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A mathematical strip-electro-elastic yielding model solution is obtained for a long and
narrow piezoelectric strip weakened by a non-centric, semi-permeable, mode-III crack.
The crack is oriented parallel and situated asymmetrically with respect to the edges of
the strip. Fourier cosine integral transform technique is adopted to solve the problem.
Three different cases are considered: when developed saturation zone is bigger, smaller
or equal to the developed slide-yield zone. Closed-form analytic expressions are derived
for developed zones lengths, crack sliding displacement, crack opening potential drop, field
intensity factors and energy release rate. A numerical case study is presented for poled
BaTiO3 piezoelectric ceramic which affirms that proposed model is capable of crack arrest
under small-scale mechanical and electrical yielding.
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1. Introduction

The proven vast utility of piezoelectric ceramics as sensor/actuator/transducers in high-tech equipment have drawn the
attention of researchers to understand the crack behavior and mechanics of fracture of such materials. A lot of work has been
done on fracture analysis of piezoelectric material since nineties.

The present paper deals with semi-permeable crack-face boundary condition [1], mathematically, represented as:
Dþn ¼ D�n ; Dþn ð/
þ � /�Þ ¼ �e0ðwþ �w�Þ;
where Dn, / and w; e0 denote electric displacement component, potential and displacement, electric permitivity of crack
media. The superscripts +, � denote the value of the quantity on upper and lower crack rims, respectively.

Using non-local theory, the behavior of a mode-I crack subjected to a uniform tension loading in piezoelectric materials is
investigated in [2]. The influence of different crack-face boundary conditions on crack energy density for piezoelectric mate-
rial is studied in [3]. The semi-permeable crack problem in a non-local piezoelectric materials is solved in [4] using Newton
iterative method. The effects of crack size and electric permeability of the crack on electromechanical properties of the
piezoelectric materials are obtained in [5].

A lot of work has been reported on crack problems but very few work on crack arrest problem for piezoelectric materials
using various suitable techniques has been reported. A strip-saturation zone model [6] for impermeable crack in an infinite
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piezoelectric ceramic plate was proposed under the assumption of Dugdale model [7]. They [6] also calculated local and glo-
bal energy release rates for strip-saturation for piezoelectric ceramics plate. A strip-electric saturation model for an imper-
meable crack weakening a piezoelectric material was studied in [8]. The strip-saturation model for piezoelectric ceramic was
further re-examined in [9].

Strip-yield models [10,11] were proposed for longitudinal and transverse crack in an orthotropic piezoelectric strip under
mode-III deformation. A strip-electrical and mechanical yielding model was developed [12] for a mode III interfacial crack
with electrical polarization reaching a saturation limit and shear stress reaching a yield stress along a line segment in front
of the crack. Their work was further extended [13] to crack problem in piezoelectric strip.

A strip-saturation model based on Dugdale-type assumption for electric displacement was proposed to evaluate the elec-
tric field induced stress intensity factor in a piezoelectric medium of limited electrical polarization in [14]. An electrically
dielectric Griffith crack in a piezoelectric layer under in-plane electro-mechanical loads and semi-permeable boundary con-
ditions was proposed in [15]. A strip-yield and saturation model for limited permeable crack situated in a thin interlayer
between two identical piezoelectric materials was analyzed in [16] using Stroh formalism and complex variable technique.

In present paper, for the first time a strip-electroelastic yield model under mode-III condition for a non-centric semi-
permeable crack in an infinitely long and narrow piezoelectric strip is proposed. The present paper is organized as follows:
In Section 2, fundamental formulation of the problem is presented; statement of the problem and mathematical model are
given in Sections 3 and 4, respectively; closed-form analytic expressions for crack sliding displacement (CSD), crack opening
potential drop (COP), field intensity factors (IFs) and energy release rate (ERR) and illustrative case study for BaTiO3 cracked
strip for three cases when saturation zone is bigger, smaller or equal to developed slide-yield zone are derived in Sections 5,
6 and 7, respectively; The last Section 8 gives conclusions of the problem.

2. Fundamental formulation

As are well-known, out-of-plane displacement and in-plane electric field problems may be written as
uxðx; y; zÞ ¼ 0; uyðx; y; zÞ ¼ 0 and uzðx; y; zÞ ¼ wðx; yÞ; ð1Þ

Exðx; y; zÞ ¼ Exðx; yÞ; Eyðx; y; zÞ ¼ Eyðx; yÞ and Ezðx; y; zÞ ¼ 0: ð2Þ
Out-of-plane strain component, cziði ¼ x; yÞ, and electric field, Ei, in term of displacement and electric potential, /, may be
expressed as
czi ¼ w;i; ð3Þ

Ei ¼ �/;i; ð4Þ
respectively, where comma in subscript denotes the partial differentiation with respect to argument following it.
The constitutive relations for stress component, rzi, and electric displacement, Di ði ¼ x; yÞ, may be written as
rzi ¼ c44w;i þ e15/;i; ð5Þ

Di ¼ e15w;i � e11/;i; ð6Þ
where c44; e15 and e11 denote elastic, piezoelectric and dielectric constants, respectively.
The governing equations for piezoelectric material under anti-plane deformation and in-plane electric loading are
c44r2wþ e15r2/ ¼ 0; ð7Þ

e15r2w� �11r2/ ¼ 0; ð8Þ
where r2 ¼ @2

@x2 þ @2

@y2, is two-dimensional Laplacian operator.

