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1. Introduction

This paper is devoted to the study of a compact difference method for the partial integro-differential equation
ut ¼ luxx þ
Z t

0
ðt � sÞ�1=2uxxds; 0 < x < 1; t P 0; ð1Þ
with l P 0 and the boundary conditions
uð0; tÞ ¼ uð1; tÞ ¼ 0; t P 0; ð2Þ
and the initial condition
uðx;0Þ ¼ u0ðxÞ; 0 6 x 6 1: ð3Þ
Equation similar to (1) can be found in the modeling of physical phenomena involving heat flow in materials with mem-
ory [1,2], phenomena associated with linear viscoelastic mechanics [3,4]. The integral term in (1) represents the viscosity
part of the equation and l P 0 in (1) is a Newtonian contribution to the viscosity.
orted by
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In the twentieth century decade, many considerable works on theoretical analysis [5–8,13–15] have been carried on. Yan
and Fairweather [5] presented orthogonal spline collocation method for some partial integro-differential equations with
smooth integral kernels. Xu [14,15] considered backward Euler method in time direction for a parabolic integro-differential
equation and derived the stability and convergence properties of the time discretizations. Lopez-Marcos [10] studied the
nonlinear partial integro-differential equation which is similar to problem (1)–(3), he used one order full discrete difference
scheme and used a convolution quadrature to treat the integral term. A compact difference scheme is presented by Chen and
Xu [8] for an evolution equation with a weakly singular kernel with the truncation error of order 3=2 in time and order 4
in space, the convergence and stability were obtained. The Crank–Nicolson scheme in time direction for solving problem
(1)–(3) are provided by Tang [6], and the Oðk3=2 þ h2Þ order conditional convergence is proved. It is well known that the
Crank–Nicolson scheme has Oðk2Þ order accuracy, but due to the lack of smoothness of the integral kernel, the overall numer-
ical procedure in [6] does not achieve second-order convergence. In this article, we give a compact difference scheme for
problem (1)–(3) and proved that the compact difference scheme is stable and convergent in L2 norm. The convergence order
is Oðk3=2 þ h4Þ.

Throughout the paper, we assume that u0 in (3) is such that the problem (1)–(3) has a unique solution in ½0;1� � ½0; T�.
Furthermore, we suppose that utt and uttxx are continuous for 0 6 x 6 1 and 0 6 t 6 T , and we assume that there exists a posi-
tive constant C0 such that
juttðx; tÞj 6 C0t�1=2; jutttðx; tÞj 6 C0t�3=2; juxxttðx; tÞj 6 C0t�1=2: ð4Þ
The outline of the paper is organized as follows: a compact finite difference scheme is introduced in Section 2. The anal-
ysis of stability and convergence of the scheme is given in Section 3. The numerical results are presented in Section 4. This
paper ends with a conclusion.
2. The derivation of the compact difference scheme

We introduce a grid wh ¼ fxjxj ¼ jh; j ¼ 0;1; . . . ; Jg; tn ¼ nk;n ¼ 0;1; . . . ;N with h ¼ 1=J; k ¼ 1=N and J;N are positive inte-
gers. Moreover, we let tnþ1=2 ¼ ðnþ 1=2Þk;un

j ¼ uðxj; tnÞ; 0 6 j 6 J;0 6 n 6 N.
We first introduce the following product trapezoidal method to approximate Iðf ; tÞ ¼

R t
0 ðt � sÞ�1=2f ðsÞds which is intro-

duced by Tang [6]:
Ið f ; tnÞ ¼ An f ðt0Þ þ
Xn

p¼0

bpf ðtn�pÞ þ Oðk3=2Þ; 1 6 n 6 N; ð5Þ
where
An ¼ 2 t1=2
n � 1

k

Z tnþ1

tn

h1=2dh

� �
; b0 ¼

2
k

Z t1

0
h1=2dhþ 4

ffiffiffi
k
p

3
b; b1 ¼

2
k

Z t2

t1

h1=2dh�
Z t1

t0

h1=2dh

� �
� 4

ffiffiffi
k
p

3
b;

bp ¼
2
k

Z tpþ1

tp

h1=2dh�
Z tp

tp�1

h1=2dh

" #
; p P 2: ð6Þ
where b is a nonnegative constant and is dependent of k and h. i.e., b P 0 and b ¼ Oð1Þ.
The following lemma will be used in the derivation of the compact difference scheme.

