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ABSTRACT

Four-body Problem with Collision Singularity

Duokui Yan
Department of Mathematics

Doctor of Philosophy

In this dissertation, regularization of simultaneous binary collision, existence of a Schubart-like periodic
orbit, existence of a planar symmetric periodic orbit with multiple simultaneous binary collisions, and their
linear stabilities are studied. The detailed background of those problems is introduced in chapter I}

The singularities of simultaneous binary collision in the collinear four-body problem is regularized in
chapter [2] We use canonical transformations to collectively analytically continue the singularities of the
simultaneous binary collision solutions in both the decoupled case and the coupled case. All the solutions
are found and more importantly, we find a crucial first integral which describes the relationship between the
decoupled solutions and the coupled solutions.

In chapter [3] we show the existence of a Schubart-like orbit, a periodic orbit with singularities in the
symmetric collinear four-body problem. In each period of the orbit, there is a binary collision (BC) between
the inner two bodies and a simultaneous binary collision (SBC) of the two clusters on both sides of the
origin. The system is regularized and the existence is proven by using a “turning point” technique and a
continuity argument on differential equations of the regularized Hamiltonian.

Analytical methods are used in chapter [d]to prove the existence of a periodic, symmetric solution with
singularities in the planar 4-body problem. A numerical calculation and simulation are used to generate the
orbit. The analytical method can be extended to any even number of bodies. Multiple simultaneous binary

collisions are a key feature of the orbits generated.



In chapter [5] we apply the analytic-numerical method of Roberts to determine the linear stability of
time-reversible periodic simultaneous binary collision orbits in the symmetric collinear four body problem
with masses 1, m, m, 1, and also in a symmetric planar four-body problem with equal masses. For the

collinear problem, this verifies the earlier numerical results of Sweatman for linear stability.
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CHAPTER 1. INTRODUCTION

The N-body problem of celestial mechanics considers the motion of a system of N points with masses mj,

my, ..., my governed by a Newtonian gravitational force. The familiar differential equation
) mimi(0i — 0
szz_tj@zm) (L)

i \Pi—Pj|3

gives a mathematical description of the problem, where p; € R* denotes the position of the ith body with
mass m;. All derivatives are taken with respect to time. In particular, the potential energy of the system is

given by

m;m;
U= - (1.2)
19;/9 lpi —pjl

and the kinetic energy is

13
T:EZWmP (1.3)
i=1

“The N-body problem consists of describing the complete behavior of all solutions to these equations
of motion for arbitrary preassigned initial conditions. Despite efforts by outstanding mathematicians for
over 200 years, the problem for N > 2 remains unsolved to this day.” [25]]

To understand the dynamics of the N-body problem, singularity is one of the most important topics to
investigate. From the equations of motions for the N-body problem, it is clear that if some mutual distance
p; — p; tends to zero, the differential equation describing the dynamics of the system becomes singular.
This type of singularity is called collision singularity. Collision singularity contains binary collisions,
simultaneous binary collisions, total collapse, etc. A binary collision occurs when only two bodies collide.
A simultaneous binary collision (SBC) occurs when two or more pairs of binary collisions happen at the
same time. A total collapse occurs when three or more bodies collide. However, collisions are not the only
source of singularities. A noncollision singularity (or pseudocollision) happens at time ¢ = ¢, if the position
vector p; is unbounded as ¢ tends to z.. Actually, a well-know example in Xia’s dissertation [31] tells us that
noncollision singularity exists for N > 5.

In this dissertation, we mainly focus on the collinear and planar four-body problem with collision sin-



gularity. The occurrence of a collision is a very difficult subject to handle, since the equations of motion
cease to be valid at the singularity. As a consequence of the conservation of the energy, since the potential
function is infinite at collision, the velocity becomes itself infinite. The description of the motion fails at
the singularity, but what is even worse, it is rather difficult to investigate the dynamics in a neighborhood of
the singularity.

A way to overcome these difficulties has been explored by several mathematicians at the end of the 19th
century and at the beginning of the 20th century. Among others, T. Levi-Civita, G.D. Birkhoff, P. Kus-
taanheimo, E.L. Stiefel, K.F. Sundman, C.L. Siegel, J.K. Moser, and J. Waldvogel contributed to develop
a theory of regularization for the study of the motion at a collision. Binary collisions and total collapse of
planar and spatial three-body problems have been investigated.

From the theory of regularization, one knows that the solution of a binary collision can be written as a
convergent power series in terms of (f — tc)l/ 3. It is impossible to holomorphically extend the solution up
to ., but Sundman found a real analytic continuation for ¢ > f,., using complex analytic continuation around
t.. A general definition of regularization was given by R. Easton [6]], who developed the so-called block
regularization in order to investigate whether nearby orbits provide an extension for an orbit ending into a
collision. This procedure of pasting orbits is denoted as Easton’s method.

Another important regularization we have to mention is the LeviCivita regularization, which is based

upon three main steps:
(i) A suitable change of coordinates, usually called the Levi-Civita transformation;
(i) A new time scale, to remove the singularity, namely the introduction of a so-called fictitious time;

(iii) the conservation of the energy, to transform the singular differential equations into regular ones, i.e.

the study of the Hamiltonian system in the extended phase space.

Comparing with binary collisions, SBC is much harder to analyze. The differential equations have
at least two zero denominators which gives us a big challenge when we try to apply the Levi-Civita regular-
ization. Although many results ([22],[27], [Z], [8], [12]) have been obtained, the study of the simultaneous
binary collision is far from complete.

The degree of difficulty in dealing with more complicated models increases immediately as soon as we

are concerned with triple collisions. Indeed, one finds an extremely chaotic behavior, such that a small



variation of the initial conditions leads to large effects on the successive dynamics. While regularization
always works for binary collisions, triple collisions cannot be regularized, except for a very small set of
masses [25]. In 1974, McGehee [13] showed that there is no regularization for the triple collision in the
collinear three-body problem. Instead, he devised a system of coordinates and a change of time scale under
which motions that previously ended in triple collision at some finite time, now approach an equilibrium

point as the rescaled time tends to infinity.

1.1 REGULARIZATION OF SBC

A binary collision occurs when two bodies collide. Simultaneous binary collision means two or more pairs
of bodies collide at the same time. In 1984, D.Saari [22] showed that a solution of the N-body problem
which ends in several simultaneous binary collisions is branch regularizable with time s = /3.

Simé and Lacomba [27] have proved that SBC for the N-body problem and in any dimension are C°-
block regularizable in the sense of Eastons C¥-block regularization: near a SBC orbit there exists a C
diffeomorphism connecting collision and near collision orbits with ejection and near ejection orbits and the
motion can be continued beyond the SBC maintaining continuity with respect to initial conditions.

El Bialy [7], [8] has shown that SBC in one dimension are C L_block regularizable and that the series
expansion of the SBC singularity has coefficients which depends analytically on SBC initial conditions.

Martinez and Sim¢ [12] have used a geometric approach to get more insight into the problem and
numerical evidence that the degree of differentiability, in the planar four-body SBC problem, of the block
regularization is exactly 8/3.

In chapter 2] we introduce a Levi-Civita type canonical transformation near SBC singularity and study
the asymptotic behavior of SBC orbits. The regularization starts from the simplified, decoupled case,
which assumes that the distance of the two collision pairs is infinity and the masses are all equal to 1.
An important first integral C is discovered. It helps us prove that SBC is a regular singular point of the
differential equations by introducing an extended implicit function theorem. Also, all the solutions of the
decoupled case are found which is a one-parameter class, where the first integral C is the parameter. The
nearby motion of SBC on the same energy surface is only C° by introducing C into the equations for the
decoupled case.

The approach used in the decoupled case can also be applied to the coupled case, which is exactly the



SBC collinear four-body problem. The regularization in the coupled case is given by introducing a different
singular transformation and a majorant method argument. For any initial condition leading to SBC, there
is only one way to extend the solution analytically to the ejection solution. On the other hand, there exist
other extensions which are C'/3. Two constants are discovered in the solutions for the collinear four-body
SBC problem: one is C, the first integral found in the decoupled case; the other is related to the distance

and total momentum of the two colliding clusters.

1.2 EXISTENCE OF A SCHURBART-LIKE PERIODIC ORBIT

In chapter 3] we study a special symmetric periodic orbit with masses 1, m, m, 1, which is called Schubart-
like orbit. In each period of this Schubart-like orbit, there is a binary collision (or BC for short) between
the inner two bodies and then a simultaneous binary collision (or SBC for short) of the two clusters on both
sides of the origin. This research is motivated by some important work on a remarkable periodic orbit in
the collinear three-body problem, which is named as Schubart orbit.

Numerically in 1956, Schubart [24]] found this orbit with singularities in the equal mass collinear three-
body problem. The Schubart orbit has during each period two binary collisions where the inner body
alternatively collides with the two outer bodies. In 1977, Hénon [10] extended the Schubart orbit to the
case of unequal masses. Later, Mikkola and Hietarinta [14] and [11] numerically investigated the linear
stability of the Schubart orbit when the masses are unequal. Only recently in 2008, did Moeckel [15] and
Venturelli [30] give two different proofs of the existence of a Schubart orbit when the outer masses are the
same. Moeckel’s proof is topological and uses an idea developed by Conley [5] for the restricted three-body
problem. Venturelli’s proof is variational wherein he minimizes the Lagrangian action over a well chosen
class of paths.

Numerically in 2001, Sweatman [28]] found that the Schubart-like orbit exists in the symmetric collinear
four-body problem. In this chapter, we give a theoretical proof of existence of this Schubart-like orbit. The
author is not aware of any previously published existence proof by this time. The regularized Hamiltonian
is analyzed where we use a continuity argument to prove the existence of a periodic orbit for any m. In
order to show that the periodic orbit is exactly the Schubart-like orbit, we give an important estimate of
the maximum distance of the outer bodies which guarantees that there is no extra collisions between each

BC and SBC in the periodic orbit. This estimate corresponds to what we call a “turning point” for the



inner bodies. More importantly, this “turning point” technique can help us prove the existence of periodic
solutions other than the Schubart orbit in the collinear three-body problem, such as the ones mentioned by

Saito and Tanikawa [23]].

1.3 EXISTENCE OF 2D PERIODIC SOLUTIONS WITH SINGULARITIES

Searching for periodic, linearly stable solutions is significant in the study of N-body problem. The most
noteworthy result is that of Moore [[16], who numerically developed the figure-eight choreography for three
equal masses. His work was continued by Chenciner and Montgomery [4] who proved the existence of
Moore’s orbit. This work was further extended by Roberts [21], who developed an innovative method for
studying linear stability of orbits, and used it to prove the linear stability of the figure-eight orbit. Each of
these make use of the symmetries present in the orbit.

Schubart [24] was the first to combine these two concepts (singularities and periodic, stable solutions.)
He produced a periodic orbit in the three-body collinear problem with binary collision singularities in which
the center body regularly alternates between binary collisions with each of the outer two masses. His work
was subsequently extended to the unequal mass case by both Hénon [9] and Hietarinta and Mikkola [[11]].
Sweatman [28]] later extended this work to a four-body periodic solution in one dimension, with bodies
alternating between SBC of the outer mass pairs and binary collision of the inner two masses.

The orbit that is presented in chapter [ is another combination of these ideas in two dimensions. We
present a family of configurations that are symmetric in both initial positions and velocities. These initial
conditions will lead to arbitrarily many simultaneous binary collisions, with each body alternating between
collisions with its two nearest neighbors. Due to the abundance of symmetries present in the configurations,
we can reduce the number of variables that need to be studied to four—two representing position and two
representing momentum. In contrast to its one-dimensional counterparts, the proof for existence of this
orbit is surprisingly simple.

After precisely defining the symmetries that are present in the regularized coordinates, it is shown that
the group of symmetries in the orbit is isomorphic to the dihedral group D4. Further, as a consequence of
Robert’s technique, we [2]] show that the four-body orbit presented in this work is linearly stable.

In this chapter, we first present a technique for generating a periodic orbit in the two-dimensional four-

body problem with singularities. We begin in sectiond.1.1]by giving a description of the proposed orbit and



prove its existence. Section 4.1.2| will present the numerical methods used to produce the initial conditions
that will lead to this orbit. Following this, in section we consider variants on the orbit we generate,
giving a family of orbits with singularities with an even number of masses.

Further work has also been done on orbits in this family with alternating un-equal masses. Rather than
a single mass parameter, the bodies have masses mi, my, my, my as numbered moving counterclockwise
through the plane. Since some symmetry has been lost by this change in masses, it is necessary to choose
two initial condition parameters as well as two initial velocities. Although numerically this is not a difficult

problem, an analytical technique will require much more work.

1.4 LINEAR STABILITY ANALYSIS

Recently, Roberts [21] described an analytic-numerical method for determining the linear stability of a
symmetric periodic orbit of a Hamiltonian system. He applied this method to the time-reversible collision-
free figure-eight orbit in the equal mass three body problem numerically discovered by Moore [[16] and
whose existence was proven by Chenciner and Montgomery [4]. (Other such choreographic solutions were
found numerically by Sim6 [26]). Roberts’ method shows that the figure eight orbit is linearly stable. The
method uses the symmetries to factor a matrix similar to the monodromy matrix for the periodic orbit into
an integer power of the product of two involutions. One of the two involutions depends on the linearized
dynamics along only a part of the periodic orbit. For the figure eight this part is one-twelfth of the full orbit
since it has a symmetry group isomorphic to the group D3 x Z, of order 12. (Here the dihedral group Dy
is the group of symmetries of the regular k-gon.) The eigenvalues of the product of the two involutions are
then reduced to the numerical computation of a few real numbers.

Schubart [24] numerically discovered a singular periodic orbit in the collinear equal mass three-body
problem. The orbit alternates between binary collisions. Hénon [9]] extended Schubart’s numerical inves-
tigations to the case of unequal masses. Only recently did Venturelli [30] and Moeckel [15] prove the
existence of the Schubart orbit when the outer masses are equal and the inner mass is arbitrary. The linear
stability of the Schubart orbit was determined numerically by Hietarinta and Mikkola [11] revealing that
linear stability occurs for some but not all of the choices of the three masses. Sweatman ([28]] and [29])
numerically found and determined the linear stability of a Schubart-like orbit in the symmetric collinear

four body problem with masses 1, m, m, and 1. This Schubart-like periodic orbit alternates between simul-



taneous binary collisions (SBC) and inner binary collisions. Ouyang and Yan [18]] proved the existence of
this orbit. In the regularized setting, this periodic orbit has a symmetry group isomorphic to D;, of which
both of the generators are time-reversing symmetries. Ouyang, Yan, and Simmons [[17] numerically found
and then proved the existence of a singular periodic orbit in a symmetric planar four-body problem with
equal masses in which the four bodies alternate between different simultaneous binary collisions. In the
regularized setting, this periodic orbit has a symmetry group isomorphic to Dy, of which one of the gen-
erators is a time-reversing symmetry. The regularization of these singular periodic orbits is achieved by a
generalized Levi-Civita type transformation and an appropriate scaling of time, as adapted from Aarseth
and Zare [1]].

In chapter[5] we apply the method of Roberts to prove the linear stability of the Schubart-like orbit in
the symmetric collinear four body 1, m, m, 1 problem for certain values of m, and of the singular periodic
orbit in the symmetric planar equal mass problem. In both settings, the linear stability is determined for the
regularized equations only and is reduced to the rigorous numerical computation of a single real number.
Our linear stability analysis determines values of m in the interval [0, 50] in the collinear problem for which
the singular periodic orbit is linear stable, and also shows that the 2D singular periodic orbit is linear
stable. These examples support and extend the conjecture made by Roberts [21] that the only linearly
stable periodic orbits in the equal mass n-body problem are those that exhibit a time-reversing symmetry.

Our linear stability analysis confirms Sweatman’s linear stability analysis [29] for the singular periodic
orbit in the collinear four-body problem. Sweatman used a numerical perturbation technique to assess
the stability of the singular periodic orbit when the masses are arranged from left to right as my, my, my,
and m; with the condition that m; +my = 2. Our mass parameter m is related to his mass parameter
m; by m = (2—mj)/my. In terms of our mass parameter m, Sweatman’s numerical results indicate that
linear stability occurs when the value of m is smaller than approximately 2.83 and when it is larger than

approximately 35.4, and does not occur otherwise.



CHAPTER 2. SIMULTANEOUS BINARY COLLISIONS FOR THE

COLLINEAR FOUR-BODY PROBLEM

The question of the regularization for a simultaneous binary collision (SBC) solution is not completely
understood although many results about it have been obtained. In 1984, Saari [22] showed that a SBC
solution can be analytically continued by rescaling the time s = t3. In 1992, Lacomba and Simo [27]
gave a different approach and also they showed that “simultaneous binary collisions in the classical n-body
problem are C” block-regularizable”. In 1996, Elbialy [8] proved that “collision and ejection orbits can be
collectively analytically continued, i.e. each collision-ejection orbit can be written as a convergent power
series in t%, with coefficients that depend real analytically on the initial conditions”. In 2000, Martinez
and Sim6 [12] also discussed the block regularization and the result is “this regularization is differentiable
but the map passing from initial to final conditions is exactly C3/3”. In 2005, Punosevac and Wang [20]
constructed coordinate transforms that removed the singularities of simultaneous binary collisions in a pair
of decoupled Kepler problems and in a restricted collinear four-body problem. In 2009, Ouyang and Xie

[19] introduced a new transformation which regularizes the SBC solution up to C2.

2.1 PRELIMINARIES

In Chapter 2] we study the collinear four-body problem. Let the four bodies lie on a line and the positions
of body 1 to body 4 are q1,92,q3,q4 respectively. Assume that g; < g3 < g3 < g4 at time t = T. we assume
that the two pairs: body 1 and 2, body 3 and 4 will have a collision at the same time ¢ = #;, which is called

Simultaneous Binary Collision (SBC for short). For ¢ € (7,#;), no collision happens.

2.1.1 Simplified Hamiltonian form. We will use the center of mass and total momentum first integrals
to eliminate one pair of variables py, g; from these 8 differential equations, and we will achieve this by

taking all the py, g into new variables xy, y via a suitable canonical transformation. We set

=Wy, m=W, (k=1234) 2.1)



where W (g, y) is a generating function whose Jacobian determinant | Wy, 4, | is not 0. We wish to set up
the canonical transformation so that x; becomes the distance between P; and P>, x, becomes the distance

between P; and P4 and x3 becomes the distance between P> and P;, while x4 remains to be the coordinate

of P4, i.e.

X1=q2—q1, X2=q4—q3, X3=q3—q2, X4 =44 (2.2)

and set the generating function as

W(q,y) = (2 — q1)y1 + (g4 — q3)y2 + (93 — q2)y3 + q4y4.

Then | Wy,, |= 1, and it defines a canonical transformation. From the generating function, we have

P1 ==Y, P2=Y1—Y3, P3=Y3—Y2, P4=Y2+Ya.

Therefore,

YI==p1, Y2=—p1—P2—P3, Y3=—P1— P2, Y4=Pp1+p2+p3+ps (2.3)

Note that if p; + p2+p3+ps =0, then y4s =0, y» = p4. For t € (0,#1), x1,X2,X3,x4 are nonnegative

but y; and y; are negative.

In (2.2), (2.3) we have the desired transformation, which we see is linear. Since, in addition, it does not

depend on ¢, the new Hamiltonian system is

X =Ey, yi=—E, (k=1234) 2.4)

where E =T — U is regarded as a function of the x; and y,;. Then

9

1 4 1 2 VRY) 2 Tya)2
TZQZP*Z*[y*l*(yI ¥3) +(y3 »2) +(yz y4)]

=i 2my my ms my

mym mym mym mom mom, msm.
U= 1772 + 1713 + 1174 + 2113 + 214 314
@2—4q1 93—491 4q94—4q1 43492 q4—q2 44—qg3

nmimy nmims nimgy nioms nmoniy msniy
X1 X1+x3 X1 +x2+Xx3 X3 X2 +Xx3 X2




We know y4 = 0 and

0 =miq1 +maqs +m3q3 +myqa

=my (x4 —x3 —x2 —x1) +ma(xs —x3 —X2) +m3(xs — X2) + Maxy,

so that

o xymy +x3(my +myp) +x2(my +my +m3)
¢ my+my+m3+my '

Therefore, we only have to consider the system

X = Ey,, Y= —Ey, (k= 1,2,3) 2.5)
with
E=T-U,
1 2 _ 2 _ 2 2
Tzi[)’i]_i_()ﬁ ¥3) +(y3 y2) 122
2 my my m3 my
m
U = mm n myms3 nmymy mom3 - Moy n m3miy4
X1 X1+x3  xp+x+x3 X3 X2 + X3 X2

2.1.2 Binary Collision. Let r = f; be the time of SBC. Then, x; — 0 and x, — 0 simultaneously as
t—1.

The following result is from the work of Belbruno([3l]).