3. Statement of the problem

An infinitely long transversely isotropic piezoelectric strip occupies the region�h2 6 y 6 h1 (h1 may not be equal to h2) and
jxj <1 in xoy-plane and is thick enough in z-direction to allow anti-plane deformations. The strip is poled along z-direction
and weakened by a mechanically stress free and electrically semi-permeable straight hairline crack, cut along ½�a; a� on x-axis.
The crack is oriented parallel to the edges of the strip and situated off center line of the strip. The boundaries of the piezoelec-
tric strip are prescribed uniform constant anti-plane mechanical shear stress, rzy ¼ s0, and in-plane electric displacement,
Dy ¼ D0. Consequently, crack opens in self-similar fashion forming a slide-yield and a saturation zones ahead each tip of
the crack. These developed slide-yield and saturation zones occupy the intervals [�b, �a], [a, b] and [�c, �a], [a, c] on x-axis,
respectively. To stop the crack from further opening, the rims of developed slide-yield zone are prescribed cohesive yield point
anti-plane shear stress, rzy ¼ ss, and rims of developed saturation zone are subjected to in-plane normal cohesive polarization
limit of electric-displacement, Dy ¼ Ds. Three cases considered are: when
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Case I. Saturation zone is bigger than slide-yield zone ðc > bÞ,
Case II. Saturation zone is smaller than slide-yield zone ðc < bÞ,
Case III. Saturation zones and slide-yield zones are of equal length ðc ¼ bÞ.
Schematic configuration of the problem is depicted in Fig. 1.
4. Mathematical model

Mathematically, the physical boundary conditions of the problem may be expressed as
(i) on the strip edges y ¼ h1 and y ¼ �h2
rzyð1Þðx;h1Þ ¼ rzyð2Þðx;�h2Þ ¼ s0; Dyð1Þðx;h1Þ ¼ Dyð2Þðx;�h2Þ ¼ D0;
where subscript (1) refers to piezoelectric material layer for upper region 0 < y < h1 and subscript (2) refers to material in
lower region �h2 < y < 0 of the strip.

(ii) boundary conditions on the developed slide- yield and saturation zones are

(a) rzyð1Þðx;0þÞ ¼ rzyð2Þðx;0�Þ ¼ ss; a < jxj < b;
(b) Dyð1Þðx;0þÞ ¼ Dyð2Þðx;0�Þ ¼ Ds; a < jxj < c;

(iii) by principle of superposition, electro-elastic boundary conditions over the crack surfaces including rims of developed
zones along the line y ¼ 0; may be written as

(a) rzyð1Þðx;0þÞ ¼ rzyð2Þðx;0�Þ ¼ �s0 þ Hðx� aÞss; 0 < x < b;
(b) Dyð1Þðx;0þÞ ¼ Dyð2Þðx;0�Þ ¼ �D0ð1� DrÞ þ Hðx� aÞDs; 0 < x < c,

where Dr is electric crack condition parameter (ECCP), introduced in [17]. Dr is zero for impermeable condition case, ðDrÞperm

for permeable condition case to be determined for each Cases I, II and III in Sections 5, 6, and 7 and for semi-permeable crack,
0 < Dr < ðDrÞperm. H(�) denotes Heaviside function.

(iv) electro-elastic continuity conditions along the line y ¼ 0 are defined as

(a) wð1Þðx;0þÞ ¼ wð2Þðx; 0�Þ; rzyð1Þðx;0þÞ ¼ rzyð2Þðx;0�Þ for jxjP b,
(b) /ð1Þðx; 0

þÞ ¼ /ð2Þðx; 0
�Þ; Dyð1Þðx;0þÞ ¼ Dyð2Þðx;0�Þ for jxjP c.

Governing Eqs. (7) and (8) are solved under above boundary conditions.
Since the problem is symmetric, it is sufficient to consider for region 0 6 x <1.
Fig. 1. Schematic representation of the problem.
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5. Case I: when saturation zone is bigger than slide-yield zone (c > b)

To simplify the mathematical computational, a new potential function, WIðx; yÞ, is introduced as
WIðx; yÞ ¼ /Iðx; yÞ � ðe15=�11ÞwIðx; yÞ; ð9Þ
where superscript I is refer to Case I.
This potential function reduces Eqs. (3)–(8) to
rI
zy ¼ �c44cI

zy þ e15W;Iy; ð10Þ

DI
y ¼ ��11W

I
;y; ð11Þ

cI
zy ¼ wI

;y; ð12Þ

EI
y ¼ �WI

;y � ðe15=�11ÞwI
;y; ð13Þ

r2wI ¼ 0 and r2WI ¼ 0; ð14Þ

where �c44 ¼ c44 þ ðe2
15=�11Þ: ð15Þ
The solutions of Eq. (14) is written using Fourier cosine integral transform as
wI
ðiÞðx; yÞ ¼

Z 1

0
AðiÞðnÞ cosh ðynÞ þ BðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn; ð16Þ

WI
ðiÞðx; yÞ ¼

Z 1

0
CðiÞðnÞ cosh ðynÞ þ FðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn; ð17Þ
where AðiÞðnÞ; BðiÞðnÞ; CðiÞðnÞ and FðiÞðnÞ (i ¼ 1;2) are arbitrary functions and to be determined using boundary conditions of
the problem.

Expressions for stress, electric-displacement, strain and electric field are obtained using Eqs. (10)–(13) substituting from
Eqs. (16) and (17) as
rI
zyðiÞðx; yÞ ¼

Z 1

0
n �c44AðiÞðnÞ þ e15CðiÞðnÞ
� �

sinhðynÞ þ �c44BðiÞðnÞ þ e15FðiÞðnÞ
� �

cosh ðynÞ
� �

cos ðxnÞdn; ð18Þ

DI
yðiÞðx; yÞ ¼ ��11

Z 1

0
n CðiÞðnÞ sinhðynÞ þ FðiÞðnÞ cosh ðynÞ
� �

cosðxnÞdn; ð19Þ

cI
zyðiÞðx; yÞ ¼

Z 1

0
n AðiÞðnÞ sinhðynÞ þ BðiÞðnÞ cosh ðynÞ
� �

cosðxnÞdn; ð20Þ

EI
yðiÞðx; yÞ ¼ �

Z 1

0
n fðe15=�11ÞAðiÞðnÞ þ CðiÞðnÞg sinhðynÞ þ fðe15=�11ÞBðiÞðnÞ þ FðiÞðnÞg cosh ðynÞ
� �

cos ðxnÞdn: ð21Þ
Applying boundary conditions (i) and (iv) in Eqs. (18) and (19), one obtains relations amongst arbitrary functions as
Bð1ÞðnÞ ¼ �Að1ÞðnÞ tanh ðh1nÞ; Fð1ÞðnÞ ¼ �Cð1ÞðnÞ tanh ðh1nÞ; ð22Þ

