Journal of Computer and System Sciences 115 (2021) 187-213

Contents lists available at ScienceDirect

JOURNAL or
COMPUTER
g SYSTEM

Journal of Computer and System Sciences

www.elsevier.com/locate/jcss

Approximating partition functions of bounded-degree Boolean n
counting Constraint Satisfaction Problems ™ et
Andreas Galanis *, Leslie Ann Goldberg, Kuan Yang

Department of Computer Science, University of Oxford, Wolfson Building, Parks Road, Oxford, 0X1 3QD, UK

ARTICLE INFO ABSTRACT

Article history: We study the complexity of #CSPa (), which is the problem of counting satisfying
Received 12 May 2017 assignments to CSP instances with constraints from I' and whose variables can appear

Received in revised form 19 August 2020
Accepted 19 August 2020
Available online 27 August 2020

at most A times. Our main result shows that: (i) if every function in I' is affine, then
#CSPA(T') is in FP for all A, (ii) otherwise, if every function in I" is in a class called IM>,
then for large A, #CSP, (I') is equivalent under approximation-preserving reductions to
the problem of counting independent sets in bipartite graphs, (iii) otherwise, for large A,

Keywords:
Constraint satisfaction it is NP-hard to approximate #CSPx (I'), even within an exponential factor.
Approximate counting © 2020 Elsevier Inc. All rights reserved.

Hardness of approximation

1. Introduction

Constraint Satisfaction Problems (CSPs), which originated in Artificial Intelligence [21] provide a general framework for
modelling decision, counting and approximate counting problems. The paradigm is sufficiently general that applications
from diverse areas such as database theory, scheduling and graph theory can all be captured (see, for example, [17,18,20]).
Moreover, all graph homomorphism decision and counting problems [15] can be re-cast in the CSP framework and partition
function problems from statistical physics [25] can be represented as counting CSPs. Given the usefulness of CSPs, the study
of the complexity of CSPs is an extremely active area in computational complexity (for example, see [3] and the references
therein).

In this paper, we will be concerned with Boolean counting CSPs. An instance I = (V,C) of a Boolean counting CSP
consists of a set V of variables and a set C of constraints. An assignment o : V — {0, 1} assigns a Boolean value called a
“spin” to each variable. Each constraint associates a tuple (v1,..., Vi) of variables with a Boolean relation which constrains
the spins that can be assigned to v1,..., vk. In particular, the assignment o is said to “satisfy” the constraint if the tuple
(o (v1),...,0(vy)) is in the corresponding relation. An assignment is said to be “satisfying” if it satisfies all constraints. A
Constraint Satisfaction Problem comes with two important parameters — the constraint language I is the set of all relations
that may be used in constraints and the degree A is the maximum number of times that any variable v € V may be used
in constraints in any instance. The number of satisfying assignments is denoted Z;. The computational problem #CSPx (")
is the problem of computing Z;, given a CSP instance I with constraints in " and degree at most A. We use #CSP(I") to
denote the version of the problem in which the degree of instances is unconstrained.
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Although constraints are supported by Boolean relations, they can be used to code up weighted interactions such as those
that arise in statistical physics. For example, let R be the “not-all-equal” relation of arity 3. Then consider the conjunction of
R(x,a,b) and R(y,a,b). There are two satisfying assignments with o (x) =0 and o (y) =1 since o (a) and o (b) must differ.
Similarly, there are two satisfying assignments with o(x) =1 and o (y) = 0. On the other hand, there are three satisfying
assignments with o(x) = o (y) =1 and there are three satisfying assignments with o (x) = o (y) = 0. Thus, the induced
interaction on the variables x and y is the same as the interaction of the ferromagnetic Ising model (at an appropriate
temperature) — an assignment in which x and y have the same spin has weight 3, whereas an assignment where they have
different spins has weight 2.

For every A > 3, the work of Cai, Lu and Xia [6] completely classifies the complexity of exactly solving #CSP ('),
depending on the parameter I'. If every relation in I' is affine, then #CSPx (I") is solvable in polynomial time (so the
problem in the complexity class FP). Otherwise, it is #P-complete. The term “affine” will be defined in Section 2. Roughly,
it means that the tuples in the relation are solutions to a linear system, so Gaussian elimination gives an appropriate
polynomial-time algorithm. The characterisation of Cai, Lu and Xia is exactly the same classification that was obtained for
the unbounded problem #CSP(I") by Creignou and Hermann [7]. Thus, as far as exact counting is concerned, the degree-
bound A does not affect the complexity as long as A > 3. As Cai, Lu and Xia point out, the dichotomy is false for A =2,
where #CSP,(I") is equivalent to the Holant problem Holant(I') — see the references in [6] for more information about
Holant problems.

Much less is known about the complexity of approximately solving #CSPx (I"). In fact, even the decision problem is still
open. While Schaefer [22] completely classified the complexity of the decision problem CSP(I') — where the goal is to
determine whether or not Z; is O for an instance of #CSP(I') — the complexity of the corresponding decision problem
CSPA (T"), where the instance has degree at most A, is still not completely resolved. For A > 3, Dalmau and Ford [10]
have solved the special case where I" includes both of the relations Rs, = {0} and R;, = {1}. This special case is known as
the “conservative case” in the CSP literature. For A > 6, Dyer et al. [12] have classified the difficulty of the approximation
problem:

o If every relation in T is affine, then #CSPA (I"U {Rs,, Rs,}) is in FP.

e Otherwise, if every relation in T is in a class called IM; (a class which will be defined in Section 2) then #CSPA (I' U
{Rs,, Rs,}) is equivalent under approximation-preserving (AP) reductions to the counting problem #BIS (the problem of
counting independent sets in bipartite graphs).

e Otherwise, there is no FPRAS for #CSPA (I" U {Rs,, Rs;}) unless NP = RP.

Dyer et al. made only partial progress on the cases where A € {3,4,5}. We refer the reader to [12,19] for a discussion of
the partial classification. However, it is worth noting here that the complexity of #CSPa (I'U {Rs,, Rs,}) is closely related to
the complexity of counting satisfying assignments of so-called read-d Monotone CNF Formulas. Crucial progress was made
by Liu and Lu [19], who completely resolved the complexity of the latter problem. Given the work of Liu and Lu, a complete
classification of #CSPA (I" U {Rs,, Rs;}) for A € {3,4, 5} may be in reach.

The restriction that Rs, and Rs, are contained in I' is a severe one because it does not apply to many natural applications.
On the other hand, we are a long way from a precise understanding of the complexity of #CSP (I") without this restriction
because there are specific, relevant parameters that we do not understand. For example, for a positive integer k, let I" be the
singleton set containing only the arity-k “not-all-spin-1” relation. Then satisfying assignments of an instance of #CSP (")
correspond to independent sets of a k-uniform hypergraph with maximum degree A. The current state-of-the-art for this
problem is that there is an FPRAS for A = 0(2%/2) [16] and that the problem is NP-hard to approximate for A = Q(2¢/2)
[1]; the implicit constants in these bounds do not currently match and thus, for large k, there is a large range of A’s where
we do not yet know the complexity of approximating #CSPA (T"). If I instead contains (only) the arity-k “at-least-one-spin-
0” relation then satisfying assignments of an instance of #CSP (I') correspond to the so-called “strong” independent sets
of a k-uniform hypergraph. Song, Yin and Zhao [23] have presented a barrier for hardness results, showing why current
technology is unsuitable for resolving the cases where A € {4, 5} (roughly, these cases are in “non-uniqueness”, but this is
not realisable by finite gadgets).

The purpose of the present paper is to remove the severe restriction that Rs, and Rs, are contained in T" in the approxi-
mate counting classification of #CSPA (I') from [12]. Since pinning down precise thresholds seems a long way out of reach,
we instead focus on whether there is a “barrier” value Ag such that, for all A > Ap, approximation is intractable. Since
we wish to get the strongest possible inapproximability results (showing the hardness of approximating Z; even within an
exponential factor), we define the following computational problem, which has an extra parameter ¢ > 1 that captures the
desired accuracy.

Name #CSPa ((I").
Instance An n-variable instance I of a CSP with constraint language I" and degree at most A.
Output A number Z such that c™"Z; <Z <c"Z,.

Although we have not yet defined all of the terms, we can now at least state (a weak version of) our result.
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Theorem 1. Let I" be a Boolean constraint language. Then,

1. Ifevery relation in T is affine then #CSP(T") is in FP.

2. Otherwise, if every relation in T is in the class 1M, then there exists an integer Ao such that for all A > Ag, #CSPA(I) is
#BIS-equivalent under AP-reductions.

3. Otherwise, there exists an integer Ag such that for all A > Ay, there exists a real number ¢ > 1 such that #CSP 4 (T") is NP-hard.

After defining all of the terms, we will state a stronger theorem, Theorem 6, which immediately implies Theorem 1. The
stronger version applies to the #CSP problems that we have already introduced, but it also applies to other restrictions of
these problems, which have even more applications.

We now explain the restriction. Note that in the CSP framework, as we have defined it, the variables that are constrained
by a given constraint need not be distinct. Thus, if the arity-4 relation R is present in a constraint language I', then an
instance of #CSP(I") with variables x and y may contain a constraint such as R(x, x, y, x). This ability to repeat variables is
equivalent to assuming that equality relations of all arities are present in I". This feature of the CSP definition is inconvenient
for two reasons: (1) It does not fit well with some spin-system applications, and (2) In many settings, it obscures the
nuanced complexity classification that arise.

As an example of (1), recall the application where T" is the singleton set containing only the arity-k “not-all-spin-1"
relation. As we noted earlier, satisfying assignments of a #CSP(I") instance correspond to independent sets of a k-uniform
hypergraph. Here, hyperedges are size-k subsets of vertices and it does not make sense to allow repeated vertices!

The point (2) is well-known. In fact, the “equality is always present” assumption is the main feature that separates #CSPs
from the more general Holant framework [4].

In our current setting, it turns out that adding equality functions to I'" does not change the complexity classification,
but this is a result of our theorems rather than an a priori assumption — indeed, determining which constraint languages
I' can appropriately simulate equality functions is one of the difficulties — thus, throwing equalities in “for free” would
substantially weaken our results! Our main result, Theorem 6, which will be presented in Section 2, applies both to the
#CSPs that we have already defined, and to more refined versions, in which constraints may not repeat variables.

We wish now to discuss an important special case in which both the #CSPs and the refined versions have already been
studied. This is the special case in which I" consists of a single relation which is symmetric in its arguments. A symmetric
relation that is not affine is not in IM,. Therefore, Item 2 in the statement of Theorem 1 never arises in this special case.
Our earlier paper [14] shows that, in this case (where I' consists of a single, symmetric, non-affine relation) there is an
integer Ag such that for all A > Ay, there exists a real number ¢ > 1 such that #CSPx (') is NP-hard.

While the work of [14] is important for this paper, note that the special case is far from general — in particular, it
is easy to induce asymmetric constraints using symmetric ones. For example, suppose that R; is the (symmetric) arity-2
“not-all-spin-1” constraint, R, is the (symmetric) arity-2 “not the same spin” constraint and R3 = {(0, 0), (0, 1), (1, 1)} is the
(asymmetric) arity-2 “Implies” constraint. Then the conjunction of R1(x,a) and Ry (a, y) induces R3(x, y).

It is interesting that Theorem 1 is exactly the same classification that was obtained for the unbounded problem #CSP(I")
by Dyer et al. [13]. In particular, they showed

1. If every relation in I' is affine then #CSP(T") is in FP.

2. Otherwise, if every relation in I is in the class IM5, then #CSP(T") is #BIS-equivalent under AP-reductions.

3. Otherwise, #CSP(I") is #SAT-equivalent under AP-reductions, where #SAT is the problem of counting the satisfying
assignments of a Boolean formula.

The inapproximability that we demonstrate in Item 3 of Theorem 1 is stronger than what was known in the unbounded
case, both (obviously) because of the degree bound, but also because we show that it is hard to get within an exponential
factor. (This strong kind of inapproximability was also missing from the results of [12].)

2. Definitions and statement of main result

Before giving formal definitions of the problems that we study, we introduce some notation. We use boldface letters to
denote Boolean vectors. A pseudo-Boolean function is a function of the form f : {0, 1}} — R for some positive integer k,
which is called the arity of f.

Definition 2. Given a pseudo-Boolean function f : {0, 1}¥ — R0, we use the notation Ry to denote the relation Ry = {x €
{0, 1}¥ | f(x) > 0}, which is the relation underlying f.

If the range of f is {0, 1} then f is said to be a Boolean function and of course in that case Ry = {x € {0, ¥ fx) =11

In order to allow consistency with obvious generalisations, our formal definition of the Boolean Constraint Satisfaction
Problem is in terms of Boolean functions (rather than, equivalently, using the underlying relations).

A Constraint language T" is a set of pseudo-Boolean functions. It is a Boolean constraint language if all of the functions in
it are Boolean functions. An instance I = (V,C) of a CSP with constraint language I" consists of a set V of variables and



190 A. Galanis et al. / Journal of Computer and System Sciences 115 (2021) 187-213

a set C of constraints. Each constraint C; € C is of the form fi(v;1,..., Vi) where f; is an arity-k; function in I" and
(Vi1,..., Vik) is a tuple of (not necessarily distinct) variables in V. The constraint C; is said to be “Repeat-Free” if all of
the variables are distinct. Each assignment o : V — {0, 1} of Boolean values to the variables in V has a weight

wi):= [] = filowi,....,o(vig)).
fitvig,ovigg)eC
The partition function maps the instance I to the quantity

Zi= ) wio)= Y. [T ficwin,....ovi).

o:V—{0,1} O'IV—){O,]}fi(Viil,...,V,'_ki)EC

If " is a Boolean constraint language then it is easy to see that w;(o) =1 if the assignment is satisfying and w;(c) =0,
otherwise. Thus, Z; is the number of satisfying assignments of I.

When Z; > 0, we will use 1;(-) to denote the Gibbs distribution corresponding to Z;. This is the probability distribution
on the set of assignments o : V — {0, 1} such that

WIZ(G) forallo : V — {0, 1}.

ni(o) =

The degree d,(C) of a variable v in a constraint C is the number of times that the variable v appears in the tuple
corresponding to C and the degree d, of the variable is dy = Y. dy(C). Finally, the degree of the instance I is maxyecy dy.