Lemma 2.1.
lim 2L — o, where o — (224 (2.6)
1=t Xp ms +my
and
tlijtf}(qz—m)(fiz—fil)z =2(my +my) 2.7
tll_{ltf} (g4 — q3)(Ga — g3)* = 2(m3 + ma) (2.8)

Lemma 2.2. xly% and xzy% both are finite when t — t1. Furthermore, lim,_;, x1 y% and lim,_;, xzy% exist,

10



and also

. . 2(mimy)?
lim x;y? = limx; p} = u,
1=t 1=t my +nmy
. 2 _ 1 2 2(m3m4)2
limxyy; = limxppg = ———.
1—t t—1y ms3 +ny
Proof. First, we will show both x1y7 and x,y3 are finite.
By the formula of U,
miyms mimgy nmoms3 nmomay msniy
x1U =mimy +x; X1 X1 +Xx1 + X1 .
xp+x3 X1 +x2+x3 X3 X2 +x3 X2

Ast —t1,x1 = 0,x — 0, x1 +x3, x1 +x2+x3, X3, x2+x3,are all positive and finite.

. . 4
s limx U = lim [mym; + x) | = mimy + amzmy.
t—t

t—t X2

Note that on the phase space of Hamiltonian system, £ = T — U = h, where h is the Hamiltonian
constant.
Therefore, when t — #1,

x1T =x1(U+h) — mymy + ounzmy,

that is,

1 2 _ 2 _ 2 2
,xl[ﬁ+(y1 v3) +(y3 y2) +y—2]—>m1m2+(xm3M4 (2.9)

2 m my ms3 my
In particular, x; y% and x y% are bounded at SBC. Then, by Lemma X1 y% and xzy% are bounded at
SBC.
Next, we will use the boundedness of x; y% and xzy% and Lemma to show the existence of the limits

of them.

Note that from 2.7)),2-8),(2:9):

fimx (22— 2292 = 2(my +my) (2.10)

=1 mi my

11



lim xp (23 — P4 y2
1—t m3  my

=2(m3+my) (2.11)

2 Y N2 2
lim x; [yfl + (yl )’3) + (y3 yz) + yfz] = 2(m1m2 + (xm3m4) (2.12)
t—t mi my m3 my

and

p1tp2+p3+ps=0 (2.13)

By the boundedness, we know that xlp%, xlp%, xlp%, xlpf1 are all finite when ¢ — #;.

Because, p1 + p» = —y3, and by the Hamiltonian,

y':—E _ mims mimgy m2m3+ momay
3 B 4x3)?2 (Hmt+as)? 0 ()2 (o +x)?

For © <t <11, since x3 is strictly positive, there exists a positive constant B, such that x3 > B > 0. Integrate

the above identity from 7 to #1,

1
y3(t) —y3(1) < ﬁ(tl —1) - (mym3z +mymg +moms +momy).

Since the right hand side of the inequality is finite, y3(#;) is bounded above.That is, p; + p» is finite as ¢
approaches t;.

Then

limxi(p1+p2)* =0, limxipi(p1+p2) =0.

Consider 2.10t

2(my +my) = limx (2L = P2y2 — fim (2L PL_PL_ P2y

1—n mq my =1 mq my my my

1 1 1 2 1 1
T 2 2, 1 2
_thrgllxlpl(—1 +—2) + %thr}}xl(pl—i-pz)

11
— L VIR
Yimoxpi( )

12



2(mymy)?
my+my

Therefore, lim;_;, x p% exists and the value is

Similarly, by considering[2.11} we can get the existence of lim,_,, x,p3 and also

2(m3my)?
. 2 . 2 314
lim xpy5 = IILIII} Xopy = ———

iy my+my

2.2 DECOUPLED CASE WITH ALL MASSES EQUAL TO 1

Define a new independent time variable

t
s:/(m]m2+m3m4)dt, (t<r<t).
T X1 X2

Let s = 51 be the corresponding collision time in the new time variable. Siegel and Moser([25]) have

t

shown that [!' Udt is finite, so s; = [}! (P 4 =2 )dt is also finite.

Denote % by x; and %k by y;.Then the Hamiltonian system becomes
/ 1 / 1

X = mpmy +m3m4 Yk yk:7m1m2+m3m4
X1 X2 X1 X2

E, (k=1,2,3) (2.14)

k

Set F = M(th) = M(TfU —h), where E = T — U = h. Then for the solution of

1 2 X1 2

Hamiltonian system [2.3|on the energy surface E = h, we have

1 1
K mymy + m3my Exk7 Fyk = mymy + m3niy
X X X X

Consequently, for the solution of Hamiltonian system[2.5]on the energy surface E = h, can be written
as

X, =F,, Yi=-F, k=1,2.3

with F = gy (T — U — h).
X1 + X
If x; and yy are solutions of [2.3]on the energy surface E = h, F is a constant with respect to s because

3
F'= Z(kax;( +F}'k)’;c) =0.
k=1

13



For the decoupled case, assume y3 =0, x3 =0, h =0, and m; =mp =m3 =my4 = 1.

We choose
i+
F=7—7
X1 X2
To solve the new Hamiltonian system,
x=F, y=-F, (k=1,2)

2
with the Hamiltonian F = }I‘ﬂ

A2

2.2.1 Relationship between x; and y;. First, let’s write (2.16)) into explicit forms:

/ 2yy 2y1x1x2
)Cl = L_FL = P +x ,
w5 1+x2
, i+ 1 n
N="71T [ 1vwa2 -
Trirs  at )
/ 2y; 2y2x1X2
2= 1 1 - X1 +x ’
X1 —i—xz 1 2
: ity 1 X

2
2 = 1, we are going to introduce a canonical transformation.

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

Lemma 2.3. If {x,x2,y1,y2} is the solution for the above system to there exists a constant C

such that
F F
Yi=—+C,  and y=—-C,
X1 X2
X1yt —%2)3
or C=
X1 +x2
Proof. By equations[2.17]and 2.18}
dyr F

14



Then separate the variables:

—F
/Zyld)’I Z/Tdm
X

Therefore,

F
y% =—+0C, or xly%—Cxl =F (2.21)
X1

where C is a constant, which depends on the initial conditions.

By a similar process, we have

F
y3 = —+Ci, or x5 —Cixy =F (2.22)
2

where C; is another constant, which depends on the initial conditions, too.

Add[2.2T]and [2.22]together, by using :

F F
Vityi=—+—4C+C
X1 X2

= y% + y% +C+C;
Therefore, C; = —C. Then we can rewrite (22) as
»_ F 2
y3=——C, or x2y;+Cxy =F. (2.23)

X2

x1y1 —x2y3 — C(x) +x2) =0,

2 2
X1y — X
C— 11 2)’2.

X1 +x2

O

2.2.2 Canonical Transformation. As we know, at the collision time 1, y; — oo and y; — oo. It would

be nice if we can introduce a canonical transformation and remove the singularity at r = ¢1.

From the two-body problem, we have a transformation as My = )’Lk Similarly, we want to use this part to

generate our new canonical transformation.

15



_1 _1
Y1 T]17 2 ﬂ2'

Lety= (y1,y2)7,b(n) = (%, 'rle)T and x = (x1,x2)7. Assume the generating function V =V (x,1). The

canonical transformation is given by

y:VX(xan)7 &ZVn(xan)~
Hence,
y=Vi(x,m) =b(n)
Therefore,
V(x,n)=<bMm),x>+g(n)
Then
E=Vy(x,m) = bﬁ(ﬂ) x+gn(M)
So

x= [y ()]~ - (€~ gq(n)).

In particular, let g(n) = 0.

Since

we can write down the canonical transformation as

1 1

gl :7X1y%7 &2:7x2y%3 m=—_, N2 =—;

Y1 y2

1 1

2 2

X1 = — , Xy = — ; = —, = —,

1=-=8my, x=-&m3, i T m

And the new hamiltonian system is going to be
& = Fue, Me=—F, k=12 (2.24)

16



with

_ &&Mi+my) . mi4ms

(2.25)

E;ln% + Z;zﬂ%

2 2
mom
§2+1

2.2.3 Meaning of C. Since we only know the behavior at time ¢ = #; or s = 51, we may think s = s

as the initial time for the Hamiltonian syste Without loss of generality, let s; = 0. We consider the

following two differential equations

with initial conditions:

M1(0) =m2(0) =0,

and can be rewritten in terms of &; and 1:

N =1,

€1(0) =&(0) = —F.

—&1+CEMT = —& —CEM3 =F,

then
F F
Eil=——F>, br=——75.
—14+Cn? —1-Cnj
Differentiate ,
- ~&mi+md) | Li&mi+nynt
: <§m% + E.\zﬂ% (E.\lﬂ% + ﬁzﬂg)z
PP m P m
& &i& mi+my & ni+mg
2
n;
=—(—1+Cnj)* ,
Yont4nd
and similarly,
L= ~&imi+m) | &i&mi+nyn
*oEmi+&nd  (Eimf+&m))?
F_F F? _np

_i'_i.i__i.
&  &i& ni+m; & ni+n;

17



N1
=—(—1-Cn3)?
2 i+
Therefore,
2
n;
N = (—=1+Cn3)? , (2.26)
1 Conins
2
Ny
n = (-1-Cn3)*- , (2.27)
g 2 i +m3

where C is an arbitrary constant.
When C = 0, it is the most special case. The solution for the equations (2.26) and (2.27) with initial
conditions M1 (0) =M2(0) =0is
m=n=3.
Then

F F

S e AT s e A
Therefore, x; = x and y; = y».

So when C = 0, the motions of these two decoupled pairs are exactly the same.

When € > 0, that is € = 22222 5 0, hence x1y? > x23.

Consider the initial conditions. Assume x1, xp, y; and y; are the initial values for the decoupled system.
If x; < xp, which means the distance between the two object P; and P is less than the distance between the
two object P; and Py, then y; > y, because x; y% > xzy%. That is, the initial velocity of P; is also greater
than the initial velocity of P,. Note that for each collision system, the force between the objects only
depends on the relative distance, and then by Newton’s second law, the acceleration for P or P, is greater
than the acceleration for P; or P4. So it is impossible for these two collisions to happen at the same time.

Contradiction!

Therefore, when C > 0, we can get
x; >xp and y1 > .

By a similar argument, when C < 0, we have

18



X1 < X2

and y; <.

2.2.4 Apply C to the decoupled system. First, we want to show that the constant C can also be derived

directly from the following initial value problem:

¢ _Zﬂlﬂ%(é - é) _ 28Emimz (&1 - &)

(Em} +&m3)?

_ 28:&mom; (&1 — &)

1 — 2 2
i, M2
(§2+ 1)
L i)
2 n My
(g +2)
,  F?
LI :g
,  F?
nzzg
£1(0) =&(0) = —F,
£ 8 n3+n3
— &1 2 — _ 1 2
Let f(s) = W because F = 7ﬁ+ﬁ
& g

(&1} +Em3)2
-
ni+n3’

oo
ni+n3’

N1(0) =n2(0) =0.

1

1
f(s):_n%+n% 71_5_.72 _ E_,l_é;Z .
L L (R E
2 1

Lemma 2.4. If {&1,&,M1,M2} is the solution for the above system with the initial conditions, then f(s) is

a constant with respect to s.

Proof.
df of ., of ., of , of
5:7&-§1+@-§2+E~m+ﬁ N2
_ SMmitm)  28&mmiEi-&)  —&imi+ny)  —2&&mmiE &)
Emi+&md)? (Emi+&md)? Emi+Em3)?  (Eimi+&md)?
“28miGi—&) Emmi+my) | —28me(Ei—&) Emi(ni+n3)
Emi+Em3)? (Emi+&md)?  (Emi+&nd)?  (Emi+E&m3)?
—0.

19



Therefore, f(s) is a constant.
Lemma 2.5. Let f(s) = Cy, then C; = C, where C is the constant in Lemma

Proof. From the initial value problem,

g & 26:EmmiGi -&) Emi+&mi)’  28mi(& —&)

dani My @mi+&md)? gnimi4nd)  &i+nd)
Note that F = — :;Jﬂé , then T]% +n% =—F. (Tg + 2*1%) SO
ety
a8 25miGi &)
dni &Mi+m3)
L 28miG &)
- 2 2
e+
1 & —& G .o
) s DI L - S )
F glnl gln%+€2n% F E.'lnl

Separate the variable,

€, G
— = —=.2md
integrate both sides,
T = = +C37
é] F nl
where Cj3 is a constant.
By the initial condition,
L _ C
F 7
Therefore,
1 _Gon 1
il T F ni F
that is

F=-§+GEm].

20



But from the definition of transformation, we have
F= _gl +C§1n%v

then

O

Therefore, we can use the constant C in the new hamiltonian system. And note that C acts as a first

integral in the new hamiltonian system, which does not depend on the constant F'. Rewrite the system:

271 1

,_ g —g) L im3
él_ 2 n2 = —2CF 2+ 2
&+ gr i

2011
_21127]1({2*{1) CCF 2
(ﬁ+ﬁ)2 B ni+n3’
& &

& =

n’1=Fi- n;
& ni+n3d’

n’zzFi’ m
& ni+nj

By observation, we have

M€ +m& = —F, (2.28)
ni&) +M28y =0, (2.29)
ME& +Mh&s = F2, (2.30)
nNT&r —nHmag; =0, 2.31)

! !
ﬁl _ Ez — _a2cF (2.32)
1 2

By ([2.28) and (2.29),
Mi& +M&2) = —F
21



Since when s = 0, n; = 12 = 0, therefore by integrating both sides,

Ni&1 +M2& = —Fs

By the identities —&; +CEm? = —&, — C&m3 =F,

M1 M2
_ 233
—on 1remg " (233

and also the differential equations of 1; and 1, will be

n = (—=14+Cnp)*- L
ni+m3
2
i
n = (—1-Cn3)*-
2 2 TﬁJrn%
For C < 0, the equations are
3
n = (=1-|C[n7)*
: Yot}
/ 2\2 Tﬁ
m=(—1+[C[n)"
? 2 ni4nd

Note that the solutions {n;,M2} of the above two equations are the same as the solutions {12, } of (2.26)

and ([2.27)) with positive C.

Without loss of generality, we can assume that C > 0.

Lemma 2.6. Let {n,M2} be the solution for

n3
Ny =(-1+Cni)? -2,
ni+n;

2

N1
= (-1-Cn3)* 1.
2 2 H%Jrﬂ%

Define N1 (s) :C%m( *-) and Na(s) :C%T]g( 5-). Then
c

o
Bl

tanh ™' (Ny) +tan~ ' (N;) =5,
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Ni + Ny
— % = S.
1-N? 14N}

Proof. Consider the ratio between the above the differential equations for 1; and 1;:

n _ (=1+Cnp)’ m3

m, (-1-Cm)? mi
Separating the variables and integrating both sides:

ni any = 2
(—1+Cn7)? (1+Cn3)

1 lanh '(CIn) 1 m ltan’l(C%nz)_FD
2C—1+CT’|% 2 C%

where D is a constant.

By the initial condition n; (0) =132(0) =0,

D=0
Simplify the above identity of 1; and 13:
C%Tll 1) C%nz NPy
m +tanh™ ' (C2m;) = r+on —tan~ (C21My) (2.34)
Therefore, combine (2.33) and (2.34),
Cin Ciny 1
—C1s. (2.35)

tanh_l(C%m)—l-tan_l(C%nz) = 5 7 =
1+Cn; 1-Cnj
Then it is easy to express M in terms of 1;:

M= Cc 3 tan[C%s —tanh™! (C%m)}-

Let Ni(s) = C%nl(%)7 Na(s) = C%nz(%)-
c? c2

Then the equations of 1; and M, can be changed to equations of Ny and N;:
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Ny
N} +N3

N =(1-NP)*-

N?

Ny = (1+N3)2.
2 ( 2) N12+N22

Therefore, by (2.33)),
tanh ™! (N}) +tan~ ' (N,) =,

and

Mo, M
=3S.
1-N} 14N}

2.2.5 Existence, Uniqueness and Analytic Properties. Consider the equations

/ 2N\2 sz
N =(1-N})? —2_,
1= ) N? +N3
N2
Ny=(1+N3)? ——1—,
2 ( 2) N12+N22

with the initial conditions

N1(0) = N»(0) = 0.

Theorem 2.7. The above system has analytic solutions (N (s),N2(s)) as s approaches 0.

Consider the ratio of the differential equations of N; and N, we can get the following equation:

— _ Nl N2
tanh~ (N tan '(Ny) = —— + —=—,
(N1)+ (N2) 1_]\]124—“_]\]22

or
N>

=0.
1+N;

_ _ N
—tanh™'(V}) —tan ' (V) + —— +
( 1) ( 2) 1—N12

To prove the above theorem, we need to introduce several propositions.

24
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Proposition 2.8. Assume N1 and N, satisfy

N N

tanh ™' (N;) +tan" ' (V) = —— + .
( 1) ( 2) 1—N12 1—|—N22

Then N is a real analytic function of Ny in a small neighborhood of N, = 0.

Basically, we will apply the implicit function theorem.

Let G(N1,N2) = —tanh ™! (Ny) —tan~" (V2) +

+

Of course there exists a small neighborhood

1 N2 1+1v2

V of (0,0), such that G(N;,N,) is analytic in V with respect to (Nj,Nz). The Taylor series of G(N;,N,) at
(0,0) is

i = 2n(—1)"
2n+1 2n+1
—N,
Lonii 2n+1 L ot

We know Nj and NV satisfy G(N1,N2) = 0. When applying the implicit theorem, we will see that $5- 9G (0 0)=

0. So we introduce an extended implicit function theorem.

Proposition 2.9. (Extended Implicit Function Theorem)
Denote i?WGl by Gy, , the second partial derivative g% by Gy, and the third partial derivative by Gy, -
1

Then there exist intervals I = (—81,01) and J = (—82,82) and a unique function g, such that
g:J—1I, Np— N =g(N).

Proof. Differentiating the Taylor series of G(N;,Nz) with respect to N; three times, we can find some good

properties of the partial derivatives of G(Nj,N,) :
G(0,0) =0,

Gy, (0,N2) =0,
Gf\l,1 (0,N2) =0,
Gy (0,Nn) = 4 0.

Because Gy (0,N2) =4 > 0 and Gy is continuous, there exist a rectangular area R: | Ny [< 81, | N2 [<
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d), such that the closure R C V and

m= min Gy (Ni,N>)>0.
(N1,N2)€R Nl( M)

Since G;(,] (0,N;) =0 and G;(,l (N1,N,) is continuous and strictly increasing with respect to Ny,
/!
GN1 (Nl,Nz) >0 for O0< N < 81

and

GX’] (N],Nz) <0 for —0; <N; <O0.

By the above result, G}Vl (N1,N,) is strictly increasing with respect to Ny when 0 < Nj < 8 and G}\,l (N1,N2)

is strictly decreasing with respect to N} in (—8;,0). Note that G}Vl (0,N2) =0,
G;V1(N17N2) >0 for O0< N < 51

G;vl(Nth) >0 for —51 <N <0

that is

G;V](N],Nz)>0 for —81<N1<61, N]#O.

Because G(0,0) =0, Gy, (N1,Nz) > 0 when Ny # 0, so
G(-61,0) <0, G(8;1,0)>0.
By the continuity of G(N7,N,), there exists 0 < 8, < 8}, such that when | Nz |< &,
G(=91,N;) <0, G(8;,N;) >0.

Consider the intervals I = (—8;,8;) and J = (—93,8;). For any point N; in J, the function G(N;,N>) is
strictly increasing in /, so by the intermediate value theorem for continuous function, there exists exactly
one N; € I such that G(N,N,) = 0. That means, for any given N, € J, according to G(N,N,) = 0, we

can always find exactly one N; € I corresponds to N,. By the definition of function, there exist a unique
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function g such that

g:J—1, Ny N =g(N).

Hence, so far we have proven the existence and uniqueness of Nj as a function of N, which satisfy

G(Ny,N,) = 0. O

Proof of Proposition 2.8; By Proposition the existence and uniqueness are guaranteed. If we can

show N is an analytic function of N,, then we are done.

