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An isothermal transient-state non-Fickian diffusion model is developed and analytically
solved for description of gas dissolution in locally heterogeneous media suddenly exposed
to a high pressure gas. The full-, short-, and long-time analytical solutions are used to
establish the significance of the non-Fickian gas dissolution in heterogeneous media com-
pared to the Fickian diffusion assumption. Parametric studies are carried out by means of
the special analytical-solutions obtained for gas transport in the semi-infinite and finite-
thickness heterogeneous media involving a delay time. The profiles of concentration and
diffusion flux obtained for the non-Fickian wave-diffusion case are compared with the
Fickian pure-diffusion case. The initial propagation of a right-running wave and its
reflection from the wall are illustrated for the concentrations and diffusion fluxes. The
small-time behavior is shown to be inherently wave-like and the discontinuity wave front
propagates into the medium with the speed decreasing with time. For small times, the
differences between the wave- and pure-diffusion cases are found to be significant depend-
ing on the magnitude of the delay time. For sufficiently large times, the wave behavior dies
out and the wave solutions approach the equilibrium pure-diffusion solutions, except very
near the decaying wave front. The formulations presented in this paper are of practical
importance because they can be instrumental in determination of the diffusivity, interface
surface mass-transfer coefficient, and rate of dissolution of gases in heterogeneous med-
ium. A parameter estimation method is also proposed and elaborated for estimation of
the diffusion and interface surface mass-transfer coefficients from measured pressure
decay data.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Modeling of gas dissolution in a locally heterogeneous medium is a complicated task which results with wave diffusion
because of non-Fickian transport involving time delay. Various examples of practical importance can be found in the natural
and engineering systems where the non-Fickian effects should be considered for accurate description and proper modeling
[1–4]. For example, Das [5] emphasizes that the behavior of some systems such as the Brownian species motion in a potential
field, the ionic species diffusion in superionic conductors under inertial effect, and the neutron diffusion in nuclear reactors,
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Notation

A cross-sectional area of the test tank, L2

D gas diffusivity in the heterogeneous medium, L2/T
c gas mass concentration of the heterogeneous medium, M/L3

H thickness of the gas column, L
J gas mass flux, M/L2/T
k interface mass-transfer coefficient, L/T
L thickness of the heterogeneous medium, L
M molecular weight of gas, M/mol
p pressure, M/L/T2

Q cumulative gas mass, per unit cross section area, dissolved in the heterogeneous medium, M/L2

R universal gas constant, ML2/mol/h/T2

x distance measured from the gas–heterogeneous medium interface into the heterogeneous medium, L
t time, T
T temperature, h
x distance measured from the gas–heterogeneous medium interface, L
v

ffiffiffiffiffiffiffiffiffi
D=s

p
, wave speed of sound, L/T

V volume, L3

w gas mass fraction of the heterogeneous medium, dimensionless
Z real-gas deviation factor, dimensionless

Greek
b isothermal coefficient of expansion, dimensionless
s delay time, T
q density, M/L3

k root of Eq. (3.21), dimensionless
/ fugacity coefficient of the dissolving gas in the heterogeneous medium, dimensionless

Subscripts
D dimensionless
g gas
LT long-time
ST short-time
o initial or reference state

Superscripts
⁄ equilibrium state
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and the associated species fluxes at absorbing boundaries, can be described adequately by a non-Fickian type diffusion
equation.

The conventional Fickian law of diffusion describes the spontaneous transport of species in a carrying-medium because of
concentration gradients under the conditions of local thermodynamic equilibrium. A medium is considered at local thermo-
dynamic equilibrium only when its constituents are at equilibrium with each other. This requires the fulfillment of two crit-
ical conditions. First, a medium under external factors should be able to approach equilibrium much faster than its macro
parameters and, second, the relaxation to local equilibrium should occur sufficiently faster than relaxation to global equilib-
rium [2,3]. Thus, the conventional Fickian model cannot describe a wave-like transfer of species mass by diffusion involving a
time delay (relaxation) in heterogeneous medium because often these conditions are not fulfilled. The relaxation time
induces traveling jump discontinuities in diffusing species mass concentration profiles. Such behavior has been observed
in various non-Fickian transfer processes [6]. However, the non-Fickian conditions are mostly prevalent for short-times
but disappear later for long-times as attested by the analyses carried out by Chen and Liu [7] and in the present paper.

The internal structure of some heterogeneous medium may cause considerable retardation in the flux of diffusing species
because it requires a certain amount of time, referred to as delay or relaxation time, in order to attain a local thermodynamic
equilibrium. Under such conditions, attaining local thermodynamic equilibrium is not an instantaneous but a gradual pro-
cess because of delay in the flux caused by the different scales (for example, nano, micro, or medium types) of the various
internal features existing in heterogeneous medium, such as pointed out by Civan and Sliepcevich [8] and Civan [9] for freez-
ing and thawing of moist soils. Consequently, several studies, including by Abarzhi [3] and Liu et al. [10], have demonstrated
that the conventional Fickian law of diffusion is incapable of describing the diffusion phenomenon in locally nonequilibrium
medium. For example, the natural and synthetic fibrous materials have been reported to indicate sharp fronts in dye
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concentration profiles encountered during the dyeing of these materials for coloring [11]. The diffusion of water in polymers
such as crosslinked melamine–formaldehyde resins is another example of transfer by non-Fickian diffusion [12].

In this paper, also, we show theoretically that such sharp fronts can indeed result from the nature of the non-Fickian wave
diffusion phenomenon by modeling and solving analytically the process of gas dissolution in heterogeneous medium. In fact,
we demonstrate that the slopes of the straight-lines obtained for the small- and large-time analytical solutions of the non-
Fickian model on semi-log coordinates are different. This type of break in the slopes has been observed also experimentally
by Smith and Fisher [12] for polymer in water at 95 �C and by Shankar [13]. Hence, this characteristic behavior of the non-
Fickian diffusion processes can be facilitated for estimation of the diffusion and interface surface mass-transfer coefficients
from measured pressure decay data based on our analytical solution.

The analytical solution and applications for the gas transfer by equilibrium pure-diffusion in homogeneous medium
brought to sudden contact with gas were presented elsewhere by Civan and Rasmussen [14,15] and Rasmussen and Civan
[16]. Comprehensive reviews of the relevant equilibrium diffusion studies were also presented there, which are not repeated
here. They demonstrated the application of their methodology for rapid and effective determination of the film-mass-
transfer and diffusion coefficients from time-limited experimental data obtained by the pressure-decay method under
equilibrium conditions considered for conventional analysis and interpretation of the standard laboratory pressure-decay tests.

