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In this article, we present a new iteration penalty method for incompressible flows based
on the iteration of pressure with a factor of penalty parameter, which was first developed
for Stokes flows by Cheng and Abdul (2006) [14]. The stability and error estimates of
numerical solutions in some norms are derived for this one-level method. Then, combining
the techniques of two-level method and linearization with respect to the nonlinear convec-
tive term, we propose two-level Stokes/Oseen/Newton iteration penalty methods corre-
sponding to three different linearization method, and show the stability and error
estimates of these three methods. Finally, some numerical tests are given to demonstrate
the effect of penalty parameter and the efficiency of the new methods.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

In this paper, we consider a two-level iteration penalty method for the incompressible flows which are governed by the
incompressible Navier–Stokes equations
�lDuþ ðu � rÞu�rp ¼ f ; in X;

divu ¼ 0; in X;

u ¼ 0; on @X;

8><
>: ð1:1Þ
where X is a bounded domain in R2 assumed to have a Lipschitz continuous boundary @X. l > 0 represents the viscosity
coefficient. u ¼ ðu1ðxÞ;u2ðxÞÞ denotes the velocity vector, p ¼ pðxÞ the pressure, f ¼ ðf1ðxÞ; f2ðxÞÞ the prescribed body force vec-
tor. The solenoidal condition divu ¼ 0 means that the flows are incompressible.

The development of appropriate mixed finite element approximations is a key component in the search for efficient tech-
niques for solving the problem (1.1) quickly and efficiently. Roughly speaking, there exist two main difficulties. One is the
nonlinear term ðu � rÞu, which can be processed by the linearization methods such as the Newton iteration method [1], or
the two-level method [2–9]. The other is that the velocity and the pressure are coupled by the solenoidal condition. The pop-
ular technique to overcome this difficulty is to relax the solenoidal condition in an appropriate method, resulting in a
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pesudo-compressible system, such as the penalty method and the artificial compressible method [10]. Recently, using the
Taylor–Hood element (P2 � P1 triangular element), Li and An [11] studied two-level penalty finite element methods for
Navier–Stokes equations with nonlinear slip boundary conditions, where the main results can be extended to the problem
(1.1). Denote ðuh

e ; p
h
e Þ the two-level penalty finite element approximation solution to ðu; pÞ 2 ðH3ðXÞ2;H2ðXÞÞ. The error esti-

mate derived in [11] is
jju� uh
e jj1 þ jjp� ph

e jj 6 cðeþ h2 þ H3Þ; ð1:2Þ
where e > 0 is small, h and H are the fine mesh size and coarse mesh size, respectively, and satisfy h < H < 1. c > 0 is inde-
pendent of e;h and H. Thus, it suggests that e depends on h, i.e. e ¼ Oðh2Þ, to yield an accurate approximation. However, the
condition number of the numerical discretization of two-level penalty methods is Oðe�1h�2Þ, which will result in a very ill-
conditioned problem when mesh size h! 0.

In this paper, we combine the iteration penalty method with the two-level method to solve the numerical solution to
(1.1). The iterative penalty method was first introduced by Cheng [12] for the Stokes equations and further used to solve
the pure Neumann problem [13] and the Navier–Stokes equations with nonlinear slip boundary conditions [14]. This itera-
tion penalty method allows us to use a ‘‘not very small’’ penalty parameter e. Our two-level iteration penalty methods can be
described as follows. The first step and the second step are required to solve a small Navier–Stokes equations on the coarse
mesh in terms of the iteration penalty method [12,14]. The third step is required to solve a large linearization problem on the
fine mesh in terms of Stokes iteration, Oseen iteration or Newton iteration, respectively. We prove that these two-level iter-
ation penalty finite element solutions ðueh; pehÞ are of the following error estimate
jju� uehjj1 þ jjp� pehjj 6
cðh2 þ H3 þ eH2 þ ekþ1Þ Stokes=Oseen methods

cðh2 þ H4 þ eH2 þ ekþ2Þ Newton method

(
ð1:3Þ
for any positive integer k. Thus, if we choose e ¼ OðHÞ ¼ Oðh2=3Þ, then (1.3) is of the optimal convergence rate of same order
as the usual Galerkin finite element method. Therefore, compared to the two-level penalty method in [11], our iteration pen-
alty method allows that e is not very small. Moreover, combining with two-level methods, our method we study in this paper
can save a large amount of computational time and is an efficient numerical method for solving the numerical solution to the
problem (1.1).

2. Preliminary

In what follows, we employ the standard notation HlðXÞ (or HlðXÞ2) and jj � jjl; l P 0, for the Sobolev spaces of all functions
having square integrable derivatives up to order l in X and the standard Sobolev norm. When l ¼ 0, we shall write L2ðXÞ (or
L2ðXÞ2) and jj � jj instead of H0ðXÞ (or H0ðXÞ2) and jj � jj0, respectively. Let X be a Banach space. Denote by X0 the dual space of X
and by < �; �>X the dual product between X and X 0. The dual norm jj � jjX0 is defined by jjv jjX0 ¼ supw2X

<v ;w>X
jjwjjX

.
For the mathematical setting, we introduce the following spaces:
V ¼ H1
0ðXÞ

2
; M ¼ L2

0ðXÞ ¼ q 2 L2ðXÞ;
Z

X
qdx ¼ 0

� �
:

The space V is equipped with the norm
jjv jjV ¼
Z

X
jrv j2dx

� �1=2

:

It is well known that jjv jjV is equivalent to jjvjj1. Introduce two bilinear forms
aðu; vÞ ¼ l
Z

