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a b s t r a c t

In this study, heat generation/absorption effects are studied in the presence of nonlinear thermal radia-
tion along a moving slip surface. Uniform magnetic field and convective condition along the stretching
surface are adjusted to deal the slip mechanisms in term of Brownian motion and thermophoresis for
nanofluid. The mathematical model is constructed in the form of coupled partial differential equations.
By introducing the suitable similarity transformation, system of coupled nonlinear ordinary differential
equations are obtained. Finite difference approach is implemented to obtain the unknown functions of
velocity, temperature, nanoparticle concentration. To deduct the effects at the surface, physical quantities
of interest are computed under the effects of controlled physical parameters. Present numerical solutions
are validated via numerical comparison with existing published work for limiting cases. Present study
indicates that due to increase in both Brownian motion and thermophoresis, the Nusselt number
decreases while Sherwood number shows the gradual increase.

� 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

After the initial concept of boundary layer theory, Sakiadis pre-
sented the series of articles [1–3] in 1961, where he mentioned the
new class of boundary layer problems that deals the flow on a con-
tinuous solid surface. In his study, mathematical model and their
solutions were proposed for continuous flat and cylindrical sur-
faces. The work was further extended by Crane [4] in which he
deals the flow past a stretching surface. Study of such kind of flows
got motivation from its application point of view, particularly in
drawing of plastic films. Therefore, many researchers paid much
attention to this problem and investigated boundary layer flow
over different kinds of stretching surfaces. Literature depicts that
two-dimensional stagnation-point flow towards a stretching sur-
face was first studied by Chiam [5]. He considered the same veloc-
ity at the stretching surface and away from surface. But there may
be physical situation where the ambient velocity of fluid flow and
at the stretching surface is different. So, Mahapatra and Gupta [6]
revisited the same problem and considered different ambient and
stretching velocity. Since the researchers have taken keen interest
into the study of stagnation-point flow over different kinds of
stretching surfaces. Few relevant studies are: unsteady MHD
mixed convection slip flow over nonlinearly stretching sheet pre-
sented by Shen et al. [7]. Flow of axisymmetric stagnation-point
flow over vertical stretching sheet is studied by Khuzaimah et al.
[8] and similarly stagnation-point flow of nanofluid over inclined
stretching sheet was discussed by Animasaun et al. [9]. In non-
Newtonian class, unsteady micropolar fluid over curved stretching
sheet presented by Choi and Eastman [10].

Despite of being many industrial applications of nanofluid and
nanoparticles there are several universal applications including:
nuclear systems cooling, heat transfer intensification, electronic
applications, transportation, industrial cooling applications, heat-
ing buildings and reducing pollution, space and defense, mass
transfer enhancement, solar absorption, energy storage, friction
reduction, magnetic sealing, magnetic fluids (ferromagnetic fluid),
biomedical application, antibacterial activity, nanofluids as vehicu-
lar brake fluids, nanofluids-based microbial fuel cell, etc. Different
from conventional fluids the nanofluids has acquired considerable
position in the field of science and industry. The use of nanofluid
has been used to control the various thermo physical properties
of fluids used in engineering and science industry, for example,
heat transfer capacity, thermal heat rate, thermal conductivity,
etc., which are very important to improve the performance of the
working objects. In comparison to conventional base fluids, the
nanoparticle contained fluids has shown enhancement of heat
transfer and thermal conductivity [11,12]. For detailed survey that
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deals the applications of nanofluids are referred to Kuafui and
Omar [13]. Nanoparticles of nanometer sized (about 1–100 nm)
are combined with the conventional base fluids, like water, engine
oil, glycol, etc., to make such mystical nanofluid which has revolu-
tionized the industry recently. Apart from other field, nanofluid in
the field of heat transfer has also been studied and analyzed under
various situations. Initial study of nanofluid flow along a stretching
sheet is presented by Khan and Pop [14]. After that, stagnation-
point flow of nanofluid over stretching sheet with slip and radia-
tion effects are modified by Haq et al. [15]. Metallic nanoparticles
(Cu and Al2O3) based nanofluid flow over stretching sheet with
inclined magnetic field effects recently studied by Rashid et al.
[16]. Water driven copper nanoparticles nanofluid axisymmetric
flow and stream wise flow are studied by Haq et al. [17,18].

