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1. Introduction

In the real world, there are many decision situations in which the information can not be assessed by precisely in a quan-
titative form but may be in a qualitative one. In such situations, the use of linguistic approach is necessary [1]. Thus, multiple
attribute decision making problems under uncertain linguistic environment is an important and interesting topic, and has
attracted much attention from some scholars [2]. Wei et al. [3] applied the uncertain linguistic information to Bonferroni
mean operator and did some meaningful work. However, two of theorems in Wei et al. [3] were false, and Wei et al. [4] gave
a corrigendum to these errors according to our suggestion. But Wei et al. [4] only changed the conditions of the theorems
which are much simpler than one in Wei et al. [3]. Therefore, we think that it is significant to further consider whether
the results are correct in other cases in order to analyze the errors thoroughly. The aim of this paper is to point out some
errors to the Theorems 3 and Theorem 7 in Wei et al. [3] by numerical examples. In this paper, we take the operator with
n = 2 and investigate the conditions in detail in 6 different cases, show by counterexamples that the results are not true in 5
cases and the result is true only in one case. Finally, we propose the revised theorems and their proof. Briefly we mention
some basic concepts given in [3].

Let S = {si]i=1,2,...,t} be linguistic term set with odd cardinality, where s; represents a possible value for a linguistic
variable. It satisfies the following characteristics: (1) The set is ordered: s; > s; iff i > j. (2) There is the negation operator:
neg(si) = sj such that j = t + 1 —i. (3) Max operator: max(s;,sj) = s;, if s; > s;. Min operator: min(s;,s;) = s;, if 5; <s;.
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~ To preserve all the given information, the discrete term set S should be extended to a continuous term set
= {s4|s1 < s < 5q,¢ € [1,q]}, where q is a sufficiently large positive integer in [2].

Definition 1 [2]. Let 5 = [s4, s4], vghere Su,Sp € S,s, and sp are the lower and the upper limits, respectively, we call s the
uncertain linguistic variable, and S stands for the set of all the uncertain linguistic variables.

Consider any three uncertain linguistic variables $ = [sy,Sg], S1 = [Sx,,Sp,] and S = [s4,,5p,],5,51,52 € §, 2 €[0,1], their
operational laws are defined as follows in [2]:

S1®582 = [Suy505,Spy 442 |5
A [5/17 Sisls

N ® 2 = [5110’2 s/ﬁﬁz]
=\

Definition 2 [2]. Let §; =([s,,Ss] and S, =[s,,,Ss,] be two uncertain linguistic variables, and let len(s;) = f;—
o1,len(s,) = B, — o, then the degree of possibility of $; > S, is defined as

) = max(0,len($;) + len(Sz) — max(B, — o4, 0))

@ =5 len(s;) + len(s;) (1)
Definition 3 (See Wei Definition 6). LetS; = [sy,S4](j = 1,2,...,n) be uncertain linguistic variables, and let p,q > 0. If
1
g 1 NP o 3 !
LBMP4(51,85,...,5:) = [ ———<P (¥ ® 5]
u (51,527 757‘!) n(n—l)g?(sl ®Sj)
i#j
7 7
= #EHB((S ) @ (5)7) #Qnr)((s ) @ (s)%) (2)
T\ nm—=1) % o lnn=1) 5 i
i#j i#j
Then ULBMP is called the uncertain linguistic Bonferroni mean (ULBM) operator.
Definition 4 (See Wei Definition 9). Let §; = [sy,S](j = 1,2,...,n) be uncertain linguistic variables, and let p,q > 0. If
1 n(n-1)
ULGBMPY(54,5,,...,8;) = ——
1
1 nn-1) ] n n(n-T)
= |— S S S S 3
Dtq U](pz,@q ) U ?(p/z@Q/f) 3)
Then ULGBM" is called the uncertain linguistic geometric Bonferroni mean (ULGBM) operator.
2. Counterexample
In the following, we will show by counterexamples that two theorems in Wei et al. [3] are incorrect.
Theorem 1 (Monotonicity (See Wei Theorem 3)). Let §; = [sy;,sp] and 5] [s sﬁ]u =1,2,...,n) be two set of uncertain
linguistic variables, if §; < s';, for all j, then
ULBMP9(5,5,,...,5,) < ULBMPY(s'y,575,...,5). (4)

Theorem 2 (Monotonicity (See Wei Theorem 7)). Let S; = [s,;,sy,] and ;= [s sﬁ 1G=1,2,...,n) be two set of uncertain linguis-
tic variables, if $; < §';, for all j, then

ULGBMPY(5,,5,,...,5,) < ULGBMPY(5'1, 55, ..., §'y) (5)

For convenience, we first let n = 2, and assume that $; = [s,,Sp,] < s = [sxf sﬂf] S2 = [Sx,,5p,] < Sy = [sy/ ,s,;/] Then, the position
relationships between §; and s';(j = 1,2) can be classified into three cases, shown by the indices as
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(l) o < O‘}7[£j/< B,
(ii) o < o, < B,
(iii) of < 04, B <
Considering the symmetry of S, and S,, or s’y and s, in the formulas of ULBM and ULGBM, we only need to investigate the
following six cases.