X
ru � rvdx; 8 u; v 2 V ;

dðv ; qÞ ¼
Z

X
qdivvdx; 8 v 2 V ; q 2 M;
and a trilinear form
bðu; v;wÞ ¼
Z

X
ðu � rÞv �wdx� 1

2

Z
X

divuv �wdx ¼ 1
2

Z
X
ðu � rÞv �wdx� 1

2

Z
X
ðu � rÞw � vdx:
It is easy to verify that this trilinear form satisfies the following important properties [7]:
bðu; v;wÞ ¼ �bðu;w;vÞ; ð2:1Þ
bðu; v;wÞ 6 NjjujjV jjv jjV jjwjjV ; ð2:2Þ

bðu; v;wÞ 6 N
2
jjujj1=2jjujj1=2

V ðjjv jjV jjwjj
1=2jjwjj1=2

V þ jjwjjV jjv jj
1=2jjv jj1=2

V Þ; ð2:3Þ
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for all u;v ;w 2 V and
jbðu;v ;wÞj þ jbðv ;u;wÞj þ jbðw;u; vÞj 6 NjjujjV jjvjj2jjwjj; ð2:4Þ
for all u 2 V ; v 2 H2ðXÞ2;w 2 L2ðXÞ2, where N > 0 depends only on X.
Given f 2 V 0, under the above notations, the variational formulation of the problem (1.1) reads as: find ðu; pÞ 2 ðV ;MÞ such

that for all ðv; qÞ 2 ðV ;MÞ:
aðu;vÞ þ bðu;u;vÞ � dðv ;pÞ ¼< f ; v>V ;

dðu; qÞ ¼ 0:

�
ð2:5Þ
If we define a generalized bilinear form on ðV ;MÞ � ðV ;MÞ by
Bðu; p; v ; qÞ ¼ aðu; vÞ � dðv ;pÞ þ dðu; qÞ;
then the problem (2.5) also takes the following form:
Bðu; p; v ; qÞ þ bðu;u;vÞ ¼< f ; v>V : ð2:6Þ
The following existence, uniqueness and regularity results concerning the solution ðu; pÞ to the problem (2.6) are classical
[15,16,10]:

Theorem 2.1. Assume that l and f satisfy the following uniqueness condition:
2l�2Njjf jjV 0 < 1; ð2:7Þ
then the problem (2.6) exists a unique solution ðu; pÞ 2 ðV ;MÞ satisfying
jjujjV 6
1
l
jjf jjV 0 <

l
2N

: ð2:8Þ
Furthermore, assume that @X is of class Cm;m ¼ 2;3. If f 2 Hm�2ðXÞ2, then the solution ðu; pÞ to the problem (2.6) satisfies the fol-
lowing regularity:
jjujjm þ jjpjjm�1 6 cjjf jjm�2:
3. Iteration penalty finite element approximation

Suppose that f 2 H1ðXÞ and X is a convex polygonal domain. Let T h be a family of quasi-uniform triangular partition of X.
The corresponding ordered triangles are denoted by K1;K2; . . . ;Kn. Let hi ¼ diamðKiÞ; i ¼ 1; . . . ;n, and h ¼ maxfh1;h2; . . . ;hng.
For every K 2 T h, let PrðKÞ denote the space of the polynomials on K of degree at most r. For simplicity, we consider the con-
forming finite element spaces Vh and Mh defined by
Vh ¼ vh 2 CðXÞ2; vhjK 2 ½P2ðKÞ�2; 8 K 2 T h; vhj@X ¼ 0
n o

;

Mh ¼ qh 2 CðXÞ; qhjK 2 P1ðKÞ; 8 K 2 T h;

Z
X

qhdx ¼ 0
� �

:

It is well known that Vh and Mh satisfy the Babuška–Brezzi condition [17,18]:
jjjqhjj 6 sup
vh2Vh

dðvh; qhÞ
jjvhjjV

; ð3:1Þ
where j > 0 is a constant independent of h.
Denote Rh and Qh the L2 orthogonal projections onto Vh and Mh, respectively, which satisfy
jjv � Rhvjj þ hjjv � RhvjjV 6 chijjvjji; 8 v 2 H3ðXÞ2 \ V ; i ¼ 1;2;3; ð3:2Þ
jjq� Qhqjj 6 chjjjqjjj; 8 q 2 H2ðXÞ \M; j ¼ 1;2: ð3:3Þ
In [12], the authors propose the following iteration penalty finite element approximation for solving (2.5).

Step I: Find ðu0
eh; p

0
ehÞ 2 ðVh;MhÞ such that for all ðvh; qhÞ 2 ðVh;MhÞ
aðu0
eh;vhÞ þ bðu0

eh;u
0
eh;vhÞ � dðvh; p0

ehÞ ¼ ðf ; vhÞ;
dðu0

eh; qhÞ þ eðp0
eh; qhÞ ¼ 0:

(
ð3:4Þ
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Step II: For k ¼ 1;2; . . ., find ðuk
eh; p

k
ehÞ 2 ðVh;MhÞ such that for all ðvh; qhÞ 2 ðVh;MhÞ

aðuk
eh;vhÞ þ bðuk

eh;u
k
eh;vhÞ � dðvh;pk

ehÞ ¼ ðf ;vhÞ;
dðuk

eh; qhÞ þ eðpk
eh; qhÞ ¼ eðpk�1

eh ; qhÞ:

(
ð3:5Þ

Define a generalized bilinear form on ðVh;MhÞ � ðVh;MhÞ by
Behðuh; ph; vh; qhÞ ¼ Bðuh; ph; vh; qhÞ þ eðph; qhÞ;
then the problem (3.5) also takes the following form:
Behðuk
eh; p

k
eh; vh; qhÞ þ bðuk

eh; u
k
eh; vhÞ ¼ ðf ;vhÞ þ eðpk�1

eh ; qhÞ: ð3:6Þ
Theorem 3.1. Suppose that ðuk
eh; p

k
ehÞ 2 ðVh;MhÞ is the solution to the problem (3.6), then it satisfies
ljjuk
ehjj