This paper presents some extensions over the previous studies of Civan and Rasmussen [4,14,15] to account for the non-
Fickian effects in heterogeneous medium. This may be useful for future work dealing with the interpretation of the results of
tests involving conditions of isothermal wave-diffusion with delay. Thus, an attempt is made at formulation and analytical
solution of the non-Fickian wave-diffusion phenomenon and demonstration of its significance and implications by solving a
problem involving gas dissolution with delay in heterogeneous medium suddenly contacted with a high pressure gas. A
model for non-Fickian diffusion and transport of a single gas component in heterogeneous medium under isothermal con-
ditions and subject to the resistance of the interface between the gas and the carrying-medium to gas dissolution is devel-
oped and solved analytically. The importance of the non-Fickian wave-diffusion in heterogeneous medium in comparison to
the Fickian pure-diffusion assumption of conventional approaches is emphasized by means of the full-, short-, and long-time
analytical solutions. Effect of the delay time is investigated by means of the parametric studies carried out using the special
analytical solutions obtained for gas transport in semi-infinite and finite-thickness heterogeneous media. We show that the
small-time behavior is wave-like with a discontinuity wave front propagating into the medium with a speed decreasing with
time and the significance of the differences between the wave-diffusion and the pure-diffusion cases depend on the value of
the delay time. For sufficiently large times, nevertheless, the wave behavior diminishes and the wave solutions approach the
equilibrium pure-diffusion solutions, except for very near the decaying wave front.

A parameter estimation method is also proposed and elaborated for estimation of the diffusion and interface surface
mass-transfer coefficients from measured pressure decay data. This is accomplished by virtue of the straight-line plots
obtained from the small- and large-time analytical solutions of the non-Fickian model on semi-log coordinates. The charac-
teristic break determined in the slopes of the straight-lines for the small- and large-times is facilitated based on our analyt-
ical solutions for estimation of the diffusion and interface surface mass transfer coefficients from measured pressure decay
data obtained similar to Civan et al. [17,18] by the pressure decay tests.

In summary, the overall objective of this paper is to develop the analytical background required for description of the
non-Fickian gas dissolution in heterogeneous medium and propose a method for estimation of the parameters such as
the diffusion and interface surface mass-transfer coefficients from measured pressure decay data. However, applications
for certain specific cases are deferred to future studies.

2. Modeling non-Fickian gas dissolution in heterogeneous medium

Consider a heterogeneous medium brought into contact with a pure high-pressure gas instantly at isothermal conditions
in a closed tank. The formulation is presented for gas diffusion with delay in a one-dimensional heterogeneous medium.

2.1. Gas-phase equations

Assuming equilibrium in the gas phase, the gas properties are considered uniform throughout the gas phase but vary with
time during the pressure-decay tests. Because the gas phase is a single component system, its gas component mass concen-
tration cg and density qg are the same; i.e. cg ¼ qg . The real gas equation of state is applied to express the gas density qg as:
qg ¼
Mgp
ZRT

; ð2:1Þ
where Mg denotes the molecular weight, and p and T are the pressure and temperature of the gas, R is the universal gas con-
stant, and Z ¼ Zðp; TÞ represents the real gas deviation factor, correlated empirically as a function of the reduced pressure and
temperature in the literature. The volume V and mass m of the gas phase are given, respectively, by:
V ¼ AH; ð2:2Þ

m ¼ qgV ; ð2:3Þ
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where A and H denote the cross-sectional area and the thickness of the test tank containing the gas column contacting a
heterogeneous medium into which gas diffuses. If J denotes the mass flux of the gas diffusing from the gas phase into the
heterogeneous medium at the interface, the gas phase mass balance is given by:
dm
dt
¼ �AJjx¼0; t > 0; ð2:4Þ
where t is time and x is the distance measured from the contact surface between the gas and the heterogeneous medium. The
initial gas mass is given by:
m ¼ mo; t ¼ 0: ð2:5Þ
Hence, solving Eqs. (2.4) and (2.5) yields:
mo �m
A

¼
Z t

0
Jjx¼0dt ¼ QðtÞ; t > 0; ð2:6Þ
where Q denotes the cumulative mass of gas dissolved in the heterogeneous medium per unit cross-section area A of the
interface between the gas and heterogeneous medium. Thus, substituting Eqs. (2.1)–(2.3) into Eq. (2.6) yields a gas phase
mass balance equation as:
MgH
RT

po

Zo
� p

Z

� �
¼ QðtÞ; t > 0: ð2:7Þ
An alternative expression to Eq. (2.6) for Q(t) can be derived. Let c(x, t) be the concentration (mass per unit volume) of the
gas that is dissolved in the heterogeneous medium, and let co be its initial value. Then Q can be expressed as:
QðtÞ ¼
Z L

0
½cðx; tÞ � co�dx; ð2:8Þ
where L is the thickness of the heterogeneous medium. The function Q(t) can be interpreted as the average gas accumulation
in the heterogeneous medium, measured per unit area of the interface cross section.

2.2. Non-Fickian gas diffusion in heterogeneous medium

The mass concentration c and mass fraction w of the gas component in the incompressible heterogeneous medium are
related by:
c ¼ qw; ð2:9Þ
where q denotes the density of the heterogeneous medium.
The conservation of the dissolved gas mass in the heterogeneous medium is given by neglecting the convective transport

as:
@c
@t
þ @J
@x
¼ 0; 0 6 x 6 L; t > 0: ð2:10Þ
The constitutive equation for mass flux of the dissolved gas J is given by:
s @J
@t
þ J ¼ �qD

@w
@x
¼ �qD

@ðc=qÞ
@x

¼ �D
@c
@x
; 0 6 x 6 L; t > 0; ð2:11Þ
where D is the coefficient of diffusion, and s is a delay time [3]. When s ¼ 0, Eq. (2.11) reduces to Fick’s law.
We assume a constant diffusion coefficient; i.e. D ffi constant and an incompressible heterogeneous medium. Then,

Eqs. (2.10) and (2.11) can be manipulated to eliminate either c or J in favor of the other to obtain:
s @
2c
@t2 þ

@c
@t
¼ D

@2c
@x2 ; 0 6 x 6 L; t > 0 ð2:12Þ
and
s @
2J
@t2 þ

@J
@t
¼ D

@2J
@x2 ; 0 6 x 6 L; t > 0: ð2:13Þ
Eqs. (2.12) and (2.13) are damped-wave equations, referred to as the telephone or telegraph equations. The characteristic
wave speed is equal to
v ¼
ffiffiffiffiffiffiffiffiffi
D=s

p
: ð2:14Þ
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2.3. Conditions of solution for equations

The initial conditions are given by:
c ¼ co;
@c
@t
¼ 0; J ¼ 0;

@J
@t
¼ 0; 0 6 x 6 L; t ¼ 0: ð2:15Þ
The value of the diffusing gas mass flux Jjx¼0 at the interface, as well as the concentration c of the gas that has been
absorbed by the heterogeneous medium, can be determined by solving the transient-state gas diffusion model for the
heterogeneous medium.

The interface resistive or hindered gas mass-transfer boundary condition is given by:
Jjx¼0 ¼ kðc� � cÞ; x ¼ 0; t > 0; ð2:16Þ
where k is the film mass-transfer coefficient at the interface. The symbol c� denotes the saturation or equilibrium gas con-
centration of the heterogeneous medium. The sealed boundary condition prevailing at the bottom of the heterogeneous
medium is given by:
J ¼ 0; x ¼ L; t > 0: ð2:17Þ
2.4. Practical considerations for solution of equations

In the following sections, we determine the solutions of Eqs. (2.12) and (2.13) together with the initial and boundary con-
ditions given by Eqs. (2.15)–(2.17) for the non-Fickian gas transport in heterogeneous medium. The analytical solutions are
obtained for semi-infinite (L ?1) and finite-thickness (L = prescribed) regions. The semi-infinite solution can be used when
the diffusivity coefficient or time is so small that the gas cannot progress very far from the gas–heterogeneous medium inter-
face into the heterogeneous medium and cannot effectively reach the impermeable bottom of the heterogeneous medium
placed in a test tank within the test duration.

