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1. Introduction

The problems related to large-amplitude oscillations of non-linear engineering structures have received considerable
attention in the past years, where all the references cited in this section are only a small sample of the available literature
on this topic [1-13]. There are several methods for approximating solutions for nonlinear problems with large parameters,
such as harmonic based methods [5,6,13], coupled homotopy-variational formulation [7], variational approach [7,8], ampli-
tude-frequency formulation [7,9], optimal homotopy asymptotic method [10,11] have been used to find approximate
solutions to nonlinear problems.

In this paper, we put forward a novel approximate method, namely the global residue harmonic balance method, to deter-
mine the periodic solutions of free vibrations of cantilever beam. This oscillator is a conservative non-linear large-amplitude
oscillatory system having inertia and static non-linearities. To obtain higher-order analytical approximations, all the residual
errors are considered in the process of every order approximation. Excellent agreement of the approximate frequencies with
the exact ones has been demonstrated and discussed. As can be seen, the results obtained in this paper revel that the method
is very effective and convenient for conservative nonlinear oscillators.

2. Basic idea of global residue harmonic balance approach

For simplicity, we consider systems governed by equations of the form
(it u,u) =0, u(0)=A, u(0)=0, (1)

* Corresponding author at: School of Control Science and Engineering, Shandong University, Jinan, PR China. Tel.: +86 13325277995.
E-mail address: jpj615@163.com (P. Ju).

http://dx.doi.org/10.1016/j.apm.2014.06.004
0307-904X/© 2014 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.apm.2014.06.004&domain=pdf
http://dx.doi.org/10.1016/j.apm.2014.06.004
mailto:jpj615@163.com
http://dx.doi.org/10.1016/j.apm.2014.06.004
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm

450 P. Ju, X. Xue/Applied Mathematical Modelling 39 (2015) 449-454

where the over-dot denotes differentiation with respect to time t and A is the amplitude of the oscillations. For convenience,
we assume Eq. (1) is a conservative system (i.e. ®(—il, —u, —u) = —D(il, u, u)).
Eq. (1) describes a system oscillating with an unknown angular frequency . To determine the unknown frequency, we
introduce a new independent variable T = wt. Then Eq. (1) becomes
O(w*u”, ou',u) =0, u(0)=A, u'(0)=0, (2)

where prime denotes the derivative with respect to 7.
Considering the periodic solution does exist, it may be better to approximate the solution u(t) by such a set of base
functions

{cos((2k - 1)7)| k=1,2,3,...}. (3)
According to Eq. (3), the initial approximate periodic solution satisfying initial conditions in Eq. (2) is
U (7) =Acos(T), T=wpot, 4)
where w(g) is an unknown constant to be determined later.

To improve the accuracy, we will use the residual of the initial approximation. Substituting Eq. (4) into Eq. (2), we obtain
the initial residual

"

Ro(1) = ®( oy Uy 010y, U0 ). (5)

If Ro(7) = 0, then ug(7) happens to be the exact solution. Generally, such case will not arise for nonlinear problems.
Eq. (5) should not contain secular terms of cos(t). Equating its coefficients to zero, we can determine the unknown con-
stant w o, and taking it as the approximation w,. Then, the zero-order approximation uy is also obtained of the form

Up(T) = Acos(T), T = wet, (6)
This yields the initial residual
Ro(T) = @ (w3ug, wolty, Uo). (7)

In the following, we consider an iterative method by expanding u(7) in a series with respect to the embedding parameter
p of the form

U(T) = Ug-1y(T) + P (7), o’

:w(zk-l)JFPwk, k=1,2,3,..., (8)
where
Ugke-1)(T) = Uge-2)(T) + U1 (T), w%k—l) = w(zkfz) + W1,
k 9)
U (1) =Y @i k(cos(t) — cos((2i+1)7)), k=2,3,...,
i-1

where p is the order parameter with values in the interval [0,1], and the kth-order approximate solutions of u(t) and w can
be obtained by taking p = 1.
Given the zero-order approximation equation (6) and the residual equation (7), then the first-order approximate periodic
solution and frequency can be written as
u(t) = Uo(1) +puy (1), @ = @yj+pw. (10)