In the usual circumstances velocity of the fluid at the boundary
is considered as negligible so it is taken as zero but to better under-
stand the dynamics of fluids at nano scale it is crucial to consider
such velocity called slip velocity. In this context many different
kinds of velocity slip models have been proposed. Few popular
and recently interested studies includes by Fukui and Kaneko
[19] for Poiseuille flow rates with high knudsen number lubrica-
tion Problem. Similarly, 1.5-order velocity slip is discussed by Mit-
suya [20]. Rarified gases arising from inequalities of temperature is
obtained by Maxwell [21] and second-order velocity slip model for
rarefied gas flows is discussed by Wu [22]. Mass transfer induced
velocity slip model is carried out by Wu [23]. Reported results in
the literature depicts that velocity slip has considerable impact
on the flow and heat transfer characteristics. Few recently reported
related studies are [24,25].

Recently many researchers have studied the thermal radiation
on the flow and heat transfer characteristics of both conventional
and nanofluids over stretching surfaces. For example, effects of
nonlinear thermal radiation on the Williamson nanofluid flow over
stretching surface were studied by Kumar et al. [26]. Buoyancy
flow of nanofluid over the vertical stretching sheet under the
effects of thermal radiation was investigated by Dogonchi and
Ganji [27]. Both of these studies considered steady state flow of
fluid. Besides, thermal radiation effects on the unsteady
stagnation-point flow of magneto-hydrodynamic fluid towards
the shrinking sheet were studied by [28]. Effects of thermal radia-
tion on the flow and heat transfer over the nonlinear stretching
sheet were reported by [29]. Effects of thermal radiation on flow
and heat transfer over moving surface were discussed by
Mohamed and Wahed [30]. Nonlinear thermal radiation effects
on the oblique stagnation point flow over towards horizontal
stretching sheet were reported in [31–33].

Motivated from the work cited above, the focus of present study
is to investigate the effects of velocity slip and nonlinear radiation
on the flow and heat transfer of magnetohydrodynamic
stagnation-point nanofluid flow over convective stretching sheet.
To the best of our knowledge, such study has not been reported
yet. For validation of present results, comparison is made with
the previously reported results in the limiting case. All the results
are thoroughly analyzed and presented through tables and graphs.
Problem formulation