Lemma 2.1 ([9,11,12]). Suppose gðxÞ 2 C6½xi�1; xiþ1�. Then
1
12

g00ðxi�1Þ þ 10g00ðxiÞ þ g00ðxiþ1Þ½ � � 1

h2 gðxi�1Þ � 2gðxiÞ þ gðxiþ1Þ½ � ¼ h4

240
gð6ÞðwiÞ; wi 2 ðxi�1; xiþ1Þ: ð7Þ
Lemma 2.2 [6]. Let Iðf ; tÞ ¼
R t

0 ðt � sÞ�1=2f ðsÞds, then
Iðf ; tnþ1=2Þ ¼
1
2

Iðf ; tnÞ þ Iðf ; tnþ1Þ½ � þ Oðk2t�3=2
n Þ; n P 1: ð8Þ
Let
Vðx; tÞ ¼ @uðx; tÞ
@t

; ð9Þ
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then (1) becomes
V ¼ luxx þ Iðuxx; tÞ: ð10Þ
Considering (10) at point ðxj; tÞ, we have
Vðxj; tÞ ¼ l @
2u
@x2 ðxj; tÞ þ I

@2u
@x2 ðxj; tÞ; t

 !
: ð11Þ
For g ¼ ðg0; g1; . . . ; gJÞ, introduce the operator A as follows:
Agj ¼
g0; j ¼ 0;
1

12 ðgj�1 þ 10gj þ gjþ1Þ; 1 6 j 6 J � 1;
gJ j ¼ J:

8><>: ð12Þ
Acting A on the both sides of (11), we obtain
AVðxj; tÞ ¼Al @
2u
@x2 ðxj; tÞ þAI

@2u
@x2 ðxj; tÞ; t

 !
: ð13Þ
According to Lemma 2.1, we have
A
@2uðxj; tÞ
@x2 ¼ 1

h2 uðxj�1; tÞ � 2uðxj; tÞ þ uðxjþ1; tÞ
� �

þ Oðh4Þ: ð14Þ
Using Taylor expansion, it follows from 9 that
@u
@t
ðxj; tnþ1=2Þ ¼ dtun

j þ ðR1Þ
n
j ; ðR1Þ

n
j 6 Oðk2Þ; ð15Þ
then substituting (8), (14), and (15) into (13), we obtain
Adtun
j ¼ ld2

x un
j þ

1
2

And
2
x u0

j þ
Xn

p¼0

bpd
2
x un�p

j þ Anþ1d
2
x u0

j þ
Xnþ1

p¼0

bpd
2
x unþ1�p

j

 !
þ ðR0Þ

n
j ; ð16Þ
and there exists a constant C1 such that
jR0jnj 6 C1ðk2 þ h4 þ k3=2 þ k2t�3=2
n Þ: ð17Þ
Noticing the initial and boundary condition (2) and (3), we have
un
0 ¼ un

J ¼ 0; 0 6 n 6 N: ð18Þ

u0
j ¼ u0ðxjÞ; 1 6 j 6 J � 1: ð19Þ
Omitting the small term ðR0Þ
n
j in (16) and replacing un

j with Un
j , and constructing the compact difference scheme as follows:
AdtU
n
j ¼ ld2

x Un
j þ eAnd

2
x U0

j þ
1
2

Xn

p¼0

bp d2
x Un�p

j þ d2
x Unþ1�p

j

� �
; eAn ¼

An þ Anþ1 þ bnþ1

2
: ð20Þ
Furthermore
Un
0 ¼ Un

J ¼ 0; n ¼ 0;1; . . . ;N: ð21Þ

U0
j ¼ u0ðxjÞ; j ¼ 0;1; . . . ; J: ð22Þ
3. Analysis of the compact difference scheme

In this section we will show that the proposed method is convergent with the convergence order Oðk3=2 þ h4Þ. However,
Tang [6] analysed a Crank–Nicolson and finite difference method for the time and space discretizations. He used the product
trapezoidal method to deal the integral term, which only obtained Oðk3=2 þ h2Þ order convergence.