2.5. Dimensionless variables

The dimensionless concentration, mass flux, wave speed, distance, time, and delay time, and a characteristic system
parameter are defined, respectively, as follows:
cD ¼
c � co

c� � co
; ð2:18Þ

JD ¼
LJ
D
; ð2:19Þ

vD ¼
Lv
D
; ð2:20Þ

xD ¼
x
L
; ð2:21Þ

tD ¼
Dt

L2 ; ð2:22Þ

sD ¼
Ds
L2 ; ð2:23Þ

kD � kL=D: ð2:24Þ
The parameter kD can be referred to as a mass-transfer Biot number because of its analogy with heat-transfer problems.
In terms of the nondimensional variables, the mass-accumulation function Q(t) given by Eq. (2.8) can be expressed as the

dimensionless average of the gas concentration Q DðtDÞ in the heterogeneous medium:
QDðtDÞ ¼
Z 1

0
cDðxD; tDÞdxD: ð2:25Þ
Also, by Eq. (2.6)
QDðtDÞ ¼
Z tD

0
JDðtDÞjxD¼0dtD; tD > 0: ð2:26Þ
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In nondimensional terms, Eq. (2.7) can now be written as
Fig. 1.
tD = 0.3
MH
RTLðc� � coÞ

po

Zo
� p

Z

� �
¼ Q DðtDÞ: ð2:27Þ
Further, Eqs. (2.10) and (2.12)–(2.17) can be expressed in terms of the nondimensional variables, respectively, as the
following:
@cD

@tD
þ @JD

@xD
¼ 0; 0 6 xD 6 1; tD > 0; ð2:28Þ

sD
@2cD

@t2
D

þ @cD

@tD
¼ @

2cD

@x2
D

; 0 6 xD 6 1; tD > 0; ð2:29Þ

sD
@2JD

@t2
D

þ @JD

@tD
¼ @

2JD

@x2
D

; 0 6 xD 6 1; tD > 0: ð2:30Þ

vD ¼ 1=
ffiffiffiffiffiffi
sD
p

: ð2:31Þ
The initial conditions are given by:
cD ¼ 0;
@cD

@tD
¼ 0; JD ¼ 0;

@JD

@tD
¼ 0; 0 6 xD 6 1; tD ¼ 0: ð2:32Þ
The interface surface resistive gas mass-transfer boundary condition is given by:
JDjxD¼0 ¼ kDcD; xD ¼ 0; tD > 0: ð2:33Þ
The sealed boundary condition prevailing at the bottom of the heterogeneous medium is given by:
JD ¼ 0; xD ¼ 1; tD > 0: ð2:34Þ
3. Special solutions to the non-Fickian gas transfer model

When the gas transport in the heterogeneous medium involves a delay time, i.e. s – 0, special analytical solutions can be
applied as follows for semi-infinite and finite-thickness heterogeneous medium regions, based on the analysis presented in
Appendix A according to Civan and Rasmussen [4].

3.1. Semi-infinite region

Eqs. (A.24) and (A.25) for the concentrations, and (A.27) and (A.28) for the mass fluxes, are the exact solutions for the
limiting case where the solid-end wall of the test tank sealing the end of the heterogeneous medium has been removed
to plus infinity. Thus for the wave problem no reflections are involved. A comparison of the concentrations for the wave-
diffusion case (Eq. (A.24)) with the pure-diffusion case (Eq. (A.25)) is shown in Fig. 1 for kD ¼ 1; sD ¼ 0 and 0.1, and
Comparison of the non-dimensional concentration for wave diffusion ðsD ¼ 0:1Þ vs. pure diffusion ðsD ¼ 0Þ at the non-dimensional times tD = 0.1 and
for kD = 1.



Fig. 2. Comparison of the non-dimensional diffusion flux for wave diffusion ðsD ¼ 0:1Þ vs. pure diffusion ðsD ¼ 0Þ at the non-dimensional times tD = 0.1 and
tD = 0.3 for kD = 1.
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tD ¼ 0:1 and 0.3. Fig. 2 shows a similar comparison for the diffusion fluxes, Eqs. (A.27) and (A.28). For sD – 0, a discontinuity
wave front propagates into the medium with the nondimensional speed vD ¼ dxD=dtD ¼ 1=

ffiffiffiffiffiffi
sD
p

, its strength decreasing with
time. For small times, the differences between the two cases are significant, and depend on the value of sD. For large enough
times, the wave behavior dies out, and the wave solutions approach the equilibrium pure-diffusion solutions, except very
near the decaying wave front.

Consider now the diffusion flux at the interface, xD ¼ 0, as a function of time. Eq. (A.27) for the dimensionless diffusion
flux becomes
Fig. 3.
for kD =
1
kD
� JDb
ð0; tDÞ ¼ �C2ð0; tDÞ þ C3ð0; tDÞ � C4ð0; tDÞ; ð3:1Þ
where the functions C2, C3, and C4 are defined in Appendix A.
The diffusion flux for the pure-diffusion case becomes
1
kD
½JDb
ð0; tDÞ�sD¼0

¼ ek2
DtD erfcðkD

ffiffiffiffiffi
tD
p
Þ: ð3:2Þ
Notice that the right side of the pure-diffusion case Eq. (3.2) is function of only the combination k2
DtD. Fig. 3 shows a

comparison of the interface diffusion fluxes for kD ¼ 1 and sD ¼ 0;0:2, and 0.5. The values at tD ¼ 0 are in agreement with
Eq. (A.30). The wave-diffusion curves merge with the pure-diffusion curve approximately at tD ¼ 2sD. This is suggested also
from a perusal of the right side of the wave-diffusion function Eq. (3.1), which shows a functional dependence on the two
groups kD

ffiffiffiffiffiffi
sD
p

and tD=2sD.
Diffusion flux at the gas–heterogeneous medium interface ðxD ¼ 0Þ vs. time for comparison of the wave diffusion ðsD – 0Þ vs. pure diffusion ðsD ¼ 0Þ
1.
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3.2. Mass-accumulation function

Consider now the function Q DðtDÞ, which describes in nondimensional form the cumulative amount of mass of gas
absorbed by the heterogeneous medium, per unit area. For the first-order result, we have from the inversions of
Eqs. (A.11) and (A.15)
Q D1
ðtDÞ ¼

Z tD

0
JDb
ð0;�tDÞd�tD: ð3:3Þ
This formula amounts to calculating the area under any one of the curves such as appearing in Fig. 3. Alternatively, we can
work directly with the Laplace transform Eq. (A.15), which we can rearrange algebraically to read
�Q D1 ðsÞ ¼
kD

sðbsþ k2
DÞ
ðkD

ffiffiffiffiffiffi
sD
p

� 1Þ þ kD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sDsþ 1
p ffiffi

s
p �

ffiffiffiffiffiffi
sD
p� �� �

ð3:4Þ
In this form, Laplace-transform tables can be used for inversion, and we get
kD � Q D1
ðtDÞ ¼ kD

ffiffiffiffiffiffi
sD
p

� 1ð Þ 1� e�
k2

D
b tD

� �
þ Q 1ðtDÞ; ð3:5Þ
where
Q 1ðtDÞ � kD
ffiffiffiffiffiffi
sD
p Z tD

2sD

0
1� e

�
2k2

D
sD

b
tD

2sD
�x

� �( )
e�xðI1ðxÞ þ IoðxÞÞdx: ð3:6Þ
The right sides of Eqs. (3.5) and (3.6) show a functional dependence on the two groups kD
ffiffiffiffiffiffi
sD
p

and tD=2sD. The pure-
diffusion case can be obtained by inverting Eq. (A.15) directly with sD ¼ 0:
kD � ½Q D1
ðtDÞ�sD¼0 ¼ ek2