2
V þ ejjpk

ehjj
2
6

2kþ 1
2l

jjf jj21: ð3:7Þ
Proof. Setting vh ¼ u0
eh; qh ¼ p0

eh in (3.4), using (2.1) and Young inequality, it yields
ljju0
ehjj

2
V þ ejjp0

ehjj
2 ¼ ðf ; u0

ehÞ 6
l
2
jju0

ehjj
2
V þ

1
2l
jjf jj21:
Thus, we obtain
ljju0
ehjj

2
V þ 2ejjp0

ehjj
2
6

1
l
jjf jj21:
For k ¼ 1;2; . . ., setting vh ¼ uk
eh; qh ¼ pk

eh in (3.6), it yields
ljjuk
ehjj

2
V þ ejjpk

ehjj
2 ¼ ðf ; uk

ehÞ þ eðpk�1
eh ; pk

ehÞ 6
l
2
jju0

ehjj
2
V þ

1
2l
jjf jj21 þ

e
2
jjpk

ehjj
2 þ e

2
jjpk�1

eh jj
2
:

Thus, we obtain
ljjuk
ehjj

2
V þ ejjpk

ehjj
2
6

1
l
jjf jj21 þ ejjpk�1

eh jj
2
6 � � � 6 k

l
jjf jj21 þ ejjp0

ehjj
2
6

2kþ 1
2l

jjf jj21:
The proof is complete. h

Now, we recall a theorem concerning the error estimate between the exact solution and the penalty finite element
approximation solution. The proof can be found in [12,14].

Theorem 3.2. Let ðu; pÞ 2 H3ðXÞ2 \ V � H2ðXÞ \M and ðuk
eh; p

k
ehÞ 2 ðVh;MhÞ be the solutions to the problems (2.5) and (3.6), then

they satisfy
jju� uk
ehjjV þ jjp� pk

ehjj 6 cðh2 þ ekþ1Þ; ð3:8Þ
for any positive integer k.
We begin to give the error estimate jju� uk

ehjj for the penalty finite element approximation (3.5). This L2 error analysis is
based on the regularity assumption that the following linearized problem (3.9) is ðH2ðXÞ2;H1ðXÞÞ regular.

Given z 2 L2ðXÞ2, find ðw;pÞ 2 ðV ;MÞ such that for all ðv ; qÞ 2 ðV ;MÞ
aðw;vÞ þ bðu; v;wÞ þ bðv ;u;wÞ � dðv;pÞ ¼ ðz;vÞ;
dðw; qÞ ¼ 0:

�
ð3:9Þ
According to (2.1) and (2.8), it is easy to verify that the problem (3.9) exists a unique solution ðw;pÞ. The assumption that
(3.9) is ðH2ðXÞ2;H1ðXÞÞ regular means that ðw;pÞ also belongs to ðH2ðXÞ2;H1ðXÞÞ and the following inequality holds:
jjwjj2 þ jjpjj1 6 cjjzjj: ð3:10Þ
Theorem 3.3. Let ðu; pÞ 2 H3ðXÞ2 \ V � H2ðXÞ \M and ðuk
eh; p

k
ehÞ 2 ðVh;MhÞ be the solutions to the problems (2.5) and (3.6), then

they satisfy
jju� uk
ehjj 6 cðh3 þ eh2 þ ekþ1Þ; ð3:11Þ
for any positive integer k.
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Proof. Setting z ¼ u� uk
eh and v ¼ u� uk

eh in the first equation of (3.9), we get
jju� uk
ehjj

2 ¼ aðw;u� uk
ehÞ þ bðu; u� uk

eh;wÞ þ bðu� uk
eh;u;wÞ � dðu� uk

eh;pÞ: ð3:12Þ
Subtracting (2.5) from (3.5) yields
aðu� uk
eh;vhÞ þ bðu;u;vhÞ � bðuk

eh; u
k
eh; vhÞ � dðvh;p� pk

ehÞ ¼ 0;
dðu� uk

eh; qhÞ þ eðpk�1
eh ; qhÞ � eðpk

eh; qhÞ ¼ 0

(
ð3:13Þ
Taking vh ¼ Rhw and qh ¼ Qhp in (3.13) and combining with (3.12), we obtain
jju� uk
ehjj

2 ¼ aðw� Rhw; u� uk
ehÞ þ bðu;u� uk

eh;wÞ þ bðu� uk
eh;u;wÞ þ bðuk

eh;u
k
eh;RhwÞ � bðu;u;RhwÞ

þ dðRhw�w; p� pk
ehÞ � dðu� uk

eh;p� Q hpÞ þ eðpk�1
eh ;QhpÞ � eðpk

eh;QhpÞ ¼ I1 þ � � � þ I4: ð3:14Þ
Using (3.2), (3.8) and (3.10), I1 is estimated by
I1 ¼ aðw� Rhw;u� uk
ehÞ 6 ljju� uk

ehjjV jjw� RhwjjV 6 chðh2 þ ekþ1Þjjwjj2 6 chðh2 þ ekþ1Þjju� uk
ehjj:
Similarly, using (3.2), (3.3), (3.8) and (3.10), I3 is estimated by
I3 ¼ dðRhw�w;p� pk
ehÞ � dðu� uk

eh;p� Q hpÞ 6 jjRhw�wjjV jjp� pk
ehjj þ jju� uk

ehjjV jjp� Q hpjj

6 chðh2 þ ekþ1Þðjjwjj2 þ jjpjj1Þ 6 chðh2 þ ekþ1Þjju� uk
ehjj:
Concerning I2, we rewrite it as
I2 ¼ bðu;u� uk
eh;wÞ þ bðu� uk

eh; u;wÞ þ bðuk
eh; u

k
eh;RhwÞ � bðu;u;RhwÞ

¼ bðu� uk
eh;u� uk

eh;wÞ þ bðu� uk
eh;u;w� RhwÞ þ bðu;u� uk

eh;w� RhwÞ þ bðu� uk
eh;u� uk

eh;Rhw�wÞ:
Then, from (2.2), (2.8), (3.2), (3.7), (3.8) and (3.10), it holds that
I2 6 Njju� uk
ehjj