Consider
N N>
+——=0
1-N}  14+N;

—tanh™ (V) —tan ' (\,) +

Since each function on the left hand side of the equality is analytic close to 0, we can find their Taylor

expansions for (Ny,N;) in a small interval of (0,0):

> 2n > 2n(—1)"
N)’l+1 N2n+1:0
,;2n+1 ! +ﬂ; 2n+1 72 ’

that is

= 2n = on(—1)!
N2n+l — N2n+1
Z 2n+1! Z 2n+1 2

n=1 n=1
2 2n_ o2

N3(7+Z N ):N3(%+i2n(_71)n+1]\]2"*2)
P At 23T e ot 2

For simplicity, let
2n

N2n—2
2n+11

) =
hi(Ny) = §+Z
n=2

and

2 & 2n(—1)rt!
h2(N2) = g ( )

N2n72
* ; 2n+1 7
n=
By the ratio test, we can see that h; (N;) and hy(N,) both are analytic in a neighborhood of 0 and the

radius of convergence is 1.

In calculus, we know that when r # 0, (14 x)" is analytic for x € (—1,1) and the Taylor series at 0 is

(14x)7 = i rlr— 1][r—21€.!..[r— (k— 1)]xk.

27



_1\n+l
Denote 3 ¥, 233’_1 N2 by u; (Ny) and note that Yy, 2"(2,’21 N2 by ur(N,),

3

ShD) = 1+ ]}

is an analytic function of u;. Because the composition of two analytic functions is still analytic, then
[%hl (N )]% is analytic for N; in a small neighborhood of 0, and so is [k (N;)] 5,
Similarly, [k (Nz)]% is analytic for N, in a small neighborhood of 0.

Because

N3 -hy(Ny) = N3 -hy(N»),

take the cube roots of both sides,

W=

1
Ni- [l (N1)]3 = N2 [ha(N2)]3.
By the above argument, both sides are analytic. Let
1 1
D(N1,N2) = Ni- [ (N1)]3 = Na - [h2(N2)]3,

then I'(Ny, N, ) is analytic with respect to (N1, N;) in a small neighborhood of (0,0).

In order to apply the analytic implicit function theorem, we need to check the conditions:

F(O,O):Ov
E;—9—1\1;1(0,0) = [/’ll(Nl)]% +N %[hl(Nl)r% i (N1) [v=o
=301 (G to
2.1
:(5)3 #0,

by Cauchy’s analytic implicit function theorem, there exists ro > 0,and a power series

Ni(N2) = Y aiN;
i=0
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such that Ny (V2) = Y52, a,Né is absolutely convergent for | N, |< ro and I'(N;(N,),N2) = 0. That is, Ny is

an analytic function of N, when | N, |< ry. O
Proof of the Theorem Since (2.36) and are true if Ny and N, satisfy the system, by Prop.

[2.8|and Prop. [2.9] N; is an analytic function of N for N, close to 0.

By setting,

Ni(NV2) = ap+ a1V, +a2N22+

we will show that ayg =0, a; = 1.

ap = 0 since N;(0) = 0.

Because
> 2n 5 > Zn(—l)”Jrl
Nl’l+l: N2n+1
n;znﬂ ! n; 2nt1 %7
2.5, 4.5 2.5 4.5

Substitute Nj by ¥.7° (a;Ni and compare the coefficient of N5 on both sides:

-3
then
a=1.
Comments: Since a; = 1, and when s — 0, N, — 0,
Ny . N

lim— = lim — = 1.
s—0 N2 No—0 N

At the end of this part, we will use the analytic property of N; with respect to N, to show that both N,
and N, are analytic functions of s.
Rewrite the differential equation corresponding to Nj:

N?

Ny = (1+N3)*
2 ( 2) N12+N22
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N3

= (1+N3)*(1— W)
_ 22 L
— (1+N2)(1 1+(%)2)

Set Ny = Y._ob,Nj. By the claim % approaches to 1 as s get close to zero, and when s — 0, N also

approaches to 0, so
Np B bo

— =2 4b+ Y bN!
N, N, 1 ,;an

. N . b
1 =1lim — = lim(=~
lim = lim(y, +0)

thus, bo =0, by = 1 and §+ = 1+ Y5, b,Ny .

Set

N -
(3,) = 1+ L a3 = 1+0(2),

n=1

where ¢(N2) = Y| d,N3 is an analytic function of N, in a small neighborhood of 0.

which is obviously an analytic function of N, in a neighborhood of 0 with radius of convergence 1.

Therefore, the right hand side of the above differential equation
(1+N3)*(1— 1

is also analytic with respect to N, in a small neighborhood of 0.
By Cauchy’s theorem, N = (1 +N3)2- NIZNT]ZNZP N(0) = 0 has a unique analytic solution N = N»(s) in a
small neighborhood of 0.

And because N is an analytic function of Ny, then N; = N{(s) is also analytic when s is close to zero.

Because n;(s) = C’%N;(C%s) fori = 1,2, then 1; and M both are analytic in a neighborhood of 0.
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Since &; = %an is a analytic function of M in a neighborhood of 0 and m; is also analytic in a neigh-
- 1
borhood of 0, then &; is analytic in a neighborhood of 0. And by the same argument, &, is also analytic in

a neighborhood of 0. [

In fact, we can write down the first few terms of the power series solutions of N; and N, for the differ-

ential system:

! 232 NZ2
N =(1-N})? 2,
1 ( 1) N12—|-N22
N2
N/: 1+N22- 1 ,
2 ( 2) N12—|-N22

with the initial conditions

N1 (0) =N2(0) =0.
By an easy calculation, we can get

11, 1 5 29 .
Ni(s)= 25— —§+—s——— T4
1) = 25205 T 160" ~ 36000° T

1

T 29
Na(s) = =5+ =53 Sp = Ty
25) =55+ 55% T 160" T 36000° T

Then we can write down the solutions {&;,&,,m1,M2} for the decoupled system on the energy surface £ =0

orF=1:
WSS PR DR Y H
; 1 80 1600 288000
1 1 1
C)=—1+-Cs* — —C%* — — (%" Chs® .
€a2(s,C) +4 § 30 § 1600 § +288000 s

1 C 4 Cr 5 29C
M0 =357 365+ 160" ~36000° T

1 C C? 29C3
Ol b3, C s 7
M2(5:C) = 35+ 355 + 160" 36000°

+ ...

2.2.6 Solution on the energy surface £ = & . To consider the solution on the energy surface E = h,

define the new Hamiltonian

Ytk
1,1
X1 X2

F
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The differential equations become:

¥ = 2y ¥ = 2y,
1= 1 27 7 1
X] + E X1 + E
y itk X
! ()%l—i-é)%c% x1(x1 +x2)
v ty—h o«
2 (xl1 + %)zx% x2(x1 +x2)
By a similar argument, we have
» _F » F
y1:7+c7 y2:7+cl
X1 X2
Then C+C; = h and
Co X1y} — X2y5 +x2h
X1 +x2
Cr - x1y7 —x2y3 +x1h
=2 Te72 o
X1 +x2
20\ 2.2
After the same canonical transformation,the new Hamiltonian is F = —glézmggzzléfﬁfmmz and the
1 2
equations become:
2
/ 2 2 2
m=C-1) 35—
i +n; —/mm;
2
2 2 il
ny = [(h—Cnz —1] :

n}-+n3 —minj

LetD=C— %h, then the equations become

1 n3
N =D+ 50 — 1 52—
1= [k ]n%+n%—hn%n%
ny=[(-D+ lh)ﬂ% - 1]2L
2 ni+n3—/min3
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with initial conditions

N1(0) =n2(0) = 0.

Al =—»F = F .
s0&s (D+Eme—1° & (—D+Bm2—1
By a similar argument, we can see that 1 and 1 have analytic solutions.
Then at s = 0, there are power series expansions for 1 and 1. From the differential equations, we can see
both M and 1 are even functions. By using MATLAB, we can get the first few terms:

1 1 1 1 1 3
Ni(5,D) = =54 (—ch— ==D)s* + (=—=h> + —=D* + ——hD)s’+

2T 20 960" 160" 560
+= 32;60}13 - 4418900h2D - 13{4?4900}@2 - %D%sf.
+(732;;6Oh3+4418900h2D - 13143490om’)2+ %D%T--

11 1 1 1
Ei(s,D) = —1+ (—h—D> 52+ (—hz—hD—Dz) st

8" 4 192" 60" 80
1 1 11 1
- h— DH? D’h4——D* ) s°...
N ( 11520 032" T&7200° " 100" )°

11 1 1 1
D)=—-1+4(—-h+-D|s?+ | ——=h+—hD— —D*)s*
S2(s.0) *( 8" >S+( 192" "™ " 30 )S+

1 1 11 1
— n DI D*h———D3 ) s0...
+ < 11520 T 3032 " T 67200 1600 s

_ Ei&a(nf+nd)—hE Eming
Eini+Eam3

_ Liba(nf+n3)—hE 1 Eaming
&3 +&n3

the choice of D. So F is always 1 no matter what D is. And then the above one parameter solution

Recall the Hamiltonian F =

is a constant along the solution. By plugging into

the power series forms, we can get: lim,_,

= 1, which has nothing to do with

family{&; (s,D),&(s,D),M1(s,D),M2(s,D)} are always on the same energy surface.

2.2.7 The initial conditions leading to SBC in the decoupled case. Consider the system:

n3

n=(-1+n)’* 52
Yont4nd

33



h=(1+Cn3)*- M
= ( M2 w2
with initial conditions 1;(0) = &; < 0,1m2(0) =€ < 0.
For the above initial value problem, we know the solution {n;(s,C),n2(s,C)} exists and it is unique. And
also N (s,C) and Mz (s, C) are analytic with respect to s.
Actually, we only need to consider two cases since the case |€1| < |€z| and the case |€;| > |€2| are exactly
the same argument.

If €] = &, from the physical sense, we know that SBC happens if and only if x; = x;, that is C = 0.

If |&1] < |€2|, We will show there exists some Cy = Cy(€1,€2) such that SBC occurs.

Lemma 2.10. Assume €] < |&z|, C > 0and —1 —|—C£% < 0. There exist unique sy and sy, such that

Ni(s1,C) =Ma(s2,C) = 0.

Proof. Assume C >0, —1 +C£% < 0. From the equations, we can see that )} (0) > 0, m5(0) > 0.

As time s increases, —1 +Cn3 < —1+Ce? < 0. Then )} > 0 and 17, > 0 whenever 1; # 0 and 1 # 0.
First, we will show the existence of s;.

If the claim is not true, then for any s, N (s,C) < 0, and

lim 1) (s,C) = limn, (s,C) = 0.
§—00

§—00
On the other hand, from the equations,

i -1 2)2 2 2
s—ro0 TIQ(S,C) §—00 (1+Cn2) S*)oonl(s7c) H""Th(S,C)

; oM M
lim M} (s,C) +M5(s,C)] = lim lim —
§—00 1 2 §—>00 n% +n% §—00 n% _;'_n%

. . . N1 (5.0)
Then lim;_, M) (s,C) = 0, lim,_...M5(s,C) = 1 and limy_. né(iic) = 0. Therefore

2
STee Th (S7C)

b
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and

By L’Hospital’s rule,

3 2 / / 2

lim n;(sa ) — lim nl( 7C)T]/1( ) ) _ hmnl( ) ) li n%(s7c) _

sy (5,0)  s=om;(s,OM5(s5,C)  s==My(s,C) / s=>mi(s,C)
So

!
= fim MOy MO
Sree nz(S,C) S0 n2(S7C)

Contradiction!

Therefore, there exists some s; such that 1y (s;,C) = 0.
By the same argument, we can show that there also exists another s, such that 1, (s2,C) = 0.

Uniqueness can be seen from the equations. Since 1; and 1, are nondecreasing, and also if 51 # s7,
N} (s1,C) =1>0, M5 (s2,C) =1>0;

if s; = 57, by the L’Hospital’s rule,

n} nin}

2 22 2
1imf:1im27:hmm.w.m_

Samy ey seam (1+0m3)? mp

Then
i n;

lim — = lim — = 1.
s—=s1 M2 S8 1’]2

Because lim,_,5, n} (s1,C) +M5(s1,C) = 1, therefore
/ / 1
nl(s]vc) :n2(517C) = E > 0.

In both cases, 1’ (s1,C) > 0 and M} (s2,C) > 0, which means 1; > 0, 12 > 0 for s big enough. Thus, there

exist unique s; and s, such that (s1,C) =mna(s2,C) = 0. O

Lemma 2.11. With the same assumption as the previous lemma, there exists a unique constant Cy =

35



Co(e1,&2), such that s; = s.

Proof. From Lemma [2.10} we know that there exist s1(Cy,€1,€2) and s5(Cy,€1,€) for any fixed Cy such

that

Ni(s1,Cr,€1,€2) =0
N2(s2,Cr,€1,€2) =0.

And

n/l (S],C) >0
1]/2(.8‘2,C) > 0.

By the implicit function theorem, s; = s1(C,€1,€;) and s5 = 52(C,€1,€;) exists and also s, s, are continu-
ously differentiable with respect to C in a small neighborhood of Cy.
Consider s1(C,€1,€) —s2(C,€1,€,), which is a continuous function of C if we fix € and €.
We know |g;] < |€2], which means the momentum of the 1st body |y;] is greater than the momentum of the
4th body |y2|.

xl}%*xzy‘% )6108172 —Xzosf2

Note that at the initial time, C = prE N T e where x1( represents the distance between the

Ist and 2nd bodies at the initial time and x,( represents the distance between the 3rd and 4th bodies at the
initial time. If it is a SBC, x19 > x20.

If C =0, that is xlosfz = xzoegz, then x19 < xp9. So for C = 0, the time s; must be less than s5.
Sl(C,Shﬁz)—SQ(C,El,Ez) <0, when C=0.

On the other hand, we can choose xjp > x70 and they satisfy ﬁ + % = 81_2 +& 2, such that the

collision time for the first two bodies s is greater than the collision time for the last two bodies s;. In that

-2 -2
X10€] " —X20€,

situation, C = 1050

will be big enough. So we can choose some C big enough so that s (C,€;,&;) —
$2(C,€1,€2) > 0.
By the continuity of the function s1(C,€;,€;) —s2(C,€1,€2), there exists some Cy, such that s (C,€;,&) =

52(C,£1,82) = 5.
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To prove the uniqueness, let’s consider

-2 -2 -2 -2
x11£1 7)62182 _x10€1 7)C2082

Ci—Cy=
X11+x21 X10 +Xx20

where {x11,x21 ,81_1 , 82_1} = {x1,X2,y1,y2} is another set of initial conditions.

(xuﬁfz —x218£2)(x10 +x20) — (xloefz — xzoﬁfz)(xu +x21)

C1—Co=
(x11 +x21) (x10 +X20)
_ (7% 45 %) (x11%20 — X10%21)
(x11 +x21) (x10 +2x20)
1 i i 1 2, .2
Notethatm—l—a = R—i_% =€,°+¢& 7,50

if xp1 = xp9, then x;; = x0, which means C; = Cp;

if x31 > xp0, then x;1 < x19, which means C; < Cp;

if x31 < xp9, then x11 > x10, which means C; > Cy.

These are the only three possible cases for the relationship between the two sets of initial conditions. So
when C| > Cp, we have xp1 < xp¢ and x1; > xj0, hence s1 > s». Similarly, when C; < Cp, 51 < 2.

Therefore, given |g1| < €2

, there exists only one Cj leading to a SBC.

O

So far, we have proven that for any given €| < 0, €, < 0, there always exist a unique Cy = Cy(€;,€2)
and sop = 50(Cp), such that
N1 (s0) =M2(s0) =0.
Lemma 2.12. IfCy > 0,

. €1 I 159}
C —14+Coe? —1—Coed’

50
Cé/zso = —tanh ! (Cé/zsl) —tan"! (Cé/zf-:z).
Proof. From section 4(d), we have

1 1

“SThon YT i

Mi& +m2&2)' =—1
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Choose C = Cj and integrate the above equation from 0 to s:

M1&1 +M2&2) [o'= —s0

Therefore,

€1 4 1% —
e A e A

On the other hand,
tanh ™! (C'/?1,) +tan~ ' (C'/?n,) = C'/%s4+ DD

where DD is a constant determined by the initial conditions.

Let s =0 and C = Cy,
tanh = (C'/?n;) + tan~! (C/?1,) = C(;/zs—&—tanh*l(Cl/z&) +tan~ ! (C'/%¢))
When s = sg, N1(s0) =N2(so) = 0, then
0=Cy/%so+tanh ™' (C"/%€;) + tan~' (C'/%¢,)

Therefore,

Cé/zso = —tanh™! (Cé/zsl) —tan™! (Cé/zez).

In fact, from Lemma[2:12] we can solve for Cy and sy in terms of €; and €.

1/2[—C08182(81 —&)+(e1+8)

C = —tanh~! C1/2£ —tan~! Cl/ze .
0 C5€1€2+C0(81—82)—1 ] ( 0 l) ( 0 2)

Let C(;/zsl =d, C(;/Zsz =d,,and Sy = C(;/Zso, then Lemma|2.12|becomes

_ n d>
C—l+dr —1-d}

So
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So = —tanh ™! dy —tan~! d>.

Recall that the solution for

/ 27\2 NZ2
N = (=14+N)?—2 |
1= 1) N? +N?

N?

Ny =(1+N3)* -1
2=( 2) N? + N}

with N1 (0) = N5 (0) = 0 i

1 1, 1 5 29 ,
Ni(s) = —s— —5+ —s5— —— T4
1) = 25205 T 160" ~ 36000° T

1 1, 1 5 29 .
No(s) = =54+ —8 + —5 4+ —— T+ .
2= 354355 * 160° T 36000° T

So if the initial conditions are changed to N;(0) = d;, N2(0) = d such that N;(Sp) = N2(Sp) = 0, the

new solution will be {N; (s —Sp),N2(s — So) }. Then when s =0,
di = Ni(=S), dr = N>(—S0).

Perturb the initial condition in the following way: N;(0) = dj, N»(0) = d» + €, where € is small enough.
Assume the solution under this perturbed initial condition is {Nj (s,€),Na(s,€)}.

When € = 0, the solution for the initial value problem is
ﬁ](&O) 21\71(5‘—5())7 NQ(S,O) ZNQ(S—S()).

Consider the two identities under the new initial condition:

Nl i j\72 i dy dr+€
e~ == =S
1-N?  1+N? 1—d? 14 (d2+¢)?

tanh~'N; +tan"' N, = s+ tanh~' d; + tan~! (da+¢)

Without loss of generality, let € > 0. Then the collision of the second pair happens first, which means the

path of (11,M2) intersects with the 1; axis first at (—ay,0) as in the picture.
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Therefore,
—a " dy dy+¢€
=g
- 'T1=& 1+ (date?

—tanh~'a; = s; +tanh ' &, 4—tan’1(dz+$)7

SO
_al -1 dl d2+£ -1 —1
+tanh™ a; = —tanh™ 'd; —tan™ ' (dp +€).
1—a] =@ 1t (da e : (4 +e)
On the other hand,
di dy ~1 1
+ —tanh™ "d; —tan™ " d; =0,
1—d? " 1+d2 ! ?
SO
—dai -1 d2+£ -1 d2 -1
+ tanh =———— —tan  (dr+€)— +tan” " d.
-2 N (da+e) (42 +¢) 1+ d2 ?

Expand both sides in Taylor series:

2d3 9
2+O(£)

2 3 5
— +0 - —e— =
3a1 (al) (1+d%)

Hence for small enough € close to 0,

ay = 0(81/3).

Actually, for any time s, N; and N, always satisfy the following identities:

N N, - ~ dy+¢ d
! 2 —tanh™' Ny —tan"' N, 2+ than_l(ders)f 2

-1
—_— = =— +tan~  d
I—N 1A 1+ (ds +€) 1+d2 ?

when € = 0:

ﬁ](S,O) + ﬁ2(570)
1-N3(5,0)  1+N3(s,0)

—tanh ™' Ny (s,0) — tan "' N5 (5,0) = 0
For any s1, choose s, such that N (51,0) = N (s2,€). Consider the difference of the above identities:

NZ(S7O)
1+N3(s,0)

ﬁz (Sz, 8)

—= +tan"' Na(s,0
1+ N2(s2,€) 2(5,0)

—tan~! ﬁz(SQ, €)—
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dr+¢€

_ —1
= m +tan” d»

-1
—tan~ (dy+€)— a’2

Let f(x) = 1+X7 —tan~!x and NQ(SQ,S) :ﬁg(sl,O) + A, then

F(N2(s51,0) +A) — £(N2(s1,0)) = f(da+€) — f(da)

or

JF(WNa(s1—S80) +4As) = f(Na(s1 = S0)) = f(d2+¢€) — f(d2)
Ifﬁl (S],O) =N (Sl —S()) 75 0, then Nz(sl —S()) 75 0 and

2N2(S1 — 50)2

[1 —|—N2(S] — S0)2]2 + O(A?)