Bð2ÞðnÞ ¼ Að2ÞðnÞ tanh ðh2nÞ; Fð2ÞðnÞ ¼ Cð2ÞðnÞ tanh ðh2nÞ; ð23Þ

Bð1ÞðnÞ ¼ Bð2ÞðnÞ and Fð1ÞðnÞ ¼ Fð2ÞðnÞ: ð24Þ
Simplifying Eqs. (22)–(24), one obtains
Að2ÞðnÞ ¼ �Að1ÞðnÞM12ðnÞ and Cð2ÞðnÞ ¼ �Cð1ÞðnÞM12ðnÞ; ð25Þ
where M12ðnÞ ¼ tanh ðh1nÞ coth ðh2nÞ:
Using Eqs. (16)–(19) and electro-elastic boundary conditions (iii) and (iv), two set of dual integral equations are obtained as
�11

Z 1

0
nCð1ÞðnÞ tanh ðh1nÞ cos ðxnÞdn ¼ �f1 þ DsHðx� aÞ; 0 6 x < c; ð26Þ

Z 1

0
½1þM12ðnÞ�f�11Cð1ÞðnÞ þ e15Að1ÞðnÞg cos ðxnÞdn ¼ 0; c 6 x <1; ð27Þ
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where f 1 ¼ D0ð1� DrÞ; ð28Þ
and
 Z 1

0
n �c44Að1ÞðnÞ þ e15Cð1ÞðnÞ
� �

tanh ðh1nÞ cosðxnÞdn ¼ s0 � ssHðx� aÞ; 0 6 x < b; ð29Þ

Z 1

0
½1þM12ðnÞ�Að1ÞðnÞ cos ðxnÞdn ¼ 0; b 6 x <1: ð30Þ
To solve the Eqs. (26) and (27) we introduce
Cð1ÞðnÞ ¼ �
2c2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XI
2ðuÞJ0ðcunÞdu; ð31Þ

Að1ÞðnÞ ¼
2b2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XI
1ðuÞJ0ðbunÞdu; ð32Þ
where J0ð�Þ denotes zeroth order Bessel function of first kind.
Consequently by Eq. (31), Eq. (27) is identically satisfied and Eq. (26) leads to
d
dx

Z 1

n¼0
c2
Z 1

u¼0

ffiffiffi
u
p

J0ðcunÞXI
2ðuÞdu

� �
sinðxnÞdn ¼ pðxÞ; ð33Þ
where
pðxÞ ¼ �f1 þ DsHðx� aÞ
�11

�
Z 1

0
n
½1þM12ðnÞ�

2
C1ðnÞ½vðnÞ � 1� cos ðxnÞdn; ð34Þ
changing of order of integration and using Ryzhik an Gradshteyn {[18] (6,671(8))}
d
dx

Z x

u¼0

ffiffiffi
u
p

XI
2ðuÞduffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � u2
p ¼ pðcxÞ: ð35Þ
The solution of Eq. (35) standardly written as
XI
2ðxÞ ¼

2
p

ffiffiffi
x
p Z x

u¼0

�f1 þ DsHðbu� aÞ
�11

�
Z 1

0
n
½1þM12ðnÞ�

2
C1ðnÞ½vðnÞ � 1� cos ðbunÞdn

� �
duffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � u2
p ; ð36Þ
which on evaluation of right hand side integrals leads to
XI
2ðxÞ þ

Z 1

t¼0
K2ðx; tÞXI

2ðtÞdt ¼
ffiffiffi
x
p

�11
f1 �

2
p

Ds cos�1 a
cx

� �
; ð37Þ
where kernel K2ðx; tÞ is
K2ðx; tÞ ¼
ffiffiffiffiffi
xt
p Z 1

y¼0
yfvðy=cÞ � 1gJ0ðxyÞJ0ðtyÞdy: ð38Þ
Analogously, XI
1ð:Þ is obtained from the Eqs. (29) and (30) as
XI
1ðxÞ þ

Z 1

t¼0
K1ðx; tÞXI

1ðtÞdt ¼
ffiffiffi
x
p

�c44�11
f2 �

2
p f3 cos�1 a

bx

� �
; ð39Þ
where f2 ¼ �11s0 þ e15f1; f 3 ¼ �11ss þ e15Ds, and K1ðx; tÞ kernel is defined as
K1ðx; tÞ ¼
ffiffiffiffiffi
xt
p Z 1

y¼0
yfvðy=bÞ � 1gJ0ðxyÞJ0ðtyÞdy; ð40Þ
with vðyÞ ¼ 2 tanh ðh1yÞ=f1þM12ðyÞg:

5.1. Applications

In this section expressions are derived for slide-yield zone length, saturation zone length, IFs, CSD, COP and ERR.

