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1. Introduction

Throughout this paper, we suppose that G = (V(G), E(G)) is a simple graph with the vertex set V(G) = {1,2,...,n}
and the edge set E(G) = {ey, ey, ..., ey}, if not specified. A perfect matching of G is a set of independent edges of G
covering all vertices of G. Denote the number of perfect matchings of G by M(G). If G is a weighted graph, the weight of
a perfect matching P of G is defined to be the product of weights of edges in P. We also denote the sum of weights of perfect
matchings of G by M(G). Let A = {a;, az, ..., as} (resp. E; = {e;,, e;,, ..., e;}) be a subset of the vertex set V(G) (resp. a
subset of the edge set E(G)).ByG—AorG—ay; —a; — --- — a5 (resp. G — Ey or G — ¢;; — e;, — - -+ — ¢;,) we denote the
induced subgraph of G by deleting all vertices in A and the incident edges from G (resp. by deleting all edges in E). It is well
known that computing M(G) of a graph G is an NP-complete problem (see [4]). In this paper, by using a Pfaffian identity
and a previous result [ 18], we obtain a quadratic identity on the number of perfect matchings of plane graphs by using the
method of graphical condensation, which generalizes the results by Propp [14], Kuo [8], and Yan, Yeh, and Zhang [17] as
follows:

Theorem 1.1. Let G be a plane weighted graph with 2n vertices. Let vertices ay, by, az, by, ..., ax, by (2 < k < n) appear in a
cyclic order on a face of G, and let A = {ay, a3, ..., a;}, B={by, ba, ..., by}. Then, foranyj =1, 2, ..., k, we have

k
M(GM(G—A—B) =Y M(G—aj—b)M(G—{a,b) — > M(G—a—a)M(G— {a;, a)).
i=1 1<i<k,i#j

where {a;, b} = (AU B)\{qj, b;} and {a;, a;} = (AU B)\{a;, g;}.
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The following result is immediate from the above theorem.

Corollary 1.1 (Yan, Yeh, and Zhang [17]). Let G = (U, V) be a plane weighted bipartite graph in which U = {u;|1
V = {vi|1 <i < n}. Let vertices a,, b1, az, ba, ..., ay, by appear in a cyclic order on a face of G. IfA = {a;|]1 < i <
B={bi|1 <i<k} CV,then

n}and

<i<
k} C U, and

k
M(GM(G—A—B) =Y MG —a;— b)M(G — (AUB)\{a;, bi})

i=1
foranyj=1,2,...,k
Corollary 1.2 (Kenyon). Let G be a plane graph with four vertices a, b, c and d (in the cyclic order) adjacent to a single face. Then
M(GM(G—-—a—b—-c—d)+M(G—a—c)M(G—b—d)
=MG—-—a—bMG—-c—d)+M(G—a—dM(G—b—rc).

Corollary 1.2, which was first reported by Kenyon in “Domino Forum” in an email (for details, see [17]), is the special
case of Theorem 2.2 in [17].

Some related work on graphical condensation for enumerating perfect matchings of plane graphs can be found in [14,8,
9,17-19].

2. A Pfaffian identity

LetA = (ajj)nxn be a skew symmetric matrix of order n, where nis even. Suppose thatw = {(s1, t1), (s2, £2), . .., (s%, t%)}
is a partition of [n], that is, [n] = {s1, t1} U {sp, t,} U--- U {s%, tn }, where [n] = {1, 2, ..., n}. Define:

n
2

b, = sgn(sitiSxt; .. .S%t%) 1_[ gy,
=1

where sgn(s t15xt; . . . sn t%) denotes the sign of the permutation s;t1St5 . . . sn t%. Note that b, depends neither on the order

in which the classes of the partition are listed nor on the order of the two elements of a class. So b, indeed depends only on
the choice of the partition sr. The Pfaffian of A, denoted by Pf (A), is defined as

Pf(A) =) bx,

where the summation is over all partitions of [n], which are of the form of 7. For the sake of convenience, we define the
Pfaffian of A to be zero if A is a skew symmetric matrix of odd order. The following result, which is called Cayley’s Theorem,
is well known:

Theorem 2.2 ([1]). For any skew symmetric matrix A = (a;j)nxn 0f order n, we have
det(A) = [Pf(A)]*.

