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ABSTRACT

LYAPUNOV EXPONENTS AND INVARIANT MANIFOLD
FOR RANDOM DYNAMICAL SYSTEMS IN A BANACH SPACE

Zeng Lian
Department of Mathematics

Ph.D of Mathematics

Abstract

We study the Lyapunov exponents and their associated invariant subspaces
for infinite dimensional random dynamical systems in a Banach space, which are
generated by, for example, stochastic or random partial differential equations.
We prove a multiplicative ergodic theorem. Then, we use this theorem to
establish the stable and unstable manifold theorem for nonuniformly hyperbolic

random invariant sets.
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1 Introduction

Lyapunov exponents play an important role in the study of the behavior of dynamical
systems. They measure the average rate of separation of orbits starting from nearby
initial points. They are used to describe the local stability of orbits and chaotic

behavior of systems.

In this thesis, we study Lyapunov exponents and their associated random invariant
subspaces for infinite dimensional random dynamical systems in a Banach space and
establish the existence of stable and unstable manifolds of Pesin type for random

invariant sets.

Infinite dimensional random dynamical systems arise in applications when ran-
domness or noise is taken into account. They may be generated, for example, by

stochastic partial differential equations and random partial differential equations.

Let (Q2,F,P) be a probability space and (6"),cz be a measurable P-measure
preserving dynamical system on 2. A discrete time linear random dynamical system
(or a cocycle) on a Banach space X over the dynamical system 6" is a measurable
map

O(n,,):Ax X - X, (w,x)— P(n,w,x), forneZt

such that the map ®(n,w) := ®(n,w,-) € L(X, X), the usual space of all bounded

linear operators, and forms a cocycle over 6™:

®(0,w) =1Id, forall we,

b(n+m,w) = &(n,0"w)®(m,w), forall mneZt wel.

A typical example is the solution operator at time ¢ = n for a stochastic linear

differential equation. The measurable dynamical system (0"),cz is also called a metric

1



dynamical system. The metric dynamical system models the noise of the system.

We write the time-one map ®(1,w) as S(w) := ®(1,w). Then S(w) is the so-
called random bounded linear operator in the sense that S(w) is strongly measurable,
i.e., w — S(w)x is measurable from Q to X for each x € X. We note that a random

bounded linear operator S(w) generates the linear random dynamical system ®(n,w):

S 1w)---Sw), n>0,
O(n,w) =

1, n = 0.

1.1 Lyapunov Exponents

In the following, we will see that the long term behavior of orbits of ®(n,w) can
be described by Lyapunov exponents and their associated random invariant linear
subspaces. In order to state our main results, we need to introduce the following two

quantities:

R(@)(w) = lim ~log[|@(n,w)|

n—+oo N

and

1
lo(w) = lim —log||®(n,w)la-

n—+oo N

The quantity x(®)(w) is the largest Lyapunov exponent and it describes the expo-
nential growth rate of the norm of ®(n,w) along forward orbits. ||®(n,w)l|, is the
Kuratowski measure of operator ®(n,w), and [,(w) is the essential exponent. which
is the accumulation point of Lyapunov exponents when there are infinite many Lya-
punov exponents. [,(w) = —oo when S(w) is compact. In the deterministic case that
®(n,w) = S™ where S is a bounded linear operator, el is the radius of the essential
spectrum of S. We will see that both limits exist almost surely under the assumption

that the positive part of logarithms of the norm of S(-) is integrable. We will also see
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that x(®)(w) > l,(w) and they are f-invariant.
Our main results may be summarized as

Theorem A. Assume that S(-) : Q — L(X, X) is strongly measurable, where X is

a separable Banach space, S(w) is injective almost everywhere and
log"[|S()Il € LY (Q, F, P).

Then, there exists a O-invariant subset Q C Q of full measure such that for each w € Q

only one of the following conditions holds

(1) K(®)(w) = la(w).

(II) There exist k(w) numbers A\;(w) > ... > Agwy(w) > lo(w) and a splitting
X=E(Ww)® & Eyu(w) ®F(w)

of finite dimensional linear subspaces E;(w) and infinite dimensional linear sub-

space F(w) such that

1) Invariance: k(fw) = k(w), \(fw) = \(w), S(w)E;(w) = E;(6w) and

S(w)F(w) C F(Ow). k(w) and \j(w) are constant when 6 is ergodic;

2) Lyapunov Ezxponents:

1
lim —log||®(n,w)v|| = Aj(w) for all v(#0) € Ej(w),1 < j <k;

n—too N,

3) Ezponential Decay Rate on F(w):

. 1
timsup — log (1, )] oy | < la(e)

n—-—+o00



and if v(#£ 0) € F(w) and (®(n,0 "w)) " v exists for alln > 0, which is

denoted by ®(—n,w)v, then

1
liminf — log ||®(—n,w)v|| > —l4(w);
n

n—-+o00

4) Measurability and Temperedness: k(w), \i(w), and E;(w) are measurable

and the projection operators associated with the decompositions

J k(w) k(w)
X = <@Ei(w)) o (P Ew) o Fw)) = (@Ei@)) o F(w)

i=j+1

are strongly measurable and tempered.

(II1) There exist infinitely many finite dimensional subspaces E;(w), infinitely many

infinite dimensional subspaces Fj(w), and infinitely many numbers

AM(w) > A(w) > ... > ly(w) with  lim \j(w) = lo(w)

j—Foo

such that

1) Invariance: \(fw) = \(w), S(w)Ej(w) = E;(6w), S(w)Fj(w) C Fj(0w).

A\i(w) are constants when 0 is ergodic;

2) Invariant Splitting:
X=E(w)® & Ejw)®Fjw) and Fj(w) = Ej(w) ® Fja(w);
3) Lyapunov Ezxponents:

lim 1 log || ®(n, w)v|| = A\j(w), for all v(#£ 0) € E;(w);

n—+oo N,



4) Ezponential Decay Rate on F;(w):

. 1
lim —log [8(n. )], | = Ay ()

n—-+4oo N

and if for v(# 0) € F;(w) such that ®(—n,w)v ezists for all n > 0, then

1

lim+inf— log [|®(—n,w)v|| > —Aj1(w);
n—+oo N

5) Measurability and Temperedness: \j(w) and E;(w) are measurable and the

projection operators associated with the decomposition

J
X = (@ E,@)) @ Fj(w)
i=1
are strongly measurable and tempered.

Furthermore, the above statements hold for any continuous time random dynamical

system ®(t,w),t € RT, which satisfies

sup log® ||®(s,-)|| and sup log™ ||®(1 — s,6%)|| € Ll(Q,}", P).
0<s<1

0<s<1

Remark: (1) k(®) = l,(w) means that the largest Lyapunov exponent is the same
as the essential exponent. When ®(n,w) = S™ is a deterministic dynamical system,
it means that there are no eigenvalues outside of the circle with the radius, e, of the
essential spectrum. (2) When case (II) holds, there are only finitely many Lyapunov
exponents larger than [,(w). This is because the largest Lyapunov exponent of the
restriction CI>’ » equals to [, (w). We note that the essential exponent of the restriction

®|F is the same as [, (w) since the codimension of F' is finite. (3) In the case (III), we
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have that m(@’ Fj) > [, (w) for all j, thus there are infinitely many Lyapunov exponents
and [, (w) is the limit point of these Lyapunov exponents. (4) When S(w) is compact,
lo(w) = —oo. In this case, as long as there is no trajectory decaying faster than any
exponential function, this theorem implies that there are infinitely many Lyapunov
exponents. We notice that the random dynamical system generated by a stochastic
parabolic partial differential equation is compact while the random dynamical system

generated by a stochastic wave equation is not compact.