Definition 3. #CSP (I") is the problem of computing Z;, given a CSP instance I with constraints in I" and degree at most A.
#CSP(I") is the version of the problem in which the degree of instances is unconstramed #CSPA (') has an extra parame-
ter ¢ > 1 that captures the desired accuracy. The problem is to compute a number Z such that ¢"Z; < Z < c"Z;, where n is
the number of variables in the instance I. The problems #NoRepeatCSP  (I'), #NoRepeatCSP(I") and #NoRepeatCSP, (I')
are defined similarly, except that inputs are restricted so that all constraints are Repeat-Free.

Definition 4. A Boolean function f : {0, 1}¥ — {0, 1} is affine if there is a k x k Boolean matrix A and a length-k Boolean
vector b such that Ry is equal to the set of solutions x of Ax=b over GF(2).

Definition 5 (The set of functions IM;). A Boolean function f : {0, 1}¥ — {0, 1} is in IMy if f(x1, ..., xy) is logically equivalent
to a conjunction of (any number of) predicates of the form x;, —x; or x; = x;.

We have now defined all of the terms in our main theorem apart from some well-known concepts from complexity
theory, which we discuss next. FP is the class of computational problems (with numerical output) that can be solved in
polynomial time. An FPRAS is a randomised algorithm that produces approximate solutions within specified relative error
with high probability in polynomial time. For two counting problems #A and #B, we say that #A is #B-easy if there is an
approximation-preserving (AP)-reduction from #A to #B. The formal definition of an AP-reduction can be found in [11]. It is
a randomised Turing reduction that yields close approximations to #A when provided with close approximations to #B. The
definition of AP-reduction meshes with the definition of FPRAS in the sense that the existence of an FPRAS for #B implies
the existence of an FPRAS for #A. We say that #A is #B-hard if there is an AP-reduction from #B to #A. Finally, we say that
#A is #B-equivalent if #A is both #B-easy and #B-hard.

The problem of counting satisfying assignments of a Boolean formula is denoted by #SAT. Every counting problem in #P
is AP-reducible to #SAT, so #SAT is said to be complete for #P with respect to AP-reductions. It is known that there is no
FPRAS for #SAT unless RP = NP. The problem of counting independent sets in a bipartite graph is denoted by #BIS. The
problem #BIS appears to be of intermediate complexity: there is no known FPRAS for #BIS (and it is generally believed that
none exists) but there is no known AP-reduction from #SAT to #BIS. Indeed, #BIS is complete with respect to AP-reductions
for a complexity class #RHII;.

Given all of these definitions, we now formally state the stronger version of Theorem 1 promised in the introduction.
The proof can be found in Section 9.

Theorem 6. Let I be a Boolean constraint language. Then,

1. Ifevery function in T is affine then #CSP(I") and #NoRepeatCSP(I") are both in FP.

2. Otherwise, if ' € M3, then there exists an integer Ag such that for all A > Ag, #CSP (I') and #NoRepeatCSP  (I') are both
#BIS-equivalent under AP-reductions, and

3. Otherwise, there exists an integer Ag such that for all A > Ao, there exists a real number ¢ > 1 such that #CSPx (") and
#NoRepeatCSP 5 (I') are both NP-hard.
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3. Overview of the proof of Theorem 6

In this section, we give a non-technical overview of the proof of Theorem 6. Our objective is to illustrate the main ideas
and obstacles without delving into the more detailed definitions. A more technical overview can be found in Section 5. Our
focus in this section will be on the case where I" consists of a single Boolean function f : {0, 1}¥ — {0, 1}. As will be clear
in Section 9, this case is the main ingredient in the proof of the theorem.

A typical approach for showing that a counting CSP is intractable is to use an instance of the CSP to build a “gad-
get” which simulates an intractable binary 2-spin constraint. This was the approach used in [14], which proved the
intractability of #NoRepeatCSP, ({f}) for any symmetric non-affine Boolean function f by constructing an instance I of
#NoRepeatCSP, ({ f}), along with variables x and y, such that for all spins sx € {0, 1} and sy, € {0, 1} the marginal distribu-
tion w(x, y) satisfies

— g(sx, Sy) 1)
£(0,0)+g(0,1)+g(1,0)+ g1, 1)’

where g is a binary function that codes up the interaction of an intractable anti-ferromagnetic 2-spin system. We will not
need to give detailed definitions of 2-spin systems in this paper. Instead, we give a sufficient condition for intractability.

110 (X) =5, 0(y) =Sy)

Definition 7. A binary function g : {0, 1}> — R is said to be “hard” if all of the following hold:
£(0,0)+g(1,1) >0,
min{g(0, 0), g(1, 1} < v/ £(0, 1)g(1, 0),
max{g(0,0), g(1, )} =v/g(0, Dg(1,0).

It was established in [14] that the ability to “simulate” a hard function g in the sense of (1) ensures that
#NoRepeatCSP, ({ f}) is NP-hard to approximate, even within an exponential factor.

A key feature of symmetric Boolean functions f which facilitated such simulation in [14] was the fact that the class of
relevant hard functions g is well-behaved, and it turned out that it suffices to encode such a hard binary function with only
e-accuracy, for some sufficiently small € > 0, and this was enough to ensure the NP-hardness of #CSPA ({f}).

The main obstacle in adapting the approach of [14] to the case where f need not be symmetric in its arguments arises
when f is in IM;. It is unlikely that such a function f can simulate a hard function g in the sense of (1) — indeed such a
simulation would prove the (very surprising) result that #BIS does not have an FPRAS (unless NP = RP). Thus, for f € IM>,
we need instead to encode a binary function which will allow us to connect the problem #NoRepeatCSP , ({f}) to #BIS.

Now consider the binary Boolean function Implies whose underlying relation Rimpies = {(0, 0), (0, 1), (1, 1)} contains all
(x, y) satisfying x = y. Obviously, Implies is not symmetric, and it is not hard according to Definition 7. On bipartite in-
stances, however, the symmetry can be restored by interpreting differently the spins 0 and 1 on the two parts of the graph,
and this leads to a connection with #BIS. In particular, it is well-known [13] that #CSP({Implies}) is equivalent to #BIS
under AP-reductions. This connection was extended to the bounded-degree setting by [5].

Unfortunately, the symmetrisation which connects #CSP({Implies}) to #BIS is not very robust. For example, suppose that
a (non-symmetric) Boolean function f can be used to simulate, in the sense of (1), a binary function g which is very close
to Implies. In particular, suppose that for some € > 0 and €1, €3, €3, €4 satisfying |¢;| <€ for i =1, 2, 3,4, we have

g£0,00=1+¢€1, g0,1)=1+ey,
g(1,0) =e3, g(1,1)=1+e€4.

Such a close approximation is about the best that can be expected using the kind of approximate encodings that are avail-
able. However, the complexity of asymmetric 2-spin systems is not sufficiently well understood to exploit such a simulation.
Surprisingly, for any arbitrarily small constant € > 0, it is not known even whether the unbounded degree version #CSP({g})
is #BIS-hard, and certainly nothing is known in our bounded-degree setting! The trouble is that the symmetrisation that
works for Implies (i.e., when €; =0 for i =1, 2, 3, 4) is no longer guaranteed to symmetrise the imperfect version with the
€;'s, so the swapping of spin-0 and spin-1 values on one side of the bipartite graph leads to an asymmetric 2-spin system
on bipartite graphs and this does not fall into the scope of known results [5] concerning bounded-degree bipartite 2-spin
systems.

Our approach to handle this problem for f € IM; is to carefully ensure that there is no accuracy error € in encoding the
function Implies. In other words, we show that, using f € IM;, we can encode Implies perfectly, a task which is surprisingly
intricate in the repeat-free setting. Our main technical theorem, Theorem 17, achieves this goal. Namely, it shows that,
for every non-affine Boolean function f, either f simulates a hard function (with arbitrarily small accuracy-error €, which
leads to the desired intractability of #NoRepeatCSP,({f})) or else f “supports perfect equality” — a concept which will
be defined later, but essentially means that f can be used to perfectly simulate the binary function EQ with underlying
relation Rgq = {(0, 0), (1, 1)}. Using EQ, it is possible to simulate repeated variables in constraints, so the #BIS-hardness of
#CSPA({f}) follows from [13]. When f ¢ IM, but f supports perfect equality, instead of reducing to the work in [13], we
work somewhat harder to make sure that we also get the strong (exponential factor) inapproximability given in Theorem 6.
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4. Pinning, equality and simulating functions

We will often be interested in the case where I' contains a single function f : {0, JPLIN Rso. In this case, we can we
simplify the notation because the constraints in an instance I are in one-to-one correspondence with k-tuples of variables
(there is no need to repeat the name of the function f in each constraint). So, for convenience, we make the following
definitions.

A k-tuple hypergraph H = (V,F) consists of a set V of vertices, together with a set F of hyperarcs, where ev-
ery hyperarc in F is a k-tuple of distinct vertices in V. The degree of H is the maximum, over all vertices v € V,
of the number of hyperarcs that contain v. Given a function f : {0, 1}¥ — Rxo, we let I;(H) denote the instance of
#NoRepeatCSP({f}) whose constraints correspond to the hyperarcs of H. Given an assignment o: V — {0,1} we de-
fine wr.p(0) =, ver f(OW1),....o(WK) and Zf.p =3 5.y 101y Ws;H(0), SO ZiHy = Z;1,n)- By analogy to
the Gibbs distribution on satisfying assignments, when Zy.y > 0, we use wf.y(-) to denote the probability distribution
in which, for all assignments o : V — {0,1}, pf.y(0) = wy.y(0)/Zs,y. Given a function f : {0, 1k - Rso, a positive
integer A, and a real number ¢ > 1, the following computational problems are equivalent to #NoRepeatCSP 5 ({f}) and
#NoRepeatCSP, .({f}), respectively.

Name #Multi2Spinx (f).
Instance A k-tuple hypergraph H with degree at most A.
Output The partition function Zy,y.

Name #Multi2Spin (f).
Instance An n-vertex k-tuple hypergraph H with degree at most A.
Output A number Z such that c™"Zs.y <Z <c"Zj.y.

The name #Multi2Spin, (f) indicates that the problem is to compute the partition function of a 2-spin system with
multi-body interactions specified by f and degree-bound A.

4.1. Supporting pinning and equality

Let k be a positive integer and let H = (V, F) be a k-tuple hypergraph. Given a configuration o : V — {0, 1} and a subset
T C V, we will use o7 to denote the restriction of o to vertices in T. For a vertex v € V, we will also use o, to denote the
spin o (v) of vertex v in o. The following definitions are generalisations of definitions from [14].

Definition 8. Let f : {0, 1}k — Rso. Suppose that € > 0 and s € {0, 1}. The k-tuple hypergraph H is an e-realisation of
pinning-to-s if there exists a vertex v of H such that us.pg(oy =5)>1—€.

Definition 9. Let f : {0,1} - R and s € {0, 1}. We say that f supports pinning-to-s if, for every € > 0, there is a k-
tuple hypergraph which is an e-realisation of pinning-to-s. We say that f supports perfect pinning-to-s if there is a k-tuple
hypergraph which is a O-realisation of pinning-to-s.

We now define what it means for a function f to support (perfect) equality which was already discussed in Section 3.

Definition 10. Let f: {0, 1}} — R>o and € > 0. The k-tuple hypergraph H is an e-realisation of equality if there exist distinct
vertices v1 and vy of H such that, for each s € {0, 1},

W g0y, =0y, =5) > (1—€)/2.

Definition 11. Let f : {0, 1} — Rxo. The function f supports equality if, for every € > 0, there is a k-tuple hypergraph which
is an e-realisation of equality. The function f supports perfect equality if there is a k-tuple hypergraph which is a 0-realisation
of equality.

4.2. Realising conditional distributions induced by pinning and equality

Given a set S of vertices, it will be convenient to follow [14] as follows. We write s =0 to denote the event that all
vertices in S are assigned the spin 0 under the assignment o. We similarly write s =1 to denote the event that all vertices
in S are assigned the spin 1 under the assignment o. Finally, we use Gseq to denote the event that all vertices in S have the
same spin under o (the spin could be 0 or 1). The following definition is a generalisation of Definition 16 of [14] except
that we have changed the notation slightly for convenience.
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Definition 12 ([ 14, Definition 16]). Let f : {0, 1} — Ro. Let H = (V, F) be a k-tuple hypergraph. Let V = (Vyino, Vpin1, Veq)
where Vping and Vg1 are disjoint subsets of V and Veq is a (possibly empty) set of disjoint subsets of V\(Vpino U Vpin1).
Suppose that: (i) Vpino =# if f does not support pinning-to-0, (ii) Vpin1 =9 if f does not support pinning-to-1, (iii) Veq =9
if f does not support equality, (iv) it holds that p g,y (0v,, =0,0v,, =1, ﬂWeVeq 0‘7\?) > 0. We will then say that “V is

admissible for H with respect to f” and we will denote by M;gr;;i(\/) the probability distribution py.y(- | oV, =0,0v,, =

eq
L Nweve, Ow)-

Remark 13. Frequently, instead of formally specifying V, we will specify V implicitly by just saying “consider the conditional
distribution ucf‘?';_f(w where the vertices in Vping are pinned to 0, the vertices in Vpjny are pinned to 1 and for all W € Veq,
all the vertices in W are forced to be equal”.

4.3. Simulating hard functions and inapproximability results

We can now give a formal definition of “simulation”, along the lines that was informally discussed in Section 3 (Equa-
tion (1)).

Definition 14. Let f : {0, 1}k - R-p and g:{0,1}' — Rsg. The function f simulates the function g if there is a k-
tuple hypergraph H, an admissible set V for H with respect to f, and t vertices vq,vy,...,Vv: of H such that, for all
(s1,52,...,8) €{0, 1},

cond(V) g(s1,82,...,5¢)
M. (c(v1)=51,0(v2)=5S2,...,0(Vy) =5S) = .
fiH v 3 g(s}, Shy .\ Sp)

(57:55,....5p)€{0,1}¢

If V=(@,0,0), then we say that f perfectly simulates g. More generally, we say that f simulates a set of functions G if f
simulates every g € G.