2
V ðjjwjjV þ jjw� RhwjjV Þ þ NjjujjV jju� uk

ehjjV jjw� RhwjjV 6 cðh3 þ hekþ1 þ e2kþ2Þjjwjj2
6 cðh3 þ hekþ1 þ e2kþ2Þjju� uk

ehjj:
Finally, we estimate I4 by
I4 ¼ eðpk�1
eh ;QhpÞ � eðpk

eh;QhpÞ ¼ eðpk�1
eh � p;Q hpÞ þ eðp� pk

eh;Q hpÞ 6 eðjjpk�1
eh � pjj þ jjp� pk

ehjjÞjjQ hpjj

6 eðh2 þ ekÞjjpjj1 6 eðh2 þ ekÞjju� uk
ehjj:
Combining these estimates with (3.14), we conclude that (3.11) holds. h
4. Two-level iteration penalty methods

In this section, based on the iteration penalty method described in the above section, the two-level iteration penalty finite
element methods for (2.5) are proposed in terms of Stokes iteration, Oseen iteration or Newton iteration. From now on, H and
h with h < H are two real positive parameter. The coarse mesh triangulation T H is made as like in Section 3. And a fine mesh
triangulation T h is generated by a mesh refinement process to T H . The conforming finite element space pairs ðVh;MhÞ and
ðVH;MHÞ � ðVh;MhÞ corresponding to the triangulations T h and T H , respectively, are constructed as like in Section 3. With the
above notations, we propose the following two-level iteration finite element methods.

4.1. Two-level stokes iteration penalty method

At Step I and Step II, we solve (3.4) and (3.5) on the coarse mesh. i.e.,

Step I: Find ðu0
eH; p

0
eHÞ 2 ðVH;MHÞ such that for all ðvH; qHÞ 2 ðVH;MHÞ
aðu0
eH;vHÞ þ bðu0

eH; u
0
eH;vHÞ � dðvH;p0

eHÞ ¼ ðf ;vHÞ;
dðu0

eH; qHÞ þ eðp0
eH; qHÞ ¼ 0:

(
ð4:1Þ

Step II: For k ¼ 1;2; . . ., find ðuk
eH; p

k
eHÞ 2 ðVH;MHÞ such that for all ðvH; qHÞ 2 ðVH;MHÞ

aðuk
eH;vHÞ þ bðuk

eH; u
k
eH;vHÞ � dðvH;pk

eHÞ ¼ ðf ;vHÞ;
dðuk

eH; qHÞ þ eðpk
eH; qHÞ ¼ eðpk�1

eH ; qHÞ:

(
ð4:2Þ

At Step III, we solve a linearized problem on the fine mesh in terms of Stokes iteration. i.e.,
Step III: Find ðueh; pehÞ 2 ðVh;MhÞ such that for all ðvh; qhÞ 2 ðVh;MhÞ
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aðueh;vhÞ þ bðuk
eH;u

k
eH; vhÞ � dðvh; pehÞ ¼ ðf ; vhÞ;

dðueh; qhÞ þ eðpeh; qhÞ ¼ eðpk
eH; qhÞ:

(
ð4:3Þ
It follows from (3.7), (3.8) and (3.11) that uk
eH is uniformly bounded in V and ðuk

eH; p
k
eHÞ satisfies
jju� uk
eHjjV þ jjp� pk

eHjj 6 cðH2 þ ekþ1Þ; ð4:4Þ
jju� uk

eHjj 6 cðH3 þ eH2 þ ekþ1Þ: ð4:5Þ
According to the definition of the generalized bilinear form Beh, (2.6) and (4.3) also take the following forms:
Behðu;p; v; qÞ þ bðu;u;vÞ ¼ ðf ;vÞ þ eðp; qÞ: ð4:6Þ
and
Behðueh; peh; vh; qhÞ þ bðuk
eH; u

k
eH; vhÞ ¼ ðf ;vhÞ þ eðpk

eH; qhÞ: ð4:7Þ
Then we get
Behðu� ueh; p� peh; vh; qhÞ þ bðu;u; vhÞ � bðuk
eH;u

k
eH;vhÞ ¼ eðp� pk

eH; qhÞ: ð4:8Þ
Next, we prove the following error estimate of the finite element approximation solution ðueh; pehÞ to the problem (4.3).

Theorem 4.1. Suppose that the uniqueness condition (2.7) holds. Let ðu; pÞ 2 H3ðXÞ2 \ V � H2ðXÞ \M and ðueh; pehÞ 2 ðVh;MhÞ
be the solutions to the problems (2.5) and (4.3), then they satisfy
jju� uehjjV þ jjp� pehjj 6 cðh2 þ eH2 þ H3 þ ekþ1Þ: ð4:9Þ
Proof. Setting vh ¼ Rhu� ueh and qh ¼ Q hp� peh in (4.8), it yields
ljjRhu�uehjj2V þejjQ hp�pehjj
2¼BehðRhu�ueh;Q hp�peh;Rhu�ueh;Q hp�pehÞ
¼BehðRhu�u;Qhp�p;Rhu�ueh;Q hp�pehÞþBehðu�ueh;p�peh;Rhu�ueh;Q hp�pehÞ
¼BehðRhu�u;Qhp�p;Rhu�ueh;Q hp�pehÞþbðuk

eH;u
k
eH;Rhu�uehÞ�bðu;u;Rhu�uehÞ

þeðp�pk
eH;Q hp�pehÞ¼ J1þ J2þ J3: ð4:10Þ
From Hölder inequality and Young inequality, it is easy to show that
J1 ¼ BehðRhu� u;Q hp� p; Rhu� ueh;Qhp� pehÞ
6 ljjRhu� ujjV jjRhu� uehjjV þ jjrhu� ujjV jjQ hp� pehjj þ jjRhu� uehjjV jjQ hp� pjj þ ejjQ hp� pjjjjQ hp� pehjj