The results we obtain here are the extension of fundamental results by Oseledets,
Ruelle, Mané, Thieullen, and Schaumloffel to a general infinite dimensional random

dynamical system in a separable Banach space.

The study of Lyapunov exponents goes back to Lyapunov [19] and has a long
history. The fundamental results on the theory of Lyapunov exponents for finite di-
mensional systems were first obtained by Oseledets [34] in 1968, which is now called
the Oseledets multiplicative ergodic theorem. Alternative proofs of this truly remark-
able theorem can be found in [30], [35], [11], [24], [37], [38], [22], [6], [1], [16], [15],
[4], [9], and [2]. These proofs are based on either the triangularization of a linear
cocycle and the classical ergodic theorem for the triangular cocycle or the singular
value decomposition of matrices and Kingman’s subadditive ergodic theorem. This
theorem plays a crucial role in the celebrated Pesin’s theory for describing the dy-
namics of nonuniformly hyperbolic diffeomorphisms on compact manifolds. It is also
an important and indispensable tool for studying the dynamics of random dynamical

systems on compact manifolds, see [20], [21], [17], [13], and a recent survey [14].

In his remarkable paper [39], Ruelle extended the multiplicative ergodic theorem to
compact random linear operators in a separable Hilbert space with a base measurable
metric dynamical system in a probability space. A typical example of these maps

is the time-one map of the solution operator of a stochastic or random parabolic



partial differential equation. In this case, one has to face the difficulties arising
from that the phase space is not locally compact and the dynamical system may
not be invertible over the phase space. Ruelle’s results have been applied to study
other stochastic partial differential equations and delay differential equations. See,

for example, [31]and [32].

Later, Mané [23], extended the multiplicative ergodic theorem to compact opera-
tors S(w) in a Banach space, where the base metric dynamical system is a homeomor-
phism over a compact topological space and S(w) is continuous in w. A drawback of
Mané’s results is that they cannot be applied to random dynamical systems generated
by stochastic partial differential equations. Besides the obstacles Ruelle encountered
in a Hilbert space, one also needs to overcome the problem that there is no inner

product. Mané took a different approach from Ruelle’s.

Thieullen [42] further extended Mané’s results on Lyapunov exponents to bounded
linear operators S(w) in a Banach space, where the base metric dynamical system 6
is a homeomorphism over a topological space €2 homeomorphic to a Borel subset of a

separable metric space and S(w) is continuous in w.

In [41], Flandoli and Schaumléffel obtained a multiplicative ergodic theorem for
random isomorphisms on a separable Hilbert space with a measurable metric dynami-
cal system over a probability space. This result is used to study hyperbolic stochastic
partial differential equations. Schaumléffel, in his thesis [40], extended the multi-
plicative ergodic theorem to a class of bounded random linear operators which map
a closed linear subspace onto a closed linear subspace in a Banach space with certain

convexity.

Recently, Mierczynski and Shen, in [25, 26, 27, 28, 29], have extensively studied the
principal Lyapunov exponents for random parabolic equations and obtained results

of Krein-Rutman type.



1.2 Random Stable and Unstable Manifolds.

We consider a nonlinear random dynamical system ¢(n,w,z) in a Banach space X.
We assume that ¢(n,w,z) has a random invariant set A(w). By invariance we mean
that

o(n,w, A(w)) = A(0"w).

We will see in section 9 that if the conditions of Theorem A holds for the linearized
system along orbits in 4(w) and there is no zero Lyapunov exponent and [, < 0,
then the nonuniform hyperbolicity holds. Our results on the existence of stable and

unstable manifolds may be stated as

Theorem B. (Eristence of Stable and Unstable Manifold) Let ¢(w,-) be a C* k >
2, random map on Banach space X. Let A(w) be invariant subset of X. Assume

that ¢(w, -) is non-uniformly hyperbolic on A. Then there exist stable and unstable

manifolds of A.

The theorem we have here is an extension of Pesin’s stable manifold theorem to
infinite dimensional random dynamical systems in a Banach space. The stable man-
ifold theorem for nonuniformly hyperbolic diffeomorphisms on a compact manifold
was first established by Pesin in his celebrated paper [36]. The Pesin’s theorem was
later extended to Hilbert space by Ruelle [39] for not only deterministic dynamical
systems but also random dynamical systems. Mané extended it to deterministic dy-
namical systems with a compact invariant set in a Banach space. The proof of Pesin’s
stable manifold theorem for random dynamical systems on a compact manifolds can
be founded in [17]. The local theory of invariant manifolds for finite dimensional

random dynamical systems are given in [43] and Arnold [1].



1.3 Nontechnical Overview.

Our proof of Theorem A is based on Mane’s approach and consists of seven main
steps. The most significant difference we have here is that the metric dynamical sys-
tem @ is only a measurable function on a probability space, the base space €2 has no
topology and the base flow # is not continuous, and S(w) is only strongly measurable.
Since the phase space X is a Banach space, there is no inner product, thus the ap-
proach used by Ruelle is not applicable. However, some of ideas from Ruelle will be
used. We will also use ideas from Thieullen. In order to overcome these difficulties,
new techniques are needed to establish the existence of Lyapunov exponents and their

associated random invariant subspaces.

Step 1. Volume Functions.

We first introduce a volume function in a Banach space and give its basic properties.
Then, we study the exponential growth rate of the volume function under a linear
transformation and its relationships with the Kuratowski measure of the transforma-

tion. These details are given in Section 4.

Step 2. Gap and Distance between Closed Subspaces.

In Section 5, we first review the properties of the gap and distance between two closed
subspaces of a Banach space X, which are taken from Kato [12]. Under this distance,
the set of closed linear subspaces of X is a complete metric space. We show that the
direct sum is a continuous function. As a consequence, we have that a measurable

base gives the measurability of the space.

Step 8. Exponential Growth Rates.

We study five exponential growth rates: (1) the exponential growth rate of the volume

9



function along pullback orbits of linear random dynamical systems; (2) the largest
Lyapunov exponent; (3) the essential exponent; (4) the essential growth rate along
pullback orbits; and (5) the exponential growth rate of the norm of the system along
the pullback orbits. Kingman’s subadditive ergodic theorem is used to establish the
existence of these rates. A key estimate is that the essential exponent is the upper
bound of the asymptotic limit of the exponential growth rate of the volume function

along pullback orbits. These details are given in Section 6.1.

Step 4. Random Invariant Unstable Subspace.

In Section 6.2, we consider a random invariant unstable subspace E* with the ex-
ponential growth rate A\ between the largest Lyapunov exponent and the essential
exponent. In Section 6.1, we first show by using the volume function that it is a
finite dimensional space. Then, we prove that its dimension is bounded below by
an integer m which is completely determined by the exponential growth rate of the
volume function along pullback orbits and the dimension of E* is exact m when A
equals to the largest Lyapunov exponent x(®). Again, the main tool is the volume
function. We also use a lemma due to Pliss on the estimation of a partial sum and

the Birkhoff ergodic theorem.

Step 5. Measurability of E*®)(w).

We modify the theorem of measurable selection taken from [3]. By using this mod-
ified theorem and the volume function, we construct a sequence of measurable m-

dimensional spaces and show that this sequence converges to E*(®)(w).

Step 6. Oseledets Spaces.