DtD erfcðkD
ffiffiffiffiffi
tD
p
Þ � 1þ 2kD

ffiffiffiffiffi
tD

p

r
: ð3:7Þ
Finally, it is useful to note the following asymptotic expansion for QD1
ðtDÞ for the pure-diffusion case when kD

ffiffiffiffiffi
tD
p

is large:
kD � ½Q D1
ðtDÞ�sD¼0 ffi 2kD

ffiffiffiffiffi
tD

p

r
� 1þ 1

kD
ffiffiffiffiffiffiffiffi
ptD
p þ � � � ; kD

ffiffiffiffiffi
tD
p
!1: ð3:8Þ
It is interesting to generalize this result by working with Eq. (A.17) and expanding it in an asymptotic expansion for
small s:
�Q D1 ðsÞ ffi
1

s3=2 �
1
kD
� 1

s
þ 1

k2
D

� sD

2

 !
� 1ffiffi

s
p þ � � � ; s! 0 ð3:9Þ
Inversion term by term now gives the asymptotic expansion for large tD:
Q D1
ðtDÞ ffi 2

ffiffiffiffiffi
tD

p

r
� 1

kD
þ 1

k2
D

� sD

2

 !
1ffiffiffiffiffiffiffiffi
ptD
p þ � � � ; tD !1: ð3:10Þ
The non-Fickian time constant sD does not appear until the third term, which becomes vanishing small as tD !1.
Fig. 4 shows a comparison of the first-order mass-accumulation function QD1

ðtDÞ for the equilibrium pure-diffusion case
sD ¼ 0 versus the two non-Fickian wave-diffusion cases sD ¼ 0:3 and 0:6, and all cases for kD ¼ 1. The curves are plotted as a
function of

ffiffiffiffiffi
tD
p

to show their relation with the two-term asymptote curve of Eqs. (3.8) and (3.10). Because the interface
wave-diffusion curves in Fig. 3 all merge with the pure-diffusion curve after a time, the areas underneath them differ by
a constant in due time. This is reflected in Fig. 4 by a nearly constant displacement after due time. Nevertheless, as
Eq. (3.10) indicates, all the curves become asymptotic to the straight-line asymptote curve for very large times. The pure-
diffusion curve differs from the asymptote curve by a factor of 1=ðkD

ffiffiffiffiffiffiffiffiffi
p tD
p

Þ when tD is large, and this factor is not small
for the results shown in the figure.

3.3. Finite-thickness region

The first approximations for the finite-thickness case, as can be gleaned from Eqs. (A.13) and (A.14), are
cD1 ðxD; tDÞ ¼ cDb
ðxD; tDÞ þ cDb

ð2� xD; tDÞ; ð3:11Þ

JD 1
ðxD; tDÞ ¼ JDb

ðxD; tDÞ � JDb
ð2� xD; tDÞ: ð3:12Þ
The first terms on the right sides are the basic right-running waves given by Eqs. (A.24) and (A.27). The second terms are
the ‘‘image’’ left-running waves that start at xD ¼ 2 and run to the left. In the case of pure diffusion, sD ¼ 0, the first functions
start at xD ¼ 0 and spread to the right, and the second functions start at xD ¼ 2 and spread to the left. It takes both waves the



Fig. 4. Comparison of the mass-accumulation factor for the wave diffusion ðsD–0Þ vs. pure diffusion ðsD ¼ 0Þ for kD = 1.
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time interval tD ¼
ffiffiffiffiffiffi
sD
p

to reach the solid wall at xD ¼ 1, and thereafter they begin to interact. The concentration waves,
Eq. (3.11), are additive. The diffusion fluxes, Eq. (3.12), are subtractive, which satisfies the zero net flux condition at the wall.
Thus the solution behavior for times less than tD ¼

ffiffiffiffiffiffi
sD
p

is the same as the semi-infinite medium because the initial right-
running wave has not yet reached the wall where the interaction begins. As we are only interested in the interval
0 6 xD 6 1, we can interpret the interaction of the right-running wave at the wall with the left-running wave, as the
right-running wave’s being ‘‘reflected’’ and becoming a left-running wave. It then takes the left-running reflected wave
another time interval of tD ¼

ffiffiffiffiffiffi
sD
p

to reach the interface at xD ¼ 0. Thus the total time that the first approximation is valid
is tD ¼ 2

ffiffiffiffiffiffi
sD
p

. The waves described by the second approximation, Eqs. (A.16) and (A.17), come into play after this.
The situation for pure diffusion sD ¼ 0 is not so clear-cut. We can, however, interpret the spreading of diffusion as having

an infinite wave speed, but having zero wave strength. In fact the wave strength is exponentially small. Thus, although
diffusion spreading immediately interacts, the interaction is initially very small, and many interpretations of the wave
interactions hold approximately.

The initial propagation of a right-running wave and its reflection from the wall is illustrated for the dimensionless con-
centrations and diffusion fluxes in Figs. 5 and 6 for kD ¼ 1 and sD ¼ 0:1. In Fig. 5, the concentration distribution is shown
behind the initial right-running wave after times tD ¼ 0:1;0:2, and 0.3 before it impinges on the wall at time
tD ¼

ffiffiffiffiffiffiffi
0:1
p

� 0:316. The location of the left-running reflected wave is shown for tD ¼ 0:4. Both the right-running wave and
the reflected left-running wave increase the concentration as they pass by, but by a diminishing amount as they travel along.
The corresponding situation for the diffusion flux is shown in Fig. 6. The right-running wave is shown at tD ¼ 0:2 and the
reflected left-running wave at tD ¼ 0:35. The right-running wave increases the diffusion flux, but the left-running wave
decreases the diffusion flux. The left-running diffusion wave reduces the diffusion flux to zero at the wall, thus satisfying
the boundary condition.
Fig. 5. Illustration of the reflected wave phenomena for the concentration in finite-thickness heterogeneous medium for sD ¼ 0:1 and kD = 1.



Fig. 6. Illustration of the reflected wave phenomena for the diffusion flux in finite-thickness heterogeneous medium for sD ¼ 0:1 and kD = 1.
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The strengths of both the right-running and left-running waves diminish as they evolve with time. Figs. 7 and 8 show the
concentration and the diffusion-flux distribution for kD ¼ 1 and sD ¼ 0:1 as the reflected wave approaches the interface at
time tD ¼ 0:6. In both cases, the conditions ahead of the wave have become nearly the same as for the pure-diffusion case
with sD ¼ 0. The wave causes this concentration to jump to a value somewhat less than the pure-diffusion case, and the dif-
ference will soon decay away analogously to that in front of the wave. On the other hand, the wave causes the diffusion flux
to decrease to a value somewhat greater than the pure-diffusion case, and this difference can be expected to soon decay
away also.