5.1.1. Field intensity factors
Mode-III stress intensity factor, Ks

III , and strain intensity factor, Kc
III , at x ¼ b are determined as
Ks
III ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
rI

zyð1Þðx; 0
þÞ

	 

¼ �c44

ffiffiffiffiffiffi
pb
p

XI
1ð1Þ; ð41Þ
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Kc
III ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
cI

zyð1Þðx;0
þÞ

	 

¼

ffiffiffiffiffiffi
pb
p

XI
1ð1Þ: ð42Þ
Similarly, mode-I electric-displacement intensity factor, KD
I , and electric-field intensity factor, KE

I , x ¼ c are obtained as
KD
I ¼ limx!cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� cÞ

p
DI

yð1Þðx;0
þÞ

n o
¼ �11

ffiffiffiffiffiffi
pc
p

XI
2ð1Þ; ð43Þ

KE
I ¼ limx!cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� cÞ

p
EI

yð1Þðx;0
þÞ

n o
¼

ffiffiffiffiffiffi
pc
p

XI
2ð1Þ: ð44Þ
5.1.2. Size of slide-yield zone and saturation zone
Slide-yield zone length is determined assuming Dugdale’s [7] hypothesis for stress to remain finite at every point of the

strip. Consequently, at the slide-yield zone tip, x ¼ b, Eq. (41) together with Eq. (39) yields following equation to determine b
b
a
¼ sec

p
2
:
f2 � �11�c44R1

f3

� �
; ð45Þ
where R1 ¼
R 1

t¼0 K1ð1; tÞ XI
1ðtÞdt and
K1ð1; tÞ ¼
ffiffi
t
p Z 1

y¼0
yfvðy=bÞ � 1gJ0ðyÞJ0ðtyÞdy: ð46Þ
The slide-yield zone length is then obtained from jb� aj.
Analogously, assuming Dugdale hypothesis [7] to be true for electric-displacement to remain finite everywhere in the

strip, at the tip x = c, a transcendental equation is obtained to determine c using Eqs. (37) and (43) as
c
a
¼ sec

p
2
:
f1 � �11R2

Ds

� �
; ð47Þ
where R2 ¼
R 1

t¼0 K2ð1; tÞXI
2ðtÞdt and
K2ð1; tÞ ¼
ffiffi
t
p Z 1

y¼0
yfvðy=cÞ � 1gJ0ðyÞJ0ðtyÞdy:
The saturation zone length is obtained using jc � aj.

5.1.3. Crack sliding displacement (CSD) and crack opening potential drop (COP)
Relative crack sliding displacement of crack-faces is obtained using
CSD ¼ DwIðxÞ ¼ wI
ð1Þðx;0

þÞ �wI
ð2Þðx;0

�Þ: ð48Þ
Finding wI
ð1Þðx;0

þÞ and wI
ð2Þðx;0

�Þ using Eqs. (16) and (39) and substituting in Eq. (48), one obtains
DwIðxÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

q
XI

1ð1Þ; a 6 x < b: ð49Þ
Crack opening potential drop (COP) across the developed saturation zone rims is obtained using
COP ¼ D/IðxÞ ¼ /I
ð1Þðx; 0

þÞ � /I
ð2Þðx; 0

�Þ: ð50Þ
Using Eqs. (9), (16), (17), (31), (32), (37), and (49) together with Eq. (50) and simplifying, one obtains
D/IðxÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x2
p

XI
2ð1Þ � ðe15=�11ÞDwIðxÞ; a 6 x < c: ð51Þ
5.1.4. Determination of ECCP (Dr)
Permeability condition across the crack surfaces yields a equation to determine Dr
ðDrÞperm ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x2
p

�c44
2
p Ds cos�1 a

c


 �
� �11R3


 �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

p
�11f3 � 2

p f4 cos�1 a
b


 �
� �11�c44R2


 �
D0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x2
p

�c44 � e15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

p� �
2
64

3
75: ð52Þ
Note that when the size of saturation zone and slide-yield zone is very small, ðDrÞperm � 1 and for the semi-permeable
crack, 0 < Dr < ðDrÞperm.

5.1.5. Energy release rate (ERR)
Energy release rate at crack tip, x = a, is obtained using
GI
a ¼ ssDwIðaÞ þ DsD/IðaÞ; ð53Þ
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for Case I. Substituting CSD and COP from Eqs. (49) and (51) into Eq. (53), one obtains
Table 1
The ma

Mate

BaTi
GI
a ¼ 2fss � ðe15=�11ÞDsg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
XI

1ð1Þ þ 2Ds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2
p

XI
2ð1Þ: ð54Þ
5.2. Illustrative case study for Case I

In this section, a qualitative study is presented for BaTiO3 piezoelectric ceramic and material constants of BaTiO3 piezo-
electric ceramic are given in Table 1 taken from [19].

Length of crack, prescribed electric displacement and mechanical load are taken as 10 mm, 0:02 C=m2 and 40 MPa,
respectively.

Variation of electrical loading on COP over saturation zone is shown in Fig. 2. It is observed that COP increases as electric
displacement is increased from 0:01 to 0:02 C=m2. In this figure, a kink point on each of three graphs for applied electric
loading is observed. This kink point is the tip of slide-yield zone and indicates that up to this kink developed saturation zone
is effected both by electrical and mechanical loadings and beyond this point, only electric field effects the saturation zone.

ERR at the crack tip versus prescribed D0 for various values of prescribed mechanical load (s0 ¼ 30; 35 and 40 MPa) is
plotted in Fig. 3. The results show that ERR decreases linearly as D0 is increased. It indicates that electric displacement always
retards the crack growth. It is also pointed out that as prescribed mechanical load is increased, the value of ERR increases too
but the decreasing trend continues as D0 increases.

The effect of h1=a on ERR for centric (when h1 ¼ h2) and non-centric (when h1 – h2) crack in a piezoelectric strip is drawn
in Fig. 4. This figure discloses the important fact that the effect of applied loads on the crack reduces as upper edge (or lower
edge) of piezoelectric strip is moved away from the crack. Consequently, energy release rate decreases. It is also observed
that ERR is maximum for centric crack as compare to eccentrically located crack for smaller value of h1=a < 3:

Fig. 5 show the variation of ERR versus ECCP (Dr) for three different electric displacement. It may be noted that as the
permittivity of the crack gap is increased, the ERR drops, as expected. This indicates that ECCP resists the crack growth.

