;

C�2 ¼ k4a0b
2
1 � a0l

2b2
1 þ 6a0k

2a21 � 2a1l
2b0b1 � k4a1b0b1 ¼ 0;

C�3 ¼ �a1l
2b2

1 þ 2a31k
2 ¼ 0:

ð44Þ
Equating the coefficients of expðnnÞ to be zero, we obtain sys-

tem of the form (24) and on solving it, we obtain
Case 1:

l ¼ 2i
ffiffiffi
2

p
a20

b2
0

; k ¼ 2ia0

b0
; b0 – 0; a�1 ¼ a�1;

a0 ¼ a0; a1 ¼ 0; b�1 ¼ a�1b0

a0
; a0 – 0; b0 ¼ b0; b1 ¼ 0: ð45Þ

Case 2:

l ¼ 2a2�1

b2
�1

; k ¼
ffiffiffi
2

p
a�1

b�1
; b�1 – 0; a�1 ¼ a�1; a0 ¼ a�1b0

b�1
;

a1 ¼ 0; b�1 ¼ b�1; b0 ¼ b0; b1 ¼ 0: ð46Þ



Fig. 1. Depicts the solutions of 1st form of Boussinesq-like equations of fractional order.

Fig. 2. Depicts the solutions of 2nd form of Boussinesq-like equations of fractional order.
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Case 3:

l ¼ l; k ¼ 1
2

ffiffiffi
2

p
b1

a1
l; a1 – 0; a�1 ¼ a�1; a0 ¼ 0;

a1 ¼ a1; b�1 ¼ a�1b1

a1
; a1 – 0; b0 ¼ 0; b1 ¼ b1 ð47Þ
The corresponding solution for cases (45)–(47) are as follow

u4;1ðx; tÞ ¼ ða�1exta�jxb þ a0Þða�1b0exta�jxba�1
0 þ b0Þ

�1
;

x ¼ 2i
ffiffiffi
2

p
a2
0

b2
0Cðaþ 1Þ

and j ¼ 2ia0
b0Cðbþ 1Þ :

ð48Þ



Fig. 3. Depicts the solutions of 3rd form of Boussinesq-like equations of fractional
order.
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u4;2ðx; tÞ ¼ a�1exta�jxb þ a�1b0

b�1

� �
ðb�1exta�jxb þ b0Þ

�1
;

x ¼ 2
a2�1

b2
�1Cðaþ 1Þ

and j ¼
ffiffiffi
2

p
a�1

b�1Cðbþ 1Þ :
ð49Þ

u4;3ðx;tÞ¼ ða�1exta�jxb þa1e�ðxta�jxbÞÞðb1a�1exta�jxba�1
1 þb1e�ðxta�jxbÞÞ�1

;

x¼ l
Cðaþ1Þ and j¼1

2

ffiffiffi
2

p
b1l

a1Cðbþ1Þ :

ð50Þ
Graphical representation

Figs. 1–4 depict solutions of 1st, 2nd, 3rd and 4th form of
Boussinesq-like equations of fractional order respectively. These
Fig. 4. Depicts the solutions of 4th form of Bou
solutions are observed for different orders a ¼ b ¼ 0:5, 0.75, 0.85
and 1, shown by red, yellow, green and blue colors respectively.
Appropriate values of parameters are used for better understand-
ing the physical facets of these NLEEs. High frequencies and very
small amplitude of the exact wave responses can clearly be noticed
form solution graphs.
Conclusion and future scope of the study

We established new exact traveling wave solutions of
Boussinesq-like equations of fractional order including complex
traveling wave solutions, by implementing Exp-function method
combined with fractional complex transformation and modified
Riemann-Liouville operator. Appropriate values are used for
parameters so that graphically, the physical aspects of related phe-
nomena may well be understood. Our study shows that Exp-
function method is a powerful, reliable and pragmatic mathemat-
ical tool as compared to many other existing techniques due to its
capability of providing a variety of exact solutions to a wide range
of nonlinear problems with their integer as well as non-integer
order sense. Availability of more than one solutions motivates
applied scientists for engineering their ideas to an optimal level.
The method possesses computational simplicity and supportive
results for better visualization of the associated physical
phenomena.

Due to pivotal role of nano-fluids study in modern scientific
applications, significant contributions can be seen in the literature
such as [36–59]. The proposed method and those discussed in sec-
tion 1, can also be very promising for investigating the physical
models related to nano-fluid flow of fractional order version. Add-
ing the ingredients of fractional calculus into this particular area of
research, the applied scientists and mathematicians can unveil sev-
eral mysteries affiliated to nano-fluids, for which the classical cal-
culus shows its limitations.
ssinesq-like equations of fractional order.
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