In Subsection 6.3, we show that E%(®)(w) is the Oseledets space associated with the

10



largest Lyapunov exponent.

Step 7. Measurable Invariant Complementary Subspace.

It is well-known that any finite dimensional subspace of a Banach space has a com-
plementary subspace. Here, we show that the finite dimensional random invariant
subspace E*(®)(w) has a measurable and invariant complementary subspace. We first
show that every finite dimensional measurable subspace has a measurable basis by us-
ing the modified measurable selection theorem. Then we prove a measurable version
of the Hahn-Banach theorem: every strongly measurable bounded linear functional
on a finite dimensional subspace of a separable Banach space X can be extended
to a measurable bounded linear functional on X with the same norm. To construct
the measurable and invariant complementary subspace, we first construct a strongly
measurable projection which gives an approximation of the complementary subspace.
Using this approximation as a coordinate axis and the construction of the stable man-
ifold, we construct the measurable and invariant complementary subspace. These

details are given in Section 7.

The proof of Theorem A is given in Section 8 based on induction. In Section 9,

we prove Theorem B by using the Lyapunov-Perron’s approach.

Acknowledgement. We would like to thank L. Arnold for his valuable suggestions

and B. Schmalfuss for sending us a copy of Schaumloffel’s thesis.
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2 Notations and Preliminaries

The results and proofs represented in this thesis require a certain amount of technical

notations and lemmas which we collect in this section for future reference.

2.1 Random Dynamical Systems

In this section, we review some of the basic concepts on random dynamical systems

in a Banach Space that are taken from Arnold [1].

Let (2, F, P) be a probability space and X be a Banach space. Let T =R or Z

and TT =R* or Z*. T and T" are endowed with their Borel o— algebra.

Definition 1. A family (0");cr of mappings from € into itself is called a metric

dynamical system if

(1) (w,t) — O'w is F ® B(T) measurable;

(2) 6° = idg, the identity on © , 07 = 6 0 6° for all ¢, s € T;

(3) 6" preserves the probability measure P.

Definition 2. A map

TP xOxX - X, (tw,r)— o(t,w,x),

is called a random dynamical system (or a cocycle) on the Banach space X over a

metric dynamical system (Q, F, P, 0")cr if

(1) ¢ is B(T") ® F ® B(X)-measurable;

12



(2) The mappings ¢(t,w) := ¢(t,w,-) : X — X form a cocycle over 6"
¢(0,w) =1Id, forall we

d(t+s,w) = o(t,PPw)op(s,w), forall t,se€ T, we.

A typical example of ¢ is the solution operator of a random or stochastic partial

differential equation. See, for example,[8], [7], [18], and [32].

Here we borrow an example from [1]

Example 1. (Linear and Affine RDS) (i) Linear RDS: Let the measurable func-
tion A : Q — R satisfy A € L1(Q, F,P). Then

jft = A(@tw)xt
generates a unique C*° RDS ¢ satisfying
t
O(t,w) = I—i—/ A(Osw)P(s,w)ds
0

and

t
det ®(t,w) = exp/ trace A(fsw)ds.
0

Also, differentiating ®(¢,w)®(t,w)™ = I yields

P(t,w) =1~ /tCI)(s,w)_lA(st)ds.

Affine RDS: The equation

il'Tt = A(@tw)a?t + b(etw), A, b S Ll(Q7 fv ]P))a

13



generates a unique C>° RDS. The variation of constants formula yields

o(t,w)r = O(t,w)x +/O O(t,w)®(u,w) tdu

t
= d(t,w) +/ O(t — u, 0,w)b(0,w)du,
0
where ® is the matrix cocycle generated by &, = A(6,w)x;.

é(t,w, ) is said to be a C random dynamical systems if ¢ is CV in z.

A map S : Q — L(X,X) is called a linear random map in a separable Banach
space X if it is strongly measurable, i.e., S(:)z : © — X is measurable for each
x € X, where L(X, X) is the usual Banach space of bounded linear operators from X
to X. A linear random map S(w) generates a linear random dynamical system with

one-sided time over the metric dynamical system (2, F, P, (0"),ez)-

S 'w)---Sw), n>0
d(n,w) =

1, n = 0.

If S™'(w) exists and is also a linear random map, then S(w) generates a linear
random dynamical system with two-sided time over the metric dynamical system

(Qw}—v Pv (en)nEZ)'

S7H0"w)---STHO 'w), n<O.

\

The next concept is of fundamental importance in the study of random dynamical

systems.

14



Definition 3. (i) A random variable R : Q — (0, 00) is called tempered with respect

to a metric dynamical system 6" if

1
lim —logR(A"w) =0 P —a.s.

t—+oco N

(ii) R: 2 — [0,00) is called tempered from above if

1
lim —log™ R(0"w) =0 P —a.s.

n—too N

(iii) R : Q — (0, 00) is called tempered from below if 1/R is tempered from above.

2.2 Ergodic Theory

In this section we will state some fundamental results of ergodic theory which will be
a language in the proof.
Let (Q2,F,P) be a probability space. T : Q@ —  is called measure-preserving

transform if T satisfies:
(i) T is surjective,
(ii) 7T is measurable,
(iii) P(T'A) = P(A) for any A € F.

A set A € T is called invariant if A = T—'A. T is called ergodic if Q and () are the

only invariant sets.

Theorem 1. (Birkhoff’s Ergodic Theorem) Let T : ) — Q) be a measure-preserving
transform, f be a measurable function. Then there is a full measure set Q C Q and a

measurable function f such that for any w €

1 — , _
Tim g;fow) = fw).

15



If T s ergodic, then
1o :
hm-}lmTwo:/fw.
nmee D &
By choosing special f such as characteristic functions, one have

Corollary 2. For any measurable set A and ergodic transform T

lim %ﬂ{T"(w) cA1<n<N}=PA) ae.

N—oo

The following theorem is taken from [1]

Theorem 3. (Subadditive Ergodic Theorem). (M, 3, p) denotes a probability space,
and f: M — M a measurable map preserving p. Let {F,}n,~0 be a sequence of

measurable functions from M to R|J{—oo} satisfying the conditions:

(a) integrability : F;" € L'(M,%, p),

(b) subadditivity : Fpyn < Fy, + F, o falmost everywhere.

Then there exists an f-invariant measurable function F : M — R|J{—o0} such that

Fte LY(M,%,p),

1
lim — F, = F a.s.

n—oo N

and

lim 1 F,(x)p(dx) = inf l/Fn(x)p(dac) = /F(x)p(da:)

n—oo M, neN T

2.3 Measures of noncompactness

We now review the measures of noncompactness and their properties. Let B be a

subset of X. The Kuratowski measure of noncompactness, «, defined by

a(B) =inf{d : B has a finite cover of diameter < d}.
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The a-measure of the noncompactness satisfies
(i) a(B) =0 for B C X if and only if B is precompact.
(ii)) a(BUC) = max{«a(B),a(C)} for B,C C X.
(i) a(B+C) < a(B) + a(C).
(iv) a(closed convex hull of B) = «a(B).

(v) If By D By D -+ are nonempty closed sets of X such that a(B;) — 0 asi — oo,

then ﬂiZI B; is nonempty and compact.