Let
Vh ¼ fUjU ¼ ðU0;U1; . . . ;UJ�1;UJÞ; U0 ¼ UJ ¼ 0g; ð23Þ
be the space of grid functions.
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For any grid functions U;W 2 Vh, denote
dtU
n
j ¼

1
k
ðUnþ1

j � Un
j Þ; dxUj ¼

1
h
ðUjþ1 � UjÞ; ð24Þ

d2
x Uj ¼

1

h2 ðUjþ1 � 2Uj þ Uj�1Þ; Un
j ¼

Un
j þ Unþ1

j

2
; ð25Þ

kUk1 ¼ max
16j6J�1

jUjj; hU;Wi ¼ h
XJ�1

j¼1

UjWj; kUk2 ¼ hU;Ui: ð26Þ
Before we prove the stability and convergence, we give the following lemmas.

Lemma 3.1 [8, Lemma 3.1].

(1) Let U;W 2 Vh, we have
hd2
x U;Wi ¼ �h

XJ�1

j¼0

ðdxUjÞðdxWjÞ
(2) Let Um;Un 2 Vh, we have
jhd2
x Um;Unij 6 4

h2 kU
mk � kUnk:
The following results is concerned with the nonnegative character of certain real quadratic forms with convolution structure is
due to Lopez-Marcos [10].
Lemma 3.2 [6, Lemma 1]. Let fang1n¼0 be a sequence of real numbers with the properties
an P 0; anþ1 � an 6 0; anþ1 � 2an þ anþ1 P 0: ð27Þ
Then for any positive integer M, and real vector ðV1;V2; . . . ;VMÞ with M real entries,
XM�1

n¼0

Xn

p¼0

apVnþ1�p

 !
Vnþ1 P 0: ð28Þ
Lemma 3.3 [6, Lemma 4]. If b satisfies
�3
ffiffiffi
3
p
þ 8

ffiffiffi
2
p
� 6

3
6 b 6 4� 12

ffiffiffi
3
p
þ 12

ffiffiffi
2
p

; ð29Þ
then the sequence fbpg
1
p¼0 defined by (6) satisfies (27).

Now we begin to prove the stability and convergence.
3.1. Stability

First we will give the proof of stability.

Theorem 3.1. Assume fbpg1p¼0 in (6) satisfies (27), let Un ¼ ðUn
1;U

n
2; . . . ;Un

J�1Þ be the solution of
AdtU
n
j ¼ ld2

x Un
j þ eAnd

2
x U0

j þ
Xn

p¼0

bpd
2
x Un�p

j ; j ¼ 1; . . . ; J � 1; n ¼ 1; . . . ;N; ð30Þ
where
Un
0 ¼ Un

J ¼ 0; n ¼ 0;1; . . . ;N; ð31Þ

U0 ¼ ðu0ðx0Þ;u0ðx1Þ; . . . ;u0ðxJÞÞ given: ð32Þ
Then for N P 1, we have
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kUNk 6 3
2
kU0k þ C

ffiffiffiffiffi
Tk
p 3=2

h2 kU0k: ð33Þ
Proof. Multiplying (30) by hUn
j and summing up j from 1 to J � 1, and n from 0 to m, we can obtain
Xm

n¼0

hAdtU
n;Uni ¼ l

Xm

n¼0

hd2
x Un;Uni þ

Xm

n¼0

Xn

p¼0

bphd2
x Un�p;Uni þ

Xm

n¼0

heAnd
2
x U0;Uni: ð34Þ
Now we estimate each term in the above Eq. (34). First, we have
khAdtU
n;Uni ¼ 1

2
kUnþ1k2 � h2

12
kdxUnþ1k2

 !
� kUnk2 � h2

12
kdxUnk2

 !" #

(see [8], Eq. 3.9), where
kdxUnk2 ¼ h
XJ�1

j¼1

Un
jþ1 � Un

j

h

					
					
2

6
1
h

XJ�1

j¼1

2ðjUn
jþ1j

2 þ jUn
j j

2Þ
 !