F(N2(s1—80) +As) — f(N2(s1 = S0)) = —As

2d?

Sm + 0(82)

flda+e)—fldr) = —

where MSOZP # 0 and

[T-+Na (51 =S0) d2 5> # 0. By the implicit function theorem, A; is an analytic function of €

(14
for s1 # Sp, and Ay = O(g).

But when 51 = Sy, denote A by A,

FN2(0) +8) — F(Na(0)) = — 3 4+ O(4%)

4 242
——AN+OoAN)=—e—2 _40(¢
34O = e gy T OE)

Therefore when s; = So, A = O(g'/3) for € close to 0 and small enough.

From the above argument, we can see that only at the two points (—aj,0) and (0,A), the solution Ny =
Ni (N>) does not approach N = N; (N,) analytically.

Consider the initial value problem

2

N
Ni = (=1+Nj)* -2
1 ( 1) N]2+N22

/ 27\2 Nl2
N, =(1+N
2= 2) N?+ N2
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By the uniqueness of the solution of the initial value problem, we may denote the solution of the above

system as {Nj (s,A), Ny (s,A)}.

Proposition 2.13. For any given s,

E%M@Mzﬁ@m,

iiE)I})NZ(&A) = NZ(SaO)'

Proof. We will show lima_oNi (s,A) = Ny (s,0), and the limit for N (s, A) follows exactly the same argu-
ment.

Consider the two identities
Nl(saA) + NZ(S>A) _ A

= = s+
1—N3(s,A)  1+N3(s,A) 14 A2

tanh ™' N (s,A) +tan~' Ny (s,A) = s+ tan"' A

tan(s+tan—! A—tanh~! x)
1+tan? (s+tan—! A—tanh~ ! x)

Let g(x,A) = —5 +

1—x2

, 50 lima_,0 g(x,A) = g(x,0), and g(x,A) is analytic for —1 <

x <1, —1< A< 1. Also, the derivative

dg(x,0) _s x? o tan®(s — tanh~'x)
dx (1—x2)? (14 tan?(s — tanh 7 x)2)(1 — x2)
dg(x,0) o= 2tan’ s
dx "7 1-+tan?s

then for any given s #£ 0, dg((i,;O) [x=0> 0.

Therefore,when s # 0, by the inverse function theorem, g(x,0) has a uniquely analytic inverse g~ (x)
for x close to 0, such that g~!(g(x,0)) = x.

From the above two identities, for fixed s # 0, since g is continuous,

s= ili%g(Nl (5,A),A) = g(ili%Nl (s5,A),0)

On the other hand,
s = g(ﬁl(s70)a0)

42



Then

g(ilg})ﬁl (S7A)7O) = g(ﬁl(s70)70)

Applying g~! to both sides:

g~ (8(lim Ni(s,4),0)) = lim Ny (s,4) = g (g(N1(5,0),0)) = N (s,0).

Therefore, lima_oNj (s,A) = Nj (s,0) for any fixed s # 0.
If s =0, N;(0,A) = 0 = N;(0,0), so
lim Ni(s,A) = Ny (s,0)

is true for any given s. O

Proposition 2.14. For s € [—1,1], Ni(s,A) approaches Ni(s,0)(i = 1,2) uniformly as A goes 10 0.

tan(s+tan~! A—tanh~! x)

Proof. Consider the derivative of g(x,s,A) = —5 + (st T A_tanh 12)°

1—x2

From the previous argument, for s # 0, g has a unique inverse. At (x,s,A) = (0,0,0),

og B d%g B g B
2£(0,0,0)=355(0.0,0)=0,  but  52(0,0,0)=8#0.

By the extended implicit theorem, y = g(x,s,A) has a unique inverse g~!

on a small neighborhood of
(0,0,0). So for s € [—1,1], and A close to 0, the inverse g~ ! always exists.
On the other hand,

lim g(Ni(s,A),s,A) = g(Ni(s5,0),0) uniformly.

1

Then since g~ is analytic, there exists M, such that

| Nis,8) = Ni(s,0) =] g~ (8(Ni(s.4),5,4)) =g~ (8(Ni(5,0),0)) |

<M | g(Ni(s,A),s,A) — g(Ni(s,0),0) | .

Therefore, limA_;()]’\Z‘(S,A) = ]Tfi(s,O) (i = 1,2) uniformly.
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Proposition 2.15. For any fixed s € [—1,1] and s # 0,

lim N/ (s,A) = N/(s,0
All)r(l) l(S7 ) l(s7 )7

but the above limit is not uniform with respect to s.

Proof. We will show the proof for N/ (s,A), and Nj (s, A) follows the same argument. Consider the differ-

ential equation
N2(s,A)
NE(s,A) +N3 (s,4)

Ni(s,4) = (=1+Ni(s,4))*
For any fixed s # 0, N2(s,0) + N3 (s,0) # 0. Then

N%(S,A)
N2(s,A) + N3 (s,A)

lim N/ (s,A) = lim (—1 +N2(s,A))?
AEI}) l(sa ) AII{(]]( + l(sa ))

2~ N%(S,O)

— =N s5,0).
N3(s,0) +N2(s,0) 1(5,0)

= (=14N}(s,0))

On the other hand, choose a nonzero sequence {A, } such that lim,,_... A, =0 and A, # 0 for any n. And
choose a sequence of s: {s,,} such that s, = A2,

Since lim,,_,c. ]Vi (84,0) = limy_,o ﬁ{ (s,0) = % there exists M, such that
~, 2
|N,(s,,,0)\<§ for any n > M.

On the other hand, we consider the initial value problem

! 2\2 N22
N =(-14N
1 ( 1) N12+N22
N2
Ny =(14N;)*——1—
2 ( 2) N12+N22
Nl(O):O, NQ(O):A

Let Ny (s,A) = iﬁl (As,A), Na(s,A) = %ﬁz(As,A), then the initial value problem becomes

o 2522 M3
Ny = (—14+48N) =—=;
N{ +N;
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Since the right hand side of the equations are analytic for (N;,N3) close to (0,1), the above initial value

problem has an analytic solution for s close to 0.The series solutions are as following:

3 5
Ni(s,A) =5 — %(2A2+ 1)+f—5(1m“+ 1472 45) + ...

3 5

Na(s,A) = 1+%(A2+ 1) - %(AM 1)2(4A% +5) + ...

. A2
Since s, = A7,

~ ~ s R
N{(SWHA") :Ni(Ai’An) :N{(AVHAH>7

n

lim N (A, A) = 1,

n—oo

there exist another constant M», such that
NG X! 5
N (sn,An) = N{(An, An) > 3 for any n > M.

Let M = max(M;,M>), then

~ ~ ~ ~ 5 2 1
‘Nl/(snvAn) —N{(S,,,O) |2|N1/(snvAn) | - |N1/(sn70) |> 6 3 = 6

forany n > M.

Therefore, lima_ ]Vi’ (s,A) = IT][ (s,0) is not uniform with respect to s. O

Proposition 2.16. For any 1 > a > 0, ]Vi(A,s) converges to Ni(O,s) analytically as A approach 0 and
uniformly for s € [—1,—a]U[a, 1].

Proof. From the equation, we see that when s € [~ 1, —a]U[a, 1], N} (A, s) + N3 (A,s) # 0(i = 1,2) is always
true for any A. Then the left right hand side of the differential equations are analytic with respect to both

s and A, thus the solution {N; (A, s),N»(A,s)} is analytic with respect to both s and A. Therefore, N;(A, s)

converges to N;(0,s) analytically as A approaches 0 and uniformly for s € [—1,—a] U[a, 1].

45



Remarks:
1. Fixing s, Nj(s,A)(i = 1,2) is a continuous function with respect to A.
2. The first derivative at s = 0: N/(0,A)(i = 1,2) is not continuous with respect to A. Actually, from the

differential equations,

] 242 sz

Ni(0,A) = (=1+Nj) Ny ls=0=1,

= 282 ﬁlz

Nz(O,A) = (1+N2) _— =~ |S*0: 0
N} +N?

But when A = 0, we know N/ (0,0) = N5(0,0) = 1.
3. %—Izi(i = 1,2) is not continuous at (0,0).

Differentiate the two identities with respect to A and evaluate at A = 0:

1+N7 oM 1-N3 0Ny
(1-NP)2 9A ~ (14N;)2 oA

1 oV 1 oV,

1-N? 8A+1_1T/22 on !
Then B
~ 1— I*sz
oN| 1 1473
oA 1-N? 1N 1N
1-N}  1+N3

When A=s=0, N, :%—%+...andﬁ2:%+;—3—|—...,so

_ON 1
lim — = —.
5s—0 aA 2
Butats =0, ]Vl = 0, which has nothing to do with A. So % = 0. Therefore, it is not continuous at (0,0).

Wy _

. 52 =1. So aa% is not continuous at (0,0),

Similarly, we can see that lim,_g % = %, butat s =0
either.
4. Another view of this problem is to think about the time difference of the two collisions. Assume
(N1,N2) = (dy,dy) would lead to simultaneous binary collision. Then at the initial condition (Ny,Nz) =

(dy,d>+¢€), there will be a time difference between the two collisions as we can see from the picture below.
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The intersection with Ny axis (—ay,0) represents the collision of the second pair and the intersection with

N, axis (0,A) represents the collision of the first pair. And the time difference is 1“—‘2 + ﬁ =0(e3).
-2

When (N1, N>) = (—ai,0), (N{,N}) = (0,1); when (Ny,N>) = (0,A), (N{,N3) = (1,0).
As A — 0, a; will go to 0, too. Then those two points become one and the two derivatives will change
to the average: (N|,N3) = 3[(0,1)+ (1,0)] = (3, %), which matches the result of the SBC solution.

The picture is as the following:

0.5

0.3 b

0.2 ]

0.1 i

P4

Figure 2.1: Picture of (N1, N2).

2.3 COUPLED SYSTEM WITH ALL MASSES EQUAL TO 1

Consider the Hamiltonian F in the coupled case:

1
F = iy (T —U —h)
X1 X2

_ 1 (l[ﬁ+(yl7y3)2+(y37y2)2+ﬁ]
L)lcjnz + 7’”;3(;"4 2'my my ms3 mq

mim mym mim mom m--m msm

_[12+13 1M4 213 24+34—h)

X1 X1+x3  x1+x2+x3 X3 X2+ X3 b %)
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For simplicity, assume m| = my = m3 = my = 1, then

1
F= i(y% +Y5+¥3 — Y13 —y2y3)

X1 X2
1 1 1 1 1 1 1
T Y X X3 XXz x4x3 o X+t
Y4yt 11 1 1 1 >
S T RS RS R R RS N Py TIPS +h-y]-1
;—FE ;—Fg E_‘_E X3 X1 TX3 X2TX3 X TX2TAX3
242
We introduce a canonical transformation such that % -y3 can be absorbed into ﬁﬂj .
X1 T x R )
Let
Y1 = ! Y, = ! V3=
1 =1 2)’3, 2= 2)’3, 3=)3
and the generating function
1 1
W (x1,x2,x3,Y1,Y2,Y3) :xl(Yl+§Y3)+xz(Y2+§Y3)+X3Y3,
satisfying
ow ow
— =Y d =X;;
axl_ yl? an aYl 1
then
X ow
==X
1 oY 1
ow
Xp ===
2T,
Yo — ow 1 n 1 .
A N
Under the above transformation, the new hamiltonian is
2, y2
Fe yr+y oo 1 [ 1
1 1 1 1 1 1
X71+X72 Xf]"‘sz XS_QXI_QXZ
1 1 1 1,
+X 1 . © 1 v 1 1 +h_§ $1-1
313X 53X X3+3X—5X1 X3+3X1+5%

Let
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A=A(X,Y3)

1 1 1 1 1,
= ; —+ : — + ; —+ ; ; +h—§Y3];
X3—3X1—3X0 X3+3X1—3X X3+:X-3X1 X3+3:X1+3X%
then
Y2 +Y? 1
F= 11+ 2 - ——AX,Y3) - 1.
XXX XX
From the above Hamiltonian, we can get 6 differential equations:
2Y1 X1 X
X| = Fy, = 15142
X1 +X
2, X1 X
X} =Fy, = 2X142
X1 +X
35X X:
X, =Fy, = 3X1X2
X1 +X;
Y2+v; o1 1 1 1
Y/=—Fy=—"71—F5 >+ C A+ Ay
Lt X (el X ptx
1 1 1
=(-F-1) T P+L+LAX'
XX 1 X Tx
Y, =—Fx,=(—F—1) ! ! L
27 T T - 1 1 y2 "1 1 X
vtn X omtm

Y/ = _F Ax; X1 X0
3 3 Xi+X;
Following the idea in[2.2.1] we have
—F—1). — . L L4
arn vy PV e et gt
ax, o x 2V X\ X,
> X 22
7?]271 +AX|
h 2Y,

Therefore, by separating the variables, and integrating on the solution surface F = 0,

—F—1
/2Y]dY1 :/(T —I—Axl)dX]
1
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+1 1
Y12: +/AX1dX1+C1:f+/AX1dX1+C1
Xi X

where C; is a constant with respect to Xj.

By a similar process,

F
Y7 =

+1 1
+/AX2dX2 +Cy=— +/AX2dX2 +C
Xa Xa

where ( is a constant with respect to Xj;.

2.3.1 New transformation. By a canonical transformation similar to that we defined in section[2.2.2}

1 1
Ei=-X¥}, &a=-Xo¥7, E=X3, M=—, M=, M=V
Y Y

1 1
X =-&mi, Xo=-&mi, X3=E&;, Yl:ﬁ’ L=—, ¥3="3

N2
therefore,
_ Gi&tiimy)
&m%+§m%
&i&min; [h_ln%Jr 1 n 1
Emi+&m; 27 —3EmI-S&mi+& 3EmI—3Em3+&s
1 1

+ + ]
—lemi+lemi+&  Lemi+lemi+&s

and the differential equations are
- 28 Emimz (&1 - &) M,
(&m? +&m3)2

g = —2€,Emomi (€1 — &) My
(&mi+&mj)?
NP, sn5(n +m3)
' (&111%-#&211%)2

2.2 2 2

ni(ny+n3)
M= —Fy, = 2oL 4 Gy
2T R T EmirEmd)?
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&=M
n3 =N,

Since we know, when s — 0, &3, N3, &; and &, approach nonzero constants, in the above equations, we

can see M1, M , N1 and N are O(s); G, G are O(s?).

Introduce a new transformation

i 1 i 1 .
§+ = Ui, niifzviv l:172
K s 2
&3 =&+ us, M3 =M3+v3,
and
s=e %, ds=—sdr,

where 53 and M3 are the limits of &3 and 13 at s = 0.

Then we can get a differential system for u; and v;:

du; dv

1
@ et TRy
duy dvy 1
Gt -t ar ettty
du3 _ dV3 _
g ¢ aw ¢ e
and
ds
dt

2.3.2 Limitsof u; and v;ats =0 (i =1,2).
Lemma 2.17.

limu; =

s§—

limuy, = limv; =limvy; =0
s—0 s—0 s—0
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Proof. According to the discussion in section[2.1.2] we know

2

2
=lim = = hm = lim x1p1 = 2mima)”  (m3+ma)

5—0 n% 1=ty Y2 =1 y2 =t x pg  (mi+my) 20(mymy)?

Since in our case m| = my = m3 = my,

2
lim == nz
s—0 1’]1

=1.

On the other hand, we know when ¢ is very close to #{, y; and y; are the same sign. Then lim,_, ﬂ—f is

positive. Therefore,

By L’Hospital rule,

hmn— limn) = M—HmGl

lim

—0 8§ 5—0 =0 (EM2+E&m3)2 50
If the limit on the right hand side is finite, then the limit on the left hand side also exists and equals to the
same value.

According to section[2.1.2] we have
limm; =1limn, =0
s—>0nl s—>0n2

and
li =li = —
lim& = lim

So

gh(1+5)
E..znz(m+n2) g mt w112 ]
S—>0 (§1n1+§2n2) S—>0 (§1+§2@)2 (flfl)z 2
3

And it is obvious that

Therefore,
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and

hmnz hmnz hmnl :1.
s—0 § s—0M1 s—0 § 2

Here we can say

limv; = hm vy =0.
s—0 —0

To consider the limit of #;, we need to go back to X; and ;.

Because limAH()Xlle =1,and Yl_l =m; = O(s), then X; = O(s?).
Since A is analytic and finite at s = 0, A, is also analytic at s = 0. Consider the integral on the interval [0, 5o,
where sp is a small positive number. It is obvious that X{ = O(s) which is bounded on the interval [0, so].
And also Ay, is also bounded because it is analytic at s = 0. Hence f(‘;“ Ax, X{ds = limg_o [° Ax, X{ds is
bounded by some constant M.
On the other hand, we have

1
Y12 = — +/AxldX1 +C
Xi
X1Y12— 1=X; /AX]Xm +C1Xq

that is

7(&1 + 1) =X /AXIdX1 +Ci1 Xy

NEED

N

X X
= ?] /Adexl‘FClT]

Integrate on [0, sg], and we can see that
1
pim &1 D ﬁm—hm//%&ﬁ+@]
s—0 N s—0 § €—=0

Here the constant C, depends on the choice of so. Then lime_o [° Ax, X{ds +C, = [;" Ax, X{ds+ C; is
bounded. Note that X; = O(s?), therefore,

. +1 .
lim S =0, or limu; =0.
s—0 s s—0
From the equations, we can see
/ T]l
lim 2 = —lim — = —1,
s—0 él s—0M2



and

lim(&; +1)=1im(§ +1) =0,
s—0 s—0

so by L’Hospital’s rule,

1 !
fim 251 1im§,2 -1
s—0 &1 +1 s—0 &1
Therefore,
1 1 1
fimuo = tim 2L _jim 25 i SEL gy g2,
5s—0 s—0 8 s—0 gl +1 5—0 s

O

2.3.3 Analytic solutions of u; and v; at s = 0. So far, we’ve got a system of 6 differential equations

with initial conditions u;(0) = v;(0) = 0.

du1 dV1

Sg:Fnl—ul, SﬁZ—F&]—Vl—E,
duy dvy 1
SK:FT]Z_MQ, SZ:—FE_Q—VQ—E,

dus dvs
s e s - T

Let s = 77, this system can be rewritten as an autonomous system with seven variable u;, v; and s:

du; dvq 1
ar -t ar ety
duy dv; 1
Tt Fy, +uz, E:F§2+V2+§a
dus dvs
d’c SF‘n:;7 E SF{;%,
and
ds
dt
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For simplification, we may use different notations:

szzﬁbklcl"‘q)ka (k:1777)
h — T _ T
where 6 = (61, ...,07) (u1,u2,v1,va,u3,v3,5)" .
The initial value is 6 = 0 (k=1,...,7) and @, are power series in Gy, ...,07 beginning with quadratic terms,

and the by, are real constants.

The seven-by-seven matrix (by;) has the structure

01 0 0 00 o
10 0 0 00 o
00 2 -1 00 O
B=100 -1 2 00 0 |,
00 0 O OO0 O
00 0 O O0O0 O
|00 0 0 0 0 —1]
where ® = %h—%ﬁ%—#é.
Theorem 2.18. The system
—s‘fl—(j =Bo+0, 0=(¢1,....,07)"
has the initial condition 6 = (61, ...,67)T =0 and
i 01 0 0 00 o ]
10 0 0 00 o
00 2 -1 00 O
B=100 -1 2 00 0 |,
00 0 O 0O O
00 0 O 0O O
|00 0 0 00 —1]

55



where ® = %h — %ﬁ% + =. And also @i(k=1,2...,7) are power series in Gy, ...,07 beginning with quadratic

&’“)‘._.

terms.

Then this system has analytic solution G for s close to 0.

The eigenvalues of B are —1, —1,0, 0, 1, 1, 3 and B can be diagonalized as

i -1 0 0 0 0 0O ]
0 -1 0 0 0 0O
0 0 3 00 00O
R=(m)={ 0 0 00 0 0 0
0O 0 0 0 00O
0O 0 00 O0 10
| 00 000 0 I |
so by a linear transformation
i -1 —o 0 0 0 1 0 ]
1 0 0 0010
0 0 -1 0 0 01
r'=|1 0 0 1 0 0 0 1
0 0 0 1 00O
0O 0 0 0100
| 0 1 0 00 0 0]

which satisfies T~'BT =R, 6 = T(p1,...,p7)" = Tp and (xx) = T~ (1), the system can be changed
to be

dpk
It TkkPk + Xk ( PRXES) )

where . are also power series in py, ... p7 beginning with quadratic terms.