These examples show that, after a time tD ¼ 2
ffiffiffiffiffiffi
sD
p

, the concentrations and diffusion fluxes will evolve nearly to those
described by the pure-diffusion analysis. It is thus of interest to investigate the diffusion flux at the interface by the pure-
diffusion case and to compare the results of the first approximation for the finite-thickness region with that of the semi-infi-
nite region. This is shown in Fig. 9 for kD ¼ 1. For small times, the results are the same, but for longer times the diffusion flux
at the interface is less for the finite-thickness region. It is expected that upgrading the analysis to include the second approx-
imation described in Appendix A would further enhance this result. Because the area under these curves represents the
cumulative mass absorbed by diffusion, one might expect Q DðtDÞ to grow at a slower rate and to reach a limit as the
finite-thickness region reaches equilibrium and ‘‘fills up’’, rather than grow unbounded like

ffiffiffiffiffi
tD
p

for the semi-infinite
medium.
3.4. Large-time approximation

For the non-Fickian case for the finite region, a large-time approximation cannot be found that rigorously links the initial
condition, analogous to that given by Rasmussen and Civan [4] for the pure-diffusion problem. Some partial results are
presented in the following but this issue is alleviated in a practical manner by the procedure presented in the next section.
Fig. 7. Illustration of the reflected wave phenomena for concentration as it approaches the gas–heterogeneous medium interface for kD = 1 and tD = 0.6.



Fig. 8. Illustration of the reflected wave phenomena for diffusion flux as it approaches the gas–heterogeneous medium interface for kD = 1 and tD = 0.6.

Fig. 9. Comparison of the pure diffusion fluxes at the gas–heterogeneous medium interface for semi-infinite and finite thickness heterogeneous medium for
sD ¼ 0 and kD = 1.
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We assume a separation-of-variables solution to Eq. (2.29) of the form
cDðxD; tDÞ ¼ 1� XðxDÞe�x2tD : ð3:13Þ
Substituting this into Eq. (2.12) and canceling the time-exponential terms, we get
X00 þ ðx2 � sDx4ÞX ¼ 0: ð3:14Þ
Now make the definition
k2 ¼ x2 � sDx4: ð3:15Þ
Solving for x2 as a function of k2, we get
x2 ¼ 2k2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4sDk2

p : ð3:16Þ
The sign in front of the radical was chosen such that the pure diffusion case was recovered when sD ¼ 0. With the
assumption that k is real, the solution to Eq. (3.14) can be written
X ¼ A cos½kð1� xDÞ� þ B sin½kð1� xDÞ�; ð3:17Þ
where A and B are arbitrary constants. Similar results can be fashioned for the diffusion mass flux JDðxD; tDÞ. When the mass-
conservation equation Eq. (2.28) and the end-wall no-flow condition Eq. (2.34) are satisfied, the results can be written as
follows:
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cD ¼ 1� A cos½kð1� xDÞ�e�x2tD ; ð3:18Þ

JD ¼
x2

k
A sin½kð1� xDÞ�e�x2tD : ð3:19Þ
At this stage the constant A and the parameter k remain to be specified.
In terms of the nondimensional variables, the interface boundary condition Eq. (2.33) can be expressed as
JDð0; tDÞ ¼ kD½1� cDð0; tDÞ� ð3:20Þ
When expressions (3.18) and (3.19) are substituted into Eq. (3.20), we obtain
x2

k tan k ¼ kD; or
2k tank

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4sDk2
p ¼ kD:

ð3:21Þ
This reduces to the pure-diffusion case Eq. (2.29) when sD ¼ 0.
The foregoing solution satisfies the governing equations and the two end boundary conditions, but it does not yet satisfy

the initial condition, that is, the coefficient A in Eqs. (3.18) and (3.19) remains undetermined. The characteristic equation
(3.21) for k does not yield an infinite number of discrete roots that lend themselves to resolving the initial condition by
means of a Fourier-series representation, as was the case for the pure-diffusion problem sD ¼ 0 (Civan and Rasmussen
[14–16,13]). In retrospect, perhaps, this is not surprising because the small-time behavior is inherently wave-like. Neverthe-
less, the wave behavior tends to die out rapidly, and it may be possible in some non-rigorous fashion join the large-time solu-
tion with the small-time solution by suitably choosing A (and possibly k also).

With the coefficient A left undetermined, the cumulative-mass function can be obtained:
Q DðtDÞ ¼ 1� Q oe�x2tD ; ð3:22Þ
where
Q o �
sin k

k
A ð3:23Þ
The constant A can in principle be found by the method of residues starting with the Laplace transform. This is left for
future efforts. Nevertheless, this issue can be alleviated conveniently as described in the next section.

4. Proposed method for non-Fickian data analysis

We wish to use Eq. (2.27) to interpret experimental data and infer from it the values of the diffusion coefficient D and the
interface surface mass-transfer coefficient k. We assume that the quantities on the left side can all be measured or deter-
mined by some means such as demonstrated by Civan et al. [17,18], along with Q and thus the dimensionless mass-accumu-
lation function Q D as functions of time. The time function on the right side is assumed to represent the physical process
involved and to thus correlate the data.

Let us suppose that equilibrium obtains after an effectively long time and that p equals p�, the equilibrium pressure, when
Q D ¼ 1. Then we have
MgH
RTLðc� � coÞ

po

Zo
� p�

Z�

� �
¼ 1 ð4:1Þ
and Eq. (2.27) can be written as:
Q D ¼
po
Zo
� p

Z
po
Zo
� p�

Z�
: ð4:2Þ
The right side can now be determined by measurement of pressure at a given temperature.
We consider the case for sD ¼ 0:1 and kD ¼ 10. For this case, the time taken for the initial discontinuity wave to travel to

the solid wall of the tank sealing the end of the heterogeneous medium and then reflect back and reach the interface
between the gas and the heterogeneous medium is t�D ¼ 2

ffiffiffiffiffiffi
sD
p ¼ 0:632. For times less than or equal to this, the small-time

solution Eq. (3.6), which is shown in Fig. 10, is an exact solution. For tD ¼ t�D ¼ 0:632, the mass accumulation is
Q D ¼ Q �D ¼ 0:767. According to the large-time analysis given in the preceding section, the large-time solution is (Eq. (3.22)):
Q DðtDÞ ¼ 1� Q oe�x2tD ; ð4:3Þ
where the constant Q o is left undetermined. By means of the formulae given in the above section, it is found for this case that
x2 ¼ 2:594 ffi 2:6 and k1 ¼ 1:326. If we now arbitrarily set the large-time solution equal to the small-time solution at
tD ¼ 0:632, then Qo can be determined as Q o ¼ 1:200. Then, the value of the constant A mentioned in Section 3 can be found
using Eq. (3.23) as A ¼ 1:326ð1:2Þ

sinð1:326Þ ¼ 1:64. The large-time solution so obtained is also shown in Fig. 10. The slopes of the two



Fig. 10. Comparison of the small- and large-time approximations for plot of QD vs:
ffiffiffiffiffi
tD
p

for non-Fickian with sD ¼ 0:1; kD ¼ 10.