¼ 4

h2 kU
nk2

: ð35Þ
Because
kUnk2 � h2

12
kdxUnk2 P kUnk2 � h2

12
� 4

h2 kU
nk2

;

so
2
3
kUnk2

6 kUnk2 � h2

12
kdxUnk2

6 kUnk2
: ð36Þ
Consequently,
Xm

n¼0

khAdtU
n;Uni ¼ 1

2
kUmþ1k2 � h2

12
kdxUmþ1k2

 !
� kU0k2 � h2

12
kdxU0k2

 !" #
P

1
3
kUmþ1k2 � 1

2
kU0k2

: ð37Þ
In addition, the first term of the right equality (34) will be estimated:
klhd2
x Un;Uni ¼ klh

XJ�1

j¼1

ðd2
x Un

j ÞðUn
j Þ ¼ �klh

XJ�1

j¼1

ðdxUn
j ÞðdxUn

j Þ ¼ �klkdxUnk2
6 0: ð38Þ
In the second equality above, we have used Lemma 3.1(1).
For the second term of the right equality (34), we have
k
Xm

n¼0

Xn

p¼0

bphd2
x Un�p;Uni ¼ kh

Xm

n¼0

Xn

p¼0

XJ�1

j¼1

bp d2
x Un�p

j

� �
Un

j

� �
¼ �kh

Xm

n¼0

Xn

p¼0

XJ�1

j¼1

bp dxUn�p
j

� �
dxUn

j

� �

¼ �k
XJ�1

j¼1

Xm

n¼0

h
Xn

p¼0

bpdx

Unþ1�p
j þ Un�p

j

2

 ! !
dx

Unþ1
j þ Un

j

2

 ! !
: ð39Þ
for 0 6 m 6 N � 1. It follows from Lemma 3.2 and Lemma 3.3 that the above term of (39) is nonpositive.
For the last term of the right equality (34), using Cauchy–Schwarz inequality and Lemma 3.1(2).
k
Xm

n¼0

heAnd
2
x U0;Uni ¼ k

Xm

n¼0

XJ�1

j¼1

heAn d2
x U0

j

� �
Un

j

� �
6 k

Xm

n¼0

eAn

					
					hd2

x U0;Uni 6 4k

h2

Xm

n¼0

eAn

					
					kU0kkUnk: ð40Þ
In the second inequality above, we have used Lemma 3.1(2).
According to (6), and using the mean value theorem of integrals and Rolle theorem, we have
k
Xm

n¼0

An ¼ k
Xm

n¼0

2 t1=2
n � 1

k

Z tnþ1

tn

h1=2dh


 �
� 2k

Xm

n¼0

t1=2
n � h1=2

1

� �
6 2k

Xm

n¼0

1
2

kt�1=2
n

¼ k2 k

k1=2

1ffiffiffiffiffiffi
1k
p þ 1ffiffiffiffiffiffi

2k
p þ � � � þ 1ffiffiffiffiffiffiffi

mk
p

� �
6 k3=2

Z mk

0

dxffiffiffi
x
p 6 2k3=2 ffiffiffi

T
p

; ð41Þ
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where h1 2 ðtn; tnþ1Þ, and
k
Xm

n¼0

bnþ1 ¼ k
Xm

n¼0

2
k

Z tnþ2

tnþ1

h1=2dh�
Z tnþ1

tn

h1=2dh

 !
� Ck

Xm

n¼0

2
k

h1=2
2 k� h1=2

3 k
h i

6 Ck
Xm

n¼0

t1=2
nþ2 � t1=2

n

� �
6 Ck2

Xm

n¼0

t�1=2
n

6 Ck3=2
Z mk

0

dxffiffiffi
x
p 6 Ck3=2 ffiffiffi

T
p

; ð42Þ
where h2 2 ðtnþ1; tnþ2Þ; h3 2 ðtn; tnþ1Þ.
Since eAn ¼ 1

2 ðAn þ Anþ1 þ bnþ1Þ, substituting (37)–(42) into (34), we obtain	 	

1
3
kUmþ1k2 � 1

2
kU0k2

6

Xm

n¼0

hAdtU
n;Uni 6

Xm

n¼0

heAnd
2
x U0;Uni 6 4k

h2

Xm

n¼0

eAn

				 				kU0kkUnk

6 2k3=2 ffiffiffi
T
p
þ 2k3=2 ffiffiffi

T
p
þ Ck3=2 ffiffiffi

T
p� �

� 4

2h2 kU
0kkUnk; ð43Þ
so we have
kUmþ1k2
6 3 4k3=2 ffiffiffi

T
p
þ Ck3=2 ffiffiffi

T
p� �

� 2

h2 kU
0kkUnk þ 3

2
kU0k2

:

Choosing M so that kUMk ¼ max06n6NkUnk. So
kUMk2
6 3ð4k3=2 ffiffiffi

T
p
þ Ck3=2 ffiffiffi

T
p
Þ � 4

h2 kU
0kkUMk þ 3

2
kU0k2

6
C
ffiffiffiffiffi
Tk
p 3=2

h2 kU0kkUMk þ 3
2
kU0kkUMk: ð44Þ
Therefore, for N P 1, we obtain
kUNk 6 kUMk 6 3
2
kU0k þ C

ffiffiffiffiffi
Tk
p 3=2

h2 kU0k: ð45Þ
This completes the proof. h
3.2. Convergence

We can derive the convergence of the numerical method (20)–(22) as similarly as proving Theorem 3.1. Denote
en
j ¼ un

j � Un
j ; 0 6 j 6 J; 0 6 n 6 N:
Theorem 3.2. Assume that fun
j j0 6 j 6 J;0 6 n 6 Ng be the solution of problem (1)–(3) and they satisfies the smoothness

requirements stated in (4). Let ðU0; . . . ;UNÞ be the solution of compact difference scheme (20)–(22). If b in (6) satisfies (29), when
h and k tend to zero independently, we have
max
16n6N

kenk ¼ Oðk3=2 þ h4Þ: ð46Þ
Proof. Subtracting (16)–(19) from (20)–(22), respectively, we obtain the error equations
Adten
j ¼ ld2

x en
j þ

Xn

p¼0

bpd
2
x en�p

j þ ðR0Þ
n
j ; 1 6 j 6 J � 1; 1 6 n 6 N � 1; ð47Þ

en
0 ¼ en

J ¼ 0; n ¼ 0;1; . . . ;N: ð48Þ

e0
j ¼ 0; 1 6 j 6 J � 1: ð49Þ
Multiplying (47) by khen
j and summing up j from 1 to J � 1 and N from 0 to m, we can obtain
k
Xm

n¼0

hAdten; eni ¼ kl
Xm

n¼0

hd2
x en; eni þ k

Xm

n¼0

Xn

p¼0

bphd2
x en�p; eni þ k

Xm

n¼0

hðR0Þ
n
; eni: ð50Þ
Just as the proof of Theorem 3.1, denote keMk ¼max16n6Nkenk, we can get
1
3
keMk2�1

2
ke0k2

6 k
Xm

n¼0

hðR0Þ
n
;eni6Ck

Xm

n¼0

kðR0Þ
nk1 �keMk6 C

Xm

n¼0

k3t�3=2
nþ1 þk5=2þkh4

� �" #
keMk

6 Ck3=2
Xm

n¼0

ðnþ1Þ�3=2þCk3=2þCh4þO k3=2þh4
� �" #

keMk; ð51Þ
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therefore
keMk2
6 3Cðk3=2 þ h4ÞkeMk: ð52Þ
The above inequality implies that keMk 6 Cðk3=2 þ h4Þ. Hence, we have obtained the convergence result (46). h
4. Numerical experiment

In order to demonstrate the effectiveness of our schemes, we compute the following examples.

Example 1.
ut ¼
Z t

0
ðt � sÞ�1=2uxxðx; sÞds; ð53Þ

uð0; tÞ ¼ uð1; tÞ ¼ 0; 0 6 t 6 T: ð54Þ

uðx;0Þ ¼ sinðpxÞ; 0 6 x 6 1: ð55Þ
The exact solution of this problem is uðx; tÞ ¼ Mðp5=2t3=2ÞsinðpxÞ, where M denotes the entire function
MðzÞ ¼
X1
n¼0

ð�1ÞnC 3
2

nþ 1

 ��1

zn: ð56Þ
In the calculation we set b ¼ 0:1; J ¼ 10 or J ¼ N1=3, take h ¼ 1=J; k ¼ 1=N, Tables 1 and 2 present the maximum errors of
numerical solutions obtained with different step-size, and presents rates of convergence in time for T ¼ 0:5 and T ¼ 1,
respectively. In Tables 1 and 2 we take J ¼ 10 for calculation. The numerical results reflect a convergence rate � 3