Let L be a map from X to X. We define
|L||lo = inf {k >0 : a(L(B)) < ka(B) for all bounded sets B C X}. (1)
If L is a bounded linear operator, then
[1L]o = a(L(B(0, 1)),

where B(0, 1) is the unit ball of X with center at 0. Furthermore, ||-||, is multiplicative
norm:

L1 + Lolla < [ILalla + [[L2lla: L1 © Lafla < [[Lalall Lalla

and || - ||, is a continuous function on L(X, X). The number ||L||, is related to the

1/n
o

radius of the essential spectrum of L. The limit lim,,_ ||L"||& " is equal to the radius

of the essential spectrum of L, see Nussbaum [33].
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3 Main Results

In this section, we state our main results. We consider a linear random map S(w)
in a separable Banach space X. We assume that S(w) is injective almost surely. As
we have seen in Section 2, S(w) generates a one-side time random dynamical system
®(n,w) on X over the metric dynamical system (6"),cz. We note that (®(n,w))™!
may not be a bounded linear operator since the range of S(w) may not be the whole

space.

Before we state our main results, introduce two important quantities

1
lofw) = Tim_ = log [ B(n,)]l

n—-+

and
(®)(w) = lim_log |[B(n,)]
= —lo
R(®)(w) = lim —logl|®(n,w)l,
where ||-||4 is defined in (1), which is related to the essential spectrum and x(®)(w) is

the largest Lyapunov exponent. In the deterministic case when ®(n,w) = S™ where S
is a bounded linear operator, e’ is the radium of the essential spectrum of 5. We will
see that both limits exist almost surely under the assumptions of our main theorem.

We will also see that x(®)(w) > l,(w) and they are # invariant.

Theorem 4. (Multiplicative Ergodic Theorem) Assume that S(-) : Q@ — L(X, X) is

strongly measurable, S(w) is injective almost everywhere and

log™ [|S()|l € LY(Q, F, P).

Then there exists a O-invariant subset Q C Q of full measure such that for each w € Q

only one of the following conditions holds
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(1) K(®)(w) = la(w).

(II) There exist k(w) numbers Ai(w) > ... > Agwy(w) > lo(w) and a splitting
X =E(w) & & Eyw(w) ® F(w)

of finite dimensional linear subspaces Ej(w) and infinite dimensional linear sub-

space F(w) such that
1) Invariance: k(fw) = k(w), \i(fw) = \(w), S(w)E;(w) = E;(6w) and
S(w)F(w) C F(Ow);

2) Lyapunov Ezponents:

1
lim —log ||®(n,w)v| = Aj(w) for all v(#0) € Ej(w),1 < j <k

n—+oo N,

3) Exponential Decay Rate on F(w):

. 1
limsup  log [€(1,) | < La()

n—-+00
and if v(# 0) € F(w) and (®(n,07"w)) " v exists for alln > 0, which is
denoted by ®(—n,w)v, then

1
liminf — log ||®(—n,w)v|| > —l,(w);
n

n—-4oo

4) Measurability and Temperedness: k(w), \;(w), and E;(w) are measurable

and the projection operators associated with the decompositions

X = (é Ei(w)> ® (( % Ei(w)) & F(w)) - (% Ei(w)> @ F(w)

i=j+1
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are strongly measurable and tempered.

(I11) There exist infinitely many finite dimensional subspaces E;(w), infinitely many

infinite dimensional subspaces Fj(w), and infinitely many numbers

M(w) > Aa(w) > ... > ly(w) with  lim \j(w) = l4(w)

j—+oo

such that
1) Invariance: N\i(0w) = \;(w), S(w)E;(w) = E;(6w), S(w)F;(w) C F;(6w);
2) Invariant Splitting:

Biw) @0 Ew) & Fw) =X and F) = Ej(@) ® F(w);

3) Lyapunov Exponents:

lim = log [®(n, w)v]| = As(w), for all v( 0) € Ej(w):

n—+oo N
4) Ezponential Decay Rate on Fj(w):

Tim g [[8(n,0)], ) | = Ay ()

and if for v(# 0) € Fj(w) such that ®(—n,w)v exists for all n > 0, then

lim mf — log |P(—n,w)v] > —Aj11(w);

n—-+4oo

5) Measurability and Temperedness: \j(w) and E;(w) are measurable and the
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projection operators associated with the decomposition

X = <@Ez(w)> ® Fj(w)

are strongly measurable and tempered.

Here \;(w) are the so-called Lyapunov exponents and E;(w), Fi(w) and F(w) are the

so-called Oseledets spaces.

As a corollary of Theorem 4, we have the following for compact linear random

dynamical systems.

Theorem 5. (Multiplicative Ergodic Theorem for Compact Linear Random Dynami-
cal Systems) Assume that S(-) : Q@ — L(X, X) is strongly measurable, S(w) is injective

and compact almost everywhere and
log™ [|S()[| € LN, F, P).

Then there exists a O-invariant subset Q C Q of full measure such that for each w €

only one of the following conditions holds

(1) K(®)(w) = —o0;
(II) There exist k(w) numbers Ai(w) > ... > Ay (w) > —o0 and a splitting
X=E(Ww)® - ® Eyu(w) ®F(w)

of finite dimensional linear subspaces E;(w) and infinite dimensional linear sub-

space F(w) such that
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1) Invariance: k(6w) = k(w), \i(fw) = N(w), S(w)E;(w) = E;(6w) and
S(w)F(w) C F(bw);

2) Lyapunov Exponents:

1
hr:il Elog |P(n,w)v|| = A;(w) for all v(#0) € Ej(w),1 < j <k;

3) Exponential Decay Rate on F(w):

. 1
limsup — log || ®(n, w)|p) ]| = —oc0
n—+oo T

and if v(#£ 0) € F(w) and (®(n,0 "w)) v exists for alln > 0, which is

denoted by ®(—n,w)v, then

1
lim inf = log || ®(— = +o00;
im inf —log || @(—n, w)v]| = +oo;

4) Measurability and Temperedness: k(w), \;(w), and E;(w) are measurable

and the projection operators associated with the decompositions

j (w) k(w)
X = (Q_B Ei(w)) ® (( _@ Ei(w)) & F(w)) - (Q_; E,@)) @ F(w)

are strongly measurable and tempered.

(III) There exist infinitely many finite dimensional subspaces E;(w), infinitely many

infinite dimensional subspaces Fj(w), and infinitely many numbers

AM(w) > Ao(w) > ... > —o0 with <li£rn Aj(w) = —o0
j—+o0

such that
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1) Invariance: A\i(0w) = \;(w), S(w)E;(w) = E;(6w), S(w)F;(w) C F;(6w);

2) Invariant Splitting:
Bi(w) & @ Ejw) @ Bw) = X and F(w) = By (@) & Fip(w);
3) Lyapunov Exponents:

lim llog |D(n,w)v|| = A;j(w), for all v(# 0) € Ej(w);

n—+oo N

4) Ezponential Decay Rate on Fj(w):

. 1
lim—log [8(n. )], | = Ay ()

n—-+oo N,

and if for v(# 0) € Fj(w) such that ®(—n,w)v exists for all n > 0, then

1
liminf —log ||®(—n, w)v|| > =41 (w);

n—4oo N

5) Measurability and Temperedness: \j(w) and E;(w) are measurable and the

projection operators associated with the decomposition

X = (@El(w)) ® F;(w)

are strongly measurable and tempered.

The next theorem is the multiplicative ergodic theorem for continuous time linear

random dynamical systems.