6
l
8
jjRhu� uehjj2V þ cðjjRhu� ujj2V þ jjQ hp� pjj2Þ þ gjjQ hp� pehjj

2 þ e2jjQ hp� pjj2; ð4:11Þ
and
J3 ¼ eðp� pk
eH;Qhp� pehÞ 6 ejjp� pk

eHjjjjQ hp� pehjj 6 gjjQ hp� pehjj
2 þ ce2jjp� pk

eHjj
2
; ð4:12Þ
where g > 0 is some small constant. Note that
bðuk
eH;u

k
eH; vhÞ � bðu;u; vhÞ ¼ bðuk

eH � u;u;vhÞ þ ðu; uk
eH � u;vhÞ þ bðuk

eH � u;uk
eH � u; vhÞ; ð4:13Þ
then from (2.2) and (2.4) we can estimate J2 by
J2 ¼ b uk
eH � u;u;Rhu� ueh

� �
þ u; uk

eH � u;Rhu� ueh
� �

þ b uk
eH � u;uk

eH � u;Rhu� ueh
� �

6 Njjujj2jjRhu� uehjjV jjuk
eH � ujj þ Njjuk

eH � ujj2V jjRhu� uehjjV 6
l
8
jjRhu� uehjj2V þ c jjuk

eH � ujj2 þ jjuk
eH � ujj4V

� 	
:

Substituting these estimates into (4.10) and using triangular inequality, it yields
jju� uehjjV 6 jju� RhujjV þ jjRhu� uehjjV
6 cðjjRhu� ujjV þ jjQ hp� pjjÞ þ gjjQ hp� pehjj þ cðejjp� pk

eHjj þ jjuk
eH � ujj þ jjuk

eH � ujj2V Þ: ð4:14Þ
Next, we estimate jjQ hp� pehjj. From the Babuška–Brezzi condition (3.1), we have
jjjQ hp� pehjj 6 sup
vh2Vh

dðvh;Q hp� pehÞ
jjvhjjV

¼ sup
vh2Vh

dðvh;Qhp� pÞ þ dðvh; p� pehÞ
jjvhjjV

6 jjQ hp� pjj þ sup
vh2Vh

dðvh;p� pehÞ
jjvhjjV

: ð4:15Þ
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On the other hand, it follows from (2.2), (2.4) and (4.13) that
dðvh;p� pehÞ ¼ aðu� ueh; vhÞ þ bðu;u;vhÞ � bðuk
eH;u

k
eH;vhÞ

¼ aðu� ueh; vhÞ þ bðu;u� uk
eH; vhÞ þ bðu� uk

eH;u; vhÞ � bðu� uk
eH;u� uk

eH;vhÞ

6 ðljju� uehjjV þ Njjujj2jju� uk
eHjj þ Njju� uk

eHjj
2
V ÞjjvhjjV :
Thus, we obtain
jjQ hp� pehjj 6 c jjp� Qhpjj þ jju� uehjjV þ jju� uk
eHjj þ jju� uk

eHjj
2
V

� 	
: ð4:16Þ
Substituting (4.16) into (4.14), for sufficiently small g > 0, we get from (3.2), (3.3), (4.4) and (4.5)
jju� uehjjV 6 cðjjRhu� ujjV þ jjQ hp� pjjÞ þ c ejjp� pk
eHjj þ jjuk

eH � ujj þ jjuk
eH � ujj2V

� 	
6 cðh2 þ eH2 þ ekþ2 þ H3 þ eH2 þ ekþ1 þ H4 þ e2kþ2Þ 6 c h2 þ eH2 þ H3 þ ekþ1

� 	
:

From (4.16), again, we conclude
jjp� pehjj 6 cðh2 þ eH2 þ H3 þ ekþ1Þ:
The proof is complete. h
4.2. Two-level Oseen iteration penalty method

At Step I and Step II, we solve (4.1) and (4.2) on the coarse mesh. i.e.,

Step I: Find ðu0
eH; p

0
eHÞ 2 ðVH;MHÞ by (4.1).

Step II: For k ¼ 1;2; . . ., find ðuk
eH; p

k
eHÞ 2 ðVH;MHÞ by (4.2).

At Step III, we solve a linearized problem on the fine mesh in terms of Oseen iteration, i.e.,
Step III: Find ðueh; pehÞ 2 ðVh;MhÞ such that for all ðvh; qhÞ 2 ðVh;MhÞ
aðueh;vhÞ þ bðuk
eH; ueh; vhÞ � dðvh; pehÞ ¼ ðf ; vhÞ;

dðueh; qhÞ þ eðpeh; qhÞ ¼ eðpk
eH; qhÞ:

(
ð4:17Þ
Next, we prove the following error estimate of the finite element approximation solution ðueh; pehÞ to the problem (4.17).

Theorem 4.2. Suppose that the uniqueness condition (2.7) holds. Let ðu; pÞ 2 ðH3ðXÞ2 \ V ;H2ðXÞ \MÞ and ðueh; pehÞ 2 ðVh;MhÞ
be the solutions to the problems (2.5) and (4.17), then they satisfy
jju� uehjjV þ jjp� pehjj 6 c h2 þ eH2 þ H3 þ ekþ1
� 	

: ð4:18Þ
Proof. Proceeding as the proof in Theorem 4.1, we have
ljjRhu� uehjj2V þ ejjQ hp� pehjj
2 ¼ BehðRhu� u;Qhp� p; Rhu� ueh;Q hp� pehÞ þ bðuk

eH;ueh;Rhu� uehÞ
� bðu; u;Rhu� uehÞ þ eðp� pk

eH;Qhp� pehÞ: ð4:19Þ
Here, we only estimate bðuk
eH; ueh;Rhu� uehÞ � bðu;u;Rhu� uehÞ by
b uk
eH;ueh;Rhu� ueh