Let us consider two-dimensional stagnation-point flow of a
nanofluid over convective stretching surface which is stretched
in both directions with the linear constant velocity
u ¼ uwðxÞ ¼ ax, where a is an arbitrary constant, along the horizon-
tal x� axis. Moreover, the velocity of the fluid in the ambient
boundary layer region is considered as u ¼ u1ðxÞ ¼ cx, where c is
arbitrary constant. The nanofluid flow along the y� axis and meets
the horizontal stretching sheet at the origin. As a result the fluid is
divided into two streams leaving in positive and negative x direc-
tions, respectively. Uniform magnetic field of strength B0 is applied
normal to the stretching surface. Under the above mentioned con-
ditions and after applying necessary boundary layer approxima-
tions, the governing boundary layer equations may be written as
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where, u and v are the velocity components along x and y� axis,
respectively, # is the kinematic viscosity of nanofluid, r is the elec-
trical conductivity of the nanofluid, q density of the nanofluid, T and
T1 are the temperature of nanofluid and temperature of nanofluid
in ambient region, respectively, a is the thermal diffusivity of nano-
fluid, Cp is the specific heat capacity of nanofluid, s ¼ ðqCÞp=ðqCÞf is
the ratio between the effective heat capacity of the nanoparticle
materials and heat capacity of the base fluid, DB is the Brownian dif-
fusion coefficient, Ds is the thermophoresis diffusion coefficient, Q
is the rate of heat generation/absorption, C and C1 are the nanopar-
ticle concentration and nanoparticle concentration in the ambient
region, respectively. Uw is the slip condition at the stretching sheet
and the radiative heat flux qr is given as
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In the above expression, r� and k� are stefan-Boltzman constant
and mean absorption coefficient, respectively. Now introducing the
temperature hðgÞ ¼ ðT � T1Þ=ðTf � T1Þ in term of
T ¼ T1ð1þ ðhw � 1ÞhÞ. Where, hw ¼ Tf =T1 (temperature parame-
ter). First term of right hand side of Eq. (3) can also be expressed
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where w is the similarity function which is defined as u ¼ @w=@y and
v ¼ �@w=@x, the Eqs. (1–5) are converted into the following system
of ordinary nonlinear differential equations
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where Magnetic number M, velocity ratio parameter e, Prandtl
number Pr, Radiation parameter Rd, temperature ratio parameter
hw, Eckert number Ec, source/sink parameter k, Brownian motion
parameter Nb, thermophoresis parameter Nt , Lewis number Le,
velocity slip parameter K and Biot number c are defined as
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Apart from temperature distribution and fluid velocity, the other
quantities of physical interest are the friction at the stretching sur-
face, heat transfer rate and mass transfer rate which are given by
coefficient of skin friction Cf ; Nusselt number Nu and Sherwood
number Sh and are defined as
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Using (14) into (13) and after simplification we get the follow-
ing non dimensional form for reduced coefficient of skin friction,
Nusselt number and Sherwood number
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Methodology

The system of coupled nonlinear ordinary differential Eqs. (8)
(10) along with the boundary conditions (11) were solved using
Table 1
Comparison with previously published data for the values of Re�1=2

x Nux ; when M ¼ Rd ¼ E

Nb ¼ 0:1 Nb ¼ 0:1 Nb ¼ 0:3
Khan [14] Present study Khan [14]

Nt # �h0ð0Þ # �h0ð0Þ # �h0ð0Þ #
0.1 0.9524 0.95247 0.2522
0.3 0.5201 0.52013 0.1355
0.5 0.3211 0.32110 0.0833

Table 2
Comparison with previously published data for the values of Re�1=2

x Sh, when M ¼ Rd ¼ Ec

Nb ¼ 0:1 Nb ¼ 0:1 Nb ¼ 0:3
Khan [14] Present study Khan [14]

Nt # �/0ð0Þ # �/0ð0Þ # �/0ð0Þ #
0.1 2.1294 2.12946 2.4100
0.3 2.5286 2.52861 2.6088
0.5 3.0351 3.03515 2.7519
finite difference method (FDM). The uniform step size of 10�5

and truncation error tolerance of 10�8 was used in the computa-
tion. After initial experimental analysis it was concluded to restrict
the infinite domain to show the convergence of the solutions pro-
files. The detailed analysis is presented in the following para-
graphs. In order to show the validity of present solutions, the
comparison is made with the already reported results in the limit-
ing case. Table 1 and 2 shows the achievement of good comparison
with the results reported results by Khan and Pop [14].
Results and discussion

In order to determine the results of unknown functions of veloc-
ity, temperature and concentration we have plotted the results in
Figs. 1–17. Fig. 1 depicts the profiles of velocity of nanofluid against
under the effects of magnetic parameter M; velocity ratio parame-
ter e and slip parameter K. It is evident from the trends of the pro-
files that increasing value of magnetic parameter M produces
decrease in the velocity f 0ðgÞ of nanofluid whereas inverse trends
of profiles can be seen for the increasing value of velocity ratio
parameter e. Moreover, velocity slip parameter K has different
effects on the velocity of nanofluid in the different range value of
velocity ratio parameter e. Fig. 1(b) clearly shows that in the range
e > 1, increasing value of slip parameter produces increase in the
velocity of nanofluid whereas reverse behavior can be witnessed
for the value of velocity ratio parameter in the range e < 1. It
should be noted that there is not effect of the velocity of nanofluid
due to change in the value of slip when e ¼ 1. It is also evident from
the Fig. 1 that momentum boundary layer thickness tends to
increase as the magnetic effects are increased. Due to increasing
value of slip parameter the momentum boundary layer thickness
is decreased for the range e > 1 of velocity ratio parameter and
inverse trend of profiles is observed in the range e < 1.