The influence of crack-face boundary conditions on CSD over slide-yield zone is plotted in Fig. 6. From the figure, it is
observed that as we move toward the tip of slide-yield zone, CSD decreases parabolically and becomes zero at x ¼ b, as
expected. Apart from this, it is also observed that CSD is maximum for impermeable and minimum for permeable crack-face
conditions, whereas in case of semi-permeable crack-face boundary condition, CSD lies in between impermeable and perme-
able crack cases. Which implies that the electric field between the crack gaps cannot be ignored. This is observed experimen-
tally also.

5.3. Validation of obtained results for Case I

Results are validated with Shen et al. [12] when in our results Dr ¼ 0, b < c, h1 !1 and h2 !1 is substituted in Eqs.
(45) and (47), which reduces to the following form of [12]
b
a
¼ sec

p
2
:
�11s0 þ e15D0

�11ss þ e15Ds

� �
; ð55Þ

c
a
¼ sec

p
2
:
D0

Ds

� �
: ð56Þ
6. Case II: when saturation zone is shorter than slide-yield zone (c < b)

For this case, the new potential function WIIðx; yÞ is defined as
WIIðx; yÞ ¼ wIIðx; yÞ þ ðe15=c44Þ/IIðx; yÞ; ð57Þ
where superscript II denotes that the quantities refer to Case II.
Similar to Case I, substituting Eq. (57) into Eqs. (3)–(8), the constitutive equations, gradient equations transform to
rII
zy ¼ c44W

II
;y; ð58Þ

DII
y ¼ e15W

II
;y � ��11/

II
;y; ð59Þ
terial constants of piezoelectric material.

rials C44 ð1010 N=m2Þ e15 ðC=m2Þ �11 ð10�10 C=VmÞ

O3 4.4 11.4 98.7
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cII
zy ¼ WII

;y � ðe15=c44Þ/II
;y; ð60Þ

EII
y ¼ �/II

;y; ð61Þ

where ��11 ¼ �11 þ
e2

15

c44
; ð62Þ
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and governing equations reduce to
r2WII ¼ 0 and r2/II ¼ 0: ð63Þ
General solution of Eqs. (63), analogous to Case I, may be written in the form
WII
ðiÞðx; yÞ ¼

Z 1

0
AðiÞðnÞ cosh ðynÞ þ BðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn; ð64Þ

/II
ðiÞðx; yÞ ¼

Z 1

0
CðiÞðnÞ cosh ðynÞ þ FðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn; ð65Þ
where arbitrary functions AðiÞðnÞ; BðnÞ; CðiÞðnÞ and FðiÞðnÞ remain the same as in Case I,
With the aid of Eqs. (58)–(61) together Eqs. (64) and (65), the components of stress, electric displacement, strain and elec-

tric field are determined and written as
rII
zyðiÞðx; yÞ ¼ c44

Z 1

0
n AðiÞðnÞ sinhðynÞ þ BðiÞðnÞ cosh ðynÞ
� �

cos ðxnÞdn; ð66Þ

DII
yðiÞðx; yÞ ¼

Z 1

0
n fe15AðiÞðnÞ � ��11CðiÞðnÞg sinh ðynÞ þ fBðiÞðnÞ � ��11FðiÞðnÞg cosh ðynÞ
� �

; cosðxnÞdn; ð67Þ

cII
zyðiÞðx; yÞ ¼

Z 1

0
n fAðiÞðnÞ � ðe15=c44ÞCðiÞðnÞg sinhðynÞ þ fBðiÞðnÞ � ðe15=c44ÞFðiÞðnÞg cosh ðynÞ
� �

cos ðxnÞdn; ð68Þ

EII
yðiÞðx; yÞ ¼ �

Z 1

0
n CðiÞðnÞ sinh ðynÞ þ FðiÞðnÞ cosh ðynÞ
� �

cos ðxnÞdn: ð69Þ
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Boundary conditions (iii) and (iv) substituting into Eqs. (57), (64)–(67) and simplifying, following two sets of dual integral
equations are obtained
c44

Z 1

0
nAð1ÞðnÞ tanh ðh1nÞ cosðxnÞdn ¼ s0 � ssHðx� aÞ; 0 6 x < b; ð70Þ

Z 1

0
½1þM12ðnÞ�fc44Að1ÞðnÞ � e15Cð1ÞðnÞg cos ðxnÞdn ¼ 0; b 6 x <1; ð71Þ

Z 1

0
n e15Að1ÞðnÞ � ��11Cð1ÞðnÞ
� �

tanh ðh1nÞ cos ðxnÞdn ¼ �f1 þ DsHðx� aÞ; 0 6 x < c; ð72Þ

Z 1

0
½1þM12ðnÞ�Cð1ÞðnÞ cos ðxnÞdn ¼ 0; c 6 x <1: ð73Þ
For this case, we introduce Að1ÞðnÞ and Cð1ÞðnÞ in term of new auxiliary functions XII
1ð:Þ and XII

2ð:Þ, respectively, as
Að1ÞðnÞ ¼
2b2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XII
1ðuÞJ0ðbunÞdu; ð74Þ

Cð1ÞðnÞ ¼ �
2c2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XII
2ðuÞJ0ðcunÞdu: ð75Þ
Analogous to Case I, substituting Eqs. (74) and (75) into Eqs. (70)–(73), two Fredholms integral equations of second kind
are obtained to determine XII

1ð:Þ and XII
2ð:Þ; as
XII
1ðxÞ þ

Z 1

t¼0
K1ðx; tÞXII

1ðtÞdt ¼
ffiffiffi
x
p

c44
s0 �

2
p

ss cos�1 a
bx

� �
; ð76Þ

XII
2ðxÞ þ

Z 1

t¼0
K2ðx; tÞXII

2ðtÞdt ¼
ffiffiffi
x
p

c44��11
f4 �

2
p

f5 cos�1 a
cx

� �
; ð77Þ
where f4 ¼ c44f1 � e15s0; f 5 ¼ c44Ds � e15ss.