Theorem 6. (Multiplicative Ergodic Theorem for Continuous Time Linear Random

Dynamical Systems) Let ®(t,w) : RT x Q — L(X,X) be a continuous time cocycle
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and X be a separable Banach space. Assume ®(1,-) : Q — L(X,X) is strongly

measurable, ®(1,w) is injective almost everywhere, and

sup log™ ||®(s,-)|| and sup log™ ||®(1 — s,0%)|| € L*(Q, F, P).
0<s<1

0<s<1
Let

S

) 1
lofw) = Tim_~log [[2(s,)]l

and

K(®)(w) = lim 110g]|<I>(s,w)H.

s—400 §

Then there exists a 0" -invariant subset Q C Q of full measure such that for each w €

only one of the following conditions holds

(1) K(®)(w) = la(w)-
(II) There exist k(w) numbers A\(w) > ... > Ayw)(w) > lo(w) and a splitting
X=FE(w)® - & Eru)(w) ® F(w)

of finite dimensional linear subspaces E;(w) and infinite dimensional linear sub-

space F(w) such that

1) Invariance: k(0'w) = k(w), \i(0'w) = \(w), ®(t,w)E;(w) = Ej(0'w) and
P(t,w)F(w) C F(f'w);
2) Lyapunov Ezponents:
1
tliin glog |D(t, w)v|| = Aj(w) for all v(z£0) € Ej(w),1 <j <k
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3) Exponential Decay Rate on F(w):

) 1
lim sup  1og [ 0(t,) r(o) || < la()
t—+o00

and if v(# 0) € F(w) and (®(t,07'w)) v exists for all t > 0, which is

denoted by ®(—t,w)v, then
li 'f—ll |P(—t, w)v|| > —ls(w);
im inf - log , W)V a(w);

4) Measurability and Temperedness: k(w), \;i(w), and E;(w) are measurable

and the projection operators associated with the decompositions

j (w) k(w)
X = (@ Ei(w)) ® (( _@ Ei(w)) & F(w)) - (@ E,@)) @ F(w)

are strongly measurable and tempered.

(III) There exist infinitely many finite dimensional subspaces E;(w), infinitely many

infinite dimensional subspaces Fj(w), and infinitely many numbers

A(w) > Xo(w) > ... > lp(w) with  lm \j(w) = lo(w)

oo

such that

1) Invariance: \(0'w) = \(w), ®(t,w)E;(w) = E;(0'w), ®(t,w)F;(w) C
Fi(0'w);

2) Invariant Splitting:

Ei(w) @@ Ej(w) @ Fj(w) =X and Fj(w) = Ej1(w) ® Fj(w);
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3) Lyapunov Exponents:

lim - log 1D (¢, w)v|| = Aj(w), for all v(# 0) € E;(w);

t—too {

4) Ezponential Decay Rate on Fj(w):
hm —log |P(t,w ‘F( = Ajt1(w)

and if for v(# 0) € Fj(w) such that (®(t,0~'w)) v exists for all t > 0,

which is denoted by ®(—t,w)v, then

timinf + log [9(—1,w)ol] > ~Ay1(w):

t—+4o00

5) Measurability and Temperedness: \j(w) and E;(w) are measurable and the

projection operators associated with the decomposition

_ (@ Ez(w)) ® Fj(w)

are strongly measurable and tempered.
The proof of Theorem 6 follows from Theorem 4 and the following facts.

Lemma 7. Under the assumptions of Theorem 6, it holds almost everywhere that for

every v € X
1
hmﬁ&nf log || ®(s,w)v|| > liminf—log |®(n,w)v||, (2)
n—+oo M
lim sup — logHCD(s w)v|| < limsup — log||<I>(n w)||. (3)
s—+00 n—-4oo

The proof of this lemma follows from a standard argument. For completeness, we

provide the proof here.
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Proof. For s € RT, let [s] :=sup{n € NU{0} : n < s} and {s} := s — [s]. By using

the cocycle property, we obtain that

[@(s, w)v| < [[@({s}, Ogw)[[[([s], w)v]
and
[@([s], w)ol] < [|®(1 = {s}, Os—1w)||[|P(s — 1,w)o].

This implies

imsup < log (s, o] < lim sup — log [ (sl ol limsup —log sup [9(¢.0,2)].

S$——+00 s——+00 [ ] s——+00 [ ]

Since log supg<,<; | P(t,w)|| < supyc,<; log™ [| (¢, w)| € L(2, F, P), we have that

limsup — log sup ||®(t,fqw)|| < 0.
s—+00 [S] 0<t<1

Similarly, we have

lim inf — log [ ([s],w)o]

T

< liminf log |®(s — 1, w)v| + limsup log sup || ®(1 —t,0py-_10w)]|.

§—Fo00 § — 5—400 [ ] 0<t<1

We also have that logsupyc,<; [®(1 — ¢,6,w)|| < supge<qlog® [ ®(1 — ¢, 6,w)| €
LY, F, P). Thus,

1
limsup ———log sup [|®(1 —¢,0y-10w)]| <0 a.e..
sotoo S| =1 To<i<a
The proof is complete. m

From Theorem 4, we have the following. The details are given in Section 7.
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Theorem 8. (Nonuniformly Exponential Dichotomy) If \j(w) # 0 and l,(w) < 0 for
all 1 <4, let B"(w) = @)~ Ei(w) and E*(w) to be the invariant complementary
subspace of E*(w). Also denote Tl4(w), I, (w) to be projections onto E*(w), E"(w)
respectively associate to the splitting F(w) = E*(w) ® E*(w). Then there is a random
variable f : Q — (0,00) and a tempered random variable K(w) : Q — [1,00) such

that B(Ow) = B(w) for all w € Q, which are constant when 6™ is ergodic, and

19 (n,)IL(@)]| < K(w)e ™" forn >0 (4)

1@ (n, W), (W)|| < K(w)e?“™  forn <0, (5)

Here 3(w) is chosen to be smaller than the absolute values of all Lyapunov exponents.

For example, one may choose

1

Ble) = 5 min{I A}

However, along each orbit #"w, f(w) is a constant and K (w) can increase only at a
subexponential rate, which together with conditions (101) and (102) imply that the

linear system ®(n,w) is nonuniformly hyperbolic in the sense of Pesin.
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4 Volume Function in Banach Spaces

In this section, we study a volume function defined in a Banach space. This func-
tion plays key roles in establishing Lyapunov exponents and measurable Oseledets

invariant subspaces.

4.1 Volume Function V, (wy,ws, ..., w,).

Let X be a Banach space with norm || - ||. For each positive integer n, we define a

function V,, from the product space X" to R* by

n—1

Volwy, we, ... wy,) = (H dist(w;, span{w; 1, . .. ,wn})> l|wnl|, (6)
i=1
where w; € X fori=1,--- ,n—1, and
dist(w;, span{w;y1, ..., w,}) = inf{||w; — v|| | v € span{w;41,...,w,}}

fori=1,...,n— 1.

For the sake of convenience, we define

o dist (w;, span{w;y1, ..., w,}), 1<i<n,
dist(w;, span{w;1, ..., w,}) = (7)

||wn||a 7 =n.

Remark 1. In Euclidian Space R", with a given base (not necessary orthogonal),
each vector v can be represented by a n x 1 matrix, denoted by v, and the inner
product satisfies that < u,v >= @ G ¥, where G is a positive symmetric matrix.

For vectors vy, vg, - - -, v,, by using Gram-Schmidt method, there is a lower triangular
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matrix 7" having 1s on its diagonal such that (o, .-, 9,)T is a G-orthogonal matrix.

Note that detT = 1 and
[(’(71, e ,ﬁn)T]T G [(171, e ,ﬁn)T] = dzag(ﬁ(vz, span{viﬂ, e ,Un})z)izl,.“,n.