(@) on <o, By < By, and o < 0, By < B
(b) OC] g allvﬁl < [j’/lv and OC2 < a/ZVﬁIZ < ﬁ2v
(€) ou <o, By < By, and oty < oz, B < B
(d) o < ‘Xllvﬁ/l < ﬂlv and 02 < OC/27/;/2 < BZ;
(e) on <o, By < Py, and oty < 0, By < fy;
() oy <ou, By < By, and oy < oz, B < P

In the following, we will show by counterexamples that Theorems 1 and 2 are incorrect except the case (a).

Case (b)
Example 1.
(I)Let p=q=1, and S$; =([ss,574], 5= [51,550],51’1 = [ss, 877, 1’2 =[s31,832]. Then known by 1, we have
p(S1 = §'1) =0.4859,p(S, > §'») = 0.38, thus, §; < 5’1, and §; < §'». However, by Eq. (2), we have
ULBM"! (51,52) = [s2, Se0.8276), ULBMI'I(§’175~/2) = [S12.4499, S49.6387]

Since p([S2, Ss0.8276] = [S12.4499, Sa0.6387)) = 0.5038, it implies that ULBM'!(31,5,) > ULBM"!(s';,s',). Hence, Theorem 3 in Wei
et al. [3] is incorrect.
(2) Let p=3,q9=1, flﬂd §1 = [507281758.0639],52 = [S2.1436, 57.9376), S'1 = [50.7409758,14~]5]75/2 = [S5.0120, S5.2065). Then known by 1,
we have p(5; > §1) = 0.4969,p(s, > §'») = 0.4885, thus, §; < §'1, and $, < s'». However, by formula (3), we have

ULGBM™' (31,52) = [S13915, Ss.000s], ULGBM>' (§'1,5"2) = [S2.6709, S6.6335]
Since p([s13015,Ss.0005] = [S2.6709, Se.6335]) = 0.5041, it implies that ULGBM?!(5;,3,) > ULGBM>!(s';,5',). Hence, Theorem 7 in
Wei et al. [3] is incorrect.
Case (c)
Example 2.
(1)Let p=q=1, and 5§ =[si7,52],52 = [Ss,S30],5'1 = [S25,531],52 = [$1,S40). Then known by 1, we have
P81 = §'1) =0.1765,p(5; = §'3) = 0.4754, thus, §; < §'1, and 3, < §',. However, known by Eq. (2), we have
ULBM]"1(§17§2) = [S11.6619, S28.9828), ULBM]J(£’175~/2) =[5, 535.2136)

Since p([S11.6619, S28.9828] = [Ss5,S352136]) = 0.5045. It also implies that Theorem 3 in Wei et al. [3] is incorrect.
(2) Letp=3,q =1 and §; = [S3.5243, 54.1831], 52 = [S2.1485, S6.0694], S'1 = [S3.504, Sa.2560], 52 = [S0.1857, S8.2064]- Then known by 1, we
have p(5; > §'1) = 0.4457,p(5; > §'») = 0.4927, thus, §; < §'1, and §; < §'». However, by formula (3), we have

ULGBM*”! (81,82) = [S2.8154, S5.1045) s ULGBM3'1(5~’1~,5~’2) = [S1.6869; S6.1529]
Since p([S2.8154,S5.1045] = [S1.6869,S6.1520]) = 0.5059, it implies that Theorem 7 in Wei et al. [3] is incorrect.

Case (d)

Example 3.

(1) Let p=q =1, and 5; = [S1.1541, S8.9037, 52 = [52.2178758‘9665]7571: [51‘7382758‘2599]75’2 = [S5.1552, S6.415). Then known by 1, we
have p(S; > s'1) = 0.4918,p(5; > §'2) = 0.4759, thus, $; < §1, and 5, < s',. However, by Eq. (2), we have
ULBM]'1(§17§2) = [S1.5999, S8.9351), ULBMl'l(§’17§’2) = [$2.9935,57.4103)

Since p([$1.5999, Ss.9351] = [S2.9035,S7.4103]) = 0.5056, hence, Theorem 3 in Wei et al. [3] is incorrect in case d.