� �
� bðu;u;Rhu� uehÞ ¼ b uk

eH;ueh � Rhu;Rhu� ueh
� �

þ b uk
eH;Rhu� u;Rhu� ueh

� �
þ b uk

eH � u;u;Rhu� ueh
� �

¼ b uk
eH;Rhu� u;Rhu� ueh

� �
þ b uk

eH � u;u;Rhu� ueh
� �

6 Njjuk
eHjjV jjRhu� ujjV jjRhu� uehjjV þ Njjujj2jjRhu� uehjjV jjuk

eH � ujj

6
l
8
jjRhu� uehjj2V þ c jjuk

eH � ujj2 þ jjRhu� ujj2V
� 	

; ð4:20Þ
where we use (2.1), (2.2) and (2.4). Substituting (4.11), (4.12) and (4.20) into (4.19), it yields
jju� uehjjV 6 jju� RhujjV þ jjRhu� uehjjV
6 cðjjRhu� ujjV þ jjQ hp� pjjÞ þ gjjQ hp� pehjj þ cðejjp� pk

eHjj þ jjuk
eH � ujjÞ; ð4:21Þ
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where g > 0 is some small constant. Note that
dðvh;p� pehÞ ¼ aðu� ueh; vhÞ þ bðu;u; vhÞ � b uk
eH;ueh;vh

� �
¼ aðu� ueh;vhÞ þ b u� uk

eH;u;vh

� �
þ b uk

eH;u� ueh;vh

� �
6 ljju� uehjjV þ Njjujj2jju� uk

eHjj þ Njjuk
eHjjV jju� uehjjV

� �
jjvhjjV :
Then, from (3.7) and (4.15) we obtain
jjQ hp� pehjj 6 c jjp� Q hpjj þ jju� uehjjV þ u� uk
eH



 

� �
: ð4:22Þ
Substituting (4.22) into (4.21), for sufficiently small g > 0, we get from (3.2), (3.3), (4.4) and (4.5)
jju� uehjjV 6 c jjRhu� ujjV þ jjQ hp� pjj þ e p� pk
eH



 

þ uk
eH � u



 

� �
6 cðh2 þ eH2 þ ekþ2 þ H3 þ eH2 þ ekþ1Þ

6 cðh2 þ eH2 þ H3 þ ekþ1Þ:
From (4.22), again, we conclude
jjp� pehjj 6 cðh2 þ eH2 þ H3 þ ekþ1Þ:
The proof is complete. h
4.3. Two-level newton iteration penalty method

At Step I and Step II, we solve (4.1) and (4.2) on the coarse mesh. i.e.,

Step I: Find ðu0
eH; p

0
eHÞ 2 ðVH;MHÞ by (4.1).

Step II: For k ¼ 1;2; . . ., find ðuk
eH; p

k
eHÞ 2 ðVH;MHÞ by (4.2).

At Step III, we solve a linearized problem on the fine mesh in terms of Newton iteration. i.e.,
Step III: Find ðueh; pehÞ 2 ðVh;MhÞ such that for all ðvh; qhÞ 2 ðVh;MhÞ
aðueh;vhÞ þ bðuk
eH;ueh;vhÞ þ bðueh; uk

eH; vhÞ � dðvh;pehÞ ¼ ðf ;vhÞ þ bðuk
eH;u

k
eH; vhÞ;

dðueh; qhÞ þ eðpeh; qhÞ ¼ eðpk
eH; qhÞ:

(
ð4:23Þ
Next, we prove the following error estimate of the finite element approximation solution ðueh; pehÞ to the problem (4.23).

Theorem 4.3. Suppose that the uniqueness condition (2.7) holds. Let ðu; pÞ 2 ðH3ðXÞ2 \ V ;H2ðXÞ \MÞ and ðueh; pehÞ 2 ðVh;MhÞ
be the solutions to the problems (2.5) and (4.23), then for sufficiently small h;H; e they satisfy
jju� uehjjV þ jjp� pehjj 6 cðh2 þ eH2 þ H4 þ ekþ2Þ: ð4:24Þ
Proof. Proceeding as the proof in Theorem 4.1, we have
ljjRhu� uehjj2V þ ejjQ hp� pehjj
2 ¼ BehðRhu� u;Q hp� p; Rhu� ueh;Q hp� pehÞ
þ b uk

eH;ueh;Rhu� ueh

� �
þ b ueh;uk

eH;Rhu� ueh

� �
� bðu;u;Rhu� uehÞ

� b uk
eH;u

k
eH;Rhu� ueh

� �
þ e p� pk

eH;Q hp� peh

� �
¼ J1 þ J3 þ J4; ð4:25Þ
where J1 and J3 have been estimated by (4.11) and (4.12), respectively. We rewrite J4 as
J4 ¼ b uk
eH;ueh;Rhu� ueh

� �
þ b ueh;uk

eH;Rhu� ueh

� �
� b u;u;Rhu� uehð Þ � b uk

eH;u
k
eH;Rhu� ueh

� �
¼ bðueh � u;u;Rhu� uehÞ þ bðueh;ueh � u;Rhu� uehÞ � b ueh � uk

eH;ueh � uk
eH;Rhu� ueh

� �
¼ bðueh � Rhu;u;Rhu� uehÞ þ bðRhu� u;u;Rhu� uehÞ þ bðueh;Rhu� u;Rhu� uehÞ
þ b Rhu� ueh;Rhu� uk

eH;Rhu� ueh

� �
þ b uk

eH � Rhu;Rhu� uk
eH;Rhu� ueh

� �
¼ J5 þ � � � þ J9: ð4:26Þ
From (2.2) and (2.8), J5 and J6 are estimated by
J5 ¼ bðueh � Rhu;u;Rhu� uehÞ 6 NjjujjV jjRhu� uehjj2V 6
l
2
jjRhu� uehjj2V ;
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and
J6 ¼ bðRhu� u;u;Rhu� uehÞ 6 NjjujjV jjRhu� uehjjV jjRhu� ujjV 6
l
2
jjRhu� uehjjV jjRhu� ujjV

6
l
8
jjRhu� uehjj2V þ

l
2
jjRhu� ujj2V :
Using (2.2) and (3.2), we estimate J7 by
J7 ¼ bðueh;Rhu� u;Rhu� uehÞ ¼ bðueh � Rhu;Rhu� u;Rhu� uehÞ þ bðRhu;Rhu� u;Rhu� uehÞ