Thus we have

V(vy, -+, v,) = Vdet G| det(y, - -+, Dp)|.

So this volume function we defined in Banach Spaces becomes an usual volume (with-

out direction) when goes back to Euclidian Spaces.

We first note that
0 < Vp(wy,wa, ... wy,) < ﬁ || w |-
i=1
It is also not hard to see that this volume function satisfies the usual property
m%mwwhu¢ww:(ﬁm@umewww) (8)
i=1

fork; eR, 1=1,--- ,n.

The next lemma gives a uniform lower bound for the distance between a vector

and the span of other vectors.

Lemma 9. Assume that vectors v; € X,1 < i <mn, satisfy that for some C' > 0
E(Uja Span{vi}j<i§n) > C) 1 S] <n.

Then

n—1
¢ ) Co1<j<n ()

dist (v, i f1<i<n, i£j) > <
ist (v, span{v; fr<icn, iz)) (TJFC
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where 1 = maxj<;<p, l|vs |-

Proof. Let 1 < m < n. Then, there exist n real numbers a!"

am =1 and

7

1 <4 < n, such that

diSt(Um, span{vi}lgign, z#m) = H Z a?”vi . (].0)
i=1
Let
m' = min {z‘ lal*| > (L>n_l}
T \r+ C
Then m' < m since a] = 1. Therefore, by (10), we have
dist(vy,, span{v; }1<i<n, izm)
n m’'—1
> D2 ]| = Dl
i=m/ i=1
~1
> | dist (vnr, span{vi b p1<icn) =7 Y |a]"|
i=1
C nfm’ C nfm’ C C C n—1
> C—r — - —
r+C r+C r  r \r+cC
C n—1
> C
- (r + C)
This completes the proof. n

The norm we used in the product space is the maximum norm defined by

ywa) || = max [l

Iy, - . max

Lemma 10. For each fixed n € N, V,, is a uniformly continuous function on each

bounded subset of X™.

Proof. The proof of the continuity of V,, is quite straightforward. However, since X is

an infinite dimensional space and there is no local compactness, the uniform continuity
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on a bounded set does not follows immediately. To see this, it is enough to show that
V. is uniformly continuous on each ball B(0,r) of X™. Let w = (w1, ..., w,) € B(0,r)
and Aw = (Awy,...,Aw,) € X". We will show that for fixed » > 0 and n and for

each € > 0 there exists § > 0 depending only on € such that if ||Aw]| < J, then
Vi (w + Aw) — V, (w)|| < e.

Let

C(w) = min {dist(w;, span{w;}icj<n) | 1 < i < n}

and R = 211" Je. We consider two cases.

Case 1. We assume C(w) > +. Let 6 = min {r . We first

r T T
R" » 2nRO+R)* 1’ n2R2(1+R)" 1

note that there exists {a;; }1<i<j<n C R such that

n
Ay = 1 and R(wi,span{wj}iq) = H Zaijwjﬂ.

j=i

Since || 37, aijw;|| < dist(w;, span{w; }i<;) + ||w;| < 2r, by using Lemma 9, we

have that

] < - < oy
Aij| S - n-
71 dist(w;, span{wy, ez <&))) 1 C(w)

r+C(w

<2R(1+ R)" ..
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For any Aw such that ||Aw]| < 0, we have w + Aw € B(0,2r) and for 1 < i <mn,

R(wz + Awi, span{wj + ij}i<j§n) — ﬁ(wz, span{wj}iqgn)

= H(wz + Awi, span{wj + ij}i<j§n) - H Z (l,’jw]'”
j=i

n

<IYag(wy + Awy) = agw;ll < 1Y aiAwy]|

j=i j=i j=i

(11)

<Y llai; 16 < 2(1 + R)" Rnd.

=i
Similarly, there exists {a;; }1<i<j<n C R such that
aj; = 1 and dist(w; + Aw;, span{w; + Aw;}icj<n) = || Y ag;(w; + Aw;)|.
=i
Let

M; = max{|aj;|}icj<n and M’ = max{|aj;|}1<ij<n-

Then, by Lemma 9 and the choice of §, we have

2r Zﬁ(wz + AU}Z', span{wj + ij}i<j§n)
> (1> gyl = (1) @iy Aw,|
j=i J=t
> M, min {dist(w;, span{wy brz) <oy — nM!§
M | ——— C — nM!o
- Z(r%—C(w)) (w) = nd;

- Mir
T2R(1+ R)»V

which implies

M/ = maX{Ml{}lgiSn S 4R(1 + R)n_l.
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Thus, for 1 <17 < n, we obtain

@(wi, span{w; }icj<n) — ﬁ(wi + Aw;, span{w; + Aw; }icj<n)

=dist(w;, span{w; }icj<n) — | > af;(w; + Aw;)|

j=i

j=i j=i
= ai;Aw|
j=i

<> M'§ <4R(1+ R)"'nd.

j=i

Therefore, from (11) and (12), it follows that for any 1 <i <n

|dist(w;, span{w; }icj<n) — dist(w; + Aw;, span{w; + Aw; }icjcn)| < T =,

So, we have that

[Va(w + Aw) =V, (w)]]

:H Hﬁ(wz + Aw;, span{w; + Aw; ticj<n) — Vn(w)H
i=1

SH H[@(wi, span{w; }icj<n) + K] — Vn(w)H
i=1

<n(2r)" 'K <,

where K = maxlgign ||ﬁ(wz, span{wj}Kan)—ﬁ(wi—i—Awi, span{wj—i-ij}Kan) H .

Case 2. Assume that C(w) < 5. Choose § = min {7’, nR(l—:R)"*l’ nRg(l_:R)n,l } We

claim that if ||Awl| < J, then




Using this claim, we obtain

Va(w + Aw) = Vo (w)]| < [[Va(w + Aw) || + [[Va(w)]]

< Clw+ Aw)(2r)" 7t + Clw)r"™! < e

We prove this claim by contradiction. Suppose that

€ 2r

C(w + Aw) > i = |-

As in Case 1, we choose {a;j }1<i<j<n C R such that
n
;i = 1 and dlSt(wz, Span{wj}Kan) = || Z aijij'
j=i

Let

M; = max{|a;j| }i<j<n and M = max{|a;|}1<ij<n-

Then, by Lemma 9, we have

r zﬂ(wi, span{w; }icj<n)
21D as(w; + Aw))|| = || ayAwy|
j=i j=i

>M; min {dist(w; + Aw;, span{wy, + Awg }rzj) b <o)y — M0

C(w + Aw)
> .
2M; (27“ + C(w + Aw
Mﬂ'
>—7
“R(1+ R) !

)>n_1 C(w+ Aw) — nM;d

which implies

M = maX{Mi}lgiSn S R(l + R)n_l.
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Thus for 1 <17 <n,

ﬁ(wi + Aw;, span{w; + Aw; ticj<n) — ﬁ(wi, span{w; }i<j<n)

= dist(w; + Aw;, span{w; + Aw; }icj<n) — | Z a;;wjl|
j=t

j=i

<Y a(w; + Awy) = aguw|
j=i

= ZaijijH < ZMcS <R(1+R)"'né < %
Jj=t j=1

Therefore C'(w) > C(w+Aw) — % >

+ > %, which contradicts to the assumption C(w) <
r/R. This completes the proof of the theorem.