If I is a subset of [n], we use A; to denote the submatrix of a skew symmetric matrix A by deleting rows and columns
indexed by I. If I = {iy, ip, ..., ij} € [n], we use Pfa(i1iy ... i) =: Pfa(I) to denote the Pfaffian of Apny;.

Lemma 2.1 (Wenzel [16], Dress and Wenzel [3], and Knuth [7]). For any two subsets I, I, C [n] of odd cardinality and elements
i1,0, ..., 0 € [Mlwithiy < iy--- < ipand {iy, iy, ..., i} = HAL =: (I1\I2) U (I\), if A = (ajj)nxn i a skew symmetric
matrix with n even, then

t

D (=D PR AlicHPF (b Ali}) = 0.

=1
A direct result of Lemma 2.1 is the following lemma.

Lemma 2.2 ([18]). Suppose that A = (a;})nxn i a skew symmetric matrix with n even and o is a subset of [n] of even cardinality.
Let B = {i1, iz, ..., 02} € [n]\ct, where iy < iy < --- < iy. Then, for any fixed s € [2p], we have

2p

Pha(@)Pfa(ef) = Y (=D Py (et Py (cr B\ist),

=1
where Pf (aigis) = 0.
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3. Pfaffian orientations of graphs

Let G be a weighted graph with the vertex set V(G) = {1, 2, ..., n}, and let the weight of each edge e in G be w,. Suppose
G is an orientation of G. The skew adjacency matrix of G (see [11]), denoted by A(G) = (;j)nxn, is defined as follows:

We; if (i, j) is an arc of G,
@j = ) —we; if (j, i) isanarcof G,
0 otherwise,

where e;; denotes the edge of G joining vertices i and j. Obviously, A(a) is a skew symmetric matrix. It is not difficult to see
that the Pfaffian Pf (A(G)) of A(G) can be defined as

PFAG) = ) bx.
7EM(G)

where the summation is over all perfect matchings 7 = {(s1, t1), (52, t2), ..., (s% o )} in M (G) (the set of perfect matchings
of G), and b, = sgn(siti5:tr51tn) [12, @i

If G is an orientation of a graph G and C is a cycle of even length, we say that C is oddly oriented in G if C contains odd
number of edges that are directed in G in the direction of each orientation of C. We say that G is a Pfaffian orientation of G
if every nice cycle of even length of G is oddly oriented in G (acycle C in G is nice if G — C has perfect matchings). It is well
known that if a graph G contains no subdivision of K3 3 then G has a Pfaffian orientation (see [10]). McCuaig [12], McCuaig

et al. [13], and Robertson et al. [15] found a polynomial-time algorithm to show whether a bipartite graph has a Pfaffian
orientation.

Proposition 3.1 ([6,11]). Let Ghea Pfaffian orientation of a graph G. Then
[M(G)* = det(A(G)),
where A(a) is the skew adjacency matrix of G.

Remark 3.1. Let G be a Pfaffian orientation of a graph G and A(é) the skew adjacency matrix of G. By Cayley’s Theorem and
Proposition 3.1, we have

M(G) = £Pf(A(G)),
which implies that, for two arbitrary perfect matchings 7y and 7, of G, both b, and b, have the same sign.

Proposition 3.2 (Kasteleyn’s Theorem, [5,6,11]). Every plane graph G has an orientation Gsuch that every boundary face—except
possibly the unbounded face—has an odd number of edges oriented clockwise. Furthermore, such an orientation is a Pfaffian
orientation.