The connection between “hard” as defined in Definition 7 and intractability is given in the following lemma.

Lemma 15 ([14, Lemma 18]). Let f : {0, 1}} — Ryo. If f simulates a hard function, then for all sufficiently large A, there exists ¢ > 1
such that #Multi2Spin, (f) is NP-hard. O

Remark 16. [14, Lemma 18] is stated for symmetric functions, but the proof in [14] also works for asymmetric functions.
5. Proof sketch

In this section, for a Boolean function f : {0, 1}¥ — {0, 1}, we consider the complexity of the problems #Multi2Spina (f)
and #Multi2Spin, (f). Classifying the complexity of these problems is the most important step in the proof of Theorem 6.
Namely, to obtain Theorem 6, it suffices to show that for every non-affine function f, we have that:

e If f is in IMj, then for all sufficiently large A, #Multi2Spin A (f) is #BIS-equivalent.
e If f is not in IMy, then for all sufficiently large A, there exists a real number ¢ > 1 such that #Multi2Spin, .(f) is
NP-hard.

Our main technical theorem to prove this is the following classification of Boolean functions, which asserts that every
non-affine function either supports perfect equality or simulates a hard function.

Theorem 17. Let k > 2 and let f : {0, 1}¥ — {0, 1} be a Boolean function. Then at least one of three following propositions is true:

1. f is affine;
2. f supports perfect equality;
3. f simulates a hard function.

Theorem 17 is proved in Section 7. When f simulates a hard function, using Lemma 15, we can immediately conclude
that for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, .(f) is NP-hard. As we already discussed in
Section 3, it is important that, in the case where f does not simulate a hard function, Theorem 17 guarantees that f
supports perfect equality (rather than simple imperfect equality); this allows us to recover the connection to #BIS for those
f € IM,. In fact, when f supports perfect equality, we can effectively carry out (a strengthening of) the program in [13] to
obtain the following classification which perfectly aligns with Theorem 6.
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Theorem 18. Let f : {0, 1} — {0, 1} be a Boolean function that is not affine. Suppose that f supports perfect equality.

1. If f isin IMy, then for all sufficiently large A, #Multi2Spin (f) is #BIS-equivalent.
2. If f is not in IM3, then for all sufficiently large A, there exists a real number ¢ > 1 such that #Multi2Spin, .(f) is NP-hard.

Theorem 18 is proved in Section 8. Thus, Theorems 17 and 18 together achieve the desired classification of
#Multi2Spin, (f) when f € IM; as well as the strong inapproximability results when f ¢ IM;. Before delving into the
proofs of Theorems 17 and 18 however, it will be instructive to give the main ideas behind the proofs, especially of the
more critical Theorem 17.

To prove Theorem 17, our proof departs from the previous approaches in the related works [13] and [14]. In these
works, f was used to directly encode a binary function which was feasible because of the presence of equality in [13] and
the symmetry of f in [14]. Instead, we take a much more painstaking combinatorial approach by using induction on the
arity of the function f.

The base case of the induction (proving Theorem 17 for arity-2 functions) is fairly simple to handle, so let us focus on
the induction step. The rough idea, to put the induction hypothesis to work, is to study whether f supports pinning-to-0 or
pinning-to-1; then, provided that at least one these pinnings is available, we need to pin appropriately some arguments of
f to obtain a function h of smaller arity. Our goal is then to ensure that h is non-affine; then, we can invoke the induction
hypothesis and obtain that h either supports perfect equality or simulates a hard function. From there, since h was obtained
by pinning some arguments of f, we will obtain by a transitivity argument (cf. Lemma 33) that f either supports perfect
equality or f simulates the same hard function as h. (A detail here is that, in the case where h supports perfect equality, to
conclude that f supports perfect equality from Lemma 33, we need to ensure that the pinnings of f used to obtain h were
perfect.)

Determining which arguments of f need to be pinned is the most challenging aspect of this scheme. Our method for
reducing the number of functions under consideration is to symmetrise f in a natural way and obtain a new function f*
which is now symmetric (see Definition 20). Then, it turns out that there are seven possibilities for the function f* which
we need to consider in detail (the functions are given in Definition 22). That is, when the symmetrisation of f is one of
these seven functions, we have to figure out whether f supports perfect equality and, if not, work out the combinatorial
structure of f and pinpoint which arguments are suitable to be pinned. The details of the argument can be found in
Section 7.2.

The proof of Theorem 18, where f supports perfect equality, basically follows the approach of [13]. However, to get
the stronger inapproximability results, we have to take a detour studying self-dual functions (functions whose value does
not change when we complement their arguments). We show that if f is self-dual then it simulates a hard function
(Theorem 46). The problem with self-dual functions is that they do not support pinning-to-0 or pinning-to-1, so we are
not able to use the relevant results from [13]. After proving Theorem 46 and doing some preparatory work in Section 8.1 to
ensure that “implementations in CSPs” work in the repeat-free setting when f supports perfect equality (see Lemma 42),
the techniques of [13] can be adapted to get Theorem 18.

6. Notation and results from the literature
6.1. Notation

For a vector X, we use x; to denote the i'th entry of x. Further, for vectors x and y of the same length, x @y will denote
the coordinate-wise addition of X and y over GF(2). More generally, for any binary Boolean operator ®, we will denote by
X ®Yy the vector whose i-th entry is given by x; ® y;. We will use 0,1 to denote the vectors whose entries are all zeros and
all ones, respectively (the length of these vectors will be clear from context). Finally, for a Boolean vector X, X will denote
the coordinate-wise “negation” of x, i.e., X=x @ 1. For a positive integer k, [k] denotes {1, ...,k}.

Definition 19 (Qy, xs). Let f : {0, 1}k - Rso. For S C [k], xs denotes the characteristic vector of S, which is the length-k
Boolean vector such that, for all i € [k], the i-th bit of xs is 1 if and only if i € S. Finally, Qf ={S S [k] | xs € Ry}, where
Ry is the relation underlying f, defined at the beginning of Section 2.

Definition 20 (The symmetrisation f*). Let f: {0, 1} —» R>p. We denote by f* the symmetrisation of f obtained as follows.
Let S; denote the set of all permutations 7 : [k] — [k]. Then f*: {0, 1}* —» Rsg is the function defined by

A, . x0) = 1_[ F&ay, s Xz (ky)-

TESK
6.2. Affine functions

The following well-known characterisation of affine functions (cf. Definition 4) is instructive and will be useful later. For
a proof, see, for example, Lemma 4.10 of [9] or Lemma 11 of [13].
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Lemma 21. Let f : {0, 1}* — {0, 1} be a Boolean function. Then:

1. f is affine iff for every a,b, c € Ry, it holds thata®b @ c € Ry.
2. If f is not affine, then for every a € Ry, there are b, c € Ry suchthata®@b®c¢ Ry. O

The set of affine symmetric Boolean functions f : {0, 1} — {0, 1} is given by the following set EASY (k).

Definition 22. For k > 2, let EASY (k) be the set containing the following seven functions.

k
O, x0 =0, fR &, Lx) =1, f0 X, x) =1 =... =x, =0},
k k
fagllt))ne(xh LX) =Hx1=...=x, =1}, ég(XL,,,,xk) =1{x1 =... =X},

e(’\fgn(xl,...,xk)zl{xl @b x; =0}, féld%(xl,...,xk):l{)q D---Px,=1}.

6.3. A characterisation of IM»

In the language of universal algebra, Creignou, Kolaitis, and Zanuttini [9] have shown that IM; (see Definition 5) is
precisely the “co-clone” corresponding to the “clone” M; in Post’s lattice (see [2]). Defining clones and co-clones would
be a bit of a distraction from this paper, but the only fact that we need is the following (which follows directly from the
definitions of clones and co-clones and from the fact that IM, is the co-clone corresponding to M).

Lemma 23. Let f : {0, 1}¥ — {0, 1} be a Boolean function. Then, the function f is in IM> iff for every X, y € Ry it holds thatx vy € Ry
andX Ay € Ry, O

6.4. The case where f is symmetric: extensions to the asymmetric case

In this section, we state a few results from [14] which were stated for the case where f is a symmetric Boolean function,
but whose proof works just as well even when f is asymmetric.

The following lemma, which is Lemma 12 of [14], gives sufficient conditions for pinning-to-0, pinning-to-1 and equality.
The statement of the lemma in [14] is restricted to symmetric functions f, but the proof applies to all functions (with the
trivial modification that the vertices in the hyperarcs in the constructed k-tuple hypergraph H must be ordered appropri-
ately).

Lemma 24 ([14, Lemma 12]). Let f : {0, 1}¥ — R and let H be a k-tuple hypergraph.

1. Ifthereis a vertex v in H such that ¢y (oy =0) > (g, y(oy = 1), then f supports pinning-to-0.

2. Ifthereis a vertex v in H such that 5.y (oy =1) > .y (0v = 0), then f supports pinning-to-1.

3. If there are vertices x, y in H such that i ¢.(0x =0y =0) = s, g(0x =0y =1) and .y (0x = 0y) > .4 (0x # Oy), then
f supports equality. O

Lemma 25 ([14, Lemma 17]). Let f : {0, 1}k — Rso. Let H = (V, F) be a k-tuple hypergraph and let S be a subset of V. Let V be
admissible for H with respect to f. Then, for every € > 0, there is a k-tuple hypergraph H' = (V', F') with V C V' and F € F’ such
that, for every t : S — {0, 1}, it holds that

d
g (os =7) — u T (os =1)| <€,

where ucf(?',:d(v)(-) is as in Definition 12. O

We will also use the following result from [14] which applies to symmetric Boolean functions.

Lemma 26 ([14, Proof of Theorem 3]). Let k > 2 and let f : {0, 1}¥ — {0, 1} be a symmetric Boolean function such that f ¢ EASY (k).
Then either f simulates a hard function or f supports perfect equality (or both).

Proof. We briefly overview the proof in [14], the relevant parts are in [14, Section 4].

1. [14, Lemma 13] shows that every function f ¢ EASY(k) supports one of pinning-to-0, pinning-to-1 or equality.
2. In [14, Section 4.1], the case where f supports both pinning-to-0 and pinning-to-1 is considered. Then, [14] shows that
f simulates a hard function.
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3. In [14, Section 4.2], the case where f supports equality but neither pinning-to-0 nor pinning-to-1 is considered. The
proof splits into cases depending on whether f(0) =0 or f(0) =1. When f(0) =0 ([14, Section 4.2.2]), [14] shows that
f supports perfect equality ([14, Lemma 28]). When f(0) =1 ([14, Section 4.2.3]), [14] shows that f simulates a hard
function.

4. In [14, Section 4.3], the case where f supports pinning-to-0 is considered. Then, [14] shows that f simulates a hard
function. (The case where f supports pinning-to-1 is identical by switching the spins 0 and 1.)

Thus, for every symmetric function f : {0, 1}¥ — {0, 1} such that f ¢ EASY(k), the results of [14] show that either f simu-
lates a hard function or f supports perfect equality. O

7. Non-affine Boolean functions either support perfect equality or simulate a hard function

In this section, we prove Theorem 17, i.e.,, that every non-affine Boolean function either supports perfect equality or
simulates a hard function. Before proving the theorem, we will need a few technical lemmas.

7.1. A few preparatory lemmas
Lemma 27. Let f : {0, 1} — {0, 1} be a k-ary Boolean function. Suppose that f* = faione. Then f supports perfect pinning-to-1.

Proof. Let H = (V,F) be the k-tuple hypergraph with V = {v{,vy,..., vk} and F = {ex | m € S} where e; =
(Va (1), V@) ---» Vr(k))- Since f* = fajone, We have that for all o : V — {0, 1} it holds that wf y(o) > 0 if and only if
o(vy) =0 (vy) =---=0(vg) =1. Thus, f supports perfect pinning-to-1. O

Completely analogously, we have the following pinning lemma when f* = faizero-
Lemma 28. Let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f* = faiero. Then f supports perfect pinning-to-0. O
For any function f such that f* = f,e0, we have the following pinning lemma.

Lemma 29. Let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f # frero and f* = frero. Then at least one of the
following two propositions is true:

1. f supports perfect pinning-to-0 and perfect pinning-to-1;
2. f supports perfect equality.

Proof. Note that the conditions in the lemma imply that k > 2. Let Sy denote the set of all permutations 7 : [k] — [k] and
let id € S; denote the identity permutation. For any subset A C S, let f4 be the function defined by fa(w1,...,wy) =
[Trea fWrq), ..., Wa@). Note that fs, = f* = frer. Also, for any m € Sy we have fiz) # frero (since f # frero). By itera-
tively removing permutations from S, we will thus obtain a subset T C Sj with |T| > 1 such that fr = f,ero and, for every
7 €T, it holds that fr\(z} # fzero. By renaming the variables if necessary, we may assume that id € T.

Let Hg = (Vo, Fo) be the k-tuple hypergraph with vertex set Vo = {1, ..., ¢} and hyperarc set Fo = Uz cr\(idj{ Xz (1), - - -
Xz (k))}. By the choice of the set T, we have that Zy,y, > 0. Fori=1,...,k, let H; = (V;, ;) be the k-tuple hypergraph with
vertex set V; = Vo U {¥i+1,..., Yk} and hyperarc set F; = Fo U {(X1,...,Xi, Yi+1,---, Yk)}.- Again by the choice of the set T
we have that Zy.y, = 0. Thus, there exists 0 < j <k such that Zy,y; > 0 and Zy, 5, , = 0. Note that for every assignment
0 :Vj—{0,1} with wg,y,(0) > 0 it holds that o (xj+1) # o (yj+1); otherwise, for the assignment o' = ov;,, (ie, the
restriction of the assignment o to the set V1), it would hold that Wit (0’) > 0, contradicting that Zf§Hj+] =0.