Substituting Eq. (6) into Eq. (2) and collecting the coefficients of p, we can get

O(w?) ou” ou

where 8@, /0u denotes that 9®/du is to be evaluated at the zero-order approximation after differentiation etc. It is noted that
Eq. (11) is linear with respect to w; and u;.
Considering the solution has the form of Eq. (3), we choose

uq(T) = as;1(cos(t) — cos(37)). (12)

b} L0 ., 0 0
Fi(t,m1,u4(17)) 2 ((m—+u1 +u]w+u1—>®o, (11)

Substituting Eq. (12) into Eq. (11), we consider the following equation
F1(t,01,u1(7)) + Ro(T) = 0. (13)

In this way, all the residual errors of the zero-order approximation Ry (7) are introduced into Eq. (13) which would improve
the accuracy.

The left hand side of Eq. (13) should not contain the terms cos(t) and cos(37) based on Galerkin technique. Letting their
coefficients be zeros, we obtain two linear equations containing two unknowns ; and as;. Then the two unknown
constants can be solved easily. Thus, we get the first-order approximation



P. Ju, X. Xue/Applied Mathematical Modelling 39 (2015) 449-454 451

U (T) = Up(T) + U1 (T), wfl):w(2)+w1, T=wmt, (14)

where uy(7) and u;(7) are given by Eqs. (6) and (12) respectively.

For high order approximation can be obtained by the iterate method in Eqs. (8) and (9).

To determine the unknown parameters a1, (i = 2,...,k) and oy, substituting Eq. (8) into Eq. (2) and collecting the coef-
ficients of the p, one yields

o .0 0 P)
Fk(T., Wy, uk(‘c)) S <(ka + Uy o + ukw + Uy %) Op_1q. (15)

Eq. (15) is linear with respect to w; and u.
Substituting the uy_1)(7) and w1y of Eq. (9) into Eq. (2), one yields the following residual

Ri-1(7) = (D(w(zkfl)u/(/kfl)v k1) U1y “(k—l))- (16)
Considering the following equation
Fi(T, 0k, ug (7)) + Ry_1(7) = 0. (17)
Avoiding the presence of the secular terms cos(t),cos(37),..., and cos((2k + 1)7), there are the same number of linear
equations for the same number of unknowns asy, sy, - - -, a1 and .

Then, the kth-order approximate periodic solution and frequency can be obtained in the form
U (T) = Uy (T) + U(T),  @fy = Oy + O, (18)
where uy_1)(7) and u(7) are given by Eq. (9).
3. Solution method
We consider free vibrations of a slender inextensible cantilever beam carrying an intermediate lumped mass with a rotary
inertia, described by the nonlinear equation
it 4 u 4 ow?il 4 o> + pud =0, u(0)=A, u(0)=0. (19)

The third and fourth terms in Eq. (19) represent inertia-type cubic nonlinearity arising from the inextensibility assump-
tion. The last term is a static-type nonlinearity associated with the potential energy stored in bending.
With a new independent variable T = wt, Eq. (19) becomes

@?[(1 + ow)u” + ouu?] +u+ pu* =0 (20)
and
u(0)=A, u'(0)=0, (21)
where the prime denotes differentiation with respect to 7.
3.1. Zeroth-order approximation
Following Eq. (6), the initial approximation with initial conditions Eq. (21) is
Uo(T) = Acos(T). (22)
Substituting Eq. (22) into Eq. (20), yields

<7w +1- %ochz +%/3A2)Acos(r) + Glﬂ - %ocw)A3cos(3r) =0. (23)

Equating the coefficient of cos(t) to zero, we obtain the zero-order analytical approximate frequency wy:

1 44 3pA4°
PN Y 24

agreeing with Refs. [6,7].
At this time, we have the zeroth-order analytical approximate periodic solution in the form Eq. (22), where T = wyt.
Taking uo(7) and wy into the left-hand side of Eq. (19), we have the residual error Ry(7).