4. Proof of the main result

In [18] some new identities on Pfaffians related to the Pliicker relation were obtained. As an application of one of these
new identities on Pfaffians, Yeh and the first author of this paper proved the following result which plays a key role in the
proof of our main result:

Theorem 4.3 (Yan and Yeh [18]). Suppose G is a plane weighted graph with an even number of vertices and the weight of every

edge e in G is denoted by w,. Let e = aiby,e; = azb,, ..., ex = agby (k > 2) be k independent edges in the boundary of a
face f of G, and let vertices ay, by, az, b,, . .., a, by appear in a cyclic order on f and let X = {e;| i =1, 2, ..., k}. Then, for any
i=1,2,...,k

MGM(G —X) = MG — e)M(G — X\{g}) + e Y @¢(M(G — bj — a)M(G — X — a; — by)
1<i<k,i#j

Let G = (V(G), E(G)) be a weighted graph and e = ab an edge of G. Define a new weighted graph G’ = (V(G), E(G))
from G as follows. Delete the edge e = ab from G and add three edges aa’, a'b’, b’'b with the weights ,/w, 1, and
/®@e, where w, denotes the weight of edge e. The resulting weighted graph is G'. Hence V(G') = {d’, b’} U V(G) and
E(G) = {ad’, d'b/, b’b} U E(G)\{e}. Fig. 1(a) and (b) illustrate this procedure.

Lemma 4.3 (Ciucu [2]). Let G be a weighted graph and e = ab an edge of G, and let G’ be the weighted graph defined above. Then
M(G) = M(G).
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Fig. 1. (a) The weighted graph G in Lemma 4.3. (b) The weighted graph G’ obtained from G in Lemma 4.3.
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Fig. 2. (a) The weighted graph G in the proof of Lemma 4.4. (b) The weighted graph G’ obtained from G in the proof of Lemma 4.4.

We first use the above theorem to prove the following result which is a special case of our main result:

Lemma 4.4. Suppose G is a plane weighted graph with an even number of vertices and the weight of every edge e in G is denoted
by we. Let e; = a1by, e, = azby, ..., ex = agby (k > 2) be k independent edges in the boundary of a face f of G (w,; # 0 for
1 <i < k), where vertices a, by, az, by, . .., ai, by appear in a cyclic order on f. Then, foranyj =1, 2, ..., k, we have

M(GM(G —A—B) =Y MG —a;— b)M(G — {a, bi}) — Y _M(G — a; — ap)M (G — {ai, @;}),

where A = {ai|1 <i < k}, B={bi|1 <i <k}, {gj, bi} = (AU B)\{q;, b;}, and {a;, a;} = (AU B)\{a;, a;}.
Proof. Let G’ be the graph obtained from G by deleting k edges e, e, .. ., e, and adding 3k edges a;a}, a/b;, b}b; with the

weights | /@, 1, \ /@, fori = 1,2, ...,k and leaving all other weights unchanged Hence, the vertex set (I)flG’ ldenoted by
V(G),is {a;, bj|1 <i < k}UV(G), and the edge set of G, denoted by E(G'), is {a;a;, a;b;, bjb;li = 1,2, ..., k} UE(G)\{ei|1 <
i < k}, where V(G) and E(G) are the vertex set and the edge set of G, respectively. For the sake of convenience, denote the
edge ab; by e = ab; fori =1, 2, ..., k. Fig. 2(a) and (b) show this procedure.

Hence by Lemma 4.3, we have

M(G) = M(G). (1)
Obviously, by the definition of G, G’ is a plane weighted graph with an even number of vertices. Furthermore, vertices
ay, by, d,, b, ..., a, b, appear in a cyclic order on a face of G, and €| = a\b}, e, = a;b,, ..., e, = ab, (k > 2)are k

independent edges in the boundary of a face f of G'. Let X" = {ej| i = 1, 2, .. ., k}. Note that the weight of each edge e]f inG,
forj=1,2,...,k equals 1. Then, by Theorem 4.3, foranyj =1, 2, ..., k,

M(GIM(G —X') =M(G —ehMG —X\(eh) + > MG — b — a)M(G — X' —a — b))