For s1, sy € {0, 1}, let

251,52 = Z Wf;Hj(U)
0:Vi—{0,1}
0 (Xj1+1)=51,0(¥j+1)=S2

By the argument above, we have that Zpy = Z11 = 0. Since Zf.p; >0, we have that at least one of Zy; and Zi¢ is non-zero.
In fact, we may assume that both are non-zero, since otherwise f supports both perfect pinning-to-0 and perfect pinning-
to-1 so proposition 1 in the statement of the lemma is satisfied (for example, if Z19 =0, then HrH;(0(xjp1) =0)=1 and
Mm@ (i) =1)=1)

Let Jq1, J> be two disjoint copies of H;. Denote by u1, uy the vertices corresponding to x;11 in J1, J2, respectively. Also,
denote by vy, vo the vertices corresponding to y;i1 in J1, J2. Let J = (V,F) be the k-tuple hypergraph obtained by taking
the union of J; and J, and identifying the vertices u, and v{ into a new vertex w (i.e., we merge the vertex corresponding
to xjyq1 in J and the vertex corresponding to yjiq in Jq).
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For s1,s9 € {0, 1}, let

Zj g, = > wy. (o).
o:V—{0,1};
o (u1)=s1,0(v2)=s2

By considering the spin of the vertex w, we obtain that

Z; :ZS1,OZO,52 +ZS1.1Z1,527

S1,52

which gives that

260=201210, 261=0, Z;0=0, Zh:Z]oZO].

Since Zp1, Z10 # 0, we obtain that

1
o) =02 =0)=pufj@W)=0(v)=1)=7,

and hence f supports perfect equality. O
For any function f, we can show that if f* is feq, fodd OT feven then f supports perfect equality.
Lemma 30. Let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f* = feq. Then f supports perfect equality.

Proof. Let H = (V, F) be the k-tuple hypergraph with V = {v{,vy,...,v,} and hyperarc set 7 = {e; | T € Sx} where
ex = (Vr), Vo) ---» Va(ky)- Since f* = feq, we have that for all o : V — {0, 1} it holds that wf y(o) > 0 iff o(v1) =
o(vy)=---=0(vgp)=1oro(vi)=0o(vy)=---=0(vg) =0. Thus, f supports perfect equality. O

Lemma 31. Let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f* € { foad, feven}. Then f supports perfect equality.

Proof. Let H=(V,F) be the k-tuple hypergraph with V ={vy,va,..., viy1} and F ={ey | w € Sk} U {e}, | w € Sk} where
ex = (V) Va@s---» Va(ky) and e, = (Va(1)+1, Vr2)+1s - --» Vr(k+1) (note that H has k + 1 vertices and 2k! hyperarcs).
Since f* is either foqd O feven, for all o : V — {0, 1} with w¢ (o) > 0, we have that the parity of number of ones among
0(v1),0(v2),...,0(vk) and the parity of number of ones among o (v3), 0 (v3),...,0(Vky1) must be the same and thus
0 (v1) = 0 (Vg41). Furthermore, for s € {0, 1}, there are exactly 2k=1 assignments ¢ : V — {0, 1} such that we.p(o) >0,
o(v1) =0 (Vg41) and o (v2) @ o (v3) @ --- @ o (vg) =s. It follows that

1
mHO W) =0WVp1) =0) = s p(0 (V1) =0 (V) =1 = 7
which means that f supports perfect equality. O

By the above lemmas, we can show that some functions can be either dealt with directly, or reduced to other functions
with smaller arity.

Definition 32. For s € {0, 1}, let & :{0,1} — {0, 1} be the Boolean function defined by 8:;(s) =1 and 8:(1 & s) = 0. Define
fi_ss to be the function obtained from f by pinning the i-th argument of f to s, i.e.

fimsGa, o Xis Xig XD = Y f(aL . x)  8s(X).
x;€{0,1}

Similarly, for disjoint S, T C [K], let fs_,0.7—1 be the (k —|S U T|)-ary function obtained from f by pinning the arguments
in S to 0 and the arguments in T to 1 So if X' denotes the |S U T|-ary vector containing all x; with i € SUT and x” denotes
the k — |S U T|-ary vector containing all x; with i e [k]\ SUT,

fsmoro1®X = Y fei...x0- [ [ - [ 81(x)).

x'€{0,1}15VTI ieS jeT

If S=0 or T=¢, we will omit S— 0 or T — 1 from the notation.

Using Definition 32, we have the following lemma:
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Lemma 33. Let f : {0, 1}¥ — {0, 1} be a Boolean function. Suppose that Sq and S1 are disjoint subsets of [k] such that, for a € {0, 1},
Sq is empty if f does not support perfect pinning-to-a. Let h = fs, 0 5,-1.

1. If h supports equality, then f also supports equality. Further, if h supports perfect equality, then f also supports perfect equality.

2. If h supports pinning-to-s for some s € {0, 1}, then f also supports pinning-to-s.

3. If h simulates a function g : {0,1}> — R that is not fzfr)o then f simulates g as well. Also, if h perfectly simulates g then f
perfectly simulates g as well.

Proof. Without loss of generality, we assume that the arity of h is n, and that So U Sy ={n+ 1,n+ 2,...,k}. For each
a € {0, 1}, if Sy is non-empty, then by assumption f supports perfect pinning-to-a, so there exists a k-tuple hypergraph
Hq = (Vq, Fq) with a vertex wq € Vg such that puy.p, (0w, =a) =1.

We now give a general construction which takes any n-tuple hypergraph H = (V, F) and produces a new k-tuple hyper-
graph H' = (V’/, F’). To do this, we take k — n new vertices v,’.,ﬂ,...,v;< that are not in V and let V' =V U {v,’1+1,...,v;<}.
The hyperarcs of H’ are in one-to-one correspondence with those in H: For each hyperarc (uq, uz, ..., u,) in H, we add the
hyperarc (u1,uz, ..., Un, Vg, Vyyo, -5 Vi) to H'. Moreover, for i € So, add a distinct copy of Ho to H’' by identifying v;
with the vertex wg in Hg. Also, for i € S1, add a distinct copy of Hy to H' by identifying v; with the vertex wq in Hj.

Say that an assignment o : V' — {0, 1} is relevant if, for each a € {0, 1} and each i € Sq, 0 (v;) = a. The copies of Hg and
Hy ensure that, for every assignment o : V' — {0, 1} with wy.y/(0) > 0, o is relevant. The definition of h ensures that, for
any relevant assignment o,

W (0) =wp. (o). (2)

We now use (2) to establish the three items in the statement of the lemma.

1. Suppose that h supports equality. For any € € (0, 1), there is an n-tuple hypergraph H = (V, F) and two vertices x and
y of H such that, for every s € {0, 1}, up.y(0x =0y =5) > (1—¢€)/2. Construct H' from H using the general construction
above. From (2), we conclude that, for any s € {0, 1}, .y (0x =0y =5) = tp,g(0x =0y =5) > (1 —€)/2, so f supports
equality. If h supports perfect equality, then we can take € = 0 in this argument, obtaining the conclusion that f also
supports perfect equality.

2. Suppose that h supports pinning-to-s. For any € € (0, 1) there is an n-tuple hypergraph H = (V, F) and a vertex x of H
such that pp. g (0x =s) > 1 — €. Construct H’ from H using the general construction above. From (2), we conclude that,
Mf.H (Ox =$) = p.y(0x =5) > 1 —¢€, so f supports pinning-to-s.

3. Let g:{0,1}2 —> R be a function that is not f},fﬁo. Suppose first that h simulates g. By the definition of “simulates”,
there exists an n-tuple hypergraph H with admissible V' (with respect to h) and two vertices u and v in H such that,
for every s, t € {0, 1}, it holds that

cond(V) g(s,t)
M. cw=s,ov)=)==——"—"7+-
hiH Z,‘,]‘e{o,ug(l»])

(3)
Since g # fz(gr)o, the expression in (3) is well-defined.

Construct H' from H using the general construction above. From Items 1 and 2 of the lemma, if h supports equality or
pinning-to-0 or pinning-to-1 then so does f. Thus, V is admissible for H" with respect to f. It follows from (2) that

Vo) =s,0(v) =0 = uHY (O W) =5,0(V) =t | Aies,0 (Vi) =0, Aies, 0 (vi) =1)

=uPH VoW =s.0(v)=1),

so, using (3), we obtain that f simulates g, as wanted. If h perfectly simulates g then we can take V = (4, @, #), so the
argument shows that f perfectly simulates g. O

7.2. Proof that every non-affine Boolean functions either supports perfect equality or simulates a hard function

Definition 34. A function f : {0, 1}¥ — {0, 1} is semi-trivial if and only if there exists a set S C [k] such that Qp={T|SC
TC[k]} or QfF={T|T CS}.

Remark 35. Every semi-trivial function f is affine since Ry equals the solution set of the system of equations of the form
{x;i = 1}jes or {x; = 0}ies where S C [k] is as in Definition 34.

Lemma 36. Let k > 2 and let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f # faione and f* = faione. Let S be a set
in Qy such that S # [k]. Then at least one of the following propositions is true:
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1. VT2 S, wehaveT € Qf;
2. f supports perfect equality;
3. f simulates a hard function.

Proof. Without loss of generality (by re-numbering the variables), let S={n+ 1,n+2,...,k} for some integer n > 1. By
Lemma 27, f supports perfect pinning-to-1. Let h(x1, X2, ...,Xp) = f(X1, ..., Xx)s—1. Note that h*(0) =1 and h*(1) =1. We
may assume that n > 2 (otherwise VT 2 S, we have T € Q).

Case 1. h* ¢ EASY(n). In this case, Lemma 26 ensures that either h simulates a hard function or h supports perfect equality
(or both). If h simulates a hard function, then by Item 3 of Lemma 33, f also simulates a hard function. If h supports
perfect equality, then, by Item 1 of Lemma 33, f also supports perfect equality.

Case 2. h* € EASY(n). Then h* € {fone, feven, fEQ} Since h*(0) =1 and h*(1) = 1. If h* = fone, We have that h(x) =1 for all
x € {0, 1}". Since h(X) = fs_.1, we obtain that T € Qy forall T 2 S.

If h* € {feven, fEQ]}, then h supports perfect equality by Lemmas 30 and 31. Since f supports perfect pinning-to-1, by
Item 1 of Lemma 33 we obtain that f supports perfect equality as well.

This concludes the proof. O

Lemma 37. Let k > 2 and let f : {0, 1} — {0, 1} be a k-ary Boolean function. Suppose that f # faione and f* = faione. Then at least
one of the four following propositions is true:

1. f is semi-trivial;

2. there exists t € [k] such that f;_ is not affine;
3. f supports perfect equality;

4, f simulates a hard function.

Proof. If k =2, since f # faone and f* = faione, We have f(1,1) =1, f(0,0) =0 and exactly one of f(0,1) and f(1,0) is
one, so f is semi-trivial. Thus, for the rest of the proof we may assume that k > 3.
Since f* = faione, We have that f(1) =1 and f(0) = 0. Further, since f # faione, there exists S € Q5 with |S| <k.

Case 1. Every S e Qj satisfies |S| >k —1.
If there is only one set S in Qf with |S| =k — 1, then we have that f is semi-trivial (since f(1)=1). Otherwise, there
are distinct sets S, S" € Qf with |S|=[S'| =k—1,50 [SNS'|=k—2 and thus SNS'#¥ and SNS" ¢ Qf. Let te SN S
We claim that h = f;_.1 is not affine; to see this, note that f(xs) = f(xs) = f(xx) =1 and f(xs ® xs' ® xk)) =
f(xsns) =0. Since h = f;—,1 and t € SN S’, we obtain that

S\{t}, S'\{t}, [kI\{t} € 2n but (S N SH\{t} ¢ Q.

By Item 1 of Lemma 21, it thus follows that h is not affine, as wanted.
Case 2. There exists S € Qf with |S| <k —2.

Let S be a set in Q with the smallest cardinality among the sets in Q. By Lemma 36, either f satisfies proposition 3

or 4, in the statement of the lemma (so we are finished), or every Q 2 S satisfies Q € Qy. Thus, for the rest of the

proof we may assume that for every Q 2§ it holds that Q € Q.

Let ={W e Qf|S\W #£0}. If ¥ is empty then f is semi-trivial, so it satisfies proposition 1 in the statement of the

lemma (and we are finished). So assume that ¥ is non-empty and choose T € W with cardinality as small as possible.

By the choice of S, T cannot be a strict subset of S, so T \ S is not empty. Applying Lemma 36 to the set T, we may

assume that ¥ Q 2 T it holds that Q € Qy (otherwise, f will satisfy proposition 3 or 4, in the statement of the lemma,

so we are finished). Since f(0) =0 and S has minimum cardinality among the sets in 2y, we have 1 <|S| <|T]|.

Case 2a. |T|=1, which implies |S| = 1. Suppose S = {s} and T = {t}. Consider a set Q C [k] with |Q| =k — 2. By the
above assumptions, we have that if s€ Q or t € Q then Q € Q. This accounts for all but one sets Q C [k] with
|Q| =k — 2; for the remaining set Q = [k]\({s, t}, it must be the case that Q ¢ Q, otherwise all sets Q with
|Q|=k—2 are in Qy, which contradicts the fact that f* = fajone. Now let’s consider Qy. The number of sets
W e Qf which contain both s and t is 2k=2_ Similarly, the number of sets W ¢ Q5 which contain s but not t is
2k=2 and the number of sets W € Qf which contain ¢ but not s is 2¥~2. But the number of sets W e Q; which
contain neither s nor t is less than 2¢~2. So the k-tuple hypergraph with the single hyperarc (v1, ..., v¢) induces
a hard function on the two vertices vg and v; and therefore f simulates a hard function.

Case 2b. |T|>2and SNT #¢. Since S\ T # @, we have |S| > |[SNT| and thus SNT ¢ Qf by the minimality of S.
Let re SNT. Now we know that S € Qf, T € Qf and SUT € Q¢ by the assumptions above. But SN T ¢ Qf and
Xs D XT D Xsur = XsnT, SO by Item 1 of Lemma 21, f;_,1 is not affine.