Fig. 11. Straight-line plots of ln(1 � QD) vs tD for the small- and large-time for non-Fickian with sD ¼ 0:1; kD ¼ 10 indicating a slope change from �2.4 to
�2.6 at tD = 0.632.
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curves at the joining point are discontinuous, but this is reasonable owing to the wave nature of the problem. Note that on a
semi-log plot given in Fig. 11, the value of the y-axis intercept would be positive.

The value of sD ¼ 0:1 for this illustrative example is probably extremely high, and any real non-Fickian effects should
have values of sD considerably less than 0.1. Nevertheless, such nonFickian effects as studied here should be detectable
experimentally. In fact, Fig. 11 is a plot of the ln(1 � QD) vs tD of the results given in Fig. 10 where the slopes of the
straight-lines obtained for the small- and large-time for non-Fickian change from �2.4 to �2.6 at tD = 0.632. It is interesting
to note that such a break in the slope of this type was also observed in a similar plot of the experimental data by Smith and
Fisher [12] for polymer exposed to water who attributed this behavior to the non-Fickian diffusion of water. Shankar [13]
also made similar observation of a slope discontinuity. Hence, the results given in Fig. 11 is a reconfirmation of such char-
acteristic behavior based on our analytical solution.
5. Applications and parameter determination

The estimation of the diffusion and interface surface mass-transfer coefficients, and the delay time based on the measure-
ments obtained from the pressure decay tests conducted similar to Civan et al. [17,18] can be accomplished as proposed in
the following. The methodology will be illustrated here by facilitating the results obtained from our analytical solutions as a
substitute for actual experimental data. This course of action is taken because conduction of experimental studies is beyond
the scope of the present paper. Thus, consider the results reported in Fig. 11 as a substitute for real experimental data which
can be analyzed based on the following steps:
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(1) Determine the break between the small-time and large-time slopes from Fig. 11 as t�D ¼ 0:632 and Q �D ¼ 0:767. Recall
that the small-time analytical solution given by Eq. (3.6) is valid for tD 6 t�D and the large-time analytical solution
given by Eq. (3.22) is valid for tD P t�D in the following calculations.

(2) Determine the small-time slope as the following from Fig. 11 using Eq. (A.30) and applying QDðtDÞ ¼ 0; tD ¼ 0 accord-
ing to Eq. (2.26):
SlopejtD¼0 ¼
@ lnð1� Q DÞ

@tD
¼
� @QDð0;0Þ

@tD

1� Q Dð0; 0Þ
¼ �JDð0;0Þ

1� Q Dð0;0Þ
¼ �JDð0;0Þ ¼

�kD

1þ kD
ffiffiffiffiffiffi
sD
p ¼ �2:4; tD ¼ 0: ð4:4Þ
Thus, for small-times
lnð1� Q DÞ ffi
�kD

1þ kD
ffiffiffiffiffiffi
sD
p tD: ð4:5Þ
(3) Determine the large-time slope as - x2 = �2.594 ffi �2.6 and intercept as ln Qo = 0.18 so that Qo = 1.2 applying the
following equation to Fig. 11 obtained from Eq. (3.22):
ln½1� Q DðtDÞ� ¼ ln Q o �x2tD: ð4:6Þ
(4) Calculate sD ¼ ð0:632=2Þ2 ¼ 0:1 using the break point value t�D ¼ 2
ffiffiffiffiffiffi
sD
p ¼ 0:632.

(5) Calculate k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � sDx4

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:594� 0:1ð2:594Þ2

q
¼ 1:326 using Eq. (3.15).

(6) Although, it is not necessary for determination of the diffusion and interface surface mass-transfer coefficients, the
constant A mentioned in Sections 3 and 4 can be found using Eq. (3.23) as A ¼ kQo

sin k ¼
1:326ð1:2Þ
sinð1:326Þ ¼ 1:64.

(7) Calculate kD ¼ x2

k tan k ¼ 2:594
1:326 tanð1:326Þ ffi 10 using Eq. (3.21).

(8) Finally, the diffusion and interface surface mass-transfer coefficients can be calculated by Eqs. (2.23) and (2.24)

respectively as D ¼ L2sD
s ¼

L2ð0:1Þ
s and k ¼ DkD

L ¼
LsDkD

s ¼ Lð0:1Þð10Þ
s ¼ L

s. Hence, if, for example, the thickness of the heteroge-
neous media is given as L = 0.005 m and the delay time as s = 10,000 s = 2.78 h, then the values of the diffusion and

interface surface mass-transfer coefficients can be calculated, respectively, as D ¼ ð0:005Þ2ð0:1Þ
10000 ¼ 2:5	 10�10 m2/s and

k ¼ 0:005ð0:1Þð10Þ
10000 ¼ 5:0	 10�7 m/s. Note that the value of the delay time s can be determined if also the concentration

profiles over the thickness of the heterogeneous medium similar to those shown in Figs. 1, 5 and 7 can be determined
at various times with proper measurements. Unfortunately, however, such measurements have not been made for
example by Smith and Fisher [12] in their experimental studies for testing of a polymer in water.

As stated previously, a third-order solution can be obtained by keeping three terms of the series in Eq. (A.12) from Eqs.
(A.9)–(A.11), and even more terms to obtain higher-order solutions. However, as demonstrated here, our low-order approx-
imate solutions capture upon the dominant features of the non-Fickian diffusion problem adequately. Although the addition
of more terms can certainly improve the accuracy, their contributions diminish progressively as the order of the terms
increases in the series expansion used in this paper. For purposes of this paper our approximate solutions are sufficiently
accurate and allow for adequate analysis of data.

The above exercise demonstrates the application of the analytical methodology required for description of the non-
Fickian gas dissolution in heterogeneous medium and estimation of the diffusion and interface surface mass-transfer coef-
ficients from measured pressure decay data. As stated before this was the overall objective of this paper and therefore the
applications of this approach for analyses of the experimental data of specific cases of practical interest are reserved to future
studies.

Nevertheless, some ‘‘partial’’ data are available from Smith and Fisher [12] and Zaki et al. [19]. Smith and Fisher [12]
obtained the experimental data for a cellulose-filled polymer (68% cross-linked melamine–formaldehyde resin) exposed
to water at 95 �C and Zaki et al. [19] obtained the experimental data for the copolymer polypropylene (83% propylene
and 17% methylene monomers) exposed to a 50,000 ppm aqueous solution of amyl acetate at 40 �C temperature. Both of
these polymers are used as packing materials. Galdamez et al. [20] obtained the experimental data by exposing 2.84 g choc-
olate sample to 1.14 g hazelnut oil at 23 �C temperature. These data are sufficient to determine both the small- and large-
time slopes; unfortunately, however, no data are provided by these studies which are required for determination of the delay
time involved in their specific cases. The latter requires the matching of the model responses to the concentration profiles of
the diffusing species in the samples measured at various times during the tests.

Fig. 12 presents the straight-line plots of ln (1 � QD) vs t for the small- and large-time for non-Fickian data of Smith and
Fisher [12] indicating a slope change from �0.096 to �0.2232 at t = 14 h. Fig. 13 presents the similar plots for non-Fickian
data of Zaki et al. [19] indicating a slope change from �0.009 to �0.0207 at t = 19 h. Fig. 14 presents the straight-line plots
of ln (1 � QD) vs t for the small- and large-time for non-Fickian data of Galdamez et al. [20] indicating a slope change from
�0.0386 to �0.021 at t = 50 h. The determination of the delay time as well as the diffusion and interface surface mass-trans-
fer coefficients would have been possible had also the concentration profiles of the diffusing species in the heterogeneous
samples been measured at various times during the tests. Therefore, future studies should consider such measurements
by appropriate means.