1<i<k, i
—M(G — b —b)M(G — X' —a; — a)]. (2)
It is not difficult to see that the following identities hold:
k
MG -X) = (]_[wei> M(G—-A—B); (3)
i=1
M(G — ej() = a)ejM(G —aj — bj); (4)
M(G —X'\[e}}) = ( I1 we,.) M(G — (AUB)\{a;, bj}); (5)
1<i<k, i
M(G — b~ a) = \Jaq@gM(G - - by): ©
M(G = X' —aj — b)) = Joqa, < [1 wes> M(G — (AU B)\{g;, b;}): )
1<s<k,s#i,j
M(G/ _ bj/ _ b:) = \/aTa)ejM(G —a; — aj)§ ®

M(G —X' —d, — a) =  fwewe ( I1 wes) M(G — (AUB)\{a;, a;}). (9)

1<s<k,s#i,j
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Hence the lemma follows from (1)-(9). ®|
Now we can start to prove our main result.

Proof of Theorem 1.1. Since G is a plane graph, for an arbitrary face F of G there exists a planar embedding of G such that
the face F is the unbounded one. Hence we may assume that vertices ay, by, a, b, ..., ai, by appear in a cyclic order in
the boundary of the unbounded face of G. We construct a plane graph G; from G by adding edge (a;, b;) with weight 1 if
(a;, by) is not an edge of G for 1 < i < k such that all edges (a;, b;)’s are in the boundary of the unbounded face of G;. If
all (a;, b;)’s are edges of G, then G = G;. Hence, by Lemma 4.4, the theorem holds. So we may assume G # G;. Note that
edges e; = (a;, b;), e = (az, by), ..., (ak, by) are k independent edges in the boundary of the unbounded face of G;. By
Lemma 4.4, we have

k k
M(GM(G1 —A—B) =Y M(G — aj — b)M(Gy — {a, bi)) — Y _M(Gi — a; — a)M (G — {a;, ). (10)
i=1 i=1
On the other hand, by Proposition 3.2 plane graph G, has a Pfaffian orientation Gy such that every boundary face-except
possibly the unbounded face—has an odd number of edges oriented clockwise. Let A(@l) be the skew adjacency matrix
of 51. Without loss of generality, we suppose thata; = n — 2k +2i — land b; = n — 2k + 2ifori = 1,2, ..., k. Let
B={n—-2k+1,n—-2k+2,....,n} ={q|1 <i<k}U{b|l <i<k} =AUB,a = [n]\B,ands = 2j — 1. Then, by
Lemma 2.2, we have
k k

PfA(dl)(a)PfA(dl)([n]) = ZPfA(Gl)(aajbi)PfA(dl)([n]\{ajv bi}) — ZPfA((fl)(aajai)PfA((fl)([n]\{ajs a}), (11)

i=1 i=1
which is equivalent to

k

Pf(A(G — A — B)PF(AG1) = Y _ Pf(A(Gi — (AUB)\{a;, bi))Pf (A(G1 — & — b))

i=1

k - -
— Y Pf(AG: — (AUB\{ai, g})Pf(AGr — a; — @), (11)

i=1

where A(G1 A—B) denotes the skew adjacency matrix of Gl A — B. Note that all orientations 61 — A — B, 61 — (AU
B)\{aj, b}, G1 a; — b, G1 (AUB)\{a;, a;}, and G1 — a; — g satisfy the condition in Proposition 3.2 (since all edges (a;, b;)’s
are in the boundary of the unbounded face of G;), and hence are Pfaffian orientations. By Remark 3.1, we have
M(Gy) = £Pf(A(G))).  M(Gy — A —B) = £Pf(A(G, — A — B)), (12)
M(Gy — a; — by) = £Pf(A(G, — a; — b)), (13)
M(Gy — {aj, bi}) = £Pf(A(G1 — (AU B)\{q;, b;})), (14)
(15)
(16)

M(Gy — a; — @) = £Pf(A(G) — @i — @),
M(G: — {ai, aj}) = £Pf(A(G1 — (AU B)\{a;, a;})).
By (10) and (11’), and (12)-(16), we have the following:

Claim 1. All terms Pf(A(G, — A — B))Pf(A(G})), PF(A(G; — (A U B)\{a;, bi)Pf(A(G, — a; — b)), and PF(A(G; — (AU
B)\{a;, aj}))Pf(A(51 — a; — a;)) have the same sign.