Case 2c¢. |T|>2and SNT =®. Since T\ S#®, let reT\S. By the above assumptions, we have that S U {r} and
SUT are in Q. Note that {r} ¢ Qy; otherwise, we would obtain a contradiction to the choice of the set T, since
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T’ ={r} satisfies T' € Qf, S\T"=S#¢ and |T’| < |T|. Now we know that SU{r},T,SUT € Q and {r} ¢ Qy.
Note that since SNT =, it holds that ysup) @ X1 @ Xsur = X{r}» SO by Item 1 of Lemma 21 we have that f;1
is not affine.

This concludes the proof of Lemma 37. O
Similarly, by switching the spins 0 and 1, we obtain the following lemma when f* = fajzero.

Lemma 38. Let k > 2 and let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f # falizero and f* = faizero. Then at least
one of the four following propositions is true:

1. f is semi-trivial;

2. there exists t € [k] such that f;_, ¢ is not affine;
3. f supports perfect equality;

4. f simulates a hard function.

Proof. Suppose f is a Boolean function such that f* = fajzero and f # faizero. Let g be the function defined by g(x) = f(X)
for all x € {0, 1}¥. Now it holds that g* = faione and g* # faione. SO g satisfies one of the four propositions in Lemma 37.
We then have

1. If g is semi-trivial, f is semi-trivial.

2. If g;_.1 is not affine for some t € [k], f;—. o is not affine either.

3. If g supports perfect equality, f supports perfect equality too.

4. If g simulates a hard function, f simulates the bitwise complement of the hard function, which is also hard. O

For every function f such that f* = fyeo and f # fero, We still have a similar reduction lemma, but the proof is more
complicated.

Lemma 39. Let k > 3 and let f : {0, 1}* — {0, 1} be a k-ary Boolean function. Suppose that f* = frero and f # frero. Let S € Q.
Then, at least one of the four following propositions is true:

1. h= fz_ , is semi-trivial;

2. there exists T C [k] such that fs_,, 1,4 is not affine;
3. f supports perfect equality;

4, f simulates a hard function.

Proof. By Lemma 29, we have that either f supports perfect equality or f supports both perfect pinning-to-0 and perfect
pinning-to-1. We assume that the latter holds (otherwise we are done).

Let h= fs_ 4. Since f(0) = f*(0) =0 and S € Q, we have that h(0) =0 and h(1) = 1. Note that h has arity q :=|S|. We
may assume that g > 1; otherwise, h is semi-trivial (proposition 1 in the statement of the lemma). There are two cases to
consider: h* ¢ EASY(q) or h* € EASY(q).

e Case 1. h* ¢ EASY(Q).

Case 1a. ¢ = 2. In this case, h*(0,0) =0 and h*(0,1) =h*(1,0) =h*(1,1) =1, so h* = OR which is a hard function. We
have already assumed (in the first line of the proof) that f supports perfect pinning-to-0. Also, by definition, h
perfectly simulates itself. By Item 3 of Lemma 33, f perfectly simulates h as well, so f simulates a hard function
(proposition 4 in the statement of the lemma).

Case 1b. g > 2. By Lemma 26, either h simulates a hard function or h supports perfect equality (or both). If h simulates
a hard function then by Item 3 of Lemma 33, f simulates the same hard function (proposition 4 in the state-
ment of the lemma). On the other hand, if h supports perfect equality then by Item 1 of Lemma 33 so does f
(proposition 3 in the statement of the lemma).

e Case 2. h* € EASY(q). Since h(0) =0 and h(1) =1, we have that h* is foqq O falione-

Case 2a. h* = foqq. By Lemma 31, h supports perfect equality and thus f supports perfect equality by Item 1 of
Lemma 33 (proposition 3 in the statement of the lemma).

Case 2b. h* = fajione- If h = faione, h is semi-trivial (proposition 1 in the statement of the lemma). Otherwise, note that
q > 1, so by Lemma 37, h is semi-trivial (proposition 1 in the statement of the lemma), or there exists t € [k] such
that h;_1 is not affine or h supports perfect equality or h simulates a hard function. If there exists t € [k] such
that h;— is not affine then taking T = {t}, f satisfies proposition 2 in the statement of the lemma. Finally, if h
supports perfect equality then so does f (like Case 2a) and if h simulates a hard function, then so does f (like
Case 1b). O
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Lemma 40. Let k > 2 and let f : {0, 1}¥ — {0, 1} be a k-ary Boolean function. Suppose that f # frero and f* = frero. Then at least
one of the four following propositions is true:

1. fis affine;

2. thereexist S, T C [k] such that fs_.0,1—1 is not affine;
3. f supports perfect equality;

4. f simulates a hard function.

Proof. If k =2, we have f(0,0)= f(1,1) =0, so |Qf| <2 and thus f is affine (cf. Item 1 of Lemma 21) so it satisfies
proposition 1 in the statement of the lemma.

Now suppose k > 3. By Lemma 39, we can assume that for all W € Qy, fy_,, is a semi-trivial function (otherwise f
satisfies at least one of propositions 2, 3 or 4).

Choose S € Q5 such that |S| is as large as possible. Let h = fs_ . Since h is semi-trivial (by taking W =S above),
we claim that there is a T satisfying ¥ C T C S such that Q;, ={U | T C U C S}. (To see this, note that the definition of
semi-trivial implies that there is a subset T of S such that either Q4 ={U |U C T} or Q, ={U | T € U C S}. The former is
impossible since @ ¢ © since h(0) = f(0) and f(0) =0 since f* = fero. Also, in the latter case, T is not empty because,
once again, ¥ ¢ Qp.)

Case 1. Suppose that VX € Qf, T C X: Recall that T is non-empty. Also, for every i e T, {i} U Qy, , = Qy so either f is
affine (proposition 1 in the statement of the lemma) or f;_,1 is not affine (proposition 2 in the statement of the lemma).

Now, if Case 1 does not hold then there is an X € Q such that T \ X is non-empty. Since Q; ={U |T CU C S} we
conclude that X ¢ Q. Since h = fs_ , we conclude that X \ S is non-empty. Thus, the only other case to consider is as
follows.

Case 2. Suppose that there is an X € Qg such that T \ X and X \ S are both non-empty:

Let W={XeQf| T\X#Wand X\S#@ }. Let a=min{|T\ X|: X € ¥}, and b=min{|X \ S|: X e WV and T\ X| =a}.
Choose R € ¥ with [T\ R|=a and |[R\ S| =b.

Now before proceeding, we use the sets S, T and R to partition k.

A=l{ielk]|ieS,ieT,i¢R},
B={ielk]|ieS,ieT,ieR},
C={ielk]|ieS,i¢T,i¢R]},
D={ielk]|ieS,i¢T,ieR},
E={ielk]l|i¢S,i¢T,i¢ R},
F={ielk]|i¢S,i¢T,ieR}.

It is clear from the definitions that the sets A, B, C, D, E and F are disjoint. Also, since T C S, they partition [k]. From the
definitions, A=T \ R and F =R\ S so, by the choice of R, A and F are non-empty. Let g = fcUr—0,BUD—1-

By definition, every element of Q2 is a subset of AUF. Also, for Y € AUF, “Y € Q;” means the same thing as “YUBUD ¢
Qy". We establish some facts before dividing the analysis into sub-cases.

Fact1: A€ Qg. We have @ ={U|TCUCS}and T=AUB so AUBUD € Q. Since AUBUD C S, this means AUBUD e
Q. Equivalently, A € Q.

Fact 2: F € Qg. From the definition of R, R € Q. Also, R=BUDUF so FUBUD € Q. Equivalently, F € Qg.

Fact 3:If Y € Q, then either Y N A € {#J, A} or Y N F = ¢ (or both). Suppose for contradiction that yC YNACA and YNF
is non-empty. Note that R=BUDUF. Let R" =BUDUY. Note that T\R=A and T\R'=A\Y C Aso |[T\R'| <|T\R|.
We will show a contradiction to the choice of R by showing that R” € W. First, since Y € Qg, R’ € Q. Also, T\R' = A\ Y
is non-empty and R’ \ S =Y N F is non-empty.

Fact4:IfY e Q;and YN A=¢thenY e {{J, F}. Suppose for contradiction that # C Y C F. As in the proof of Fact 3, let
R'=BUDUY. Note that T\R=T\ R ' =A. Also, R\S=F and R"\ S=Y so |R\ S| > |[R"\ S|. Once again, we will
show a contradiction to the choice of R by showing that R” € W. As in the proof of Fact 3, since Y € Qg, R’ € Qf. Also,
T \ R’ is non-empty since T \ R is. Finally, R’ \ S =Y, which is non-empty.

Fact5:If Y e Qzand Y N F =¢ then Y = A. Since Y € Qg, we have YUBUD € Q. But since Y C A, we have YUBUD C S,
so YUBUD e Q. Since Qp, ={U|TCUCS}wehave TCYUBUD so ACY.

Given Facts 1-5, we have only the following sub-cases.

Case 2a: Qg = {A, F}. In this case, we will show that f supports perfect equality so it satisfies proposition 3 in the state-
ment of the lemma. Using Lemma 29, we conclude that either f supports perfect equality (in which case we are
finished) or f supports perfect pinning-to-0 and also perfect pinning-to-1, which we now assume. Let Hg be a k-tuple
hypergraph, with a vertex ug such that .y, (0u, =0) = 1. Let Hy be a k-tuple hypergraph, with a vertex u; such that



202 A. Galanis et al. / Journal of Computer and System Sciences 115 (2021) 187-213

M. H, (0y, =0) = 1. We have already noted that A is non-empty. Suppose, without loss of generality, that 1 € A (oth-
erwise, we simply re-order the arguments of [k]). Now let H' be the k-tuple hypergraph with vertices vg, v1, ..., v
and hyperarcs (vg, va,..., V) and (v, va, ..., vg). Construct H from H’ by doing the following:
- For every i e CUE, take a new copy of Hp and identify vertex ug with v;.
- For every i € BU D, take a new copy of Hy and identify vertex u; with v;.
Now since Qg ={A, F}, s,g(0(vo) =0 (v1) =0) = ps,g(0(vo) =0 (v1) =1) = 1/2. Thus, f supports perfect equal-
ity, so we have finished Case 2a.

Case 2b: 3Y € Qg suchthat Y N"A= A and Y N F is non-empty. We will show that f satisfies proposition 2 in the statement
of the lemma. Specifically, consider some t € A. We will show that f;_,1 is not affine.
let YY=YNFsothat Y=AUY’. Let

S1:=BUDUY=BUDUAUY’, S;:=AUB=T, S3:=AUBUC.

We claim that S1\({t}, S>\{t}, S3\{t} € Qy,_,. Since t € S1, S2, S3 (from t € A), the claim will follow by showing that
51,82, 53 € Qf. Indeed, since Y € Qg, we have that S € Q. Also, since S, =T, we have that S; € Q so Sz € Q.
Finally, since T=AUBC S3C AUBUCUD =S, we have that S3 € Qj, so S3 € Q.

Let ":=AUBUCUDUY'=SUY’ and note that xs = xs, ® Xs, ® X5, (see Section 6.1 for the relevant notation) by
the disjointness of A, B, C, D, E, F. Since Y’ is non-empty by assumption, we obtain that S’ is not in Q by maximality
of S. Note that t € §’, so we have that S'\{t} ¢ Qp, _,.

To sum up, we have shown that

S1\{t}, S2\{t}, S3\{t} € @y, , but S'\{t} ¢ 2y, _,
Since xs\(t} D Xso\(t) © Xs3\(t} = Xs'\({t}» DY Item 1 of Lemma 21, f;1 is not affine.

This concludes the proof of Lemma 40. O
Now we can prove Theorem 17, which we restate here for convenience.

Theorem 17. Let k > 2 and let f : {0, 1}* — {0, 1} be a Boolean function. Then at least one of three following propositions is true:

1. fis affine;
2. f supports perfect equality;
3. f simulates a hard function.

Proof. We prove this Theorem by induction on the arity of f.

e k=2.S0 Ry €{00,01,10, 11}. If f is not affine, then |Ry| =3.

If 00 ¢ Ry or 11 ¢ Ry, let G be a graph with two vertices u and v and an edge (u, v). Then either uf.c(oy =1,0y =
D=pspclou=000=1=pspclou=10,=0) = % or .oy =0,00=0)=pfclou=0,00=1) = lfcOou=
1,00 =0) = 1. So f simulates a hard function.

If 01 ¢ Ry or 10 ¢ Ry, f* will be feq and thus f supports perfect equality by Lemma 30.

e k > 3. Suppose that for all 2 <k’ <k, all k’-ary functions f’ satisfy at least one of the three propositions in the
statement. We now prove that an arbitrary f : {0, 1}¥ — {0, 1} satisfies at least one of the propositions as well. If f is
affine, then it satisfies proposition 1 in the statement of the lemma, so we assume that f is not affine, so f ¢ EASY(k).
We have the following case analysis.

Case 1. f* ¢ EASY(k). By Lemma 26, f* either simulates a hard function in which case f simulates the same hard
function as well or f* supports perfect equality in which case f supports perfect equality as well.
Case 2. f* € EASY(k). There are 6 sub-cases to consider:
Case 2a. f*= feq. By Lemma 30, f supports perfect equality.
Case 2b. f* = foqq OF f* = feven. By Lemma 31, f supports perfect equality.
Case 2c¢.  f* = falone- By Lemma 27, f supports perfect pinning-to-1. By Lemma 37, f is semi-trivial (and thus f
is affine), or f supports perfect equality or simulates a hard function, or there exists t € [k] such that f;_q
is not affine. If f;_.1 is not affine for some t € [k], f;—.1 must support perfect equality or simulate a hard
function by the induction hypothesis. So f supports or simulates the same function by Lemma 33.
Case 2d. f* = faizero. The proof for this case is completely analogous to the case 2¢ by switching the spins 0 and
1 (cf. Lemma 38).
Case 2e. f*= fone. f* = fone means f(x) =1 for all x € {0, 1}, so f is affine.
Case 2f. f* = frero. By Lemma 29, we have that either f supports perfect equality or f supports both perfect
pinning-to-0 and perfect pinning-to-1. We assume that the latter is the case (otherwise we are done). By
Lemma 40, f is affine, or f supports perfect equality or simulates a hard function, or there exists some
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S, T C [k] such that fs_.or—1 is not affine. The only case where we aren’t immediately finished is the final
one. In this case, the arity of fs_.0 -1 must be at least 2 since every unary function is affine. Thus, since
fs—o,7—1 is not affine, it must support perfect equality or simulate a hard function g by the induction
hypothesis. Then, f either supports perfect equality or simulates the hard function g by Lemma 33.