Fig. 2, presents the profiles of temperature distribution hðgÞ
under the effects of thermal radiation Rd, Brownian motion Nb

and thermophoresis Nt . It can be seen from the profile trends that
temperature of nanofluid hðgÞ always tends to increase for increas-
ing value of Brownian motion parameter Nb and thermophoresis
parameter Nt under the effects of thermal radiation Rd. As the
effects of thermal radiation Rd are increased thermal boundary
layer thickness tends to decrease. Moreover, in the absence of ther-
mal radiation Rd, it can be seen that thermal boundary layer thick-
ness is decreased due to increasing value of Brownian motion
parameter Nb and inverse trend is observed for the increasing value
of thermophoresis parameter Nt .
c ¼ e ¼ k ¼ K ¼ 0 and c ! 1, when Pr ¼ 10 and Le ¼ 1.

Nb ¼ 0:3 Nb ¼ 0:5 Nb ¼ 0:5
Present study Ref [14] Present study

�h0ð0Þ # �h0ð0Þ # �h0ð0Þ #
0.25223 0.0543 0.05433
0.13554 0.0291 0.02918
0.08336 0.0179 0.01794

¼ e ¼ k ¼ K ¼ 0 and c ! 1, when Pr ¼ 10 and Le ¼ 1.

Nb ¼ 0:3 Nb ¼ 0:5 Nb ¼ 0:5
Present study Khan [14] Present study

�/0ð0Þ # �/0ð0Þ # /0ð0Þ #
2.41002 2.3836 2.38362
2.60881 2.4984 2.49847
2.75199 2.5731 2.57313



Fig. 1. Variation of velocity for various values of (a) M and K (b) e and K.

Fig. 2. Variation of temperature for various values of (a) Nb and Rd (b) Nt and Rd .
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Fig. 3 shows the profiles of nanoparticle concentration /ðgÞ
under the effects of thermal radiation Rd, Brownian motion Nb

and thermophoresis Nt . The profiles /ðgÞ depicts that concentra-
tion of nanoparticle is decreased due to increasing value of Brow-
nian motion parameter Nb and thermal radiation parameter Rd and
increased due to increasing value of thermophoresis parameter Nt .
In the absence of thermal radiation Rd, nanoparticle concentration
boundary layer thickness is decreased due to increasing value of
Brownian motion parameter Nb whereas inverse trend is observed
due to increasing value of thermophoresis parameter Nt .

Fig. 4(a) and (b) shows the profiles of temperature distribution
hðgÞ and nanoparticle concentration /ðgÞ under the magnetic M
and thermal radiation effect Rd. It is evident that both temperature
hðgÞ and nanoparticle concentration /ðgÞ is increased due to
increasing value of magnetic parameter M. That is due to the fact
that velocity of the nanofluid f 0ðgÞ is decreasing due to higher value
of magnetic parameter M so results of temperature and concentra-
tion of nanoparticles increase within the temperature hðgÞ and
nanoparticle concentration /ðgÞ:. In the absence of thermal radia-
tion Rd, the thermal and concentrate domain ion boundary layer
thickness tends to increase due to increasing effects of magnetic
parameter M. Fig. 5(a) and (b) shows the effects of slip parameter
K on the temperature hðgÞ and nanoparticle volume fraction /ðgÞ.
It can be seen that the temperature hðgÞ and nanoparticle volume
fraction /ðgÞ is increased due to increase in slip K whereas thermal
and nanoparticle boundary layer thickness is decreased. It is due to
the fact that velocity f 0ðgÞ of the nanofluid is decreased due to
increase in slip parameter K thus less heat and nanoparticles are
transported which give produces increase in temperature hðgÞ
and nanoparticle volume fraction /ðgÞ. It is also seen that increas-
ing value of radiation parameter Rd gives rise to temperature hðgÞ
whereas inverse effect are reported on nanoparticle volume frac-
tion /ðgÞ.