Let G be the orientation of G obtamed from 61 by deleting the arcs whose end vertices are a; and b; such that (a;, b;) is
notanedgeof Gfor1 <i <k LetA(G) be the skew adjacency matrix of G. Similar to (11)and (11"), we have

k k

PfA((‘;)((X)PfA@)([Tl]) = ZPfA(E;)(aajbi)PfA(&)([n]\{aj’ bi}) — ZPfA(E;)(aajai)PfA(E;)([n]\{aﬁ ai}), (17)

i=1 i=1
which is equivalent to
k
Pf(A(G — A —B)PF(AG)) = Y Pf(A(G — (AUB)\{g;, bi})Pf (A(G — a; — by))
i=1

k
— > " Pf(AG — (AUB)\{ai, g})PF(AG — a; — ay)), (17)
i=1

where A(a — A — B) denotes the skew adjacency matrix of G—A-B.
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Note that all edges (a;, b;)’s are in the boundary of the unbounded face of Gi. Thus G satisfies the condltlon in

Proposition 3.2. Hence it is a Pfaffian orientation. Similarly, all orientations G—A— B, G — (AUB)\{q;, b}, G—a — b;, G—

(AU B)\{a;, a;}, and G- a; — a; satisfy the condition in Proposition 3.2, and hence are also Pfaffian orientations. Thus
M(G) = :I:Pf(A(a)) M(G — A — B) = £Pf(A(G — A — B)), (18)
MG —a —b) = ﬂ:Pf(A(G —a; — b)), (19)
M(G - {aj, bi}) = £Pf (A(G — (AUB)\{a;, bi})). (20)
M(G — a; — a)) = £Pf(A(C — a; — @), (1)
M(G —{a, a}) = +Pf(AG — (AUB\{a;, a;))), (22)

In view of (17”) and (18)-(22), to finish the proof of the theorem, it suffices to prove the following:

Claim 2. All terms Pf(A(G — A — B))Pf(A(G)), PF(A(G — (A U B)\{g;, b}))PF(A(G — a; — by)), and Pf(A(G — (A U
B)\{a;, aj}))Pf(A(E? — a; — a;)) have the same sign.

Note that each perfect matching w1 = {(s1, t1), (52, t2), . tn)} of G is also a perfect matching of G;. By the

definitions of G and Gl, the term b, in Pf(A(G)) has the same sign as b,, in Pf(A(G1)) Hence both Pf(A(G)) and Pf(A(G1))
have the same sign. Similarly, so have both Pf(A(G A — B)) and Pf(A(G1 — A — B)), both Pf(A(G — (AU B)\{q;, b;}))
and Pf(A(G1 — (AU B)\{q;, bj})), both Pf(A(G —a; — b)) and Pf(A(G1 —a — b i), both Pf(A(G — (AU B)\{ai, g;})) and
Pf(A(Gl (AU B)\{a;, gj})), and both Pf(A(G —a; — a;)) and Pf(A(61 — a; — @;)). Claim 2 follows from Claim 1.

Hence we have finished the proof of the theorem. B

5. Some remarks

Propp [14] and Kuo [8] first found the method of graphical condensation for enumerating perfect matchings of plane
bipartite graphs. For the plane graph (not necessarily bipartite), in an email sent to “Domino Forum” Propp wrote that
Kenyon recently told him about the identity of Pfaff's (Corollary 1.2) in combination with Kasteleyn’s Pfaffian method.
Professor Krattenthaler told one of the current authors by an email that one could use directly the Pliicker relation on
Pfaffians to obtain some Pfaffian identities. In this paper, by using a Pfaffian identity and a result in [18] we generalize
Kenyon'’s identity. It is natural to ask whether one can use directly the Pliicker relation on Pfaffians to prove Theorem 1.1.
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