This concludes the case analysis and the proof of Theorem 17. O

8. The case where f supports perfect equality

In this section, we assume that f is not affine but that it supports perfect equality. In this case, due to the presence of
perfect equality, we will be able to employ results and techniques from [13] to show Theorem 18.

8.1. Constraint satisfaction problems and implementations

In the introduction to this paper, we illustrated how Boolean relations can implement more complicated interactions by
considering the “not-all-equal” relation of arity 3 and using it to “implement” ferromagnetic Ising interactions. At this point,
it is useful to make the notion of “implement” more precise. There are various notions in the literature of implementations.
We use (a generalisation of) the notion from [13], which is essentially the “faithful, perfect” variant of “implementation”
from [8].

Definition 41. Let T be a Boolean constraint language. The language I' implements a t-ary function g : {0, 1}! — Ry, if
for some t’ >t there is a CSP instance I with variables x1,...,xy and constraint language I' such that for every tuple
(51, ...,5¢t) €{0,1}¢, there are precisely g(s1,S2, ..., S;) satisfying assignments o of I with o (x1) =s1,...,0 () = st

When f supports perfect equality, we will use the following “transitivity” lemma, which will allow us to use some
known implementations.

Lemma 42. Let f : {0, 1}* — {0, 1} be a Boolean function which supports perfect equality. Let T be a Boolean constraint language and
let g : {0, 1}' — R~ be a t-ary function such that g is not fz(é),o and " implements g. Then, if f perfectly simulates T, f also perfectly

simulates the function g.

Proof. Since I implements g, there exists some t’ >t and a CSP instance I with variables X := {x1, ..., X} and constraints
in T such that for every tuple (s1,...,S;) € {0,1}!, there are precisely g(s1,S2,...,S;) satisfying assignments o of I with
o(X1)=S1,...,0(X;) =S;. Since g # fz(é)ro, we conclude that, for all sq,...,s; €{0, 1},
g(sl5527 "'75[)
wmi1(o(x1) =5s1,...,0(X) =St) = (4)

> g(sh.sh ... s))

(57.55,....5p)€{0,1}¢
Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq, Feq) and vertices y, z € Vegq such that

KfiHeg(O(¥)=0(2)=0)= s, (0(y)=0(2)=1)=1/2. (5)

We will use the CSP instance I and the hypergraph Heq to construct a k-tuple hypergraph H = (V, F) with vertices
V1i,..., vy in V satisfying

Heu(O W) =s1,...,0Wy)=sp)=i(0X1) =51,...,0X) =S¢) (6)
for all sq,...,sy € {0, 1}. From this, the lemma follows since we can sum over the values of s¢11,...,S¢ € {0, 1} to obtain
that

MpH(O (V1) =81,...,0 (V) =S0) = (0 (X1) =$1,...,0 X)) =5¢)

for all s1,...,s; € {0, 1}, which in conjunction with (4) yields that f perfectly simulates g.

To formally construct the k-tuple hypergraph H, we will need some notation. Suppose that I has m constraints and
for j e [m] write the j'th constraint as fj(xj1,...,X;j w(j), where w(j) is the arity of f;j e I' and, for all i € [w(j)], xj,; €
{x1,...,x¢}. Since f perfectly simulates I" and every f; is in I, for every constraint C; = fj(xj1,...,Xj w(j), there is a
k-tuple hypergraph H;j = (V;, F}) and vertices vj 1, ..., Vjw(j of H;j such that for all sq,...,sw(j €{0, 1}, it holds that

1 See also the relevant equation (4).
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fi(s1, -, Sw(j)
IRl
Note that the expression |R £l in the denominator in (7) is not zero because the constraint C; has a satisfying assignment,
since I does (which follows from the fact that g # fz(é),o and from the definition of I).
Consider now the k-tuple hypergraph H' = (V’, ) which is simply the disjoint union of Hy, ..., Hp (ie., V' = UT:] Vi
and 7' = UT:1.7-'j). Note that, for every subset S C V' and every assignment t : S — {0, 1}, it holds that

(7)

MrH; (V1) =81,...,0(Vjiwg) =Sw()) =

m
Mf;H'(Us=T)=l_[/Lf;Hj(Usmvj =Tsnv;)- (8)

j=1
To complete the construction of the desired H, we need some further notation. For a variable x; € {x1,...,xy} of the CSP
instance I, let U; C V' denote the subset of vertices of H' which correspond to occurrences of the variable x; in the CSP
instance I. More precisely, assume that the variable x; has d occurrences in I for some integer d > 1, and let Cj,,...,Cj,
be the constraints in which x; appears (note that the indices ji,..., jq are not necessarily distinct). Further, let tq,...,tg
denote the indices of the positions where x; appears in Cj,,..., Cj, respectively. Then U; :={Vvj, ¢;,..., Vj,.¢,} IS precisely

the subset of vertices of H' which correspond to occurrences of the variable x; in the CSP instance I. Let U := UjcU; (note
that in general U # V' since H' may contain vertices that do not correspond to occurrences of variables of I).

We are now ready to complete the construction of the desired k-tuple hypergraph H = (V, F). Start by setting H equal
to H'. Then, for each i € [t'] and each pair of vertices u,u’ € Uj;, add to H a distinct copy of the k-tuple hypergraph Heq,
identifying the vertices y and z of Heq with the vertices u and u’. Having defined H, we next choose the specified vertices
v1i,..., vp. In fact, it suffices, for each i € [t], to let v; be an arbitrary vertex in Uj.

It remains to prove that (6) holds. We call an assignment 7 : U — {0, 1} relevant if for every i € [t'] there exists s; € {0, 1}
such that for every vertex v € Uj, it holds that 7(v) =s;. For relevant assignments t, we will refer to the tuple (sq,...,Sy)
as the CSP assignment corresponding to 7. For non-relevant 7, the copies of Heq on top of the sets U, ..., Uy ensure that
s .H(oy =7) =0. For all relevant 7 : U — {0, 1}, we have from (5) that

min(oy=1)= s 0y =T)

and, hence, using (8), we have that

m
(v =1)=[ [ ts:m;0unv; = o). 9
j=1
Note that for every j € [m] we have UNVj={v;1,...,Vjw(} and, hence, (7) gives

fitvj), -, T(Vjwg))

y.(o =T ) = 10
Kf:H; (Ounv; = Tunv;) I3 (10)
It follows from (9) and (10) that
m
MfHOy =T) x l—[ fi(t(vj1), -+, T(Vjw()) for all relevant 7. (11)
j=1
For a relevant 7 : U — {0, 1}, let (s1, ..., Sy) be the CSP assignment corresponding to 7. Then, the product in the r.h.s. of (11)
is 1 iff (s1,...,sy) encodes a satisfying assignment of the CSP instance I. Since the relevant 7 : U — {0, 1} and assignments

to the CSP instance I are in 1-1 correspondence, we obtain (6), as wanted. This concludes the proof of Lemma 42. O

Lemma43. Let f : {0, 1}* — {0, 1} and g : {0, 1}* — {0, 1} be Boolean functions such that f simulates g, and g # fz(é),o. Suppose that
g supports pinning-to-s for some s € {0, 1}. Then f supports pinning-to-s as well.

Proof. Without loss of generality, we assume that s = 0. Suppose that the function g supports pinning-to-0. Our goal is to
show that f supports pinning-to-0 as well.

First, let Zg := 2(51’52““,506{0,1}[ g(s1,52,...,5¢). Since g # fz(é)ro, Zg > 0. Since g supports pinning-to-0, by Definition 9,
there exists a t-tuple hypergraph Ho = (Vg, Fp) and a vertex vg € Vg such that

Hg:Ho(Ovy = 0) > 9/10. (12)
(The choice of the constant 9/10 is arbitrary, any constant greater than 1/2 would work. Also, Zg.y, > 0.) For all n: Vo —

Wg:H, (1)
{0, 1} define A, := (Zgg)ﬂfm

and define M:=3_, v 01, An = % Since Zg.y, and Zg are positive, M > 0. Also,
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A’l
. =1 13
Mg:Hy (77) M ( )
Now let € := min{M/8,1/8}, €1 :=€/(|Fo| 22!V0l) and €, := €/(2!V0!). Since f simulates the function g, by Definition 14
and Lemma 25, there exists a k-tuple hypergraph Hgz = (Vg, Fg) and t vertices vi,va,...,v¢ of Hg such that, for all

(51,52, -..,5t) € {0, 1},

g(51,52, ..., 5¢t)
rig (O (V1) =51,0(v2) =52, 0 (ve) =5) = T 0 <. (14)
g
Construct the k-tuple hypergraph H = (V, F) as follows. For every hyperarc e of Hyg, say e = (uq, ..., us) € Fop, take a
distinct copy of Hg, which we will denote by H(e), and identify the vertices uq,...,u; € Vo with the vertices vq,..., v;
of Hg. Note that H is a union of copies of Hg which intersect only at vertices in Vo. Now for all n: Vo — {0, 1} define

A =Tleer, g po (0e=me) and M":=3", (o 1) Ay Then

A/
Mf;H(O'VOZTI):Mn,- (15)

By (14), for every e = (u1, ..., us) € Fo, it holds that

g(ny),....n(y)
Zg

’Mf;H(gw(Ge:ﬂe)— ‘ <e€r. (16)

Recall that for real numbers ay, ..., a, € [0,1] and by, ..., by €10, 1], it holds that | [Ti_; a; — [Ti—; bil < Y"1, la; — b;l. Thus,
using (16), we obtain that, for every n: Vo — {0, 1}, it holds that

Wg:H (77)
18 = Al =] TT sy, 00 = ) = 25077 | < 11 7ol (17)
ecFo g
Summing this over all : Vo — {0, 1}, we obtain that
M-M=| > A Y afzamR=a (18)

n:Vo—{0.1} n:Vo—{0.1}

Note that the expression €1|Fp| in (17) is at most €;. Also, for all : Vo — {0,1}, Ay <M and A;7 < M’. The bounds in (17)
and (18) yield that A, —e; < A;7 <Ap+e€ and M —€; <M’ <M+ €. By the choice of €, we have M — € > M/2 and hence
M — €3 > M/2 as well. Further, we have the bound

{AU An—Gz A'7+€2 An}<62(An+M)< 26y <462< 1
M M+e M-—e M)~ M(M—€) " M—e — M — 2IVol+1~
From (13) and (15) and (19), we thus obtain that for every 1 : Vo — {0, 1}, it holds that

(19)

| fH(Ovy =1) — g Ho ()] < 172!V,

Summing this over the 2/Vol=1 possible values of nv,\(v,}, We obtain that for s € {0, 1} it holds that

“’Lf:H(O.VO =S) - /’Lg‘,Ho(OVO =S)| S 1/4

Combining this with (12), we obtain that

HpH (0w =0)>1/2> pgp(ov,=1).
Thus, by Lemma 24, we obtain that f supports pinning-to-0. This concludes the proof of Lemma 43. O

The following lemma is similar to Lemma 42 except that, instead of assuming that f perfectly simulates I, we only
assume that f simulates I" so instead of concluding that f perfectly simulates g, we only conclude that f simulates g.

Lemma 44. Let f : {0, 1}* — {0, 1} be a Boolean function which supports equality. Let T be a Boolean constraint language and let
g:{0,1}Y - R be a t-ary function such that g is not fz(go and I' implements g. Then, if f simulates ", f also simulates the
function g.
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Proof. The proof is similar to the proof of Lemma 42, but the imperfect nature of the simulation adds technical details.
Since I implements g we can follow the proof of Lemma 42 to define the CSP instance I with variables {x1,...,xy} and
constraints in I' satisfying (4).

We will use the CSP instance I and the fact that f supports equality to construct a k-tuple hypergraph H = (V, F) with

an admissible set V* for H with respect to f and vertices vy, ..., vy in V satisfying
d(v*

WY o) =s1,...,0 (V) =sp) = (0 (x1) =51..... 0 (x) = 5p) (20)
for all sq,...,sy € {0, 1}. From this, the lemma follows since we can sum over the values of s¢;1,...,5¢ € {0, 1} to obtain
that

d(v*
WY o) =s1,....0(v) =50) = (0 (x1) =51,...,0 (%) =5t)
for all sq,...,s: € {0, 1}, which in conjunction with (4) yields that f simulates g.
To formally construct the k-tuple hypergraph H, we will need some notation. As in the proof of Lemma 42, suppose that
I has m constraints and for j € [m] write the j'th constraint as f;(xj1,...,Xj w(j), where w(j) is the arity of f; eI" and,
for all i e [w(j)], xj,; € {X1,...,%¢}. Since f simulates I' and every f; is in T, for every constraint C; = fj(Xj 1, ..., Xj,w(j))»
there is a k-tuple hypergraph H;j = (V, Fj), an admissible collection V/ = (meo’ pm], Vaq) for Hj with respect to f; and

vertices v 1,..., Vjw(j of Hj such that for all s1,...,sw(j) € {0, 1}, it holds that

do! f‘(S],...,S ‘))
wh )(cr(v,-,l)=s1,...,o(vj,w(m:sw(,-)):%. (21)
J

Consider now the k-tuple hypergraph H = (V, F) which is simply the disjoint union of Hq,..., Hy (ie., V = U']T’:1 v
and F = Um_1.7-']) Further, let V = (Vping, Vpin1, Veq), Where Vping = ] meo' Vpin1 = U VJm] and Veq = UT:1vgq. We

wish to argue that V is admissible for H with respect to f. The various disjointness constramts in Definition 12 are satisfied
since Hy, ..., Hy are disjoint (using the fact that each V/ is admissible for H; with respect to f;). We have assumed, in the
statement of the lemma, that f supports equality. To show that V is admissible for H with respect to f, we need to show
that if some f; supports pinning-to-s for some s € {0, 1} then so does f. This follows from Lemma 43 since, by assumption,
f simulates fj. Thus, V is admissible for H with respect to f.