Fig. 12. Straight-line plots of ln(1 � QD) vs t for the small- and large-time for non-Fickian data of Smith and Fisher [12] indicating a slope change from
�0.096 to �0.2232 at t = 14 h.

Fig. 13. Straight-line plots of ln(1 � QD) vs t for the small- and large-time for non-Fickian data of Zaki et al. [19] indicating a slope change from �0.009 to
�0.0207 at t = 19 h.

Fig. 14. Straight-line plots of ln(1 � QD) vs t for the small- and large-time for non-Fickian data of Galdamez et al. [20] indicating a slope change from
�0.0386 to �0.021 at t = 50 h.
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6. Concluding remarks

The analytical approach presented in this paper provides valuable insights into the mechanism of the non-Fickian gas dif-
fusion with delay processes, and the role that the delay time, the diffusion coefficient of gas in heterogeneous medium, and
the interface surface mass-transfer coefficient play in gas transfer involving heterogeneous medium.

Based on the analytical studies conducted in this paper, we can make the following conclusions:


 Full-, short-, and long-time analytical solutions were generated successfully for transient-state non-Fickian diffusion
of gas in locally heterogeneous medium suddenly exposed to high pressure gas under isothermal conditions.


 Comparison of the concentrations for the wave-diffusion case with the pure-diffusion case demonstrated the signif-
icance of the non-Fickian gas dissolution in heterogeneous medium.


 Special analytical solutions were developed and applied for semi-infinite and finite-thickness regions for gas transport
in heterogeneous medium with delay. The propagation of a right-running wave and its reflection from the wall was
illustrated for the concentrations and diffusion fluxes.


 The small-time behavior was shown to be wave-like with a discontinuity wave front propagating into the medium
with a speed diminishing with time. For small times, the differences between the wave-diffusion and the pure-
diffusion cases were found to be significant depending on the value of the delay time.


 For sufficiently large times, the wave behavior dies out and the wave solutions approach the equilibrium pure-
diffusion solutions, except for very near the decaying wave front.


 Our analytical solution reconfirmed the experimentally observed occurrence of a break in the slopes of the straight-
lines obtained for the small- and large-times in a plot of ln (1 � QD) vs tD or t based on the data obtained during the
tests of polymer exposed to water by Smith and Fisher [12], the copolymer polypropylene exposed to aqueous solu-
tion of amyl acetate by Zaki et al. [19], and the chocolate samples exposed to hazelnut oil by Galdamez et al. [20].


 The formulations presented in this paper are of practical importance because they can be used also for determination
of the diffusivity, interface surface-mass-transfer coefficient, and rate of dissolution of gases in heterogeneous
medium.


 Thus, investigations by meaningful experimental measurement techniques are recommended for future studies, such
as the pressure-pulse decay method similar to Civan et al. (2012), for which the data measured under non-Fickian
conditions, can be analyzed by applying the present analytical solutions. However, the determination of the delay
time requires also the measurements of the concentration profiles of the diffusing species in the samples at various
times during the tests.
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Appendix A. Analytical solutions to the dimensionless non-Fickian gas transfer model

The analytical solution of the non-Fickian gas diffusion problem (Eqs. (2.25)–(2.34)) is presented in the following in terms
of the dimensionless variables and parameters.

A.1. Laplace-transform analysis

The Laplace transform of Eq. (2.30) with respect to the time tD, accounting for the initial conditions Eq. (2.32), is
�JDxx � ðsD s2 þ sÞ�JD ¼ 0; ðA:1Þ
where �JDðxD; sÞ denotes the transform of JDðxD; tDÞ. Solving the ordinary differential equation (A.1) yields:
�JDðxD; sÞ ¼ Ae�xDq þ BeþxDq; ðA:2Þ
where A and B are arbitrary constants and define
q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sD s2 þ s

p
: ðA:3Þ
Imposing the boundary condition, Eq. (2.34), at xD ¼ 1 yields
B ¼ �Ae�2q ðA:4Þ
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and therefore we have
�JDðxD; sÞ ¼ A½e�xDq � e�ð2�xDÞq�: ðA:5Þ
To impose the boundary condition at the interface xD ¼ 0, we must first establish the transform of the concentration cD.
The transform of Eq. (2.28) yields:
�cDðxD; sÞ ¼ �
�JDxðxD; sÞ

s
: ðA:6Þ
Thus we have
�cDðxD; sÞ ¼ A
q
s
½e�xDq þ e�ð2�xDÞq�: ðA:7Þ
The transform of the boundary condition, Eq. (2.33), at the interface xD ¼ 0 now yields the constant A:
A ¼
kD
s

1þ q
s kD

	 

� 1� q

s kD
	 


e�2q
: ðA:8Þ
With A determined, the transforms �cD and �JD can now also be determined as:
�cDðxD; sÞ ¼
kD

s
� e�qxD þ e�qð2�xDÞ

s
qþ kD

� �
� s

q� kD

� �
e�2q

; ðA:9Þ

�JDðxD; sÞ ¼
kD

s
� e�qxD � e�qð2�xDÞ

1þ q
s kD

	 

� 1� q

s kD
	 


e�2q
: ðA:10Þ
We are also interested in the mass-accumulation function QD, the Laplace transform of which is obtained by integrating
Eq. (A.9) with respect to xD in accordance with Eq. (2.25). We have
�QDðsÞ ¼
kD

s
� 1� e�2q

ðsþ kDqÞ � ðs� kDqÞe�2q
¼ 1

s
�JDð0; sÞ: ðA:11Þ
The inversion of these Laplace transforms now remains.

A.2. Inversion for small times

The small-time approximation corresponds to large s. In this limit, the term with the exponential in the denominator is
small compared to the first, and for the terms in the denominator of Eq. (A.9) we can thus write
1
s
qþ kD

� �
� s

q� kD

� �
e�2q

¼ 1
s
qþ kD

� �
1� s�qkD

sþqkD

� �
e�2q

h i ¼
P1

n¼0
s�qkD
sþqkD

� �n
e�2nq

s
qþ kD

: ðA:12Þ
A binomial expansion was used to obtain the series. The series involved is always convergent.