6.1. Applications

Carrying the calculation analogous to Case I, stress intensity factor, Ks
III , strain intensity factor, Kc

III , electrical displacement
factor, KD

I , and electric-field intensity factor, KE
I , for Case II are obtained as
Ks
III ¼ c44

ffiffiffiffiffiffi
pb
p

XII
1ð1Þ; ð78Þ

Kc
III ¼

ffiffiffiffiffiffi
pb
p

XII
1ð1Þ; ð79Þ

KD
I ¼ ��11

ffiffiffiffiffiffi
pc
p

XII
2ð1Þ; ð80Þ

KE
I ¼

ffiffiffiffiffiffi
pc
p

XII
2ð1Þ: ð81Þ
The explicit expressions for slide-yield zone and saturation zone size may be obtained using Dugdale hypothesis as in
Case I. The size of slide-yield zone is determined using |b� a|, where b may be determined from the following equation
b
a
¼ sec

p
2
:
s0 � c44R3

ss

� �
; ð82Þ
where R3 ¼
R 1

t¼0 K1ð1; tÞXII
1ðtÞdt.

Similarly, the explicit expression for the saturation zone size is obtained as
c
a
¼ sec

p
2
:
f4 � ��11c44R4

f5

� �
; ð83Þ
where R4 ¼
R 1

t¼0 K2ð1; tÞXII
2ðtÞdt. The size of saturation zone is then determined using jc � aj.

Crack opening potential drop across the faces of saturation zone is obtained as
D/IIðxÞ ¼ UII
ð1Þðx;0

þÞ �UII
ð2Þðx;0

�Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x2
p

XII
2ð1Þ; a 6 x < c: ð84Þ
Similarly, crack sliding displacement across the slide-yield zone faces is given as
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DwIIðxÞ ¼ wII
ð1Þðx;0

þÞ �wII
ð2Þðx;0

�Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

q
XII

1ð1Þ � ðe15=c44ÞD/IIðxÞ; a 6 x < b: ð85Þ
The ECCP Dr for this case under permeable condition may be written as
ðDrÞperm ¼ 1� e15s0 þ ð2=pÞf5 cos�1ða=cÞ þ ��11c44R4

c44D0
: ð86Þ
For permeable crack, Dr ¼ ðDrÞperm and for semi-permeable crack 0 < Dr < ðDrÞperm.
Energy release rate at the crack tip x ¼ a, is calculated using formula
GII
a ¼ ssDwIIðaÞ þ DsD/IIðaÞ;

¼ ss 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

p
XII

1ð1Þ � 2ðe15=c44Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2
p

XII
2ð1Þ

� �
þ 2Ds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2
p

XII
2ð1Þ:

ð87Þ
6.2. Numerical case study for Case II

Case study similar to Case I is carried for Case II as well.
Fig. 7 depicts the variation of COP over the saturation zone for a non-centric semi-permeable cut in BaTiO3 piezoelec-

tric strip. Magnitude of COP decreases parabolically and becomes zero at saturation zone tip, as expected. Also the
effect of prescribed electric-displacement (D0) on COP shows that a slight increase in electric displacement
ðD0 from 0:01 to 0:02 C=m2Þ increases the magnitude of COP (although in negative sense).

Fig. 8 shows the variation of ERR versus applied electric displacement (D0) for various values of prescribed mechanical
load ðs0Þ. It is noted that ERR decreases linearly continuously with increasing the value of D0. It shows that electric load
retards the crack opening for this case too. However increasing the mechanical loads, the ERR increases but the decreasing
trends with respect to D0 of ERR continues, affirming the crack arrest. It is also pointed that ERR for this case is high as com-
pare to the ERR for Case I.

Fig. 9 depicts ERR variation with respect to h1=a for different h2=h1 ratio. It is seen that ERR is higher when the crack is
situated on the center line of the strip and when the crack is situated off center line of the strip, the ERR is less with continues
decreasing trend.

The effect of electric displacement on ERR versus electric crack condition parameter is plotted in the Fig. 10. It is observed
that trend of ERR with respect to ECCP is same as in Case I and ERR is higher in impermeable case, Dr ¼ 0, as compare to
Case I.

The effect of semi-permeable crack-face boundary conditions on CSD versus normalized slide-yield zone is shown in
Fig. 11. It is observed that behavior of CSD with respect to slide-yield zone and electric boundary conditions over the
crack-faces is same as in Case I. From the figure, one interesting point is observed that the electric crack-face boundary con-
dition is effecting CSD up to saturation zone tip {ðx� aÞ=a � 0:1}. And beyond this point, the effect of crack media on CSD is
negligible.

6.3. Validation of obtained results for Case II

Our results validate with those of Shen et al. [12] by putting h1 ¼ h2 !1 and Dr ¼ 0.

7. Case III: when saturation and slide-yield zones are of equal length (b ¼ c)

For mathematical convenience, two potentials functions WIIIðx; yÞ and UIIIðx; yÞ are introduced as
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
-2.5

-2

-1.5

-1

-0.5

0

(x-a)/a

Δ
φII  (1

03  V
)

D0 = 0.01 C/m2

D0 = 0.015 C/m2

D0 = 0.02 C/m2

Fig. 7. COP profile over saturation zone with different prescribed D0 for Case II.