Next, we will show that the above differential system

d
% = fk(p) = VkkPk +Xk7 (k = 1,,7) (238)
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has analytic solutions, where p = (py,...,p7).

To find the solution, we will carry out substitutions of the special form

e = Px — Ox(P1,P2) (k=1,...,7) (2.39)

where ¢ are formal series in the first two variables py, p2 only and begin with quadratic terms. If one

sets

Ji(w) = Ja(rs oo 17) = Xk + 1k — Okp, f1 — Okp, f2, (k=1,...,7) (2.40)

where on the right p can be expressed as a function of u by means of the substitution inverse to [2.39]

then[2.38 becomes
du .
o =TT ), (k=1,.7) (2.41)

with the power series j; beginning again with quadratic terms. We will now determine the coefficients
of the ¢ so that none of the series ji, ..., j7 contain product of powers of py, p» alone. In other words, the
equations

Jk(pP1,p2,0,0,0,0,0) =0, (k=1,...,7) (2.42)

are to hold identically.
By @the p1, P2 are invertible power series in the two indeterminate variables u;, u» only, and more-

over, for uyz =0,...,u7 = 0 we have

pk:¢k(p17p2)7 (k=3,...,7). (2.43)

Consequently, 2:42] reduces to the requirement that the equations

Xk + 71Qk — Okp, J1 — Okp, o =0 (k=1,...,7)

or

— kO + Okp, 71101 + Drpr 72202 = Xk — Drpy X1 — Dy X2, (k=1,...,7) (2.44)

be satisfied identically in p, p2, where p3,..., p7 are defined by [2.:43] Conversely, from[2.39] 2.43] [2.44]
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we again obtain We now undertake comparison of coefficients in If op3' p3? is a term of ¢y with

g1+82 =m > 1, the comparison gives

(—ri+girn+grn)o=y

where 7 is got from a polynomial in the coefficients of the terms in ¢y, ... ,¢7 of degree less than m. Since

rip=rn=—landm>1,

—rk g1 +grn = —rg—m=1-m#0, k=1,2

For k =3,...,7, rig > 0, then of course —ry, —m # 0. So
—rutgir +grn=—rg—m+#0, (k=1,..,7). (2.45)

Therefore,induction shows that has exactly one solution in power series @1, ... , ¢7.

Next, we need to show the convergence of 0 (k=1,...,7).

2.3.4 Method of majorants. Convergence is proved by the method of majorants.

If

_ ho _ I
f= Za;l._.lmxl X g= Zbll-~-lmx1 X
I l

are two power series, which need not converge, then g is said to be a majorant of f, symbolically f < g, if

[ a1, < by,

m

for all the coefficients.

Let
C11—‘2
1—611—‘7

p1+p2+...+p7 =T, Ak <

Since ri; = rpp = —1 and (7) is satisfied, it follows that
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gitg<c|—r+egir+grn| (k=1,..7). (2.46)
Consequently for the uniquely determined solution 1, ... ,\y7 of

Cll—‘2

Wip; P1+ Wip, P2 = 2 (1 + Wip, +Wkp2)m (k=1,..7) (2.47)

P = Wk(P1,P2) (k=3,..7)

we have the relation ¢ < Y. The reason is the following:

By the previous argument,we have

— 1k Ok + Okp, 71101 + Dkpy 722P2 = Xk — Okp X1 — Pipa X2, (k=1,...,7).

If opf! p5? is a term of ¢ with gj + g2 = m > 1, the comparison gives

(—r+gir +garn)o =7y

SO

lvl
| (—rek+g1ri1 +82r22) |

|ou]=

where Y comes from the right hand side of 2:44]

In the equations of g, if Bp’f ! pgz is a term of ¢y with g; + g» = m > 1, the comparison gives

(g1+82)B=cmi

where y; comes from the right hand side of

c1F2

Since y < T—cT

(k=1,...7), it is easy to see thaty; >|y|. Then from|2.46

oY1 S oY1
gi+8& | —rwt+girn+grn|
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_ Y1
| —rik+ g1+ g2ra |

Y] ||
| =1+ g1+ g2r2 |

By [2.46] however, y; = ... = Y7 =, and if in addition one sets x; = x, = x, it is evidently enough to

prove the convergence for the solution y(x) of

xyy = (1 +wx)%-
On the other hand, let y(x)/x = y(x), so
W) = (1) Y
or
(W+xP)[1 —cax(1+9)] = (14§ +29,)esx(1+9)*
or

(V+xW,) = cax§ + cax§” + c3x(1+)° + 9, (14+9) (ca + 3+ 39) (2.48)

Lety =Y, a,x", from[2.48 we can get the recursion formulas for a;( k > 2):

ar(l1+k)

= a@-itcs Y, Gmamy 3@ +3cs Y, Gmam,
my+mpy=k—1 my+my=k—1

+c3 Y Ay Ay iy + (€4 +¢3) (k— D)ag_
my+my+m3=k—1

+(ca+2c3) Z MG, A, + C3 Z M1 Gy Ay iy

my+my=k—1 my+my+m3=k—1
= [kea+ (k+2)c3)ag—1 + (ca+3c3) Z A, Ay
my+mpy=k—1

+(ca+2c3) Y, miamam,

my+my=k—1

+c3 Z Ay Ay Ay + €3 Z M1 Ay, Ay Ay - (2.49)
my+my+m3=k—1 my+my+m3=k—1
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Consider the equation

W[l —cax(1+¥)] = c3x(1 +¥)°

or

W = c4xW¥ + cx¥? 4 c3x(1 + W), (2.50)

Let¥ =}, b,x". From we can get some other recursion formulas for bi( k > 2):

by cabgoitca Y, bubm,+3c3bi1+3c3 Y. bub,

my+my=k—1 my+my=k—1

+c3 Z b, bmzbm3

my+mpy+m3=k—1

(ca+3c3)be1+(ca+3c3) Y, bmbm+cs Y By by by -

my+my=k—1 my+my+mz=k—1
Then
b(k+1) = (k+1)(ca+3c3)bet+ (k+1)(ca+3c3) Y bubm,
my+my=k—1
+(k+1)c3 ) By by b (2.51)

my+my+m3=k—1

Itis easy to see a; = % and b; = c3,s0a; < by.

Assume a; < b; for i < k, compare the terms on the right hand sides of (11) and (13):
(k+1)(ca+3c¢3)by—1 > kea + (k+2)c3ar—1

(k+1)(ca+3c3) Y, buwbm > (ca+3c3) Y, amam+

my+my=k—1 my+my=k—1

(C4 + 263) Z miam, Am,
my+my=k—1

(k+1)cs3 Z by by by > €3 Z Gy Qmy Aoy

my+my+m3=k—1 my+my+m3=k—1

+c3 Y 1M1 i, Gy G -
my+my+m3=k—1
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Therefore,

br(k+1) > ar(k+1)

or

by > ay.

By induction, ay < by is true for all k. So W is a majorant of .
From [2.50|we can see W satisfies a cubic equation. Of course, it has a convergent solution.

Therefore, all the ¢y are convergent series. B

By [2.41]and [2.42] one obtains for the given differential equation the particular solutions

Hie =
0, (k=3,...,7)

Sincerjj =rp=—lands=e"",

dlefr,

U= 9q e ",

0, (k=3,..,7)

where d| is an arbitrary constant.
Therefore, the solution for py is
kaO)k(,ul,,uz) :(ok(dle_T):mk(dls) (k= l,...,7),

where ®; are convergent power series in the variables y; and u, without a constant term, and d; is an
arbitrary constant.
That is, pg are convergent series of s in a sufficiently small neighborhood of s = 0.

Then o are also convergent power series of s in a sufficiently small neighborhood of s =0 fork=1,...,7.
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2.4 PROPERTIES OF THE POWER SERIES SOLUTIONS

1 1
& =—1+us=—1 +ds2+(ﬁd0)f gdz)s4+

2 2
(— 3 et~ 6d2w——d3)s+0()

6300°? " 525 25

4
Er=—l+us=—1+(—w—d)s’ +(—5d2—gdm—gw) -

37 31 37
O+ g+ 2 Pt A 5

3
(=300 " 1260 525 554 )s"+0(s%)

5

s s 3d+iw3 5 1
L R R T (od +70d°’_%°°) -

Lo Lo 39 o 58

P N e % 3
(105000) 2625 +3500 ot 1125d )s'+0(s%)

Ky s 03 3d 13 71
TR I S L By 71
=S =5t — 15 (7 + g0+ 5@+
629 5 33 , 1507 , 58 . .
_ 02 et 22— 2% Ao
(~ 15750 ~ 2507 ~ T0500¢ © 1125 )0 O

z I 6, M I, 1 [N
= — - = —do——d
G=8+uz= §3+ 1135 +240 of3s® 288§§s + 7( 900 100 100 )s’+
T]3:T]3+V’5 1]3—7 - + ——= +T(_ + d(l)+ d )
681 60EZ 14} 783 14400 725
where
1 1. 1 1
= =h— -1} + = = - limA,
Ot ey Tamt

and d is an arbitrary constant.

If we setd = d + 2, then the first four power series solutions can be rewritten as:

- ® 1o 4~ 1
=—1+(d—=)s*+ (—=d* do— —?)s*
& Hd=F)s7H (mgd7 o gdo— or)sT+

BRI A L PN 0
(1502 + 399" + 1psp@ @~ 254 15"+ 0(Y)
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_ 2 P do+ —
M= +GEd- )8+ (e — g5do+ o')s+
17 1955 139 5 58 &
(_5040 +700d _2100d ®* 1125 )s"+0(s%)
s 1~ o | 3~
=t (—=d——=)s 4’ do+ —
M2 =5+ (5d— )"+ (pd + g5do+ ol
17 4 19—, 139 5 58 = . o
S L .
(5602 ~ 7007 ~ 21007 ©~ Tizz? s +OK)

This tells us that each pair & =&, 1, =1, whend =0 ord = -2
In fact, by the symmetry of the equation, if (&;,&2,E3,M1,M2,M3) is a solution of the differential system,
then (&2,&1,&3,M2,M1,M3) is also a solution of the same system.
Basically, in the solutions, the coefficients of &; and M3 have nothing to do with d up to the power s.

And &1, &, M1, N2 has no mixed term d for the first two nonzero terms in the power series solutions.

Compare this solution with the solution for the decoupled case,

&)(s,C) = —1—fc 2 Leog, 1oy

8 4
80 1600 288000 C's

1 1 1 7
E)(5,C) = —1+4-Cs* — —C** — —— "+ ——C*%+ ...

1 80 1600 288000
1 C C? 29C3
0 e 3 ~ S5 T
M) =35= 355 * 160% ~ 36000° T

1 Cc, c? 29¢?
0 5 7
n9(s,C) = =5+ —5>+ —s +
2(5,€) = 38 zos 160° " 36000

where 10 and 09 are odd functions of s, and 1?(0,C) =19(0, —C);
&Y and &) are even functions of s, and &9(0,C) = £3(0, —C);
and F approaches 1 as s approaches 0, which means that 7' = 1 on the phase space of the solutions for the

decoupled case.
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IfweletC = _46,[, then

~ 1 1 7T~
0o_ 2 14 3.6 4 8
&l =—1+ds Sds —25ds +—1125ds +..

~ 1 1 7T~
0 2 154 36 4.8
- _1- _
& ds Sds —|—25ds —|—1125ds—|-
1 ds &5 584°
o_L 43 5 7
n1—2s+5s +10s +1125s +..
1 ds &5 S84,

o_ . % _ -
=275 T 10" st T

Therefore,

& =& - 2 +0(s")
& =825 +0(")

1
0 L3 5
M =Mj — ;@ +0(s”)

1
_n0_ 3 5
M2 =M — 15 @ +0(s”).

The above results tell us that
1. In each of the decoupled case and the coupled case, there is a parameter d~, which is an arbitrary constant.

From the comparison, we can see those two constants are the same. Recall the meaning of C in section

2.2.3]

d=-5=—2 :
45-0&m? +&m3

7 C_ 1. &i-&
4

2.The motion of the decoupled case and the coupled case are very similar. Up to the power s*, the
coupled case can be considered as a decoupled case adding another motion which is related to the initial
conditions: A, E3 and N3;

3. Because of the mixed term d®, the coupled solution can NOT be considered exactly as the sum of a
decoupled solution and a special solution which has nothing to do with d;

4. Up to the power s’, the solution &1, &>, 11, and M is still symmetric with respect to the new constant

d: &1 (d) = & (—d) and ;1 (d) = Mo (—d);

5. In the solution of the coupled case, basically there are two constants: d= —%C , where C is the
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constant in the decoupled case; another one ® is given by the initial conditions and it shows the effect of

the coupling terms to the solutions, and also the coupling term do will start appearing from the term s® in
the power series form of X; and Xj;

6. o is fixed for given initial values, but d will make the solution to be a one-parameter family which is
similar to the decoupled case. And the analytic solution can ONLY happen if we choose the same common

constant d on both negative and positive sides of s.

2.5 THE SYSTEM WITH GENERAL MASSES
By definition the new Hamiltonian F is

1
F= iy (T —U —h)
X1 X2

_ 1 (l[ﬁ+(y17y3)2+(y37y2)2+ﬁ]
- m
m)l(f:"z_i_meét 2 ml my m3 my
[m1m2 niyms niymgy nmoms momay +m3m4 h)
X1 X1+x3  X1+x2+x3 X3 X2 +x3 X2
1 1 1., 1 Lo i, »
= mmm W\ a— t— )yt (—+— )y —(—+—)y3
m)lczlnz +mil;4 {(21’111 2m2) 1 (21’)13 2m4) 2 (m2 m3)
1 1 mimy miyms nmima moms momaq msmaq
RSP el e +e + =
2my  2my3 X1 X1+x3  x1+x2+x3 X3 X2+ X3 b %)
Let
mi my
Vi=y1———y3, h=yp——3, Y3 =ys.
my +my m3 +my
Let the generating function be
mi my
W(x;,Y;) = Y+ ——1)+x0+ ——Y3) +x373.
(x,Y:) = x1 (1 - 3) +x2 (Y2 - 3) +x3Y3
So
mi

X1 =Wy, =x1, Xo=Wp,=x, X3=W,;=

= X1+ X +x3.
my +my m3 +my
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And the new Hamiltonian is

. 1 my+my o, m3+my

2
- m|m2 + m3m4{ Y2

2m1 ny ! 2m3m4

myp +mj3 B mj _ my ] 2
2moms 2my (m1 + n’lz) 2m3 (WZ3 + Wl4)

_[mlmz + mims + mimaq
X X3+ m1+m2X1 - m;er4X2 X3+ ml+m2X1 + m3+m4X2
moms3 momy msamy
oy -y, Ty X+ T T, M
3 my+my 1 mg+m4 2 3T m|+m2 1 mg+m4 2 2
1 my+my_, m3+ms o
= mlmz m3m4 ( 1 Y2)
+ 2mimy 2mamy
" 1 {[I/HQ +m3 _ mi B my ]Y32
mlmz + m‘m“ 2myms  2mp(my +mp)  2ms(m3+my)
0 myms n m1m4
my my
X3+ m1+m2 X — ma—+my X3+ my+my Xi + m;+m4X2
moms3 momy
+X— "y, _Ma X+X ¥ }7}1}71
3 my—+my 1 m3-+my 3T m1+m2 1 mx—‘rm4 2
Follow the canonical transformation similar to that in section 2.2.31
& =-X1Y7, &L=-X1¥], &=X;, 111:717 712272, M=

1 1
X =-m}, Xo=-Em}, X3=6, Yi=—, h=—, V3=";
ni N2

and the new Hamiltonian is

+
Bk} + )

M3m4§1ﬂ% +m1m2§2ﬂ2

&1&nins my +m3 m my )
2 2 U™ + N5 +h
m3m4§11’]1 +m1m2§2n2 2moms3 2my (m1 —i—mz) 2m3 (m3 +m4)

i mipms mimy i moms
2 2 2 2
& — R Gt + e Eans &= T oIt — o2y &3+ - Cimy + - Eoms

momay
+ 51—

&+ o BT — s &M
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The equations corresponding to &, &, M1 and M are

m3my (my+my) % _ mymy(m3+my) &2)

g _ 2§1§2ﬂ1n%( 2ming 2mzmy
il (m3ma&im73 +mimy€om3)?

28 Eamina (MG — MR elt)

& =Fy, = 3 72
(m3ma&m7 +mima&om3)

2022 my+my 2 ma+my .22
_ mlm2§2n2( 2mymy n2 + 2m3my nl)

T T (mama&m? - mmaEom3)?

202 (Mmyitmy 02 | m3tig 02
B m3m4§1n1(2mw2 N2+ Zm, ny)

- — =
2 ® (%W@ﬂﬁ +m11n2§271%)2

Consider the limit of &; and 1); at s = 0: Similar to the previous argument, we can see

2 2.2
1imm: 2mim; _m3—|—m4. m3 +my !
SHOT]% my +my Zm%mi mp +mp

2.2
2mim;

lim 1=—
sa()é; nmq erz7

2.2
2m3my

lim 2= —
s—»OE” m3 —l—m4’

iy =l =0

2m?m? 2m2m2
& =2 Er+
lim —— "2 — Jim&) =0, lim 2 = lim &) =0,
s—0 S s—0 s—0 s—0
1
im ™M i’ — (my +my)(m3 +my)3
L =
s=0 s 5—0 2m1m2[m1m2(m3 + my %+m3n’l4(m1—|—m2)%]7
1
fim 2L = imm| = (my +mp)3 (m3 +my)
o = '
s—0 s s—0 2m3m4[m1m2(m3 +m4)% +m3m4(m1 erz)%}

Denote lim,_,q nT‘ =7 and lim,_,g Tsz = ;. Do the change of variable

2,2
2mzmy

2mm?
1772
o §1+m1+m2 o §2+m3+m4
m=———— Ww=—m—m—"H
N N
L VS L PN
vi=-——Vi, V2 =-—=—1,
N N
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u3=§3—g3, V3=T]3—ﬁ3

where 83 and M3 are the limits of &3 and 13 at s = 0.

Then the new equations become:

su/l = Fy, —u, su’zanz—uz,
Svll = 7F§1 —v; =71, Sv/2 = 7F§2 —vy — V3,
/ /
uy = Fys, V3 = —It,
with the initial conditions at s = 0:
ul(o):vl(o)zo (1215273)
Let s = ¢~ 7; the above equations can be rewritten as an autonomous system:
du; duy
— = —Fy, +u, — =—Fy, +u
dt m dt m U2,
dvy - dvy ~
E:F§1+V1+VI’ ﬁ:F§2+Vz+V2,
du3
T —sky,, vy = SF,,
and
ds
dt
For simplification, we may use different notations:
de
e =¥/ buG; + o, (k=1,...,7). (2.52)

The initial value is o = 0 (k=1,...,7) and @, are power series in G, ...

terms, and the by; are real constants.
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The seven-by-seven matrix (by;) has the structure

bll b12 0 0 0 0 b17
byy b 0 0 0 0 by
0 0 b33 by 0 0 O
B= 0 0O bgz byy 0 0 O
0 0 0 0O 0 0 O
0 0 0 0O 0 0 O
0 0 0 0O 0 0 -1
where
N i s T s+ mama i Ty
bio — 2mim3(m3 +my) ) 1 '
sy £ ma)3 | MM/ st myma i + my
b 2m§mi(m1 +mp) 1 '
21 = . .
mim(ms +my)3 MMMy g+ m3ma/my + my
b -1 2m1m2\3/m .
2 oy T ma + mama iy oy
bar — 1+ 2m3m4\3/m .
B mumyms + ma + myma/my +my
by = —Zm%mi(ml +mp) . 1 .
mimy(ms +my)3 MM /m3 - mg -+ mama/my +my”
_2’"%’"%(’"3 +my) 1
b4z =

mzmy(my +m2)% - mymy/m3z + mg +mamgSmy +my’
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2mymy/m3 +my

byy =1+ ;
“ mnp/m3 + ma + mzma/my +my

e s s ﬁ2—|—(mm +momz +mim —|—mm)1]
- 1m3 +moms Mg+ mymy ) =
2mym3 (my +ma)(m3 +ma) 3

by =1h

2m3m3 (m3 +my)

. (mymo/mz +my +mamgy/my +my)3’

myp +my +m3 +my ﬁ2+(mm o - erm)l]
o 1ms3 2m3 1Mm4 2M4 ) =
2moms3 (m1 +I’I12)(Wl3 —|—m4) 3 3

by =1h

2m§m£ (my +my)

(mymo/m3z + my +mzmgymy +my)3

To find the eigenvalues of B, we only need to find the eigenvalues for the two different 2 by 2 matrices:

b1 bz b3z by
Bl = ) BZ =
by by byz by
By careful calculation, we find out that the eigenvalues for By are 1 and —1; the eigenvalues for B; are 1

and 3. Fortunately, they are exactly the same as the case with equal masses. And also B is similar to the

same diagonal matrix R:

1 0 0000 0]
0 -1 00 00O
0 0 30000
R=(m)=] 0 0 0 0 0 0 O
0 0 00O0O0O
0 0 00O0T1O0
0 0 00001

Then the previous argument works. Therefore we have the analytic properties of the solutions of #; and

v; in a neighborhood of s = 0.
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CHAPTER 3. PERIODIC SOLUTIONS WITH ALTERNATING

SINGULARITIES IN THE COLLINEAR FOUR-BODY PROBLEM

The collinear four-body problem considers a system of four points with masses my, my, m3s, m4 on a real line
attracting each other by newtonian gravitational law. In this chapter, we study a special symmetric periodic
orbit with masses 1, m, m, 1, which is called Schubart-like orbit later. In each period of this Schubart-like
orbit, there is a binary collision (or BC for short) between the inner two bodies and then a simultaneous
binary collision (or SBC for short) of the two clusters on both sides of the origin. This research is motivated
by some important work on a remarkable periodic orbit in the collinear three-body problem, which is named

as Schubart orbit.