A.3. Lowest-order approximation

The lowest-order (or first-order) small-time approximation occurs when only the first term in the series is retained. Thus
we have from Eqs. (A.9)–(A.11)
�cD1 ðxD; sÞ ¼
kD

s
� e
�qxD þ e�qð2�xDÞ

s
qþ kD

; ðA:13Þ

�JD1 ðxD; sÞ ¼
kD

s
� e
�qxD � e�qð2�xDÞ

1þ q
s kD

; ðA:14Þ

�QD1 ðsÞ ¼
kD

s
� 1
sþ kDq

: ðA:15Þ
For sD–0, the results (A.13) and (A.14) show a wave behavior. The first exponential term generates a damped disconti-
nuity wave, starting at xD ¼ 0 and traveling in the positive xD direction (right-running wave). The second exponential term
generates a damped discontinuity ‘‘image’’ wave that starts at xD ¼ 2 and travels in the negative xD direction (left-running
wave). The two waves meet at xD ¼ 1, canceling each other to enforce the solid-wall boundary condition �JDðxD ¼ 1; sÞ ¼ 0,
and reinforcing each other to form an apparent jump in the value of the concentration at the wall when the waves meet.
Because the problem is essentially posed in the range 0 6 xD 6 1, the ‘‘image’’ wave is inconsequential, and the right-running
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wave appears to be ‘‘reflected’’ from the wall at xD ¼ 1, and becomes a left-running wave. The reflected wave continues left-
ward until it impinges on the interface surface at xD ¼ 0, and the first-order solutions (Eqs. (A.13)–(A.15)) cease to be valid
for further development. In view of the wave nature of the problem, and of the wave speed given by Eq. (2.31), the first-order
solution is valid and is in fact an exact solution when tD < 2

ffiffiffiffiffiffi
sD
p

.
The second-order solution describes the subsequent pair of events after the left-running reflected wave is reflected

from the interface as a right-running wave, which eventually is reflected from the wall as another left-running wave. The
second-order solution is obtained by keeping two terms of the series in Eq. (A.12). Thus, we now have have from Eqs.
(A.9)–(A.11):
�cD2 ðxD; sÞ ¼ �cD1 ðxD; sÞ þ
kD

s
s� qkD

sþ qkD

� �
e�qð2þxDÞ þ e�qð4�xDÞ

s
qþ kD

; ðA:16Þ

�JD2 ðxD; sÞ ¼ �JD1 ðxD; sÞ þ
kD

s
s� qkD

sþ qkD

� �
e�qð2þxDÞ � e�qð4�xDÞ

1þ q
s kD

; ðA:17Þ

�Q D2 ðsÞ ¼ �QD1 ðsÞ �
kD

s
2kDq

sþ kDq

� �
e�2q

sþ kDq
: ðA:18Þ
A third-order solution is obtained correspondingly by keeping three terms of the series in Eq. (A.12) from Eqs. (A.9)–
(A.11), and so on for the higher-order solutions.

A.4. Inversion of first-order approximation

The inversion of Eqs. (A.13)–(A.15) can be facilitated if the following identity is noted:
1
s

� �
1

s
qþ kD

" #
� 1

kD

1
s
þ 1

k2
D þ bs

" #
� 1

bq
sD �

1

k2
D þ bs

" #
ðA:19Þ
where b � sDk2
D � 1. The four terms on the right side of Eq. (A.19), when multiplied by e�qxD , admit to inversion by means of

standard Laplace-transform tables. The four inversions lead to the following four respective functions (for b – 0):
C1ðxD; tDÞ � exp � xD

2
ffiffiffiffiffiffi
sD
p

� �
HðtD � xD

ffiffiffiffiffiffi
sD
p
Þ þ xD

2
ffiffiffiffiffiffi
sD
p

Z tD

0

e�
t

2sD Hðt � xD
ffiffiffiffiffiffi
sD
p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � x2
DsD

q � I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

DsD

q
2sD

0
@

1
Adt; ðA:20Þ

C2ðxD; tDÞ ¼
exp � xD

2
ffiffiffiffisD
p � k2

DðtD�xD
ffiffiffiffisD
p Þ

sDk2
D�1

h i
sDk2

D � 1
� H tD � xD

ffiffiffiffiffiffi
sD
p

ð Þ þ xDe
�

k2
D

tD

sDk2
D
�1

2sDðsDk2
D � 1Þ

�
Z tD

0

e

k2
D

t

sDk2
D
�1
� t

2sD

� �
Hðt � xD

ffiffiffiffiffiffi
sD
p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � x2
DsD

q

� I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

DsD

q
2sD

0
@

1
Adt; ðA:21Þ

C3ðxD; tDÞ �
kD

ffiffiffiffiffiffi
sD
p

sDk2
D � 1

exp � tD

2sD

� �
� I0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

D � x2
DsD

q
2sD

0
@

1
AH tD � xD

ffiffiffiffiffiffi
sD
p

ð Þ; ðA:22Þ

C4ðxD; tDÞ �
kDe

�
k2

D
tD

sDk2
D
�1

sDðsDk2
D � 1Þ

2 �
Z tD

0
e

k2
D

t

sDk2
D
�1
� t

2sD

� �
I0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � x2

DsD

q
2sD

0
@

1
A � H t � xD

ffiffiffiffiffiffi
sD
p

ð Þdt; ðA:23Þ
where I0 and I1 are the modified Bessel functions of the first kind, of order zero and one, and HðuÞ is the Heaviside unit step
function, such that HðuÞ ¼ 0 when u < 0 and HðuÞ ¼ 1 when u > 0.

Let us now consider the normalized concentration function cDðxD; tDÞ defined by Eq. (2.18). This function varies between
zero (at the initial condition) and unity (at the final equilibrium condition). The basic right-running wave corresponding to
the first exponential term in Eq. (A.13) is
cDb
ðxD; tDÞ ¼ C1ðxD; tDÞ þ C2ðxD; tDÞ � C3ðxD; tDÞ þ C4ðxD; tDÞ: ðA:24Þ
Setting sD ¼ 0 in Eq. (A.13) and making the inversion accordingly yield the corresponding basic solution for the pure dif-
fusion case as:
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½cDb
ðxD; tDÞ�sD¼0 ¼ erfc

xD

2
ffiffiffiffiffi
tD
p

� �
� eðkDxDþk2

DtDÞerfc kD
ffiffiffiffiffi
tD
p
þ xD

2
ffiffiffiffiffi
tD
p

� �
: ðA:25Þ
Expressions for the mass flux JD can be developed in the following way. Note that
1
1þ q

s kD
� 1� kD

s
qþ kD

: ðA:26Þ
Thus, the inversion of �JD is related to the inversion of �cD, by comparison of Eqs. (A.16), (A.17) and (A.26). With this in mind,
the first approximation, Eq. (A.17), can be inverted, starting with the right-running wave term involving the first exponential
term, which we define as the basic solution:
1
kD

JDb
ðxD; tDÞ ¼ C1ðxD; tDÞ � cDb

ðxD; tDÞ ¼ �C2ðxD; tDÞ þ C3ðxD; tDÞ � C4ðxD; tDÞ: ðA:27Þ
The functions involved have been previously defined by Eqs. (A.20)–(A.23), and (A.24). The corresponding result for the
pure diffusion case is given by
1
kD
½JDb
ðxD; tDÞ�sD¼0

¼ erfc
xD

2
ffiffiffiffiffi
tD
p

� �
� ½cDb

ðxD; tDÞ�sD¼0 ¼ eðkDxDþk2
DtDÞerfc kD

ffiffiffiffiffi
tD
p
þ xD

2
ffiffiffiffiffi
tD
p

� �
: ðA:28Þ
It can be shown that the values of the concentration and the mass flux at the interface, xD ¼ 0þ, and immediately after the
process starts, tD ¼ 0þ, are given by
cDb
ð0;0Þ ¼ kD

ffiffiffiffiffiffi
sD
p

1þ kD
ffiffiffiffiffiffi
sD
p ; ðA:29Þ

JDb
ð0;0Þ ¼ kD

1þ kD
ffiffiffiffiffiffi
sD
p : ðA:30Þ
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