From the proof of Lemma 10, we also obtain the following

Lemma 11. Letr >0, n € N, and 0 < C < r be fizred. For each {w;}1<i<n € B(0,7)
satisfying

win (T i span{uhiper) | >

1<i<n

and each € > 0, there exists a 0 > 0 depending only on r, n, C, and € such that if
|Aw;|| < 6, then

|dist (w;, span{w; }icj<n) — dist(w; + Awy, span{w; + Aw;}bicj<p)| <€, 1 <i<n.
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4.2 Change of Volume Under Linear Transformations.

Let T € L(X, X), the space of all bounded linear operators from a Banach space X

to itself. We define

Vo(T) = sup V,(Twy, Twe,...,Tw,). (13)
f|wi|=1
1<i<n

Lemma 12. The following holds

Vi(Twn, ..., Tw,
Vn(T) = sup Vn(Twl, . ,T’wn) = sup ( wq w )
Vi (wi,...,wn)=1 Vi (w1, ) £0 Vn(wl, R, 7wn)

(14)

sup Vo(Twy, ..., Tw,) = sup

Let

We want to show V,,(T') = V,/(T'). By the definition of V,/(T"), for any ¢ > 0, there
exists {w; }1<i<n such that

Vo(wy, ... w,) =1

and

Vo(Twy, Tws, ..., Tw,) > V(T) —e.

Then for any 1 < ¢ <n, we have w] € span{w; };<j<, such that ||w}|| =1 and

w; — dist(w;, span{w; }i<j<n)w) € span{w; }icj<n.
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Therefore,

w1 W, Vn<w1 wn)
Vo(wy, ... w)) = V(= e = SR =1
(wy ) <dlst(w1, span{w; }1<j<n) ||wn||) Vi(wi, ... wy)
and
Vo (Twy, ..., Tw))
Tw Tw,
= V(= ! N )
dist (wy, span{wj}1<j§n) [[w0n |
- Va(Twy, ..., Tw,)
Vn<w17 s 7wn)
=V (Twy,...,Tw,)
> VI(T) —e.
Hence,

Va(T) = V(T).

On the other hand, there exist linearly independent unit vectors {v; }1<;<, such that

Vo(Tvy, ..., Tv,) > Vo (T) —e.

Since 0 < V,(vy,...,v,) < 1, we have

Vo(Tvq, ..., Tvy,)

Vo(T) — €.
Vn(vl,...,vn) = ( ) ¢
Thus,
Va(T) = Vi(T).
So V,(T') = V(T). This completes the proof of the lemma. O

The next lemma is on the monotonicity of +log V,,(T).

38



Lemma 13. Let T € L(X, X). Then,

1 1
log V.1 (T) < =log V,,(T).
—log Vo (T) < log Va(T)
Proof. From the definition of V,,(T'), for any ¢ > 0 there are wq,ws, ..., w41 such
that
lwil|=1,i=1,....,n+1
and

Vn+1(TU}1, e ,TwnH) Z Vn+1(T> — €.

Let k € {1,...,n + 1} such that

dist (Twg, span{Tw; }rej<ni1) = _min {dist(Tw;, span{Tw; }icj<ni1) },

which is denoted by aj, ;. Thus,

n+1
Viri(T) < e+ apyy H dist(Tw;, span{Tw; }i<j<ni1)
7k
n+1 k-1
=e+ay, H dist (Tw;, span{Tw; }icj<ni1) - H dist(Tw;, span{Tw; }icj<n+1)
i=k+1 i=1
n+1 k—1
<e+ay,, H dist (Twi, span{ij}KanH) . H dist (Twi, span{7T'w; }i<j<n+1, #k)
i=k+1 i=1
=€+ ay, Vo (Twy, Tws, ..., Twp—1, Twit1, .., TWpy1).

Since ay, | < (VnH(T))n%rl, we have

Vi1 (T) < €+ (Via(T)) 1 Vo (T),
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thus

1

Va1 (T) < (Vaga (T)) 77 Vi (T),

which yields that
1

n+1

1
log Ve (T) < — log Vi (T).

The proof of the lemma is complete.

Lemma 13 implies that LlogV,,(T) has a limit. The following lemma gives a upper

bound for this limit in terms of the measure of noncompactness of operator 7.

Lemma 14.

1
lim —logV,(T) <log2r(= —oo when r =0)

n—-+oo N,

where r = ||T||o-

Proof. From Lemma 13, £ log V,,(T) is a non-increasing sequence. Thus, limy, . = log V,,(T)
exists, which is denoted by A.

We prove this lemma by a contradiction. Suppose A > log2r. Then, for suffi-
ciently small € > 0, A — 3¢ > log(2 + €)r. Note that there exists N > 0 such that if
n > N, then

A< llogVn(T) < A+e,
n

which means

For any m > N, there exist unit vectors {w; };=1... 2, such that

-----

1 1
%bgVQm(Twl, ooy Tway,) > 5 log Vo (T) —e > A —e.
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Let o be a permutation on {1,...,2m} such that for any 1 < i < j < 2m,
E(ngfl(i), span{Twi } o-1(i)<k<2m) > m(Twaq(j), span{T'w; } 51 (j)<i<om)-
Then,

1
A—e < 5 log %m(Twl, .. ,Twzm)
2m
1 2m
- % [ 7,221: log dist (Two'_l(i)7 Span{ka}k>o'—1(i)):|

1 12m B
< |: lOg dist (ng—l(i), Span{ka}kN_l(i))
i=1

3l 2
+ logE(TwU_l(m-i-l)? Span{ka}k>a—1(m+1))}
1

1. -
- [— log H dist (Twe-1;), span{Twy} jso-10) )
2lm i=1 keo~{1,...,m}

IN

+ log E(Twofl(m_,_l) , span{ka},Dgil (m+1))i|

1

1 Ir-re——
3 [E log Vo (T') + log dist (Twa_1(m+1), span{ka}bg_l(mH))}

IA

IA

%[A + € + log dist (Twy-1(m-+1), SPAN{ TWk } s o1 (mt1) )]
which implies that

ﬁ(TwJA(mH), Span{ka}kal(mH)) > A3,
Thus, by the definition of o we have
A—3¢

dist (Twy-15), span{Twi b yso-1(5)) > €

for 1 <¢ < m+ 1. Then, letting
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we have

S, € T[B(0, 1)].

Let D be a subset of Banach space X, define

N(D,¢€) = inf{N| D can be covered by N balls whose radius are less than €}.

Then
1
N(Sp, AZ8e) > 1
(Smr e 2m 1,
which goes to infinite as m — co. On the other hand, since || 7|, = r and zi—e?~3 >
r, we have
—_— 1
N (T[B(0,1)], =——e*%) <
(TIB0. T et ) < o
which gives a contradiction. Hence
1
lim —log V,,(T") < log2r.
n—oo M,
This completes the proof of this lemma. m
Lemma 15. For any n € N and bounded operators Ty, Ts, we have
Voi(ToTh) < Vo (To) Vo (Th).
Proof. This directly follows from (14). In fact, we have that
Vo (To Ty, ..., Ty Thv,
Vo(TyTh) = sup (Lefhon 2Thvn)
Vi (v1,...,00)#0 Vn (vla cee ,Un)
Vo (Thvy, ..., Tho, Vo (To vy, ..., TyThv,
< sup ( 1U1 1V ) sup ( 21101 211 )

Vi (01,...,00)#0 Vn(vl, cee )Un) Vi (T1v1,..., T1v5 ) #0 Vn(TﬂJh cee 7T1Un)
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From the definition of V,,(T"), we have

Lemma 16. V,(T) < ||T||".
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5 Gap and Distance Between Closed Linear Sub-

spaces

In this section, we introduce the gap and distance between two closed subspaces of
a Banach space X and give their basic properties. We first give the concepts of gap

and distance taken from Kato [12], pp 197.