3.1 THE SETTING AND THE ORBIT

1 m m 1
b & i & &
—X1 —X2 0 X2 X1

Figure 3.1: Problem Setting.

3.1.1 The setting in Cartesian Coordinate System. From right to left, let’s number the four bodies
from 1 to 4. As in Figure 1, the masses for body 1 to 4 are 1, m, m,and 1 respectively. The system remains
symmetrically distributed about the center of mass. The coordinates for the four bodies are xy, x», —x, and
—x1, and the velocities are X1, Xo,—X»,—x| respectively.

The Netowanian equations are

1 m m
Bl= s - , G.1)
! 4 (i +x)? (g —x)?
1 1
B=—2 (3.2)

- _ + .
4 (+x)? (n—x)?
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In this paper, we are interested in proving the existence of a special periodic orbit with singularities. The
orbit alternates between binary collision (BC) between the inner two bodies 2 and 3, and SBC between
bodies 1 and 2 and bodies 3 and 4. By introducing a new set of transformations, the singularities of BC and

SBC can be regularized in this case.

3.1.2 Regularization. We will adopt Sweatman’s[29] work to regularize the system. The system has

Hamiltonian

1, 1 5 1 m 2m 2m
H21W1+

— W
4m 2 2x1 2xp  x1+x2 X —)Cz7

where w; = 2x; and wy = 2mx, are the conjugate momenta to x; and x;. In order to describe the behavior

at collision, we introduce a canonical transformation

g1 = X1 — X2, q2 = 2x;, p1=wi, p2= 5 (w1 +w2).

This results in a new form for the Hamiltonian

2m 1
4 m - m g @ qg+q@ 2q+q@

1. p? 2 2m m

To regularize the equations of motion, we introduce a Levi-Civita type of canonical transformation
2 .
Qi :qu R:2lel (lzlaz)a

and we also replace time 7 by the new independent variable s which is given by % = ¢1¢>- In the extended

phase space, this produces a regularized Hamiltonian

dt
=—(H-E
ds( )
1 5, 03P} —40\0:PP+40IPF , 2mQi0) 0103 >0
= — P _— _2 - - - E7
16Q21+ Tom m-Qf —2mQ; 0+0 20+ 010;

where E is the total energy. Without loss of generality, let E = —1.

We start at BC with initial conditions

X1 (0) :Aa xZ(O) = 0, X1 (0) = 0, XZ(O) = +oo



which is a singular point. To analyze the motion, it is necessary to deal with the singularity in the regularized

coordinate system. The corresponding initial conditions at s = 0 in this new coordinate system are:

where R = V/A.

Note that this initial point turns out to be a regular point in the new Hamiltonian system.

3.1.3 Estimation of A. Intuitively, if A is sufficiently large, there will be multiple BCs before the first
SBC happens. In order to find the desired orbit, we will have to give an estimation of A such that there is
no BC for ¢ € (0,#;], where #; is the time of first SBC.

Definition: Assume the velocity of a body is 0 at time ¢, i.e. v(t*) = 0. If there exists a time interval
[tms 0], such that 7, < t* < t,,, and v is positive for ¢ € [t,,,#*) and is negative for ¢ € (¢*,1,], or v is negative
for ¢ € [ty,t*) and is positive for ¢ € (¢*,1,], then we call t* the turning time and the position of the body at

t* is called the turning point.

turning point furning point
/

— i LS &

—X7 —X9 0 X2 X1

Figure 3.2: Turning Point

Theorem 3.1. There exists an Ay, such that the second body has no turning point for t € (0,t;) whenever
0 < A < Ay, where t| is the time when the first SBC happens. Further, at A = Ay, there exists some t* such

that (%) = % (t*) = 0.

Proof. In order to get an upper bound of A, we consider a necessary condition for the second body having

a turning point. Assume t = 1* < #; is the time when x, = 0; then %, < 0 forz € (0,7*].
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Let x;(t*)/x2(¢*) = a with a > 1. Note that by the setting, x1 () < 0, x2(¢) > 0 for t € (0,#*]. Then

|

t t*
A0 S0l e (0,6, (3.3)
x(1)  x()
Also i, (1*) < 0, by equation[3.2]
m 1 1 1
)= [-2_ <0
2() 4 (a+1)2 (a—1)2]x3(*) —
ie.
16a§m(a2—1)2. 3.4)
Rewrite equation [3.1] as:
e L m m
! 47 (1 +x2)? (1 —x2)?
i
1 1 2m(1+2)
_x Z+ )2
-5
Y a9
For 1 € (0,7*], by inequality 3.3
am(1+3 1
1l 2l +7) _ 1]t 2m(1+-3)
x% 4 (17’52)2 _x% 4 (l—aiz)2
1 1+2ma2(a2+1)
X3 |4 (a>—1)2
Therefore,
1 [l 2ma*(@®+1) .
-+ @17 | for ¢ € (0,1"]. (3.5)

|

i) <
RO
Let x1(0) =A, x;(t*) = A1 < A. Since x(t) < 0 for ¢ € [0,7*], the following inequality is true for

t € [0,#*], multiplying both sides of inequality [3.5/by — (¢):
2ma*(a* +1)

1
(@12

4

|

x1(0)% () < —x (t))q (1t)2

|
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integrate this from s = 0tot =t* to get:

/Ot* x1(0)x(n)de < H_FQWEaC;(_aZI-)FZI)} /Ot* (_xl(t)m (1t)2) drt,

Lo - 1+2ma2(a2+1) 1
4 (@-12 |x()"°

L= (1) o]

Att =1 5(t*) =0, x1(t*) = A1, x2(t*) = A1 /a. As E = —1, consider the energy at r = 1*:

1= 2(") 1 n m? n 2m n 2m
1 =2 —
! 2x1(r%) T 20(t*) T xi (1) Fxa(t*) | ox (1Y) —xa(r)
Z(I*) 1 1+m2a+ 2m n 2m
= X —_—— — _— - -
! Arj2 2 T4l Tl
1 [l m?a 4md>
Dok
= t —_— | = _
) =7 [2 2 +6121]
Applying inequality [3.6]
1 1. [1 2ma*(a®+1) 1 [1 mPa  4md®
—1<2(—— |-+ - | —+ —
= <A1 A)L+ (a2 —1)2 Ay 2T T

1 4ma*(a* +1) 3 @_ 4ma® 1 1+ 4ma*(a* +1)
(a2 —1)2 2 at-1 2 (a2 —1)2

1 ma[l6a—m(a*—1)?] 1[1  4ma*(a®+1)
A 2@-1) A[f @1y ]

Applying inequality [3.4]to this gives,

1 [1 4ma2(a2+1)]

S P Tl St )
STAl2 T @y
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Then
1 4ma*(a®>+1)

A> =
2t @y

(3.7)

4ma*(a®+1)

(= Where 16a <m(a®— 1), a > 1.

Hence, if body 2 has a turning point for ¢ € (0,1), A > % +
Define Ag=inf { A | body 2 has at least one turning point for € (0,7) }. Since the inequalities[3.7]and
20,2
hold, Ag > % + % > % Also, by the definition of Ag, body 2 has no turning point for z € (0,1;)
whenever A < Ayp.
For each A € { A | body 2 has at least one turning point for ¢ € (0,#] }, there exists some #* such that
X2(t*) =0, and % (%) < 0.
We are going to show that when A = Ay, there exists some 1" < #; such that x, (") = %, (") = 0. Since

X2(t) is continuous for 7 € (0,71), and lim,_,o+ X2(¢) = +oo, the proof can be ended by two cases:

(i) When A = Ag, 12(¢) > 0, for any ¢ € (0,11).

Define a such that 16a = m(a® —1)?, a > 1. Consider the function x; (t) — ax,(t). For any given A,
x1(t) — ax(r) is a continuous function for ¢ € [0,7;] according to the regularization theory of BC and
SBC [22]. Note that x1(0) —ax2(0) =A > 0 and x; (t;) — ax2(t1) = (1 —a)x2(¢1) < 0. Then for any

A, there exists some time ¢,, such that
x1(ty) —axy(t,) = 0. (3.8)

Further,
1 4 1 1 ~ 16a—m(a®> —1)?

)‘c'z(ta)Z% - (a+1)2+ (a— 12| 4(a®—1)23(ta) =0.

Note that % (¢,) < 0 and x2(z,) > 0, then %, (z,) — ax2(2,) < 0. Applying the implicit function theorem
to t, is continuous with respect to A. So is X, (#,). Since x»(f,) > 0 at A = Ay, by continuity
there must exist an open interval [Ag — €,A¢ + €] such that %(z,) > 0. Because x»(¢) realizes the
minimum at some #,, % (¢) > %2(t,) > 0 forz € (0,1;).

Therefore, for A € [Ag — €9,A¢ + €], the second body has no turning point. Contradiction to the

definition of Ag!

(ii) When A = Ay, there exists some time ¢* € (0,#;) such that %, (¢*) = 0.
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Assume at A = Ay, there is no time 7 such that %, (¢) = ¥2(¢) = 0. So X,(¢t*) # 0, which implies that
%2 (t*) is not the minimum of %, (¢) for ¢ € (0,7;). Then there exists some time 7 such that x,(r) < 0,

i.e., at A = Ap, body 2 has at least one turning point.

Case 1 tells us that when A = Ay, there exists some #,, such that %, (z,) < 0, ¥2(¢,) = 0. Note that x,

is a continuous function of two variables ¢ and A for ¢ € (0,#;) and A > 0.

If X%, (¢,) < 0 at A = Ay, by continuity there exists a 8, such that x,(t,) < 0 for (¢,A) € (1, — 8,2, +8) x

(Ap—8,A0+9). Then for A € (Ag — 8,A¢ + §), body 2 has at least one turning point. Contradiction!

Therefore, when A = A, there must exist some * =, < #; such that X, (+*) = % (+*) = 0.
Differentiate equation [3.2] with respect to ¢ and evaluate at r*:
_omiy(r7) 200 () +aa (7)) 206 (7) —xa(r7))

=280 T ) 1) ) -

Since X2(t*) =0, %2(t*) =0, %1 (t*) <0, x1(*) > x2(¢*) > 0,

=R e ) —mer] "

which means body 2 will keep moving towards to body 1 when time passes t = t*. Hence, when A = Ay,
body 2 also has no turning point for ¢ € (0,7;).
Therefore, body 2 has no turning point for ¢ € (0,#;) whenever A < Ay, where #, is the time of the first
SBC.
O

4ma*(a®+1)

Remark: When A = Ag, 16a =m(a®> —1)?, a > L and Ag > § + e

In the special case m =1,

a satisfies 16a = (a> —1)? with a > 1, a =~ 2.766. Then

1 4d®(a>+1)

-+ ———— 7~ ~6.484.
2 T @y

Ag >
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3.2 EXISTENCE OF THE PERIODIC ORBIT

Recall that in Section[3.1.2]
dt
I'=—(H-E
A )
1 3P} —40,0:P P, +403P3 2mQ3 Q3 203
:7Q%P12+Q2 1 010:P1 P, +401 Q—sz%—ZmQ%— ”;Q]sz_ Q21Q22
16 16m 07+05 207+0;5
where E = —1 is the total energy. The initial conditions at s = 0 are:

(1%

01(0) =R, 0:(0) =0, P (0)=0, P>(0) =2m?.

By Theorem when 0 < R = vA < /Ay, Q% = 2x, increases from s = 0 to s = 51, where s is the time

when the first SBC happens.

The equations of motion from the regularized Hamiltonian I" are:

;  1+m

1
2p
0 & o3P 4mQ1Q2P27

1 1
0= %Q%Pz - %QIQZPIa

1 1 4mQ, 05 20,04

Pl = —PiPx0r— 5~ Q1P} +2m*Q1 + + ~20:03,
' am 2m =2 QT+ 03)? " (203 +03)? ?
1 1+m 4mQ10> 4010,
Py = —PP,Q| — —— Q)PP +4mQs + =24 1 —20%0,.
P an PO T GO (g g ot g
where ’ is the derivative with respect to s. The initial conditions are
3
01(0)=R,  (0)=0, P(0)=0,  P(0)=2m2

At the time 51 when the first SBC happens,

8m

Qi) =0, Qals) =R >0, Alsr)=-—us.
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To prove the existence of the periodic orbit, we are going to find a value of R, such that P>(s;) = 0.

Theorem 3.2. For the differential equations|3.9)to let the initial conditions be Q1(0) =R, 0,(0) =0,
Pi(0) =0and P,(0) = 2m?, where R € (0,+/Ap]. Assume Q2(s1) >0, Q1(s1) = 0, where sy is the time of

first SBC. Also, assume Qy > 0 for 0 < s < ;. Then P,(s1,R) is a continuous function of R.

Proof. Since the Hamiltonian I is regularized, the solution P; = P;(s,R) and Q; = Q;(s,R) are continuous
functions with respect to s and R. We are going to show s; = s1(R) is a continuous function of R. In order
to apply the implicit function theorem for Q| = Q;(s1,R) = 0, we need to show that (dQ;/ds)(s1,R) # 0.

By the regularized Hamiltonian T,

90, 14m 1
N ls1.0)= TP (s1.0)= [8mQ§P1 - 4mQ1Q2P2} l(s1.8)

Note that for fixed R, I' = 0 at any time 5. At s =s1, Q1 = Qi1(s1,R) =0, then P; = P;(s1,R) = 4.

Therefore,
00 1+m

_ m+1
E

2

1
03P — 4mQ1Q21”2] l(s1,)= — 03(s1,R) < 0.

By the implicit function theorem, s; is a continuous function of R. Then P»(s1,R) is also a continuous

function of R. O
Corollary 3.3. There exists R such that P»(s1) = P»(s1,R) = 0.

Proof. First, we show that there exists an R > 0 such that P>(s;) > 0.
From equations [3.913.12}
(PLO1+P,02) = P{Q1 + PO} + PO, + PO,

2m n 1 5
QP+ 03 ' 20} + 03

= 4mQ} + 2m* 0} + 20103

Note that for ¢ € [0,71], x1(¢) is decreasing, x»(¢) is increasing and A > x1(¢) > x2(¢) > 0. Then 0 <

Q% =x1—x <A, 2x; (ll) =2x0(n) = Q%(S]) = R% <2A=2R*forse [O,S]]. Thus

2m 1 Soam 1
0}+03 207+0Q3} 3R> 4R*
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Choose R = /7,

|9V}

m 1 5.3 0
Qi+03 201+03 4m

so (P1Q1 + P,Q2) > 0for s € [0,51], or P1Q1 + P, Q> is increasing for s € [0,s1].
From the initial conditions,

(P1Q1 +P203) |s=0=0,

and (P; Q1 + P,Q>)’ is not identically equal to 0; hence

0 < (P1Q1+P2Q2) |s=s;= RiP>(51).

Therefore, when R = /%, Py(s1) >0.

Next, we show that P;(s1) < 0 when R? = Ag.
At A = Ay, by the proof of theorem there exists a time t* < 71, such that %, (¢*) = 0 and %, (+*) < 0.
Then % (t*) + mx>(t*) < 0. Consider the sum of the Newtonian equations[3.1]and 3.2}

which means X (¢) +mx2(¢) is a decreasing function with respect to ¢. Hence,

lim [Xl (1) —l—sz(l‘)] <X (Ia) —‘rmXQ(ta) < 0.

11—t
Note that Pz(sl)/[ZQz(Sl)] = lim,_ql pz(t) = 1im,_,,l [X] (l) + mez(l‘)] <0, and 0, (Sl) > 0, then Pz(sl) <

By continuity, there must exist an R, such that P»(s;) = 0 where s; is the time when the first SBC

happens.

Theorem 3.4. If R satisfies P»(s1) = Pa(s1,R) = 0, then the orbit will be a Schubart-like periodic orbit.

Proof. At time s = 0, a BC happens between bodies 2 and 3. At time s = 51, a SBC occurs. Since the
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system is regularized, the solution {P;,0;} (i =1,2) is continuous.

At time s =0,

(T[4

01(0)=R, 2(0)=0, P(0)=0, P(0)=2m?.

At time s = 51,

8
Qi(s1) =0, Ox(s1) =Ry, Pl(sl):_\/%ﬁa Pr(s1) =0,

where R is a positive number.

From the Hamiltonian I', we can see that Q] (s;) = %Q2(Q2P1 —01P) <0, Q4(s1) = }‘Ql (20\P, —
0>P1) =0, 05(s1) < 0. This means that Q>(s;) is a relative maximum of Q,. In other words, when time
passes s1, Q> will decrease. Similarly, Q; will decrease when time passes s .

Compare the motion for s € [0,s;] and the motion for s € [s1,s2]. By the uniqueness of the regularized
Hamiltonian system and symmetry, the orbit from s = 51 to s = s, will be the same trajectory from s = s

to s = 0 by reversing the direction of each velocity. Then at the time s = s, when the second BC occurs,

01(s2) =—R, Q2(s2) =0, Pi(s52)=0, Ps(s2)= —2m3.

Further, s, = 2s7.

By symmetry and uniqueness again, at time s = 3s1,

8m

01(3s1) =0, 02(3s1) = —Ry, P1(3S1)=\/ﬁ7

P2(3S1) =0.

At time s = 4sq,
3
Q1(4s1) =R, Qs(4s1) =0, Pi(4s1) =0, Pr(4s1)=2m?2,

which is exactly the same as the initial condition at s = 0. Then the orbit from s = 0 to s = 45| generates

one period.

O

The following figure is a picture of the periodic solution for m = 1 in terms of {Q,Q>,P;,P,}. The
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initial conditions are

0:1(0)=2295,  0,(0)=0, P (0)=0, P (0)=2.

The horizontal axis represents time s. At s = 0, it is a BC between the inner two bodies. As in the

picture, this Schubart-like periodic orbit in the regularized coordinate system has a D*> symmetry and a

time-reverse symmetry.

Figure 3.3: Schubart-like periodic orbit with equal masses.
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CHAPTER 4. PERIODIC SOLUTIONS WITH SINGULARITIES IN TWO

DIMENSIONS IN THE 2N-BODY PROBLEM

In this chapter, we first present a technique for generating a periodic orbit in the two-dimensional four-body
problem with singularities. We begin in section by giving a description of the proposed orbit and
prove its existence. Section will present the numerical methods used to produce the initial conditions
that will lead to this orbit. Following this, in section @ we consider variants on the orbit we generate,
giving a family of orbits with singularities with an even number of masses.

We present a family of configurations that are symmetric in both initial positions and velocities. These
initial conditions will lead to arbitrarily many simultaneous binary collisions, with each body alternating
between collisions with its two nearest neighbors. Due to the abundance of symmetries present in the
configurations, we can reduce the number of variables that need to be studied to four—two representing
position and two representing momentum. In contrast to its one-dimensional counterparts, the proof for

existence of this orbit is surprisingly simple.

4.1 THE PROPOSED ORBIT

4.1.1 Analytical Description. Initially we focused on finding a symmetric, periodic SBC orbit for four
equal masses in two dimensions. Without loss of generality, we assume that the orbit begins with the four
bodies lying at (£1,0) and (0,=£1) in the standard coordinate plane, numbered from 1 to 4 as in Figure 1.
The initial velocities for each body are given as (0, £v) and (Fv,0), respectively, where v € (0, +o0).