6 NjjRhu� ujjV jjRhu� uehjj2V þ NjjRhujjV jjRhu� ujjV jjRhu� uehjjV 6 ch2jjRhu� uehjj2V þ
l
8
jjRhu� uehjj2V þ cjjRhu� ujj2V :
It follows from (2.2), (3.2) and (4.4) that J8 is estimated by
J8 ¼ bðRhu� ueh;Rhu� uk
eH;Rhu� uehÞ 6 NjjRhu� uk

eHjjV jjRhu� uehjj2V 6 N jjRhu� ujjV þ jju� uk
eHjjV

� �
jjRhu� uehjj2V

6 c h2 þ H2 þ ekþ1
� 	

jjRhu� uehjj2V :
Finally, J9 is estimated by
J9 ¼ b uk
eH � Rhu;Rhu� uk

eH;Rhu� ueh

� �
6 NjjRhu� uk

eHjj
2
V jjRhu� uehjjV 6

l
8
jjRhu� uehjj2V þ c jjRhu� ujj4V þ jju� uk

eHjj
4
V

� 	
:

Substituting these estimates into (4.26) and combining with (4.11), (4.12), for sufficiently small h;H; e we get
jju� uehjjV 6 jju� RhujjV þ jjRhu� uehjjV 6 cðjjRhu� ujjV þ jjQ hp� pjjÞ þ gjjQ hp� pehjj

þ c ejjp� pk
eHjj þ jjRhu� ujj2V þ jju� uk

eHjj
2
V

� 	
; ð4:27Þ
where g > 0 is some small constant. Note that
dðvh;p� pehÞ ¼ aðu� ueh; vhÞ þ bðu;u;vhÞ � b uk
eH;ueh;vh

� �
� b ueh;uk

eH;vh

� �
þ b uk

eH;u
k
eH;vh

� �
: ð4:28Þ
Since
bðu;u;vhÞ�b uk
eH;ueh;vh

� �
�b ueh;uk

eH;vh

� �
þb uk

eH;u
k
eH;vh

� �
¼ bðu�ueh;u;vhÞþbðu;u�Rhu;vhÞ�bðu�ueh;u�Rhu;vhÞ
þb ueh�uk

eH;Rhu�uk
eH;vh

� �
�b uk

eH;ueh�Rhu;vh

� �
6 ðNjjujjV jju�uehjjV þNjjujjV jju�RhujjV
þjju�RhujjV jju�uehjjV ÞjjvhjjV þðjju�uehjjV
þjju�uk

eHjjV Þ jju�RhujjV þjju�uk
eHjjV

� �
jjvhjjV

þNjjuk
eHjjV ðjju�uehjjV þjju�RhujjV ÞjjvhjjV

6 c 1þh2þH2þekþ1
� 	

jju�uehjjV jjvhjjV

þc jju�RhujjV þjju�Rhujj2V þjju�uk
eHjj

2
V

� 	
jjvhjjV ;
then combining (4.28) and (4.15), we obtain
jjQ hp� pehjj 6 c 1þ h2 þ H2 þ ekþ1
� 	

jju� uehjjV þ c jju� RhujjV þ jjp� Qhpjj þ jju� Rhujj2V þ jju� uk
eHjj

2
V

� 	
: ð4:29Þ
Substituting (4.29) into (4.27), we obtain
jju� uehjjV 6 cðjjRhu� ujjV þ jjQ hp� pjjÞ þ cðejjp� pk
eHjj þ jjRhu� ujj2V þ jju� uk

eHjj
2
V Þ

6 cðh2 þ eH2 þ ekþ2 þ h4 þ H4 þ e2kþ2Þ 6 cðh2 þ eH2 þ H4 þ ekþ2Þ; ð4:30Þ
which proves (4.24). h
5. Numerical results

In this section, we take some numerical tests to illustrate the performance of the present iteration penalty methods. The
testing example is quoted from [12], namely the exact solution is chosen as
u ¼ ðx2ðx� 1Þ2yðy� 1Þð2y� 1Þ;�xðx� 1Þð2x� 1Þy2ðy� 1Þ2Þ;



Table 1
Effect of penalty parameter e ¼ e0H in the full error ku�uhkVþkp�phk

kukVþkpk
for the three methods with H ¼ 1=36 and h ¼ 1=216.

e0 10�1 10�2 10�3 10�4

Stokes 6.86784e�06 6.84687e�06 6.84666e�06 6.84665e�06
Oseen 6.86749e�06 6.84652e�06 6.84631e�06 6.84631e�06
Newton 6.86738e�06 6.84641e�06 6.84620e�06 6.84620e�06

Table 2
Convergence of the one-level penalty method.

h ku�uhk
kuk

ku�uhkV
kukV

kp�phk
kpk

Iteration Time (s)

1=23 4.90246e�3 4.46192e�2 3.90625e�3 3 0.51

1=33 1.25834e�4 4.03434e�3 3.42936e�4 2 4.15

1=43 9.40634e�6 7.20093e�4 6.10352e�5 2 26.19

1=53 1.26250e�6 1.88860e�4 1.60000e�5 2 131.37

1=63 2.44682e�7 6.32562e�5 5.35837e�6 2 475.93

Order 3.00370 1.99288 2

Table 3
Convergence of the two-level Stokes iteration penalty method with penalty parameter e ¼ e0H ðe0 ¼ 0:01Þ.

H h ku�uhk
kuk

ku�uhkV
kukV

kp�phk
kpk

Iteration Time (s)

1=22 1=23 4.90877e�3 4.46272e�2 3.90625e�3 3 0.25

1=32 1=33 1.25834e�4 4.03542e�3 3.42936e�4 3 1.33

1=42 1=43 9.47324e�6 7.20277e�4 6.10352e�5 3 4.86

1=52 1=53 1.27665e�6 1.88907e�4 1.60000e�5 3 19

1=62 1=63 2.48640e�7 6.32720e�5 5.35837e�6 3 83.21

Order 2.99848 1.99286 2
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and
p ¼ x2 � y2;
in the unit square X ¼ ½0;1�2, and the force f is determined by the original system (1.1).
In all the experiments, we choose l ¼ 0:01 and implement all algorithms by the finite element software FreeFem++ [19].