Effects of source/sink parameter on the temperature and
nanoparticle volume fraction are given by Fig. 6(a) and (b). It is
observed that increasing the effects of source/sink parameter pro-
duces increase in the temperature and nanoparticle volume frac-
tion. Velocity of nanofluid and coefficient of skin friction against
the increasing value of magnetic and velocity ratio parameter is
given by Fig. 7(a) and (b) respectively. It shows that velocity of
nanofluid at the surface of the stretching sheet tends to decrease
due to increase in magnetic parameter and increased due to
increase in velocity ratio parameter. On the other hand the coeffi-
cient of skin friction tends to increase due to increase in magnetic



Fig. 3. Variation of nanoparticle volumetric concentration for various values of (a) Nb and Rd (b) Nt and Rd .

Fig. 4. Variation of (a) temperature and (b) nanoparticle volumetric concentration for various values of M and Rd .

Fig. 5. Variation of (a) temperature and (b) nanoparticle volumetric concentration for various values of K and Rd .
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Fig. 6. Variation of (a) temperature and (b) nanoparticle volumetric concentration for various values of k and Rd .

Fig. 7. Variation of (a) f 0ð0Þ and (b) f 00ð0Þ for various values of e and M.

Fig. 8. Variation of Nusselt number for various values of Nb and Rd when (a) K ¼ 0 and (b) K ¼ 0:5.
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Fig. 9. Variation of Sherwood number for various values of Nb and Rd when (a) K ¼ 0 and (b) K ¼ 0:5.

Fig. 10. Variation of (a) Nusselt number and (b) Sherwood number for various values of M and Rd .

Fig. 11. Variation of (a) Nusselt number and (b) Sherwood number for various values of k and Rd .
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Fig. 12. Variation of (a) Nusselt number and (b) Sherwood number for various values of Le and Rd .

Fig. 13. Variation of (a) Nusselt number and (b) Sherwood number for various values of Pr and Rd .

Fig. 14. Comparison of isotherms variation for linear, non-linear and absence of
radiation.

F.A. Soomro et al. / Results in Physics 8 (2018) 404–414 411
parameter and decreased due to increase in velocity ratio parame-
ter. Effect of nonlinear thermal radiation parameter, Brownian
motion parameter, thermophoresis parameter and velocity slip
parameter on the Nusselt number and Sherwood number is given
by Figs. 8 and 9, respectively. It is clear from the trends of the pro-
files that Nusselt number tends to increase due to increase in non-
linear thermal radiation effects and decreases due to increase in
both Brownian motion parameter and thermophoresis parameter.
It is also evident that increasing the slip does not have prominent
effect on the Nusselt number. On the other hand, Sherwood num-
ber is decreased due to increase in thermal radiation parameter
and decreased due to increase in both Brownian motion parameter
and thermophoresis parameter. Increasing the velocity slip effects
reduces the Sherwood number.

The effect of magnetic parameter, thermal radiation parameter
and velocity slip parameter on the Nusselt number and Sherwood
number is given by Fig. 10(a) and (b) respectively. It can be seen
clearly that due to increase in magnetic effects the Nusselt number
tends to decrease and inverse effects can be observed in case of
Sherwood number. Moreover, increasing the value of thermal radi-
ation parameter produces increase in Nusselt number and decrease
in Sherwood number. Increasing value of velocity slip parameter
has increasing effect on the Nusselt number under the effect of
magnetic field. In the absence of magnetic field, increasing value
of slip parameter produces slight decrease in Nusselt number. On
the other hand, increasing value of slip parameter always decrease
in the Sherwood number but the standing out fact is that in the
absence of magnetic field the decreasing effects of velocity effect



Fig. 15. Variation of stream lines for (a) shrinking case and (b) stretching case.

Fig. 16. Variation of stream lines for shrinking case (a) K = 0 and (b) K = 0.5.