The singularity of SBC in this problem is not essential. For a better understanding of the behavior of
the motion of the bodies in a neighborhood of a collision, the standard technique is to make a change of
coordinates and rescale time. In the new coordinates, the orbits which approach collision can be extended
across the collision in a smooth manner with respect to the new time variable. This technique is called
regularization. In our problem, the regularization describes the behavior of the bodies approaching and
escaping collisions, similar to the collisions of billiard balls.

Due to the symmetry of the initial conditions and the equations governing the motion of the bodies, the
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Figure 4.1: On the left, we illustrate the initial conditions leading to the four-body two-dimensional periodic
SBC orbit. On the right, the orbit is shown.

symmetry that is present in the initial conditions is maintained in the regularized sense.

Main Theorem. Let E =T — U be the total energy and m be the mass for each of the four bodies. For any

E < 0and m > 0, there exists a symmetric, periodic, four-body orbit with SBC in R?.

Without loss of generality, we can assume m = 1 and the initial positions are as illustrated in Figure 1.
The proof will be given at the end of this section.

Let #o be the time of first SBC. For 7 € [0,#)), let the coordinate of body 1 be (x1,x2). By symmetry,
the coordinates of bodies 2, 3, and 4 are (xp,x1), (—x1, —x2) and (—xp, —x1 ), respectively. Using equation

(1.1), the acceleration of a body at point (x;,x;) is given by:

— — 2x1,2
(1,) = — | LR = x1) (;1’ xi)S + (xlﬂz’xlﬂf)} 1)
Qi —x2)?)2  (A+4x3)2 (2001 4x)%)2
We now perform the regularization of the system. The system has the Hamiltonian:
1 2 2 1
H= g(w%wg)f v v 4.2)

X1—x2  XxX1+x2 /x%—i—x%
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where w; = 4x; and w, = 4x; are the conjugate momenta to x; and x. Note that SBC happens when

x1 = *x,. We introduce a new set of coordinates:

q1 = X1 — X2, q2 = X1 +x2.

Their conjugate momenta p; are given by using a generating function F = (x; —x2)p1 + (x1 +x2) p2:

w1 = p1+pa, W2 = p2—pi1.

The Hamiltonian corresponding to the new coordinate system is

1 V2 V2 V2
HZz(P%+P%)—7—qf—ﬁ~
1 2 q1+q2

Following the work of Sweatman [28]], we introduce another canonical transformation:

=0} P=20p (i=12).

4.3)

We also introduce a new time variable s, which satisfies % = q1q». This produces a regularized Hamiltonian

in extended phase space:

dt
'=—(H-E
7 )

V203103

\/O1+ 03

1
= —(PIQ3+P30) — V2(01 + 03) - ~ Q{O3E

16

where E is the total energy of the Hamiltonian H.

The regularized Hamiltonian gives the following differential equations of motion:
/ 1 2
0= gP 105

1
0, = ¢ P20}
V20105 2V20i03

Jotrot (01+0d):3
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1
Pf:—§P§Q1+2\5Q1+

4.4)

(4.5)

(4.6)

4.7



2 52
P = —%P%Qﬁzx/igﬁ V20,01 2\4@Q24Ql§ +2E020] 4.8)
Vot+oi (Qi+Qy)°
with initial conditions
01(0)=1, 0(0)=1, P(0)=—4v, P (0)=4v 4.9)

where derivatives are with respect to s, and E is the total energy of the Hamiltonian H.

Theorem 4.1. Let s( be the time of the first SBC in the regularized system. Then sq is a continuous function

with respect to the initial velocity v. Furthermore,

)= 2

is also continuous with respect to v.

Proof. At the first SBC, Q1(so) = 0, and Q> (s0) = /g2 = /X1 +x2 > 0. Our goal is to show that p>(19) is
a continuous function with respect to v.
Because I'= 0 at s = 59, P (s0) = —4v/2 from Since T is regularized, the solution P; = P;(s,v) and

Qi = 0i(s,v) are continuous functions with respect to the two variables s and v. At time s = s,

0=01(so(v),v).

To apply the implicit function theorem, we need to show that

)
%1 (50.) 0.

From @.5)

1e10) 1 1
T;(SO;V) = §P1Q% l(s0.1)= —E%Qz(so)z <0.

So 59 = s0(v) is a continuous function of v. Therefore both P;(so,v) and Q2 (so,v) are continuous functions

of v. Further, since Q2 (s0,v) > 0, p2(to) is also a continuous function of v. O
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Theorem 4.2. There exists a v = vy such that % (ty) + %2 (to) = % p2(to) = 0, where ty is the time of the first

SBC, i.e. the net momentum of bodies 1 and 2 at the first SBC is 0.

The outline of this proof is as follows: We will show that there exist v; and v, such that x| + x, is

negative at SBC for v = v; and positive at SBC for v = v,. The result then follows by Theorem [4.1]

Proof. Consider Newton’s equation before the time of the first SBC:

§ = Xy — X1 _ 2x1 _ X1 +x2 (4.10)
2V2(x1 —x2)3  8(3 41332 2v/2(x1 +x2)3 .
. X1 —Xx2 2x2 X1 +x2
o= _ _ . @.11)
: 2V2(x1 —x2)3 8(x+x3)32 2v/2(x1 +x2)3
Therefore,
1
Hi iy = -1 <0, (4.12)

403 +23)32  V2(x1 +x2)?
which means x| + x; is decreasing with respect to 7.

At the initial time r = 0, x; = 1, x, = 0, %; = 0, and X, = v. Note that for v € (0, 00), there is no triple
collision or total collision for z € [0,#], where #y is the time of the first SBC. Also, from the initial time to
t0,0<x2 <x1 < 1,0 <x;+x2 <2, and x} +x3 < 4.

Let y(t) = x1(¢) +x2(¢). Then for any choice of v, ji(t) < 0 and 0 < y(¢) < 2 hold for any 7 € [0,7)]. In
other words, y(¢) is decreasing with respect to ¢.

First, we will show that there exists v; such that y(¢)) < 0. When v = 0 the four bodies form a central
configuration and, as a consequence, the motion of the four bodies leads to total collapse. Consider the
time interval # € [0,7)/2). In this interval, the differential equations and have no singularity,
and ¥(#9/2) < 0. By continuous dependence on initial conditions, y(ty/2) = %1 (fo/2) + %2(f0/2) is a con-
tinuous function with respect to the initial velocity v. When v =0, % (f0/2) < 0, %2(#9/2) < 0, which gives

¥(t0/2) < 0. Therefore, there exists a 8 > 0, such that y(z9/2) < 0 holds for any v € (—3,9).

Choose v; = 8/2, then y(79/2) < 0. Because y(t) is decreasing with respect to ¢, y(zp) < y(tp/2) < 0.
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Next we will show that there exists v, big enough, such that y(f9) > 0. Note that as v — oo,

lim y(10) = lim x; (10) +x2(t0) = 2

y—ro0

and
lim y(tp) = co.
y—00
Therefore there exists some positive value v,, such that y(zy) > 0. O

Proof of the Main Theorem. From Theorem [4.2] we know there exists an initial velocity v = vg such that
x1(t0) +%2(to) =0. Let { Py, P>, 01,05 } for s € [0, s9] be the solution in the regularized system corresponding
to the orbit from # = 0 to ¢ = #y. Following collision, consider the behavior of the first and second bodies.
Assume their velocity was reflected about the y = x line in the plane. In the new coordinate system, this

corresponds to a new set of functions

{=P1(250 —5), —P2(250 —5), —Q1(250 — 5), —Q02(250 — 5) }

for s € [s0,2s0]. We can easily check that

{=P1 (250 —s5),—P2(250 —5),—01(2s0 — 5), —Q2(250 — 5) }

for s € [s9,2s0] is also a set of solutions for equations through with initial conditions at s = s(.
Also, {Pi(s),P2(s),01(s),02(s)} for s € [s0,2s0] satisfies equations through with the same initial
conditions at s = sp. Note that equations (4.5) through with initial conditions at s = so have a unique
solution for any choice of v € (0, ). Then by uniqueness, the orbit for s € [sg, 2s0] must be the same as the

orbit for s € [0, s0] in reverse, i.e.

Pi(s) = —P;(2s0 —5), Qi(s) = —Qi(2s0 — 5)

for s € [0,50]. Therefore at time s = 2s¢, bodies 1 and 2 will have returned to their initial positions with
velocities (0, —v) and (—v,0) respectively. Similarly, at time s = 2sp, bodies 3 and 4 will have also returned

to their initial positions with velocities (0, v) and (v,0) respectively.
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Next, we use symmetry and uniqueness to show the orbit from s = 2s¢ to s = 459 and the orbit from
s =0 to s = 2s¢ will be symmetric with respect to the y—axis. Compare the motion of body 2 and body
3 from s = 259 to s = 4so with the motion of body 2 and body 1 from time s = 0 to s = 2s9. The initial
conditions of body 3 at s = 2sy and the initial conditions of body 1 at s = 0 are symmetric with respect to
the y—axis. Also the initial conditions of body 2 at s = 2s¢ and the initial conditions of body 4 at s = 0 are
symmetric with respect to the x—axis. Therefore, by uniqueness, the orbit of bodies 2 and 3 from s = 259
to s = 4s¢ and the orbit of bodies 1 and 2 from s = 0 to s = 259 must be symmetric with respect to y—axis.
Therefore, the orbit of bodies 1 and 4 from s = 2s to s = 45y and and the orbit of bodies 3 and 4 from s =0

to s = 2s( are symmetric with respect to the y—axis.

Hence, at s = 45y, the positions and velocities of the four bodies are exactly the same as at s = 0.

Therefore, the orbit is periodic with period s = 4s. O

It is worth noting here that the previous proof implies a time-reversing symmetry for the periodic orbit.
This provides further evidence for the conjecture made by Roberts [21]], stating that linearly stable periodic

orbits in the equal mass n-body problem must have a time-reversing symmetry.

4.1.2 Numerical Method. As is the case for all periodic orbits of the n-body problem, the value of the
Hamiltonian needs to be negative. Using the initial positions of the four bodies described earlier, it is not
hard to find the potential energy at r = O:

U=2V2+1.

Then, acting under the negative Hamiltonian assumption:
n m~\v~|2
V241> Y =
> ; 5

Since all masses are equal, if we require that the velocities of each body are equal in magnitude, we obtain:

[2v241
Vinax = T (4.13)
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with v,,,. defined to be the value of v such that the value of the Hamiltonian is zero. Define Vl:ax = 0. This
parameter is used in the numerical algorithm.

At this point it becomes necessary to find out just how much kinetic energy is required to obtain the
periodic orbit. Since we know suitable bounds on the velocity parameter (6 € (0, 1)), we can search the
interval numerically. We use an n-body simulator with the initial positions previously described. The
simulation is run until one SBC occurs. For simplicity, we consider only the collision between the first
and second bodies in the first quadrant. Summing their velocities immediately before the collision gives a
vector running along the line y = x (due to symmetry), with both components having the same sign. The

magnitude of this vector is given in Figure 2. Negative magnitudes represent vectors with both components

less than zero.

1] 0.1 n.z 0.3 0.4 0.5 0.6 0.7 0.3 0.4 1

Figure 4.2: The magnitude of the net velocity of the first two bodies (vertical axis) at the time of collision
for various values of 0 (horizontal axis).

Next, a standard bisection method is used to find the amount of energy required to cause the net velocity
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at collision to be zero. Using the initial interval 6 € [0, 1] and iterating to a tolerance of 1077, the correct

value of 6 was found to be 6 ~ 0.4644954.

4.2 VARIANTS

This same technique can be adopted to find similar orbits for any arbitrary even number n. A key feature
of these orbits will be higher numbers of simultaneous binary collisions. For a given value of n, initial
positions are given by spacing the bodies evenly about the unit circle. The potential energy (and the value
of vyay) 1s found numerically by iterating over each pair of planets and summing the reciprocal of the
distances between them. (Recall that all m; = 1.) Velocities are then assigned to the bodies in alternating
counter-clockwise and clockwise directions, initially tangent to the circle. Again we consider the collision
between the first and the second bodies. Although the net velocity of the two at collision will not lie
along the y = x line, the components of this vector will both have the same sign. The magnitudes of the
net velocity between the first two bodies at initial collision are shown in Figure 3 for various values of n.
Lower curves in the graph correspond to higher values of n. Again, negative magnitudes correspond to both
components being negative.

Pictures of the orbit for n = 6 and n = 8§ are shown in Figure 4. It is readily seen that as n increases, the

shape of the orbit more closely approximates a circle.
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Figure 4.3: Curves showing the magnitude of the net velocity of the first two bodies (vertical axis) at the
time of collision for various values of 0 (horizontal axis) for n =4,6,8,10,12.
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Figure 4.4: The six- and eight-body two-dimensional periodic SBC orbits.
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CHAPTER 5. LINEAR STABILITY ANALYSIS FOR THE TwWO PERIODIC

ORBITS

In this chapter we apply the method of Roberts to prove the linear stability of the Schubart-like orbit in
the symmetric collinear four body 1, m, m, 1 problem for certain values of m, and of the singular periodic
orbit in the symmetric planar equal mass problem. In both settings, the linear stability is determined for the
regularized equations only and is reduced to the rigorous numerical computation of a single real number.
Our linear stability analysis determines values of m in the interval [0, 50] in the collinear problem for which
the singular periodic orbit is linearly stable, and also shows that the 2D singular periodic orbit is linearly
stable. These examples support and extend the conjecture made by Roberts [21]] that the only linearly stable

periodic orbits in the equal mass n-body problem are those that exhibit a time-reversing symmetry.

5.1 LINEAR STABILITY OF PERIODIC ORBITS

For a smooth function I defined on an open subset of R?", suppose that y(s) is a T-periodic solution of a

Hamiltonian system 7’ = JDI'(z) where ' = d/ds,

0 I
J= ,
-1 0
and I is the appropriately sized identity matrix. The fundamental matrix solution X (s) of the linearized

equations along (s),

g =JIDT(v(s))&,  E0)=1 (5.1)

is symplectic and satisfies X (s +T) = X (s)X(T') for all s. The matrix X(7') is commonly called the mon-
odromy matrix for 7y, and it measures the non-periodicity of solutions to the linearized equations. The
eigenvalues of X (7') are the characteristic multipliers of y, and determine the linear stability of the periodic
solution Y. Linear stability therefore requires that all of the multipliers lie on the unit circle.

The characteristic multipliers may be obtained by solving (5.1) with different initial conditions. For an
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invertible matrix Yp, let ¥ (s) be the fundamental matrix solution to

& =JDT(v(s))E, &(0) =Y. (5.2)

By definition of X (s), we know that ¥ (s) = X (s)¥p, and so X (T) = Y(T)¥, '. It follows that the matrix

Yy 'Y(T) is similar to the monodromy matrix i.e.,
X(T) = ¥(T)Y; " = Yolry (1), .
Thus the eigenvalues of YO*1 Y (T) are identical to the characteristic multipliers.

5.1.1 Stability reduction using symmetry. The monodromy matrix for a periodic solution with spe-
cial types of symmetry can be factored using some linear algebra and standard techniques in differential
equations. We begin by reviewing the relevant factorization and reduction theory that are applicable to a
wide range of symmetric periodic orbits commonly found in Hamiltonian systems. Proofs of the following

statements can be found in [21].

Lemma 5.1. Suppose that Y(s) is a symmetric T —periodic solution of a Hamiltonian system with Hamilto-

nian I' and symmetry matrix S such that:
(i) for some positive integer N, Y(s+T /N) = SY(s) for all s;
(ii) T(Sz) =T(z);
(iii) SJ =JS;
(iv) S is orthogonal.

Then the fundamental matrix solution X (s) to the linearization problem in (5.1) satisfies
X (s+T/N)=SX(s)S"X(T/N).

Here of course, the notation S7 means the transpose of S. We mention this because we are using the

letter 7 in two distinct ways.
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Corollary 5.2. Given the hypothesis of Lemma the fundamental matrix solution X (s) satisfies
X (KT /N) = $*(S"X(T /)"

forany k € N.

A remark here is that if Y (s) is the fundamental matrix solution to Equation (5.2), then for any k € N,

the matrix Y (kT /N) factors as

Y (kT /N) = S*% (Y, ' STY (T /N))E.

Lemma 5.3. Suppose that ¥(s) is a T —periodic solution of a Hamiltonian system with Hamiltonian T and

time-reversing symmetry S such that:
(i) for some positive integer N, Y(—s+ T /N) = Sy(s) for all s;
(ii) T(Sz) =T(2);
(i) SJ = —JS;
(iv) S is orthogonal.

Then the fundamental matrix solution X (s) to the linearization problem in satisfies
X(—s+T/N)=5SX(s)STX(T/N).
Corollary 5.4. Given the hypothesis of Lemma
X(T/N)=SB~'STB where B=X(T/2N).

Several more remarks about these factorizations are needed here.

(1) In the case of time-reversing symmetry matrix, S is typically block diagonal with two blocks of

opposite sign, one for the position variable and one for the momenta, that is,
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where F' is orthogonal. A matrix of this form is orthogonal and anti-commutes with J.

(i) A matrix satisfying properties 3 and 4 of Lemma [5.3]is symplectic with a multiplier of —1 since

STys=—STsj=—J.

(iii) IfY(s) is the fundamental matrix solution to (5.2)), then a similar argument shows that Y (—s+7 /N) =

SY(s)Yo_lSTY(T/N) and consequently

Y(T/N)=SYoB 'STB, where B=Y(T/2N).

Applying this factorization theory results in expressing the matrix Yo_lY (T), which is similar to X (T),
as WK for some positive integer k, where the symplectic matrix W is the product of two involutions. If an
eigenvalue of W lies on the unit circle, then so does its k™ power. The symplectic matrix W is called stable

if all of its eigenvalues lie on the unit circle.

Lemma 5.5. For a symplectic matrix W, suppose there is a matrix K such that

1 | KT 0

Lwewh = . (5.3)
0 K

Then W is stable if and only if all of the eigenvalues of K are real and have absolute value smaller than or

equal to 1.

We will show for each of the periodic orbits under consideration, there is a choice of ¥y such that W
satisfies Lemma 5.3] This reduces the linear stability to the computation of the eigenvalues of K. As one of
the eigenvalues of K is known to be real and have absolute value 1, the linear stability is determined by the

numerical computation of one real number and showing that, within error, it lies between —1 and 1.

5.2 LINEAR STABILITY FOR THE SCHUBART-LIKE PERIODIC ORBIT

The existence of the Schubart-like periodic orbit in the collinear four-body problem has been shown in [[18]].
We review it here. For x; > x» > 0, we assume that four masses are located at x;, x, —x» and —x; with
masses 1, m, m, and 1 respectively with m > 0. We also assume that the system remains symmetrically
distributed about the center of mass located at the origin. The respective velocities of the four bodies are
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X1, X2,—%,—X] where "= d/dt. The Netowanian equations are

. 1 m m
l=——%— _

4x% (x1 —‘rXQ)z (x1 —XQ)Z
. m 1 1
¥ =

S + .
43 (xi+x)? (xn—x)?
We recount Sweatman’s approach in [28] and [29] to regularize this system. The Hamiltonian for this

system is
I, 1 5, 1 m 2m 2m

w
4m 2 2x1 2x7  X1+Xx2 X —XQ7
where w; = 2x; and w, = 2mx, are the conjugate momenta to x| and x,. Introduce new canonical coordi-

nates q1,92,P1,DP2 by

1

g1 =X1—X2, q2=2x2, p1=wi, P2=§(W1+W2)-

The Hamiltonian in the new canonical coordinates is

mom o g @ ate 2qtq

H=- 1+* D1
m

l< l> 5 pip2 P 2m om? 2m 1
4 - o

To regularize the equations of motion, Sweatman introduced a Levi-Civita type of canonical transformation

07 =qi, Pi=20ipi (i=12),

for the the canonical coordinates Q1, 0>, P|, P>, and then replaced time ¢ by the new independent variable s

given by
dt
a = Q% Q%-

In the extended phase space, this produces the regularized Hamiltonian

_dt 1 1\ 5., —010:PP,+Q3P?
F=" (H-E)= <1+m>Q2P1+ i

2mQi0; 0105
01+0; 201+0;

—m* Q7 —2mQ5 —

~EQI03.
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We fix the energy E = —1. The Hamiltonian system in the new coordinate system is

1 1 1
0 = % {2 (1 + m) O P — lepz} ; (54
1
05 = 2%11 {Qle - 2Q2Pl] , (5.5

P,

" am

4mQ, 04 N 20105
(014037 (201 +03)?