2 in time.
Also in Tables 1 and 2 we list the errors and rates for numerical solutions with b ¼ 0. Table 3 we present the maximum errors
of numerical solutions obtained with different step-size, and presents rates of convergence in space for T ¼ 0:5. In order to
calculation the convergence order in space, we have to take k3=2

6 h4, so we set N ¼ J3 in Table 3. We also list the errors and
rates for numerical solutions with b ¼ 0 in Table 3.
Example 2. We consider the partial integro-differential equation
ut ¼ uxx þ
Z t

0
ðt � sÞ�1=2uxxðx; sÞds; ð57Þ

uð0; tÞ ¼ uð1; tÞ ¼ 0; 0 6 t 6 T: ð58Þ

uðx;0Þ ¼ sinðpxÞ; 0 6 x 6 1: ð59Þ
In the calculation we also set T ¼ 0:5, take h ¼ 1=J; k ¼ 1=N; J ¼ 10. We use the numerical solution of u corresponding to
N � J ¼ 640� 10 is used as the ‘‘exact’’ reference solution. Table 4 presents the maximum errors of numerical solutions
obtained with different step-size, and presents rates of convergence in time for Example 4 with b ¼ 0:1 and b ¼ 0, respec-
tively. Because the value of xj are difference in different grid, and they have not relationship with each other directly, so
we can not calculate the convergence order in space.

This work is a supplement of Tang’s work [6] by using the compact difference method in space. The numerical results
from Table 3 reflect the convergence rate in space is 4. Our results are similar to the numerical solution in [8] because
we use the same method, but the authors in paper [8] did not compute the rates in space. Comparing the results in Tables
3 and 4 to the tables in papers [6,8], we can see our computational solution in this paper is much better. For example, when
N ¼ 40, the error in paper [6] is 3.05e�003, the error in paper [8] is 6.62e�003, but the errors in this paper is 3.52e�004 in
Table 4.
Table 1
Errors and convergence rates for T ¼ 0:5.

N Error Rate

20 8.93117e�002(8.71410e�002) –
40 3.21568e�002(3.13501e�002) 1.47372(1.47488)
80 1.15715e�002(1.13353e�002) 1.47455(1.46764)

160 4.16970e�003(4.10482e�003) 1.47256(1.46544)
320 1.50417e�003(1.48438e�003) 1.47098(1.46745)
640 5.46742e�004 (5.37661e�004) 1.46004(1.46510)



Table 2
Errors and convergence rates for T ¼ 1.

N Error Rate

20 2.49400e�001(2.40633e�001) –
40 8.93117e�002(8.71410e�002) 1.48154(1.46541)
80 3.21568e�002(3.13501e�002) 1.47372(1.47488)

160 1.15715e�002(1.13353e�002) 1.47455(1.46764)
320 4.16970e�003(4.10482e�003) 1.47256(1.46544)
640 1.50417e�003(1.48438e�003) 1.47098(1.46745)

Table 3
Errors and convergence rates for T ¼ 0:5.

N ¼ J3 J Error Rate

729 9 4.30775e�004(4.06896e�004) –
1728 12 1.63014e�004(1.51780e�004) 4.35482(4.41924)
3375 15 7.72578e�005(7.08549e�005) 4.09544(4.17832)
5832 18 4.22009e�005(3.82675e�005) 3.92284(3.99631)
9261 21 2.54077e�005(2.28692e�005) 3.79976(3.85536)

Table 4
Errors and convergence rates at T ¼ 0:5.

N Error Rate

10 2.87067e�003(1.85121e�003) –
20 1.00346e�003(6.50154e�004) 1.51641(1.50962)
40 3.52049e�004(2.27852e�004) 1.51113(1.51268)
80 1.21334e�004(7.84763e�005) 1.53679(1.53777)

954 M. Luo et al. / Applied Mathematical Modelling 39 (2015) 947–954
5. Conclusion

In this article, we constructed a compact difference scheme for the partial integro-differential equation with a weakly sin-
gular kernel and we proved the stability and L2 convergence by energy method. In this article a Crank–Nicolson time-step-
ping is used to approximate the differential term and a product trapezoidal method is used to approximate the integral term.
The convergence order in L2 is 3/2 in time and four in space. Two numerical example about l ¼ 0 and l ¼ 1 supported the
theoretical results.
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