Note that, for every subset S C V and every assignment 7 : S — {0, 1}, it holds that

cond(V) cond(V;)

Pry  (Os=T)=]]Kpy, ~ (Osnv; =Tsav)). (22)

j=1
Having completed the construction of the desired H, to recover (6), it remains to specify V* and the vertices vq, ..., vy.
For each i € [t'], define U; as in the proof of Lemma 42. Also, let U := Uj¢[r;U;. The main idea is that V* is the same as
V except that the sets Uy, ..., Uy are added to Veq because we want to condition on the fact that the variables in each of
these sets are equal. In order to formally specify V* = (meo, V;‘m], o) there is a slight technical difficulty because meo
and V;‘m] have to be disjoint from each other and from all sets in V. In order to deal with this (rather ummportant but

technical) detail, we give an algorithm for defining V*. Let V0 = V. Then fori=1,...,t define Vi = (V!
follows.

i
pin0° pml’Veq) as

e Let Vl yi-1,
o Note that no vertex in Uj is in Vying N Vyint. This follows since [ is satisfiable (since g is not the always-zero function

fzero)~

o If any vertex in U; is in Vpino then replace V ino With meo U U;.

o Otherwise, if any vertex in U; is in Vping then replace me with me] uU;.

e Otherwise, if U; does not intersect any sets in Véql then replace Véq with Véql U{U;}.

e Otherwise, let W1,..., W, be the sets in Végl that intersect U; and replace Véq with (Vé;] \ {(Wq,...,W,hU{U; U
WiU---UW,).

Finally, let V* = V!, Then choose the vertices v1, ..., vy to be arbitrary vertices in Uy, ..., Uy, respectively.
It remains to prove that (20) holds. As in the proof of Lemma 42, we call an assignment t : U — {0, 1} relevant if for
every i € [t'] there exists s; € {0, 1} such that for every vertex v € Uj, it holds that 7(v) =s;. For relevant assignments t,

we will*refer to the tuple (sq1,...,Sy) as the CSP assignment corresponding to 7. Clearly, for non-relevant 7, we have that
Mcf(?';{d(v )(O‘U = 1) =0 since V* forces equality on each of the sets Uy, ..., Uy. For all relevant t : U — {0, 1}, we have that
cond(V) _
cond(V*)(O_ =7)= 'u“f H (GU - T)
Mf;H U=~ "ondv)

eq eq
/,Lf;H (Gulv'-’auf)
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and hence
/chc?l;;j(v*)(ou =7T)X /Ljf?,d(v) (oy = 7) for all relevant 7. (23)
Using (22), we have that
i j
d(v dv
//«;or;{( ‘ou==]] Mic?r,:j( '(ounv; = tunv)). (24)
j=1
Note that for every j e [m] we have UNVj={vj1,...,Vjw(} and, hence, (21) gives
dvi fitvj), -, T(Viwi))
Mcﬁr;, v )(Gumvj =Tynv;) = ) LW (25)
H IRy,
It follows from (23), (24) and (25) that
N m
pc;??,d(v )(Gu =T)X 1_[ fi(t(vj1), -+, T(vjw()) forall relevant t. (26)
j=1
For a relevant 7 : U — {0, 1}, let (s1,...,Sy) be the CSP assignment corresponding to 7. Then, the product in the r.h.s.
of (26) is 1 iff (sq,...,sy) encodes a satisfying assignment of the CSP instance I. Since the relevant 7 : U — {0, 1} and

assignments to the CSP instance I are in 1-1 correspondence, we obtain (20), as wanted.
This concludes the proof of Lemma 44. 0O

The following Boolean functions, which were considered in [13], will be important in what follows: 8y and &; (defined
in Definition 32), and XOR, Implies, NAND, OR. For convenience, we state the corresponding relations here.

Rs, ={(0)} and Rs, = {(1)} (these correspond to satisfying assignments of —x and x, respectively).
Rxor ={(0, 1), (1, 0)} (corresponds to satisfying assignments of x # y).

Rimpiies = {(0, 0), (0, 1), (1, 1)} (corresponds to satisfying assignments of x = y).

Rnanp = {(0,0), (0, 1), (1, 0)} (corresponds to satisfying assignments of —x v —y).

Ror ={(0,1), (1,0), (1, 1)} (corresponds to satisfying assignments of x Vv y).

8.2. The case of self-dual functions

A Boolean function f is said to be self-dual if, for all x, f(x) = f(X). In this section, we show (Theorem 46, below) that
if f is a self-dual Boolean function which is not affine, and f supports perfect equality, then f simulates a hard function.
First, we establish a useful lemma.

Lemma 45. Let f : {0, 1}¥ — {0, 1} be a self-dual function Boolean with f fz(gr)o and f(0) = 0. Further, suppose that f supports
perfect equality. Then, f perfectly simulates XOR.

Proof. From f(0) =0 and self-duality, we have that f(1) = 0. Since f # fz(lér)o, there must be some x ¢ {0, 1} such that
f(x) =1. By self-duality, we have that f(X) =1 as well. Let Uy ={i € [k] | x; =0} and U1 ={i € [k] | x; = 1}.

Since f supports perfect equality, there exists a k-tuple hypergraph Heq = (Veq, Feq) and vertices y, z € Vegq such that

it (0(Y) =0(2)=0) = fin 0 () =0(@)=1)=1/2.

Construct the k-tuple hypergraph H as follows. First, take a single hyperarc (vq,..., vg). Then, for every s € {0, 1} and
every i, j such that i and j are both in Us, add a new copy of Heq, identifying y with v; and z with v;. Finally, choose
V1 € U() and vy € Uj. Then

mrpO W) =0,0)=1)=pupyov1)=10(2)=0)=1/2,
so f perfectly simulates XOR. O

Theorem 46. Suppose that f is a self-dual Boolean function which is not affine and supports perfect equality. Then f simulates a hard
function.

Proof. Let k be the arity of f. The proof has two cases depending on whether f(0) =0 or f(0) =1. We begin with the
case where f(0) =1 (we will reduce the proof for the other case to this one).
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So, assume first that f(0) = 1. Since f is not affine, by applying Item 2 of Lemma 21 to a =0, we obtain that there exist
b, c € {0, 1}* such that f(b) = f(c) =1 but f(b® c) = 0. By self-duality, we also have that f(b) = f(c) = 1. Note that
b #c, b#0,1, c#0,1.

Indeed, it cannot be the case that b = ¢ since then f(b & c¢) = f(0) = 1. Analogously, b =0 would give that f(b&c) =
f(c) =1. Similarly, b =1 would give that f(b& c) = f(c) = 1. By symmetry between b and ¢, we have that ¢ #0, 1.
Let w, x, y, z be Boolean variables. For i € [k], let

w, ifbj=0,ci=0,
X, ifbiZO,Ci:l,

ri = .
y, ifbij=1,¢=0,
z, ifbij=1,¢i=1.
Let V :={rq,...,r¢} (note that V has at most 4 elements). Also, consider the Boolean function h: {0, 1}Vl — {0, 1} defined

by h= f(r,...,1).
We next study in more detail the function h. Observe that

V must contain at least one of x, y since b #c.
V must contain at least one of w, x since b#1.
V must contain at least one of w, y since ¢ #1.
V must contain at least one or y, z since b#0.
V must contain at least one of x, z since ¢ # 0.

Thus, the cases to consider are V = {w,x,y,z}, |V| =3, or V = {x, y}. However, V = {x, y} is not possible since then
b®c=1 and f(1) =1 (contradicting that f(b & c) =0). We now consider the function h (and the corresponding relation
Rp) in each of the possible cases.

e Case 1. V ={x,y, z}.
Note that (x, y,z) = (0,0, 0) € R since f(0) =1. Also, (0,1, 1) € Ry since f(b)=1. Also, (1,0,1) € Ry since f(c)=1.
By self-duality (1,1, 1), (1,0, 0), (0,1, 0) are also in Ry. Then (x, y,z) = (1,1,0) is not in Ry, since f(b& c) =0 and by
self-duality neither is (0,0, 1). So h(x, y, z) is completely determined. Then, for the function g(x, y) :=) , h(x, y, z), we
have that

g(0,00=g(1,1)=1 and g(0,1)=g(1,0) =2,
which is a hard function.
e Case 2. V ={w,x, y}. This case is similar to Case 1 by switching the spins 0 and 1.
e Case 3. V ={w,x,z}. (w,x,z) =(0,0,0) is in Ry since f(0)=1. (0,0,1) is in R, since f(b) =1. (0,1,1) is in Ry
since f(c)=1. By self-duality, (1,1, 1), (1,1,0) and (1, 0, 0) are also in Rj. (0, 1,0) is not in Ry since f(b&® c) =0. By
self-duality, (1,0, 1) is not in Rj,. Then, for the function g(w,z) =", h(w, x, z), we have that

g(0,00=g(1,1)=1 and g(0,1)=g(1,0)=2,

which is a hard function.

e Case 4. V ={w, y, z}. This case follows from Case 3 by switching b and c.

e Case 5. V={w,x,y, z}
Similarly to the other cases, we have the following tuples in R,: (w,x,y,z) = (0,0,0,0), (0,0,1,1), (0,1,0,1), and
their complements and we know that (w, x, y,z) = (0,1, 1,0) and its complement are not in Ry. Let hg = h(0, x, y, z).
Let

Cc={(0,0,1),(0,1,0),(1,0,0), (1,1, 1)}.

For every possible subset S of C, we have to consider the possibility that Ry, =S U {(0,0,0), (0,1,1), (1,0, 1)}. This is
a lot of cases, but fortunately, some of them can be combined.
- Case 5a. (x,y,2)=1(0,1,0) is in S but (1,1, 1) is not. Then, for the function g(x, y) :=)_,, h(w,x, y, x), we have

g(0,00=g(1,1)=1 and g(0,1)=g(1,0)=2,

which is a hard function.
- Case 5b. (x,y,z)=(1,1,1) is in S but (0, 1, 0) is not. Then, for the function g(w, x) := th(w,x, ¥y, X), we have

g(0,00=g(1,1)=1 and g(0,1)=g(1,0)=2,

which is a hard function.
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- Case 5¢. (x,y,2)=(1,0,0) is in S but (1,1, 1) is not. This case is symmetric to Case 5a.
- Case 5d. (x,y,z)=(1,1,1) is in S but (1,0, 0) is not. This case is symmetric to Case 5b.
- Case 5e. (x,y,z)=(0,1,0) and (1,0, 0) are both in S.

Then, for the function g(x, y):=>", h(w,x, y, w), we have

g(0,00=g(1,1)=1 and g(0,1)=g(1,0)=2,

which is a hard function.
- Case 5f. S =. Then, for the function g(x,y):=}_, ,h(w,x,y,2), we have

g(0,00=g(1,1)=1 and g(0,1)=g(1,0)=2,

which is a hard function.
- Case 5g. S ={(0,0, 1)}. Then, for the function g(w, z) := Zx’y Ry(w, x,y,z), we have

£0,00=g(1,1)=1 and g(0,1)=g(1,0)=3,

which is a hard function.

It remains to argue that each of the functions g used in Cases 1—5 can be simulated using the function f. This is direct.
{f} implements the function h and {h} implements the function g, so {f} implements g. Since f supports perfect equality,
we can apply Lemma 42 taking I" = {f}. Since (trivially) f perfectly simulates I', we find that f perfectly simulates g. This
completes the proof for the case where f(0) =1.

We next argue for the case where f(0) =0. Since f is not affine, we have that f # fz<§2°, so there exists t # 0 such that
f@®) =1.Let S:={i e[k]|t; =1} and note that S # @.

Consider the function f’ defined by f/(x):= f(x®t) for all x € {0, 1}¥. Note that

e f/(0)=1, since f(t)=1.
e f’is self-dual. Indeed, for x € {0, 1}¥ we have

ff@®=fxol1et=fxat =f(x),

where the middle equality follows from the self-duality of f.

e f’ is not affine. Since f is not affine, we know from Lemma 21(1) that there are a, b, ¢ such that f@) = f(b) = f(c) =1
and f@Q®b®c)=0.leta’=adt,b'=bdtand ¢’ =cPt. Then by the definition of f’, f'@) = f'(b') = f'(c) =1.
But ff@eb @dcd)=f(adbdcdt)=f@dbdc)=0, so f’ is not affine.

By the previous argument, we thus have {f’} implements a hard function g. We will show that f simulates g. Indeed,
observe that the constraint language {f, XOR} implements f’ (just apply XOR to the bits of f which correspond to non-zero
entries of the vector t). Since f(0) =0 and f supports perfect equality, by Lemma 45 we have that f perfectly simulates
{f,XOR}. Applying Lemma 42 with T = {f, XOR} and the g of Lemma 42 as f’, we find that f perfectly simulates f’. Then
applying Lemma 42 again with I' = {f’}, and the g of Lemma 42 as g, we obtain that f simulates the hard function g, as
wanted. This concludes the proof of Theorem 46. O

8.3. #BIS-easiness
The goal of Section 8 is to prove Theorem 18. The required #BIS-easiness results follow directly from [13].

Lemma 47 ([13, Lemma 9]). Let T be a constraint language such that every relation in I" belongs to IM;. Then, #CSP(T") is #BIS-
easy. O

8.4. #BIS-hardness

We next prove the required #BIS-hardness results (cf. Lemma 51 below). We will use the following results from the
literature.

Lemma 48 ([5, Corollary 3]). Let A > 6. It is #BIS-hard to count the number of independent sets in bipartite graphs of maximum
degree A. O

The following lemma is from Lemma 13 of [13]. We take the lemma from there since we use the notation of [13].
However, the proof is originally from Lemmas 5.24 and 5.25 of [8].
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Lemma 49 ([8]). If f is a Boolean function that is not self-dual, then { f} implements either ¢ or §1.