0 0.2 0.4 0.6 0.8 1
-1

0

1

2

3

4

Dr

G
II  (1

02  N
/m

)

D0 = 0.01 C/m2

D0 = 0.015 C/m2

D0 = 0.02 C/m2

Fig. 10. Variation of ERR with respect to Dr for different D0 for Case II.

0 2 4 6 8
1

2

3

4

5

h1/a

G
II  (1

02  N
/m

)

h2/h1 = 1
h2/h1 = 2 or 0.5
h2/h1 = 5 or 0.2

Case (II)

Fig. 9. Variation in ERR with respect to h1=a for different width ratio of strip for Case II.

0 0.002 0.004 0.006 0.008 0.01
0.5

1.5

2.5

3.5

D0(C/m2)

G
II  (1

02  N
/m

)

τ0 = 30 MPa

τ0 = 35 MPa

τ0 = 40 MPa

Fig. 8. Effect of s0 for non-centric crack on ERR with variation in D0 for Case II.

542 R.R. Bhargava, P.R. Verma / Applied Mathematical Modelling 39 (2015) 531–547



0 0.03 0.06 0.09 0.12 0.15
0

1

2

3

Δ
 w

II  (1
0-6

 m
)

(x-a)/a

Impermeable
Semi-permeable
Permeable

Fig. 11. CSD profile over slide-yield zone with different crack medium for Case II.

R.R. Bhargava, P.R. Verma / Applied Mathematical Modelling 39 (2015) 531–547 543
WIIIðx; yÞ ¼ wIIIðx; yÞ þ ðe15=c44Þ/IIIðx; yÞ; ð88Þ

UIIIðx; yÞ ¼ /IIIðx; yÞ � ðe15=�11ÞwIIIðx; yÞ: ð89Þ
With the help of Eqs. (88) and (89), the Eqs. (3)–(8) reduce to
rIII
zy ¼ c44W

III
;y ; ð90Þ

DIII
y ¼ ��11U III

;y ; ð91Þ

cIII
zy ¼ ð1=�c44Þ c44W III

;y � e15U III
;y

h i
; ð92Þ

EIII
y ¼ ð1=��11Þ e15W III

;y þ �11U III
;y

h i
; ð93Þ
and
r2WIIIðx; yÞ ¼ 0 and r2UIIIðx; yÞ ¼ 0: ð94Þ
Superscript III denotes that the quantities refer to Case III.
General solution of Laplace Eq. (94) may be written as
WIII
ðiÞðx; yÞ ¼

Z 1

0
AðiÞðnÞ cosh ðynÞ þ BðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn; ð95Þ

UIII
ðiÞðx; yÞ ¼

Z 1

0
CðiÞðnÞ cosh ðynÞ þ FðiÞðnÞ sinhðynÞ
� �

cosðxnÞdn: ð96Þ
Substituting Eqs. (95) and (96) into Eqs. (90)–(93), one obtains desired components of stress, electric displacement, strain,
electric field as
rIII
zyðiÞðx; yÞ ¼ c44

Z 1

0
n AðiÞðnÞ sinhðynÞ þ BðiÞðnÞ cosh ðynÞ
� �

cos ðxnÞdn; ð97Þ

DIII
yðiÞðx; yÞ ¼ ��11

Z 1

0
n CðiÞðnÞ sinhðynÞ þ FðiÞðnÞ cosh ðynÞ
� �

cos ðxnÞdn; ð98Þ

cIII
zyðiÞðx; yÞ ¼ ð1=�c44Þ

Z 1

0
n½c44AðiÞðnÞ � e15CðiÞðnÞg sinhðynÞ þ fc44BðiÞðnÞ � e15FðiÞðnÞg cosh ðynÞ� cosðxnÞdn; ð99Þ

EIII
yðiÞðx; yÞ ¼ ð1=��11Þ

Z 1

0
n½fe15AðiÞðnÞ þ �11CðiÞðnÞg sinh ðynÞ þ fe15BðiÞðnÞ þ �11FðiÞðnÞg cosh ðynÞ� cosðxnÞdn: ð100Þ
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As in the previous cases, with analogous calculation following two sets of dual integral equations are obtained
c44

Z 1

0
nAð1ÞðnÞ tanh ðh1nÞ cosðxnÞdn ¼ s0 � ssHðx� aÞ; 0 6 x < b; ð101Þ

Z 1

0
½1þM12ðnÞ�fc44Að1ÞðnÞ � e15Cð1ÞðnÞg cos ðxnÞdn ¼ 0; b 6 x <1; ð102Þ

�11

Z 1

0
nCð1ÞðnÞ tanh ðh1nÞ cos ðxnÞdn ¼ �f1 þ DsHðx� aÞ; 0 6 x < b; ð103Þ

Z 1

0
½1þM12ðnÞ�fe15Að1ÞðnÞ þ �11Cð1ÞðnÞg cos ðxnÞdn ¼ 0; b 6 x <1: ð104Þ
Introducing Að1ÞðnÞ and Cð1ÞðnÞ for this case as
Að1ÞðnÞ ¼
2b2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XIII
1 ðuÞJ0ðbunÞdu; ð105Þ

Cð1ÞðnÞ ¼ �
2b2

½1þM12ðnÞ�

Z 1

u¼0

ffiffiffi
u
p

XIII
2 ðuÞJ0ðbunÞdu: ð106Þ
Substituting these values into Eqs. (101)–(104), one obtains following Fredholm integral equation of second kind to
determine XIII