(2) Let p=3,q =1, and 51 = [Sos167,S9.1657), 52 = [So.162, S6.8553), 5’1 = [S4.6387, S5.3485, 5’2 = [S0.7527, S6.2768]. Then known by (1),

we have p(5; > s'1) = 0.4997,p(3, > s'») = 0.4995, thus, $; < §'1, and 3, < s',. However, known by formula (3), then
we have
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ULGBM*' (51,82) = [So4611, S7.9896] ULGBM3'](§’17§’2) = [S2.5146, S5.8080)

Since p([So.4611,S7.9896] = [S2.5146, Ss5.8080]) = 0.5059, it also implies that Theorem 7 in Wei et al. [3] is incorrect.

Case (e)

Example 4.

(1) Letp=gq= 11 and §; = [53‘2452758,3{22]752 = [52.7434756,8357]75’1: [56.79287574841],5’2 = [S0.292, So.6681]- Then known by 1, we
have p($; = §'1) = 0.2677,p(5; = §'») = 0.4859, thus, $; < §'1, and 5, < s',. However, by Eq. (2), we have

ULBM]‘1(§17§2) = [S2.9838, S7.5515, ULBML](-&]-,SN’z) = [S1.4083, S8.5063]

Since p([s2.9838,57.5515] = [S1.4083,Ss.5063]) = 0.5266, it means that Theorem 3 in Wei et al. [3] is incorrect.

(2) Letp=3,9=1, %Hd S1= [52,03877591595J7§2 = [S1.8736,Ss 5259],5’1 = [55,4431735‘900§],5~’2 = [S1.0698, S9.3457]. Then known by (1),
we have p($; > §'1) = 0.4904,p(5; = s'2) = 0.4995, thus, §; < §/4, and $, < §',. However, known by formula (3), then
we have

ULGBM?! (51,52) = [S1.9557, S8.8413), ULGBM3'](-§’17§’2) = [$3.0674; S7.5745)

Since p([S1.9557, Ss.8413] = [S3.0674,S7.5745]) = 0.5068, it also implies that Theorem 7 in Wei et al. [3] is incorrect.

Case (f)

Example 5.

(1) Let p=gq =1, and $; = [S93212, So.9692], S2 = [56.0619,56.1673},5’1 = [§8.4929,S10.9197L Sy = [S2.0828, S103604). Then known by (1),

we have p(5; > s'1) = 0.4801,p(3; > §',) = 0.4867, thus, §; < §'1, and §, < §',. However, known by formula (2), then
we have

ULBM"! (81,52) = [S7.5169, S7.8411], ULBM1‘1(5~’175~’2) = [S4.2058, S10.6410)

Since p([s7.5169,S7.8411] = [S42058, S106410]) = 0.5378, it implies that Theorem 3 in Wei et al. [3] is incorrect.
let p=3,9=1, and §; = [586998759.3480]752 = [54.0377757.5232]75’1 = [58.689775:95147]75’2 = [51.008275106228]- Known by (1), we

have p(5; > §'1) = 0.4469,p(S; > ') = 0.4992, thus, $; < §';, and §, < §',. However, known by formula (3), then we
have

—
N
—

ULGBM™' (31,5) = [S6.2889, Ss.4232], ULGBM™'(§'1,5'2) = [S4.4525, S10.0649)]

Since p([S62s89, Ss.4232] = [Sa4s25,S100640]) = 0.5126, it also implies that Theorem 7 in Wei et al. [3] is incorrect.

Based on the above works, we can easily present counterexamples to show that both Theorems 3 and 7 in Wei et al. 3]
are incorrect for any n. The simplest method is extending {3;,5,} and {s'1,5»} by adding an uncertain linguistic
variable s to {8;,5,,5,...,5} and {s'1,55,5, ...,5} for every case, where {$;,5,} and {s';,5;} are the uncertain linguistic
variables discussed in the above examples. For example, suppose n = 10,

Case (b)

Example 6.

1) Let P=q= 1, and $; = [s4,574],82 = [51‘,550]7571 = [557577]7572 = [$31,832),5i = §i=5= [So.0579, S0.3520],1 = 3,4,...,10. Then
S; < 8, for all i. However, by Eq. (2), we have

ULBM™! (81,52,...,510) = [S03774, S9.4916), ULBM1’1(5~’175~’27 cee 75’10) = [S1.9537, 57.8531)

Since p([So3774,S0.4016] = [S1.9537,57.8531]) = 0.5021, it implies that Theorem 3 in Wei et al. [3] is incorrect.