Proof. We just need to explain the terminology in [13, Lemma 13]. It will be then apparent that Items (i)-(iv) in [13,
Lemma 13] show that {f} implements 8o or ;. “0-valid” in [13] means that 0 € Ry, “1-valid” means that 1 € Ry and
“complement-closed” means self-dual. O

Lemma 50 ([13, Lemma 15], see also [8]).If f is a Boolean function that is not affine, then {f, 8o} implements one of OR, Implies,
NAND. The same is true for {f,81}. O

We are now ready to show that, for every f which supports perfect equality and is not affine, it holds that, for all
sufficiently large A, #Multi2Spin, (f) is #BIS-hard.

Lemma 51. Let f : {0, 1}¥ — {0, 1} be a Boolean function which supports perfect equality. Suppose that f is not affine. Then, for all
sufficiently large A, #Multi2Spin (f) is #BIS-hard.

Proof. Assume first that f is self-dual. Then, by Theorem 46 (note that f is not affine and supports perfect equality by
assumption), f perfectly simulates a hard function. By Lemma 15, we obtain that for all sufficiently large A, there exists
¢ > 1 such that #Multi2Spin, .(f) is NP-hard. Now, recall that every problem in #P admits an FPRAS using an NP-oracle
[24]. Since #Multi2Spin, (f) is NP-hard, we can use it as an oracle to obtain an FPRAS for #BIS.

Assume next that f is not self-dual. By Lemma 49 we have that { f} implements either §y or ;. We only need to consider
the case where {f} implements g, the case of §; follows by just switching the spins 0 and 1. First, by Lemma 42 with
I'={f} and g =6y, f perfectly simulates §g, so f perfectly simulates {f, 8o}. Recall that f is not affine. By Lemma 50, it
thus follows that {f, §o} implements one of OR, NAND, Implies. Using Lemma 42 again, it follows that f perfectly simulates
one of OR, NAND, Implies.

Note that OR and NAND correspond to hard functions, so when f perfectly simulates either OR or NAND, we obtain
from Lemma 15 that for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, .(f) is NP-hard. Thus, as in the
case of self-dual functions, we may conclude that for all sufficiently large A, #Multi2Spin, (f) is #BIS-hard.

Thus, it remains to consider the case where f perfectly simulates Implies. By Definition 14, this means that there exists
a k-tuple hypergraph H' = (V’, ) and vertices x, y in H’ such that

Zoo 1 Zon 1 Zn 1 Z10

=, =z, =z, =0, (27)
Zrw 3 Zpw 3 Zpw 3 Zpw

where, for s1, s, € {0, 1}, we denote

Zoys, = Y, Wprp(0).
o:V'—{0,1};
Ox=S1,0y=S2
Let A’ be the degree of H'. We will show that for all A > 6A’, #Multi2Spin, (f) is #BIS-hard.

We will use Lemma 48. In particular, let G = (VU V>, E) be a bipartite graph of maximum degree 6 where V1, V, denote
the parts of G in its partition. Let H = (V, F) be the k-tuple hypergraph obtained from G as follows. Start by putting all of
the vertices in V1 UV, into V. Then add additional vertices and hyperarcs as follows. For every edge (v1, v2) € E such that
vy € V1 and v, € V5, take a distinct copy of H' and identify vertex x in H' with v; and vertex y in H" with v,. Note that
V1 UV, CV and that the degree of H is 6A’.

Let Z¢ denote the set of independent sets of G. Then, we claim that

Zrw =Tl - Zg.r /3" (28)
Before proving (28), note that an oracle call to #Multi2Spin, (f) for A > 6A’ with input H and relative error € > 0 yields via
(28) an estimate for the number of independent sets in bipartite graphs of maximum degree 6 which is within relative error
€ from the true value. Thus, using Lemma 48, we obtain an AP-reduction from #BIS to #Multi2Spin, (f) for all A > 6A’, as
wanted.

To show (28), let o : V — {0, 1} be an assignment such that wy.; (o) > 0. The copies of H' ensure that for every edge
(v1,v32) € E such that v{ € V; and vy € V5 it holds that either o (vq) # 1 or o (vy) # 0. Thus, the set (¢~ '(1) N V) U
(0~1(0) N V3) is an independent set of G. Conversely, for every independent set I of G, consider

Q={0:V—={0,1}|oinv, =1, oinv, =0, oy;\1 =0, oy, =1}
Then, using (27), we have that the number of assignments o € Q; such that wy,y (o) > 0 is equal to
[T Zownown=@ruw /3"
(v1,v2)€E

Summing this over all I € Z¢, we obtain (28), thus completing the proof of Lemma 51. O
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8.5. NP-hardness

In this section, we show (Lemma 54 below) that if f supports perfect equality, and it is not affine, and is not in M, then,
for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, .(f) is NP-hard. To do this, we need some preparation.
The ideas behind the following lemma are essentially from [13].

Lemma 52. If f perfectly simulates Implies, then f simulates {8y, §1} (not necessarily perfectly).

Proof. We first show that f supports both pinning-to-0 and pinning-to-1. Since f perfectly simulates Implies, there exists a
k-tuple hypergraph H and vertices v1, vz in H such that

Hnoo=1/3, po1=1/3, pun=1/3, pio=0, (29)
where, for sq, 53 € {0, 1}, we denote s, := [Lf,H(Oy, =51, 0y, = S2).
Note that

Mr.H(Oy, =0) = oo + o1, Mmf Oy, =1)= w10+ K11,

WrHOv, =0) = oo + 10, HKfH(Ov, =1) = o1 + p11.
It follows that

mfH(Ov, =0)=2/3, pyguloy, =1)=1/3,

Mpn(ov, =0)=1/3, pspov, =1)=2/3.

Then, using (30), we obtain that H and its vertices v, vy satisfy the assumptions of Lemma 24 (v; satisfies Item 1 and v
Item 2) and hence we obtain that f supports pinning-to-0 and pinning-to-1.

To conclude that f simulates {8g, 81}, consider the k-tuple hypergraph H as above and consider the conditional distribu-
tion /L}}:OH where we pin the vertex v, to O (this is allowed since f supports pinning-to-0). Then,

(30)

PP =0=1, ufv)=1=0

so f simulates §p. Analogously, by pinning the vertex v; to 1, we also obtain that f simulates 81, concluding the proof. O

Lemma 53 ([13, Proof of Lemma 19]). If f is a Boolean function that is not in IM>, then { f, Implies, 8¢, 81} implements either OR or
NAND. O

Lemma 54. Let f : {0, 1}¥ — {0, 1} be a function which supports perfect equality. Suppose that f is not affine and is not in IM». Then,
for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, (f) is NP-hard.

Proof. The proof is similar in structure to the proof of Lemma 51.

Assume first that f is self-dual. Then, by Theorem 46 (note that f is not affine and supports perfect equality by assump-
tion), f perfectly simulates a hard function. By Lemma 15, we obtain that for all sufficiently large A, there exists ¢ > 1 such
that #Multi2Spin, (f) is NP-hard.

Assume next that f is not self-dual. By Lemma 49 we have that {f} implements either §; or ;. We only need to
consider the case where {f} implements &g, the case of §; follows by switching the spins 0 and 1. First, by Lemma 42 with
I'={f} and g = dp, f perfectly simulates 8y, so f perfectly simulates {f, §o}. Recall that f is not affine. By Lemma 50, it
thus follows that {f, 8o} implements one of OR, NAND, Implies. Using Lemma 42 again, it follows that f perfectly simulates
one of OR, NAND, Implies. OR and NAND correspond to hard functions, so when f perfectly simulates either OR or NAND,
we obtain from Lemma 15 that for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, .(f) is NP-hard. Thus,
it remains to consider the case where f perfectly simulates Implies.

Since f perfectly simulates Implies, by Lemma 52, we obtain that f simulates {p,d1}. Thus, f simulates {f, Implies,
80,681}. By Lemma 53, using that f is not in IM,, we have that {f, Implies, 8p, 81} implements either OR or NAND. By
Lemma 44, we thus obtain that f simulates either OR or NAND. Hence, as above, we can use Lemma 15 to conclude that
for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, (f) is NP-hard.

This concludes the proof. O

8.6. Proof of Theorem 18

We are ready to prove Theorem 18, which we restate here for convenience.

Theorem 18. Let f : {0, 1}* — {0, 1} be a Boolean function that is not affine. Suppose that f supports perfect equality.
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1. If f isin IMy, then for all sufficiently large A, #Multi2Spin  (f) is #BIS-equivalent.
2. If f is not in IM>, then for all sufficiently large A, there exists a real number ¢ > 1 such that #Multi2Spin .(f) is NP-hard.

Proof. Item 1 is a consequence of Lemma 47 and Lemma 51. Item 2 is a consequence of Lemma 54. O

9. Proof of Theorem 6

In this section, we combine the pieces to prove Theorem 6.
We will need the following lemma.

Lemma 55. Let f : {0, 1}¥1 — {0, 1} and f5 : {0, 1}¥2 — {0, 1} be Boolean functions such that fy is not affine and f; is not in IMs.
Then, the function f defined by f(X,y) = f1(X) f2(y) is neither affine nor does it belong to M.

Proof. We first prove that f is not affine. Since f; is not affine, by Item 1 of Lemma 21, there exist xV,x@ x® e Ry,
such that XV @ x® @ x® ¢ Ry,. Let y be such that fo(y) =1 (such a y exists, otherwise f, would belong to IM>).

For each i =1, 2,3, consider the vector z® of length ki + k, obtained by concatenating the vectors x) and y. Since
xD e Ry, and y € Ry,, we have that f(z®) = f1(x?) fo(y) =1, so z» € Ry for i = 1,2, 3. Observe that f(z" ®z?® ©z®) =
f1&xD ox@ ox®) fr(y) =0, s0 2V z? ®2z® ¢ Ry. Thus,

721,22 20 ¢ Ry but 2V ez? @20 ¢ Ry,

so by Item 1 of Lemma 21, we have that f is not affine.

We next show that f does not belong to IMs. Since f> ¢ IM,, by Lemma 23, there exist y, y@ € Ry, such that either
yDvy@ ¢ Ry, or yV Ay@ ¢ Ry,. Assume that y(V vy ¢ Ry,, the other case is completely analogous and actually follows
by duality (switching the spins 0 and 1). Let x be such that fj(x) =1 (such an x exists, otherwise f; would be affine).

For each i = 1,2, consider the vector w) of length k; + k, obtained by concatenating the vectors x and y®. Since
x € Ry, and y® e Ry, we have that f(w?) = f1(x) fo(y?) =1, so z® € Ry for i =1,2. Observe that f(w® vw®)=
f1x) f2yD vy@) =0, so w vw®? ¢ Ry, Thus,

w w? e Ry butw® vw®? ¢ Ry,

so by Lemma 23, we have that f does not belong to IM>.
This concludes the proof. O

Theorem 6. Let I" be a Boolean constraint language. Then,

1. Ifevery function in T is affine then #CSP(I") and #NoRepeatCSP(I") are both in FP.

2. Otherwise, if I' C M, then there exists an integer Ag such that for all A > Ag, #CSP (I') and #NoRepeatCSP 4, (I") are both
#BIS-equivalent under AP-reductions, and

3. Otherwise, there exists an integer Ao such that for all A > Ao, there exists a real number ¢ > 1 such that #CSPx (T") and
#NoRepeatCSP (T") are both NP-hard.

Proof. We consider each of the three cases.

1. If every function in T is affine (cf. Definition 4), then Z; can be computed exactly in polynomial time using Gaussian
elimination. This was already noted in the exact-counting dichotomy of Creignou and Hermann [7].

2. Suppose that I' € IM; and that I" includes a function f which is not affine. By the unbounded-degree #BIS-easiness re-

sult of [13], which is stated here as Lemma 47, it follows that for all positive integers A, #CSPA (I') is #BIS-easy. Clearly,
every instance of #NoRepeatCSP, (I") is an instance of #CSPx (I"), from which we obtain that #NoRepeatCSP 5 (I") is
#BIS-easy as well.
If f supports perfect equality, then by Theorem 18, for all sufficiently large A, the problem #Multi2Spin, (f) is #BIS-
hard. As we noted in Section 2, the problem #Multi2Spin, (f) is equivalent to #NoRepeatCSP, ({f}) from which we
obtain that #NoRepeatCSP 4 (I') is #BIS-hard as well. Note that #NoRepeatCSP , (I') is a restricted version of #CSP (I")
(the restriction being that constraints may not repeat variables), so it follows immediately that #CSP 4 (T") is #BIS-hard.
There is a final case that does not arise if #BIS is not NP-hard to approximate, but we include it to make the proof
complete. In particular, if f does not support perfect equality, then by Theorem 17, it simulates a hard function. So,
by Lemma 15, for all sufficiently large A, there exists ¢ > 1 such that #Multi2Spin, (f) is NP-hard. As observed in
the proof of Lemma 51, this implies that #Multi2Spin (f) is #BIS-hard. Then, as in the previous case, we obtain that
#NoRepeatCSP 5 (I') and #CSPA (I") are #BIS-hard.
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3. Suppose that there are functions f1, f, € I' such that f; is not affine and f, is not in IM, (it might be the case that

f1 = f2). Then, consider the function f(x,y) defined by f(x,y) = f1(X)f2(y). By Lemma 55, we have that f is neither
affine nor does it belong to IM,.
Thus, if f supports perfect equality, then by Theorem 18, for all sufficiently large A, there exists ¢ > 1 such that
#Multi2Spin, (f) is NP-hard, which is equivalent to saying that #NoRepeatCSP, ({f}) is NP-hard. Now note that
there is an easy reduction from #NoRepeatCSP, .({f}) to #NoRepeatCSP, .(I') — given an instance I of #CSPa (({f}),
every constraint involving f is re-written as two constraints involving f; and f>. Thus, #NoRepeatCSP, .(I') is also
NP-hard. Since #NoRepeatCSP , (I) is a restricted version of #CSPA (I'), we have that #CSPx (') is NP-hard as well.
Otherwise, by Theorem 17, f simulates a hard function. So, by Lemma 15, for all sufficiently large A, there exists
¢ > 1 such that #Multi2Spin, .(f) is NP-hard. As in the previous paragraph, this implies that #NoRepeatCSP, (I") and
#CSPp ¢(T") are NP-hard. O
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