2
Ro(T) = (W)A%os(%). (25)
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3.2. First-order approximation

To obtain the first-order analytical approximation, substituting Egs. (10) and (12) into Eq. (20), one gets all the coeffi-
cients of p

Fiicos(t) + Fiscos(37) + Flscos(S‘r)

Fi(t,m1,u) 2 41 20 (26)
where
Fip = 20A%as; — 02A’ ;1 + 30A%as 1 f — 4an A’o — 4 A + 3A%as 1 B,
Fi3 = =201 A%0 — 02A’ w1 + 120A%as + 24A%as 1 B + 90A*as 1 f + 32431, (27)
Fis = 180A%as; + 120A%as 1 — 3A%as4 .
According to Eq. (13), yields
Fi(T, w1, 1) 4+ Ro(T) = 0. (28)

Equating the coefficients of cos(t), cos(37) to zero in Eq. (28), one can obtain

—41A — 02 A7 + 3a31 fA> — 4w Ao+ 20A%as; + 30A%as B _o,
44 20A° (29)

(720@43 20 A% — oPA%wy + 24051 A% + 12001 A%as, + oA as B+ BAS — A%af + 32a3,1) —0.

1
44 20A°
From Eq. (29), we obtain the constants as; and w; as below

3 400+ oA B + a2A*B + 202A% — 28

az, =A T,
(20<+0(A2[3 B)(30A* B + 3 + 20 (30)
a (2 + aAH)T ’
where I'; = 488A% + 560A% + 390A* B + 64 + 10A* 0% + 6a2A5B.
Then, we obtain the first-order approximate frequency and periodic solution from Eq. 14
ue)(7) = Acos(T) +A3 (4o +ah’p + oc;A“ﬁ +20°A” - 2) (cos(T) — cos(37)),
TP 31)
o = \/1 44 BﬁAz A* 20+ A’ — ﬁ)(32ocA p+36+2%)
2 24104 (2 + oA

where T = wq)t, Ty = 48pA + 560A° + 390A*f + 64 + 10A%0? + 602A°S.
The further higher-order approximation can be obtained by the same technique.

4. Comparison and discussion

In order to illustrate the applicability, accuracy and effectiveness of the proposed approach, we compare the analytical
approximate frequency and periodic solution with the exact ones.
The exact frequency is given by [6]

s
n/z 2 2 2\t ' (32)
277 201 + akleos(0))/(2 + A1 + cos(0)?))]'/2d0
Wau et al. [6] using the harmonic balance method with linearization obtained

40 + (1800 + 318)A% + 1508A* + VA

w1 = 5 2 . (33)
72 + 680A” + 1402A
Uyt = [A+x1(A)]cos(T) — x1(A)cos(3T), T = wwit, (34)
where A = 1024 + (8960 + 1472p)A* + (21202 + 13640, + 4215%)A* + (34402 f + 4200%)A° + 12002 f2A°.
3 3 2

xi(A) = — (4A+3pA°) — (4A + 20A )U)w1 (35)

42, + 4+ 6pA°
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Fig. 1. Comparison between analytical approximate solutions and exact solution for A = 1.
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Fig. 2. Comparison between analytical approximate solutions and exact solution for A = 10.
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Fig. 3. Comparison between analytical approximate solutions and exact solution for A = 1000.

For oo = 1 and p = 1, the periodic solution achieved by numerical integration of Eq. (19) using a fourth-order Runge-Kutta
scheme and the approximate periodic solution given by Eq. (31) are plotted in Figs. 1-3. These figures represent, respectively,
three different amplitudes A = 1,10 and 1000. They show that the approximate periodic solution provides relatively good

approximation comparing to the exact periodic solution for small as well as for large amplitude of oscillation.
Furthermore, for any o > 0 and 8 > 0,

fim = — V2O (36)
A—oo 4 [y“(cost//1 + cos?t)dt

Wau et al. [6] obtained




454 P. Ju, X. Xue/Applied Mathematical Modelling 39 (2015) 449-454

. ow1  2v105+ 1430 /"/2 cost
lim = dt ~ 0.96278. 37
Ao (e m o 1+ cost 57

Akbarzade and Khan [7] using the coupled homotopy-variational formulation obtained

lim 2 . 0.9993. (38)

A—oco e
Furthermore, we have the following equation

lim @0 _4 ™2 cost

—dt=1
Awoo @We T .Jo /1 + cost?