(2)Let p=3,9=1, and 5§ = [So72s1,580636),52 = [52.1436,57.9376]75’1 = [50.7409758.1415]7§2 = [$5.0120, S5.2065), Si = §i=5§=

[S0.0153,S07468),1 = 3,4, ...,10. Then §; < &, for all i. By formula (3), we have

ULGBM*' (51,82, ---,510) = [S0.0605> S1.4271]s ULGBM*! (5’175'27 . ,5710) = [S0.0715, S1.3353]

Since p([So.0605,S1.4271] = [So0.0715,513353]) = 0.5154, it implies that Theorem 7 in Wei et al. [3] is incorrect.
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Case (c)

Example 7.

(1) Letp=g=1,and §; = [s17,528],5 = [Ss,S30],5'1 = [S25,531],5'2 = [S1,540], 5 = §'s = § = [So.0009, S0:8132),1 = 3,4,...,10. Then
s; < ¢y, for all i. By Eq. (2), we have

ULBM]'1(§17§27 -..,810) = [S1.7510, S5.2405), ULBM]'1(§’1,§'27 S 75’10) = [S0.7754 S6.1831]

Since p([s1.7510, S5.2405] = [S0.7754, S6.1831]) = 0.5019, it also implies that Theorem 3 in Wei et al. [3] is incorrect.
(2)Let p=3,g=1, and  $ =[S3523,541831],52 = [S2.1485,S6.0604], S'1 = [S3.504, S4.2569], 5’2 = [S0.1857, Ss.2064], 5 = §'s = § =
[So.5252,S0.8462),1 = 3,4,...,10. Then §; < §;, for all i. By formula (3), we have

ULGBM?! (81,82, ..,510) = [So.8006, S1.3402], ULGBM*”! (S'1,5'2,---,510) = [S0.6293, S1.4118]

Since p([So.s006,S1.3402] = [S0.6293,S1.4118]) = 0.5377, it implies that Theorem 7 in Wei et al. [3] is incorrect.
Case (d)

Example 8.

(1) Let p=q=1, and $1 = [S1.1541,S8.9037), 52 = 522178, Ss.9665], 51 = [S1.7382, S8 5599, S'2 = [S5.1552, S6.415), 51 = §'i =
S= [50_1509,50_5979].,1' = 3,4, ey 10. Then §,’ < 9, for all i. By Eq (2), we have

ULBM"! ($1,52,---,510) = [So.4018, S2.0723]s ULBM™! ($~'175~’27 ...,S'10) = [So0.6310, S1.8388]

Since p([So.4018,S2.0723] = [So6310,S18388]) = 0.5007, hence, Theorem 3 in Wei et al. [3] is incorrect in case d.
(2)Let p=3,g=1, and 3 =[Sos167,50.1657],52 = [So.162,S6.8553],'1 = [Sa.6387, 53485, S'2 = [S0.7527, S6.2768], 5 = §'i = § =
[S0.1730, S0.9707),1 = 3,4,...,10. Then §; < §/;, for all i. By formula (3), we have

ULGBM?! (51,52,..-,510) = [S0.2098, S1.7085) ULGBM’! (57175727 ...,S8"10) = [S0.3386, S1.5469]

Since p([So209s,51.7085] = [S0.3386,51.5460]) = 0.5061, it also implies that Theorem 7 in Wei et al. [3] is incorrect.
Case (e)

Example 9.

(1)Let  p=gq=1, and  $; = [S32452,S8.3422), 52 = 527434, S6.8357),5'1 = [S6.7928, S7.4841),S'2 = [S0.292, So 6681, 51 = §'i =5 =
[Soo11s,S0.1365), 1 = 3,4,...,10. Then §; < §/;, for all i. By Eq. (2), we have

ULBM]'1(§17§27 -.+,810) = [So.4587, S1.2834], ULBM1'1(§’1,5~’27 A 75’10) = [S0.2428 S1.4268]

Since p([So.4ss7,S12834] = [S0.2428, S1.4268]) = 0.5180, it means that Theorem 3 in Wei et al. [3] is incorrect.
(2)Let p=3,9=1, and 5§ = [S2.0387, So.1595), 52 = [S1.8736, Sg.5250], 1 = [S5.4431, S5.0000],  S'2 = [S1.0698, S9.3457], 5i = §'i =
S = [So.0648; So9ss3),1 = 3,4, ...,10. Then §; < &, for all i. By formula (3), we have

ULGBM*”! (81,82, ...,510) = [S0.1776, S1.7793], ULGBM3'1(§’1,5~’27 cee ~,§'10) = [S0.1935, S1.6847)

Since p([So.1776,51.7793] = [So.1935,S16847]) = 0.5127, it also implies that Theorem 7 in Wei et al. [3] is incorrect.