1 ð�Þ and XIII
2 ð�Þ as
XIII
1 ðxÞ þ

Z 1

t¼0
K1ðx; tÞXIII

1 ðtÞdt ¼
ffiffiffi
x
p

c44
s0 �

2
p

ss cos�1 a
bx

� �
; ð107Þ

XIII
2 ðxÞ þ

Z 1

t¼0
K2ðx; tÞXIII

2 ðtÞdt ¼
ffiffiffi
x
p

�11
f1 �

2
p

Ds cos�1 a
bx

� �
; ð108Þ
where K1ðx; tÞ and K2ðx; tÞ are kernels and defined as
K1ðx; tÞ ¼ K2ðx; tÞ ¼
ffiffiffiffiffi
xt
p Z 1

y¼0
yfvðy=bÞ � 1gJ0ðxyÞJ0ðtyÞdy: ð109Þ
7.1. Applications for Case III

Similar to the Case I and Case II, we calculate mode-III stress and strain intensity factors at the tip x ¼ b as
Ks
III ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
rIII

zyð1Þðx; 0
þÞ

	 

¼ c44

ffiffiffiffiffiffiffiffi
p b
p

XIII
1 ð1Þ; ð110Þ

Kc
III ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
cIII

zyð1Þðx;0
þÞ

	 

¼

ffiffiffiffiffiffi
pb
p

XIII
1 ð1Þ: ð111Þ
And mode-I electric-displacement and electric field intensity factors at the tip of saturation zone are obtained as
KD
I ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
DIII

yð1Þðx;0
þÞ

	 

¼ �11

ffiffiffiffiffiffi
pb
p

XIII
2 ð1Þ; ð112Þ

KE
I ¼ limx!bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx� bÞ

q
EIII

yð1Þðx;0
þÞ

	 

¼

ffiffiffiffiffiffi
pb
p

XIII
2 ð1Þ: ð113Þ
Length of developed slide-yield zone and saturation zone may be calculated from the following expressions
b
a
¼ sec

p
2
:
s0 � c44R5

ss

� �
; ð114Þ
and
b
a
¼ sec

p
2
:
f1 � �11R6

Ds

� �
; ð115Þ
respectively, where R5 ¼
R 1

t¼0 K1ð1; tÞXIII
1 ðtÞdt and R6 ¼

R 1
t¼0 K2ð1; tÞXIII

2 ðtÞdt.
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Crack opening potential drop and crack sliding displacement for this case across the saturation and slide-yield zones are
written as
D/IIIðxÞ ¼ UIII
ð1Þðx;0

þÞ �UIII
ð2Þðx;0

�Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

p
��11

e15X
III
1 ð1Þ � �11X

III
2 ð1Þ

h i
; 0 < x 6 b; ð116Þ

DwIIIðxÞ ¼ wIII
ð1Þðx;0

þÞ �wIII
ð2Þðx;0

�Þ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

p
�c44

c44X
III
1 ð1Þ þ e15X

III
2 ð1Þ

h i
; 0 < x 6 b; ð117Þ
and
ðDrÞperm ¼ 1� e15s0 � ð2=pÞ½e15ss þ c44Ds� cos�1ða=bÞ � e15c44R5 þ c44�11R6

c44D0
: ð118Þ
Energy release rate at the crack tip, x ¼ a, using Eqs. (116) and (117) may be written as
GIII
a ¼ ssDwIIIðaÞ þ DsD/IIIðaÞ;¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

q
c44

�c44
ss þ

e15

��11
Ds

� �
XIII

1 ð1Þ þ
e15

�c44
ss �

�11

��11
Ds

� �
XIII

2 ð1Þ
� �

: ð119Þ
7.2. Illustrative study for Case III

For this case, a case study is presented for cracked BaTiO3 piezoelectric strip under out-of-plane mechanical loading
s0 ¼ 40 MPa and in-plane electric displacement D0 ¼ 0:02 C=m2.
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Variation in COP over the developed slide-yield/saturation zones is depicted in Fig. 12. From the figure, it is observed that
COP profile shows a similar variation as in Cases I and II. Since both zones are equal so no kink point is observed on the
graphs of COP.

The effect of combined electromechanical loadings on energy release rate is drawn in Fig. 13. From the figure, it is
observed that ERR linearly decreases with increase in D0. And as the prescribed mechanical loads are increased the ERR also
increases although the decreasing trends continue with respect to D0.
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ERR versus h1=a ratio is plotted in Fig. 14. The variation is same as in Cases I and II with width ratio with a difference that
the ERR starts with lower values.

Variation of ERR versus ECCP for different electric displacement is plotted in the Fig. 15. The behavior is same as in Case I
and Case II with ECCP and D0 with a difference that the ERR starts with lower values for impermeable case as compare to
Case I and Case II.

Fig. 16 depicts the behavior of CSD over the slide-yield zone for impermeable, semi-permeable and permeable crack. The
behavior of CSD over the slide-yield zone is similar as in Case I and Case II. From Figs. 6, 11 and 16, it is observed that CSD is
maximum for Case II and minimum for Case III, while for semi-permeable case it lies in between.

7.3. Validation of results for Case III

For this case also the results match with those of Shen et al. [12] by putting b ¼ c, also Dr ¼ 0, h1 !1 and h2 !1.

8. Conclusions

� An electrical and mechanical yielding model is proposed for semi-permeable non-centric crack and solved using Fourier
integral transform technique. The cases considered are: when saturation zone is bigger, smaller and equal to slide-yield
zone.
� A comparison between ERR for Cases I, II and III concludes that crack opens more for case when slide-yield zone is bigger

than saturation zone followed by saturation zone bigger than slide-yield zone. And it will be minimum when both
saturation and slide-yield zones are equal. It is also noted that ERR is low for non-symmetrically located crack
vis-à-vis centrically located crack.
� It is noted that the crack-sliding displacement strongly depends on crack-face boundary conditions. As the permittivity of

the medium inside the crack increases the relative crack sliding decreases.
� Energy release rate also depends on permittivity of the crack media. As permittivity of the crack media increases the ERR

decreases, indicates the less crack growth for high value of ECCP.
� Finally, numerical case study affirms that considered crack model is capable to crack arrest for non-centric case semi-

permeable crack conditions under small-scale mechanical yielding and electric yielding.
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