It is important to point out that the exact behavior of the approximate frequency when A tends to infinity is not obtained
when other approximate methods as used including the energy balance method [5], the method of harmonic balance with
linearization [6], the coupled homotopy-variational formulation [7], the He’s amplitude-frequency formulation [8] and He’s
variational approach method [9].

(39)

5. Conclusions

In this paper, a novel analytical technique, namely the global residue harmonic balance method, has been presented to
determine accurate analytical approximate periodic solutions of a conservative system having inertia and static non-linear-
ities. Having taken all the residual errors into the process of solving the approximation, the new method has great difference
with the residue harmonic balance approach. Excellent agreement between approximate periods and the exact one has been
demonstrated and discussed. Finally, we can see that the method considered here is very simple in its principle and we think
that the method has great potential and can be applied to other strongly nonlinear oscillators.

References

[1] L. Cveticanin, I. Kovacic, Parametrically excited vibrations of an oscillator with strong cubic negative nonlinearity, J. Sound Vib. 304 (2007) 201-212.
[2] M.N. Hamdan, N.N. Shabaneh, On the large amplitude free vibrations of a restrained uniform beam carrying an intermediate lumped mass, J. Sound Vib.
199 (1997) 711-726.
[3] M.N. Hamdan, M.H.F. Dado, Large amplitude free vibrations of a uniform cantilever beam carrying an intermediate lumped mass and rotary inertia, J.
Sound Vib. 206 (1997) 151-168.
[4] ML.L Qaisi, N.S.A. Huniti, Large amplitude free vibration of a conservative system with inertia and static non-linearity, J. Sound Vib. 242 (2001) 1-7.
[5] I. Mehdipour, D.D. Ganji, M. Mozaffari, Application of the energy balance method to nonlinear vibrating equations, Curr. Appl. Phys. 10 (2010) 104-112.
[6] B.S. Wu, C.W. Lim, Y.F. Ma, Analytical approximation to large-amplitude oscillation of a non-linear conservative system, Int. J. Nonlinear Mech. 38
(2003) 1037-1043.
[7] M. Akbarzade, Y. Khan, Dynamic model of large amplitude non-linear oscillations arising in the structural engineering: analytical solutions, Math.
Comput. Model. 55 (2012) 480-489.
[8] A.M. El-Naggar, G.M. Ismail, Applications of He’s amplitude-frequency formulation to the free vibration of strongly nonlinear oscillators, Appl. Math.
Sci. 42 (2012) 2071-2079.
[9] H. Ebrahimi Khah, D.D. Ganji, Application of He’s variational approach method for strongly nonlinear oscillators, J. Adv. Res. Mech. Eng. 1 (2010) 30-34.
[10] N. Herisanu, V. Marinca, Explicit analytical approximation to large-amplitude non-linear oscillations of a uniform cantilever beam carrying an
intermediate lumped mass and rotary inertia, Meccanica 45 (2010) 847-855.
[11] V. Marinca, N. Herisanu, Nonlinear Dynamical Systems in Engineering. Some Approximate Approaches, Springer Verlag, Heidelberg, 2011.
[12] KK. Raju, G.V. Rao, Towards improved evaluation of large amplitude free-vibration behaviour of uniform beams using multi-term admissible
functions, J. Sound Vib. 282 (2005) 1238-1246.
[13] B.S. Wu, P.S. Li, A method for obtaining approximate analytic periods for a class of nonlinear oscillators, Meccanica 36 (2001) 167-176.


http://refhub.elsevier.com/S0307-904X(14)00307-2/h0005
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0010
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0010
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0015
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0015
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0020
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0025
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0030
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0030
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0035
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0035
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0040
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0040
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0045
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0050
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0050
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0050
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0055
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0055
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0060
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0060
http://refhub.elsevier.com/S0307-904X(14)00307-2/h0065

	Global residue harmonic balance method for large-amplitude oscillations of a nonlinear system
	1 Introduction
	2 Basic idea of global residue harmonic balance approach
	3 Solution method
	3.1 Zeroth-order approximation
	3.2 First-order approximation

	4 Comparison and discussion
	5 Conclusions
	References