Case (f)

Example 10.Llet p=q=1, and 3 = [S93212,599602],52 = [S6.0619,S61673],5'1 = [S8.4929, 5109197}, 2 = [52.0828, S10.3694];
Si =51 =5 = [S0.1663, S0.8289),1 = 3,4,...,10. Then §; < §/;, for all i. By Eq. (2), we have
112 = < 115 & &
ULBM " (51,52, ...,510) = [S13144,520424), ULBM " (8'1,5,...,5"10) = [So.8502, S2.4659]
Since p([S1.3144, S2.0424] = [So.8502, S2.4650]) = 0.5087, it implies that Theorem 3 in Wei et al. [3] is incorrect.
(2)Let p=3,9q=1, and 3 = [58.6998759.311801752 = [540877757.5232],571 = [S8.6897, S9.5147], s = [S1.0082 S10.6228), Si = Si=
S = [5(3_5154,57‘2130]7 i= 3,47 e 10. Then §i <8, for all i. By formula (3), we have

ULGBM*' (51,55, ... ,510) = [Se.a416,S7.4471], ULGBM™> (51,53, ...,5'10) = [S5.9440,57.7417]

Since p([Se.4416,57.4471] = [S5.9440,57.7417]) = 0.5362, it also implies that Theorem 7 in Wei et al. [3] is incorrect.
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Remark 1. If p(ULBM"' (3;,5,) > ULBM"!(s';,5)) > 0.5, when we extend {3;,3,} and {§'1,5,} by adding an uncertain lin-
guistic variable § to {5§,%,5,...,58} and {§,,9,,5,...,5}, we cannot guarantee p(ULBM"!(5,5,,...,5,) =
ULBM"!(5'1,83,...,5,)) = 0.5. For example, in case b), suppose n = 10 and §; = §'; = § = [So6154, So7019],1 = 3,4, ...,10. Then

ULBM]'1(§17§27 -+,510) = [S0.9336, S10.0035], ULBM™! (5’175’27 e 75’10) = [$2.7602, S8.3959)
p([30_9335,S]0V0035} = [52_7502753_3959}) = 0.4926. For ULGBMp‘q, we have the same result.
3. Modification
By the previous analysis, we modify Theorems 1 and 2 as follows.

Theorem 3 (Monotonicity). Sj = [sy, S| and = [sm;7sﬂl<](j =1,2,...,n) be two set of uncertain linguistic variables, if o; < o,
and f; < f; for all j, then

ULBMP9(51,5,,...,8,) < ULBMP(s',8%5,...,8")
Proof. By Eq. (2), we have
ULBMPY(54,55,...,5,) = [Su, Sp]

ULBMP'q(g/l,g’z, . ;§,n) = [Sw,sﬁ/]

where
1 1
P pHa
L B Py
(=] — o oL = — F.
n(n - l) ij=1 t 7 n(n - 1) ij=1 t
i i#j
1 1
pia pia
Oﬂ/f l ia/pa/q ﬁli l iﬂ/pﬂ/q
n(n_l)ijzl Y 7 n(n_l)ijzl Y
i#j i

Since o; < of, and B; < f; for all j, then a <o/, and < f. Hence, we have p([sy,ss] > [Sv,Sp]) <0.5. It implies that
ULBMP?(51,5;, . ..,5,) < ULBMPA(s',5%5,...,5n).
Hence, we complete the proof of Theorem 3. O

Theorem 4 (Monotonicity). Let S; = [sy,Ss] and ;= [51},5,5;}0' =1,2,...,n) be two set of uncertain linguistic variables, if
o < o, and B; < Bj, for all j, then

ULGBMp‘q(E],gz, . ;gn) < ULGBMp'q(§17§/2, . ,S'n)

The proof is similar to Theorem 3.

4. Conclusion

In this study we investigate the property of monotonicity for ULBM”? and ULGBMP in detail, and point out that Theorems
3 and 7 in Wei et al. [3] are incorrect by some counterexamples. Finally we present some new conditions and propose the
modifications of these Theorems.
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