Firstly, we check the effect of the penalty parameter on the approximation error ku�uhkVþkp�phk
kukVþkpk

for the three methods. With the

fixed two uniform meshes with H ¼ 1=36 and h ¼ 1=216, the computational results are shown in Table 1. Here, the symbols
‘‘Stokes’’, ‘‘Oseen’’ and ‘‘Newton’’ mean using two-level Stokes/Oseen/Newton iteration penalty method, respectively. We can
see that, for our present testing case, it suffices to set e ¼ 0:01H if it is hoped to be as large as possible.

Then, to verify the theoretical analysis for two-level Stokes/Oseen/Newton iteration penalty methods given in Theorems
4.1,4.2,4.3, we use several mesh pairs H ¼ 1=22;1=32; . . . ;1=62 and h ¼ H3=2. Also, for one-level iteration method (3.4) and
(3.5), we only use the corresponding fine meshes. The numerical results are displayed in Tables 3–5, and Table 2. In all these
tables, the symbol ‘‘Iteration’’ denotes the number of Newton iteration in Step II of corresponding method. the From these
tables, the observations and conclusions are presented as follows:

� From Table 2, the numerical convergence orders of one-level iteration penalty method (3.4) and (3.5) coincide with the
ones predicted by theoretical analysis in Theorems 3.2 and 3.3 very well, namely, Oðh2Þ for velocity in H1-norm and pres-
sure in L2-norm, and Oðh3Þ for velocity in L2-norm.
� Based on Tables 3–5, all three two-level Stokes/Oseen/Newton iteration penalty methods can reach the optimal conver-

gence orders of Oðh2Þ for both velocity and pressure, in H1- and L2-norms, respectively, as proven in Theorems 4.1,4.2,4.3.
Besides, we find that these three iteration methods can achieve the numerical convergence orders of Oðh3Þ for velocity in
the sense of L2-norm as expected.
� As for the comparisons between these three iteration penalty methods, we can find from Tables 3–5 that, the two-level

Newton iteration penalty method obtains a little better approximations results than the Oseen one, and both methods
exceed the Stokes one.
� From the view of computational cost, we can obviously observe by comparing Tables 3–5 and Table 2 that these three

two-level iteration penalty methods significantly save CPU time than the one-level iteration penalty method, meanwhile,
obtain nearly the same approximation results.



Table 4
Convergence of the two-level Oseen iteration penalty method with penalty parameter e ¼ e0H ðe0 ¼ 0:01Þ.

H h ku�uhk
kuk

ku�uhkV
kukV

kp�phk
kpk

Iteration Time (s)

1=22 1=23 4.90789e�3 4.46209e�2 3.90625e�3 3 0.29

1=32 1=33 1.25772e�4 4.03484e�3 3.42936e�4 3 1.79

1=42 1=43 9.46497e�6 7.20181e�4 6.10352e�5 3 6.66

1=52 1=53 1.27493e�6 1.88883e�4 1.60000e�5 3 27.65

1=62 1=63 2.48162e�7 6.32638e�5 5.35837e�6 3 93.42

Order 2.99910 1.99286 2

Table 5
Convergence of the two-level Newton iteration penalty method with penalty parameter e ¼ e0H ðe0 ¼ 0:01Þ.

H h ku�uhk
kuk

ku�uhkV
kukV

kp�phk
kpk

Iteration Time (s)

1=22 1=23 4.90459e�3 4.46188e�2 3.90625e�3 3 0.3

1=32 1=33 1.25511e�4 4.03467e�3 3.42936e�4 3 1.71

1=42 1=43 9.42821e�6 7.20151e�4 6.10352e�5 3 6.95

1=52 1=53 1.26706e�6 1.88875e�4 1.60000e�5 3 32

1=62 1=63 2.45952e�7 6.32613e�5 5.35837e�6 3 110.86

Order 3.00203 1.99286 2
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-0.00451055
-0.00390914
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Fig. 1. Contour plots of exact solution. From left to right: two components of velocity and pressure.

IsoValue
-0.00571287
-0.00511152
-0.00451016
-0.00390881
-0.00330745
-0.0027061
-0.00210474
-0.00150339
-0.000902033
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0.000300678
0.000902033
0.00150339
0.00210474
0.0027061
0.00330745
0.00390881
0.00451016
0.00511152
0.00571287

IsoValue
-0.00571287
-0.00511152
-0.00451016
-0.00390881
-0.00330745
-0.0027061
-0.00210474
-0.00150339
-0.000902033
-0.000300678
0.000300678
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Fig. 2. Contour plots of numerical solution by one-level iteration penalty method. From left to right: two components of velocity and pressure.
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Moreover, we show the contour plots of exact and numerical velocity and pressure to exhibit the approximation profiles in
details. Figs. 1 and 2 present the exact solution and the numerical one by one-level iteration penalty method. Besides, as to
the two-level method, here only the numerical solution by Newton iteration penalty one is displayed in Fig. 3. From these
three groups of contour plots, we can observe the good coincidence with each other to illustrate the stability of the present
methods.
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Fig. 3. Contour plots of numerical solution by two-level Newton iteration penalty method. From left to right: two components of velocity and pressure.
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6. Conclusion

In this paper, we present a one-level iteration penalty method for solving Navier–Stokes equations and derived its stabil-
ity and error estimates. Then we propose three two-level iteration penalty methods based on the linearization techniques of
Stokes, Oseen and Netwon types on fine mesh. Also we obtain the related error estimates of these three methods. Some
numerical experiments are made to show the stability and efficiency of the present methods. Combining the present meth-
ods with some stabilization techniques like the Streamline-Upwind/Petrov–Galerkin (SUPG) method or variational multi-
scale (VMS) method, by using lowest equal order element for example, and solving Navier–Stokes equations with large
Reynolds number will be our further work.
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