Fig. 17. Variation of stream lines for stretching case (a) e ¼ �0:5 and (b) e ¼ �1:0.
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on the Sherwood number is less as compare to large value of mag-
netic parameter.

Effect of source/sink parameter under the effects of thermal
radiation and thermophoresis parameter on the Nusselt number
and Sherwood number is given by Fig. 11(a) and (b). Increase the
source parameter we can notice decrease in Nusselt number and
increase in Sherwood number. In the region of sink parameter,
the Nusselt number is decreased due to increase in thermal radia-
tion parameter when thermophoresis effects are neglected
whereas as the thermophoresis effects are increased the Nusselt
number tends to increase due to increase in thermal radiation
parameter. On the other hand in the region of sink parameter,
increasing value of thermal radiation parameter produces increase
in Sherwood number whereas it is decreased in the region of
source parameter.

Effects of Lewis number under the influence of thermal radia-
tion and thermophoresis on the Nusselt and Sherwood number is
given by Fig. 12(a) and (b), respectively. It is observed that Nusselt
number is decreased due to increase in Lewis number and ther-
mophoresis parameter whereas inverse trends can be seen due
increase in the thermal radiation parameter. On the other hand
Sherwood number tends to increase due to increase in Lewis num-
ber and thermophoresis whereas decreases due to increase in ther-
mal radiation parameter. It is also observed that as the thermal
radiation effects are increased the increasing value of ther-
mophoresis parameter does not have prominent effects on the
Sherwood number.

The effect of Prandtl number, velocity ratio parameter and ther-
mal radiation on the Nusselt number and Sherwood number is
given by Fig. 13(a) and (b). It can be noticed that Nusselt number
is decreased due to increase in Prandtl number whereas Sherwood
number is increased. Moreover, both thermal radiation and veloc-
ity ratio parameter has increasing effect on the Nusselt number. On
the other hand, in the absence of thermal radiation the Sherwood
number is decreased due to increase in velocity ratio parameter,
whereas as the thermal radiation effects are increased the Sher-
wood number tends to increase due to increase in the velocity ratio
parameter. Variation of isotherms describes the heat transfer in the
entire domain of the given physical system (see Fig. 14). Significant
effects of linear, non-linear and absence of radiation effects can be
found in the three dimension behavior of isotherms and it is found
that in case of non-linear radiation, heat transfer is quite dominant.
In order to describe the flow behavior, stream lines are drawn for
various values of emerging parameter for the entire domain of
the model (see Figs. 15–17). In Fig. 15(a) and (b), results are plotted
for both shrinking and stretching case of the surface for Newtonian
case (K ¼ 0). It can easily observed that for shrinking case flow
rotation behavior near the surface is quite dominant as compare
to the stretching case. Similarly in Fig. 16, we have made compar-
ison for Newtonian (K ¼ 0) and non-Newtonian case (K ¼ 0:5) for
shrinking surface. It is found that for non-Newtonian case fluid
adjacent to the surface and rotate due to shrinking surface. How-
ever, for Newtonian case rotating flow behavior is appear far from
the shrinking surface. In Fig. 17, results are plotted for non-
Newtonian case when velocity ratio parameter is e ¼ �0:5 and
e ¼ �1:0. Flow distribution for e ¼ �1:0 is very high as compare
to the e ¼ �0:5 case. All these results are just describing the flow
distributions effects in the whole domain of the boundary layer.
Conclusion

The two-dimensional stagnation-point flow of nanofluid
towards horizontal linearly stretching sheet under the effects of
velocity slip and thermal radiation was studied in this paper.
Numerical solution of governing differential equations is obtained
using finite difference method. The flow and heat transfer charac-
teristics were analyzed in details. The study concludes that velocity
slip reduces the fluid velocity and wall skin friction. Moreover, due
to increase in velocity slip the Nusselt number decreased whereas
Sherwood number increased. Thermal radiation also had consider-
able impact on the heat transfer characteristics. Nusselt number
increased and Sherwood number increased due to increase in ther-
mal radiation.
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