P (Q2P1 —20Q1P>) +2m*Q; + —-20,03, (5.6)

AR LR L S amolor 40te
P, = 1 { " ) (H_mﬂ+4mQ2+(Q%+Q§)2+(2Q%+Q§)2 2070, (5.7)

where ’ is the derivative with respect to s.

From the proof [[18] of the existence of the Schubart-like periodic orbit Qi (s), Q2(s), Pi(s), Pa(s) of

periodic T, there is a positive constant R(m) such that
Q1(0) =R(m), 02(0) =0, Py(0) =0, P»(0) =2m"/>.

These initial conditions correspond to a binary collision of the two inner bodies. By the construction of the

periodic orbit, another binary collision of the two inner bodies occurs at s = T'/2 where the conditions are
01(T/2) = —R(m), Qz(T/2) =0, P|(T/2) =0, Py(T /2) = —2m*/%.

Simultaneous binary collisions correspond to the conditions of the periodic solution when s = T'/4 and
s =3T/4, ie., Qi(s) =0 at these values of s. The value of R(1) is approximately 2.29559. Figure 5.1

contains a plot of the coordinates Q1,Q», P, P> of the periodic orbit when m = 1.
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Figure 5.1: The periodic solution in the coordinate system Q1,Q,P;,P» when m = 1.

5.2.1 Stability Reductions using Symmetry. The Schubart-like periodic solution in the regularized
coordinate system Y(s) = (Qi(s),0a(s),Pi(s),P>(s)) with period T in the collinear problem has two time-

reversing symmetries. For

1 0
F= ,
0 -1
the matrix
F 0
S =
—F
is orthogonal and symmetric: S~! = S7 = S. It is also an involution, i.e., S> = I. Since Sy(—s+7T) is a

solution of (5.4) through (5.7), and since this solution shares the same initial conditions as Y(s) at s = 0 by

T -periodicity of vy, uniqueness of solutions implies that the matrix S satisfies

Y(—s+T) = Sy(s) for all s.
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Thus S is a time-reversing symmetry of y(s). With N = 1, conditions (2), (3), and (4) in Lemma [5.3| are

satisfied, and so by Corollary[5.4] the monodromy matrix for y satisfies
X(T)=SX(T/2)"'STX(T/2) = SX(T/2)"'SX (T /2). (5.8)
Consequently, from the above equation and % = 1,
[SX(T))* = [X(T/2)~'sX(T/2)] [X(T/2)"'SX(T/2)] = 1.

Since —Sy(—s-+T/2) is a solution of (5.4) through (5.7), and as —Sy(T'/2) is the same as y(0), uniqueness

of solutions implies that the matrix —S satisfies
Y(—s+T/2) = —Sy(s) for all s.

Thus —S is another time-reversing symmetry of y(s). For N = 2, conditions (2), (3), and (4) of Lemma

are satisfied, and so Corollary [5.4]implies that
X(T/2) = SX(T/4)~'SX(T/4). (5.9)

For
B=X(T/4),

combining equations (5.8) and (5.9) gives

X(T) = (SB~'SB)?
With A = SB~'SB and D = B~'SB, then

X(T) =A% = (SD)?,

where §2 = I and D> = I. The two time-reversing symmetries S and —S of y are both involutions, and

together they generate a D, symmetry group for .
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5.2.2 A Good Basis. We have reduced the stability analysis to the first quarter of the periodic orbit. Let
Y (s) be the fundamental matrix solution to the linearized equations about Schubart-like periodic orbit y(s)

with arbitrary initial conditions Yy. Let

B=Y(T/4).

By the third remark following Corollary the matrix YO’IY(T), which is similar to the monodromy
matrix X (T) = Y (T)Y, ', satisfies

Yy 'Y (T) = (Y 'S¥) B'SB)”.
The question of stability reduces to showing that the eigenvalues of
W = (Y, 'SYo)B~'SB

are on the unit circle. An appropriate choice of ¥ will simplify the factor YO*ISYO in W. Set

Lemma 5.6. There exists Y,y such that
(i) Yo is orthogonal and symplectic, and
(ii) Yy 'SYy = A.

Proof. Choose the third column of ¥, to be ¥/(0)/||Y'(0)|| = [0 1 0 0]” = e,. Fore3 = [00 1 0], the matrix

0O 1 0 O

0O 01 0
Y() = [J€2,163,€2,€3] =

0O 0 0 1

-1 0 0 O

is orthogonal and symplectic. Since S =diag{1,—1,—1, 1}, it follows that YO*1 SYo has the desired form. [
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Setting D = B~ SB and choosing Y, as constructed in Lemma [5.6|gives
W = (Y, 'SYy) B~'SB = AD.
The matrices A and D are both involutions, i.e., A2 = I, D> = I. From these it follows that
W~ =DA.

Because B is a symplectic matrix, a short computation using the formula for the inverse of a symplectic

matrix shows that D has the form

KT L
-L, —-K
for 2 x 2 matrices K, L, L;. It follows that
I 0 KT L KT Ly
W = = s
0 —I —L, —K L, K
and
| KT L I 0 KT —IL
wl= =
L, —-K 0 —I -L, K
Hence,
1 KT 0
(WH+w ) =
2 0 K

We show that the first column of K is [~1 0] Set v =¥, 'y/(0). By the choice of ¥,
v="Y57'(0) = [[Y'(0)lles.
Since S is symmetric and Yy is orthogonal, then by the third remark after Corollary

W=Y,'SYB 'SB=Y,'SY,B 'STB=Y]Y(T/2).
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Now Y/(s) is a solution of & = JD>I'(y(s))& and ' (0) = Y (0)Y, 'y'(0) = Y (0)v, and so ' (s) = ¥ (s)¥, '¥'(0) =
Y (s)v. This implies that
Yo (T /2) =Y Y (T/2)v=Wv.

Since Y(s) satisfies Y(—s+ T /2) = —Sy(s) for all s, then Y (—s+T/2) = SY'(s) for all 5. Setting s = 0 in

this gives /(7 /2) = Sy'(0). Since Y'(0) is a nonzero scalar multiple of e, and since Se; = —e;, then

Yo W(T/2) = Y5 '8Y'(0) = =Yg 'Y (0) = —¥ ¥ (0) = —».

Thus Wv = —v, implying that —1 is an eigenvalue of W and ej3 is an eigenvector of W corresponding to this
eigenvalue. Thus the first column of K is as claimed. The form of the rest of K comes from the formula for

the inverse of a symplectic matrix and the definition of D:

where c; is the i column of Y (T /4).

5.2.3 Numerical Calculations. With an absolute error tolerance of 1 x 10~ !2, our numerical results for

m = 1 showed that the initial condition
01(0) = R(1) =2.295592258717, 0»(0)=0, P;(0)=0, P,(0)=2

leads to a periodic simultaneous binary collision periodic orbit (as in Figure 1) whose period T satisfies
T/4 = 0.817348080989685. Using MATLAB and a Runge-Kutta-Fehlberg algorithm, we computed the

columns of the matrix ¥ (7 /4) with an absolute error tolerance of 4 x 107, From this, we got
el (SJcq) = 0.598490.

For values of m between 0 and 50 at 0.01 increments, we numerically computed the value of R(m) in the
initial conditions and the value of the period T (with an absolute error tolerance of 4 x 10~°), and the values

of ¢¥ (SJc4) (with an absolute error tolerance of 1 x 107%). The results of these computations are contained
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in Figure 5.2.

A closer look at the numerical data in Figure 5.2 for where the value of ¢1 (SJcy) is close to 1 gives
estimates of the two values of m where the stability of the periodic orbit changes. The first critical value of
m is approximately m = 2.83, and the second critical value of m is approximately m = 35.4.

The eigenvalues of K are —1 and ¢} (SJcs). The eigenvalues of K are distinct for most values of m
in [0,50] because of the rigorous numerical estimates we have for ¢ (SJc4). Lemma|5.5|now implies the

following linear stability result.

Theorem 5.7. There exists small positive constants €;, i = 1,2,3,4 such that the periodic simultaneous
binary collision orbit in the collinear symmetric four body problem with masses 1, m, m, 1 is linearly stable

when m < 2.83 —¢1 and 35.4+4 ¢, < m < 50, and is linearly unstable when 2.83 +¢€3 <m < 35.4 —¢4.

This result confirms the linear stability analysis of Sweatman [29] for m between 0 and 50, asserting
that the periodic orbit is unstable when m is between 2.83 and 35.4. Simulations of the periodic orbit when

m is between 2.83 and 35.4 indicate that the linear instability is manifested slowly over time.

5.3 LINEAR STABILITY FOR THE 2D SYMMETRIC PERIODIC ORBIT

In [[177]], we proved the existence of a special type of planar periodic solution of 2n bodies with equal masses.
In this section, we are going to consider the linear stability of this periodic solution when n = 2. If (x1,x2)
is the position of the first body, then the positions of the remaining three bodies are (x2,x1), (—x1, —x2), and
(—x3,—x1). When each body has mass m = 1, the Newtonian equations for this planar four-body problem

are
(x1 —x2,x0 — x1) (x1,x2) (X1 +x2,x1 +x2)
23/2|x) — x5 4(x3 +x3)3/2 23/2|x1 4 x5

(¥1,42) = —

The initial conditions for the periodic orbit, and the periodic orbit are illustrated in Figure 5.3.
We adapt Sweatman’s approach ([28]], [29]) to regularize this system. The Hamiltonian for this system

is

V2 V2 1

T /x%—i—x%’

where w; = 4x; and wy = 4%, are the conjugate momentum. In terms of the canonical coordinates (g1, g2, p1, p2)

H= (w%—i—w%)

0| =—
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Figure 5.2: The value of I (SJcy) for values of m between 0 and 50.
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Figure 5.3: On the left are the initial conditions leading to the four-body two-dimensional periodic SBC
orbit. On the right is the orbit.

defined by

q1=Xx1—X2, q2=Xx1+Xx2, Wi =p1+p2, wWa2=p2—pi,

the Hamiltonian becomes

V2 V2 V2

2 2
(pd) -2 -2
ol Tl g

The Levi-Civita type of canonical transformation used to regularize the collinear problem now applies to

H:

)=

the four body equal mass 2D problem. In terms of the canonical coordinates (Q1,Qx, P, P,) defined by
9i=0f, Pi=20ip; (i=1,2),

and the new time variable s defined by
da 5 5
ds - Ql Q27
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the Hamiltonian in extended phase space becomes

d 1
T= SH(H —E) = 1 (PO} + PROY) — V2(0} + 03) -

V203103

\/O1+ 03

where E is the total energy of the Hamiltonian H. The differential equations in terms of the new coordinates

{01,02,P1,P,} are

—EQ}03 (5.10)

1, 2

0i=3gP0; (5.11)
/ 1 2
0, = §P2Q1 (5.12)

2203 2/20i03
Jotror (0t+0d):
V20,07 2V2050%

Jotror (0t+0d):

Unlike the collinear problem, we do not fix the value of E here. As shown in [18]], for each { > 0 there

1
Pi=—gPi01+2v201 + +2E0,0; (5.13)

1
P, = 7§P12Q2 +2V20, + +2EQ,0}. (5.14)

exists vo > 0 such that the initial conditions
01(0) =C, 02(0)=C, Pi(0) = —4vy, P»(0)= 4o, (5.15)

lead to a periodic solution with a minimal period 7. From I" = 0, the value of E is determined by this choice

of { and vg. By its construction in [17], this periodic orbit satisfies
Ql(T/4) = —C, Q2(T/4) = C7 P1 (T/4-) = —4V(), P2(T/4) = —4V().

Simultaneous binary collisions correspond to s = 7/8,5T /8 i.e., when Q;(s) =0, and to s = 3T /8,7T /8,
i.e., when Q,(s) = 0. For { =1, 4vy = 2.57486992651942, and T /8 = 1.62047369909693. Figure 4

illustrates the coordinates (Q;, Q2, P, P>) of this periodic solution.

5.3.1 Stability Reductions using Symmetry. We will reduce the stability analysis to the first eighth of

the periodic orbit. The symmetric periodic 2D orbit

Y(t) = (Q1(1),0a2(2),Pi(t), Pa(t))
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Figure 5.4: The periodic solution in the coordinate system Q1,Q», Py, P>.

with period T has a time-reversing symmetry and a time-preserving symmetry. For

0 -1 -1 0
F = 5 G= )
1 0 0 1
the matrices
F 0 G O
SF - ) SG -
F 0 -G

30

satisfy Sp' = ST, S2 #£1, S3 #1, S} =1, % =1, SL. = S, and (SrSg)> = I. Since Y(s+ T /4) and

SrY(s) = (—Qa(s),01(s), —Pa(s),P1(s)) are solutions of (5.11) through (5.14) and share the same initial

conditions when s = 0, uniqueness of solutions implies that

Y(s+T/4) = Spy(s) for all s.
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Thus Sr is a time-preserving symmetry of y(s). With N = 4, conditions (2), (3), and (4) of Lemma|5.1|are

satisfied, so that Corollary [5.2|(with k = 4) and S} = I imply that
4 4
X(T) = Sk (SEX(T/4))" = (SEX(T/4))"

Since Y(—s+ T /4) and SgY(s) are solutions of (5.11)) through (5.14) and share the same initial conditions

when s = 0, uniqueness of solutions implies that
Y(—s+T/4) = Sgy(s) for all s.

Thus S¢ is a time-reversing symmetry for Y(s). With N = 4, conditions (2), (3), and (4) of Lemma|5.3|are

satisfied, and so Corollary [5.4]implies that
X(T/4)=ScX(T/8)]"' SCX(T/8) = SG[X(T /8)] ' SGX (T /8).

Let

B=X(T/8).

Combining the factorization of X (T') that involves Sy and the factorization of X (7 /4) that involves S gives
the factorization

X(T) = (SESeB~'sGB)".

Setting
01 O 0
- 1 0 O 0
Q:SFSG:
00 0 -1
00 -1 0
and D = B~'SB results in the factorization
X(T) = (eD)*
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where Q and D are both involutions. The symmetries Sr and Sg generate a D4 symmetry group for the

periodic orbit Y(s).

5.3.2 A Good Basis. Let Y (s) be the fundamental matrix solution to the linearized equations about the

2D periodic orbit Y(s) with arbitrary initial conditions Y. Let
B=Y(T/8).

By remarks following Corollaries and , the matrix YO’IY(T), which is similar to the monodromy

matrix X (T) = Y (T)Y, ', satisfies
Y, 'Y(T) = (Y, 'SESGYoB™'S6B)* = (Y, ' QYoB~'SGB)*.
The question of linear stability reduces to showing that the eigenvalues of
W =Y, 0B 'SGB

are on the unit circle. Recall that

Lemma 5.8. There exists Yy such that
(i) Yo is orthogonal and symplectic, and
(ii) Yy 'QYy = A.

Proof. Choose the third column of ¥; to be

Y SO

where a = vo(?/2, b = EC} = (2v3 —2v/2 — 1){ and ¢ = V/2a2 + 2b2. Let col;(Yy) denote the i column of
Yy. Define
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| T
coll(Y0)=J~Colg(Yo)=C{b b a a} .

We now choose cols(¥y) such that cols(¥p) is orthogonal to cols(¥p), and cols(¥p) is one of the eigen-

vectors of Q with respect to its eigenvalue of —1. Since the eigenspace of Q corresponding to its eigenvalue

of —1is
T T
SPan{[1 -1 0 0] ,[o 0 1 1} },
define
1 T
coly(Yp) = p { b —b a a }
and
1 T
CO]Q(YO) = J'CO]4(Y0) = ; |: a a —-b b :l
The matrix ) )
b a —a b
1 b a a —b
YO = - )
¢ a —-b b a
—a b b a
is both symplectic and orthogonal and it satisfies YO*IQYO =A. O

Setting D = B~!SgB and choosing ¥ to be the matrix constructed in Lemma gives W = AD. The
matrices A and D are involutions (the latter because Sé =1I). As in Section 3.2, W1 = DA, and there is a

2 x 2 matrix K such that

K" 0
WH+w ) =

| =

0 K

We show that the first column of K is [1 0]7. Since Sg =Sc, YO_1 = YOT, it follows by the third remark

following Corollary [5.4] that

W =Y, 'SESGYoB 'SgB =Y, 'SLY (T /4) = Y] SEY (T /4).
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Set v =Y, 'y/(0). By the choice of the matrix Yy,

oS O

v=Y; 1Y (0) = YJY(0) = = [[Y'(0)]]e3.
1Y (0)]]

Because ¥'(s) is a solution to the linearized equation & = JD?I'(y(s))& and because y'(0) = ¥ (0)Y, 'y (0),
then y'(s) = Y (s)¥, 'v/(0) for all 5. Hence,

Wv =YJ SLY (T /4)v = Y] Sty (T /4). (5.16)
Since v satisfies Y(s + T /4) = Spy(s) for all s and S;.' = S, it then follows that
V() =Sp'Y (s +T/4) =S[y (s +T/4).
Setting s = 0 in this gives Y'(0) = SLy/(T /4), and consequently that
Yy SEY'(T/4) = Yy ¥ (0) = Y5 'Y/ (0) = ». (5.17)

Equations and (5.17) now combine to show that Wy = v, i.e, that 1 is an eigenvalue of W and e;3 is
an eigenvector for W corresponding to this eigenvalue. The first column of K is as claimed. The rest of K

comes from the formula for the inverse of a symplectic matrix and the definition of D:

where c; is the i column of B =Y (T /8).

5.3.3 Numerical Calculations. Having not fixed E, we used an invariant scaling of the coordinates and
time in equations (5.17)) through (5.14) to preselect a period T before numerically computing the initial

conditions for a periodic simultaneous binary collision orbit. For € > 0, if Q(s), O2(s), Pi(s), P2»(s) is a
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periodic simultaneous collision orbit of equations through , then replacing E with € 2E shows
that €Q (es), €Q>(es), Py (€s), P(€s) is also a periodic simultaneous binary collision orbit with energy € 2E
and period €' 7. Furthermore, it is straight forward to show that monodromy matrices for the periodic
simultaneous binary collision orbits corresponding to values of € # 1 are all similar to that for € = 1. Thus
the linear stability of a periodic simultaneous binary collision orbit for one € > 0 implies the linear stability
of the periodic simultaneous binary collision orbits for all € > 0.

We rigorously computed the value of ¢] (SgJcs) for the periodic simultaneous binary collision orbit
whose period is T = 8. This means that the first time of a simultaneous binary collision for this orbit is at
s=1. We set 01(0) = 02(0) =& and —P;(0) = P»,(0) =, and defined a function F(,n) to be equal to
the vector quantity (Q;(1),P>(1)). We used Newton’s method and a good initial guess to find a root (&,7)
of F. This involved computing the Jacobian of F' which was done using the linearized equations. With an

absolute error tolerance of 6 x 10!, this numerical method shows that the initial conditions
01(0) = 02(0) = 1.62047369909693, —P;(0) = P,(0) = 2.57486992651942,

lead to a periodic solution with a period of T = 8, and a value of E ~ —1.142329388. Using MATLAB and
a Runge-Kutta-Fehlberg algorithm, we computed the columns of the matrix ¥ (7' /8) with an absolute error

tolerance of 2.5 x 10~!2. From this we got
oI (SgJes) = —0.68024151010592.

Using the scaling of coordinates and time described above, the initial conditions for the periodic simultane-

ous binary collision orbit shown in Figures 3 and 4 are
01(0) = 02(0) =1, —P(0) = P»(0) =2.57486992651942

with a period T satisfying T /8 = 1.62047369909693, and energy E ~ —2.999682732.
For the periodic simultaneous binary collision orbit, the rigorous estimate of the eigenvalue cg (SgJca)
of K and its distinctiveness from the eigenvalue 1 of K combine with Lemma [5.5] to give the following

stability result.
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Theorem 5.9. The periodic simultaneous binary collision orbit in the 2D-symmetric equal mass four-body

problem is linearly stable.

When cf (SgJcs) is real and between —1 and 1, it is the real part of an eigenvalue with unit modulus for
W (see [21]]). For the periodic simultaneous collision orbit, the real part of exp(3mi/4), that is —(1/2)v/2,
is fairly close to the rigorously estimated value of ¢l (SgJcs). Raising exp(37i/4) to the fourth power
gives exp(3mi) = —1, and so two of the eigenvalues of the monodromy matrix of the periodic simultaneous
binary collision orbit are close to —1. The symmetry reductions used to compute the eigenvalues over just
one-eighth of the period and the rigorous estimate of cg (SgJca) showing that it is clearly between —1 and

1, assures the linear stability of the periodic simultaneous binary collision orbit.
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