Let M and N be the linear subspaces of the Banach space X. Let S); denote the

unit sphere of M. Set

d(M,N) = sup dist(u, N), (15)
uESHN
6(M,N) = max|6(M, N),86(N, M)]. (16)

Note that when M = 0, §(M,N) is not defined by (15). In this case, we define
(0, N) = 0. Clearly, when dim(M) > 1, §(M,0) = 1. § is called the gap between M

and N. Note that ¢ is not a distance.

Define for linear subspaces M # 0, N # 0

d(M,N) = sup dist(u, Sx), (17)
ueSHr
d(M, N) = max[d(M, N),d(N, M)), (18)

and set d(0, N) = 0 for any N and d(M,0) = 2 for M # 0.

Then, the set of closed linear subspaces of X is a complete metric space if the
distance between M, N is given by d(M, N), which is denoted by K. The following

estimates also hold
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§(M,N) < d(M,N) < 25(M,N),0(M,N) < d(M,N) <25(M,N), (19
which follows from that for any unit vector u € X,
dist(u, Syr) < 2dist(u, M). (20)

For details, see [12], pp 198.

We denote by K,, the set of m-dimensional subspaces of X endowed with the

metric d. In addition to the above concepts from [12], we also define

d(M,N) = inf dist(u,Sy), for M,N #0,
uESHr (21)

d'(0, N) = d'(M,0) = 0.

Lemma 17. Let M, N, and Z be finite-dimensional linear subspaces. Then, we have

d(M,N) = d' (N, M), (22)

d'(M,N) > d'(M,Z) — d(N, Z). (23)

Proof. We first prove that (22) holds. Since M is finite-dimensional, for each v € Sy,
there exists a u € Sy such that dist(v, Syr) = ||[v —u||. On the other hand, ||v—ul|| >
dist(u, Sy) > d'(M,N). Thus, d'(N,M) > d'(M, N). Switching the positions of M
and N gives (22).

Next, we show (23). Since M, N, and Z are finite-dimensional, for each u € Sy,
there exist v € Sy and w € Sz such that dist(u, Sy) = |ju — v|| and dist(v, Sz) =
|lv — w||. So, dist(u, Sy) > ||lu — w| — |[[v — w||. Using the definitions of d and d’,

we have |[v —w|| < d(N, Z) and ||ju — w|| > dist(u, Sz) > d'(M, Z), which yield (23).

45



This completes the proof of this lemma. [l

Remark 2. Lemma 17 is also true for closed subspaces M, N, Z. The proof needs

only a minor modification.

If M and N are finite-dimensional subspaces, then d'(M, N) > 0 if and only if
M NN = {0}. For m,n € N, set

Kmn) = {(M,N)| M € K,, N € K}
endowed with the metric

Aoy (M7, NY), (M, Ny)) = d(My, My) + d(Ny, Ny).

Lemma 18. Let K/ = {(M,N) € Kun | d(M,N) > 0} and define 3 :
Ky = Konin as B(M,N) = M ® N, then X is continuous.

Proof. Let ¢ >0 and (M,N) € K}

(mun)* For a unit vector v in M & N, we may write

v as v = v + vy where vy € M and vy € N. Let C = d'(M,N) > 0. Using (20), we

have
1
1 > dist(vy, N) > §||v1||d’(M, N) (24)
and
1
1 Z diSt(v27M) Z §||’U2||d,(N, M)) (25)
which give
(Y e — (26)
a _— = .
maxq||V1]], ||V2 _d/(N,M) C

Take 6 = min{$, £¢}. Then for any (E, F) € Ky, if aAl(myn)((M, N),(E,F)) <9,
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by (17) we have

d(F,M)=d(M,F)>d(M,N)—d(F,N)>C~-4§ > ZC,
2B, N) = d (N, B) > d(N, M) — d(E, M) > O~ > C
Thus
1
d(E,F)>d(E,N)—d(F,N) > 20 —6>5C. (27)

For v; and vq, using the definition of d and (26), there are v} € E and v} € F such

that
, 20
[vr = vyl < f[ua|ld(M, E) < - <1
and
20 €
Jva — vg|] < [Jva||d(N, F) < <1
Therefore,
dist(vy +v9, E® F) < %

Then, using (19), we obtain
AMe®N,E®F)<25(M®N,E®F) <e.
Similarly, for a unit vector u € E & F, there exist u; € F and uy € F such that

u = uj + uz. In the same fashion as for v; and vy, using (27), we have

2 4

max{|[u ||, [[uz]|} < JEF) SO

Furthermore, there are vy € M and u), € N such that

4
C

>

lur = v || < [lua[ld(E, M) < = <

IR
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and

45 €
[us — us|| < [Jus|d(F, N) < osT
Thus,
AE®F,M®N)<20(E®F,M & N) <e.
Hence,
AE®F,M&N)<e
This completes the proof of the lemma. n

Remark 3. From the proof one can obtain that K (tn n) is an open set in K, ).

As a special case of Lemma 18, we have

Corollary 19. Letn > 1 and

K, ={(E.F)e Kix K, | d(E,F)>0}.

1xn

Then, the map ¥ : K, — K., defined by

1xn
U(E,F)=E&F

1S G continuous map.

From the definition of d it follows that if e(w) # 0 is measurable from ©Q to X,

then span{e(w)} is measurable from 2 to K;. Thus, by using Corollary 19, we have

Lemma 20. Let e;(w), - ,e,(w) be linearly independent and measurable. Then

span{el(w), e ,en(w)}

1s measurable from Q to K,,.
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6 Lyapunov Exponents and Oseledets Spaces

In this section we establish the principal Lyapunov exponent and its associated Os-
eledets space. For the sake of simplicity, we assume that the metric dynamical system
(Q,F, P,{0"},cz) is ergodic. The standard example of an ergodic metric dynamical
system is the one generated by a Wiener process. When {2 can be decomposed into
ergodic components (see Cornfeld, Fomin, and Sinai [5]), we simply restrict our study
to each component. For general non-ergodic metric dynamical systems, the results

can be proved in the same way with some modifications which are given in Appendix

B.

For the remainder of this thesis, we assume
log™ [|S(-)[| € L'(Q, F, P). (28)

We will prove Theorem 4 by an induction procedure. We assume that there exists

an invariant splitting of the phase space
X = Ew) o Gw),

where E(w) is a finitely dimensional linear subspace of dimension d > 0 and G(w) is

a linear subspace of finite codimension, such that
(B1) S(w)(E(w)) = E(fw), S(w)(G(w)) C G(Bw);

(B2) Mappings w — F(w) is measurable and w — m(w) is strongly measurable, where

m(w) is the associated projection from X onto G(w);

(B3) ||m(w)]|| is tempered.
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We consider the restriction of S(w) onto G(w). We denote

Since S(w) is injective, T'(w)|¢(w) is injective. For any v € S(0~'w)G(0~'w), we denote

by T~ (w)v the vector v' € G(A~'w) such that S(0~'w)v’ = v. Let
T (w) =T W) - T(w).

Note that T"(w)u = ®(n,w)u for u € G(w). For any w € T™(0 "w)G(0 "w) we
also denote by T "(w)w the vector v’ € G(6~"w) such that T"(07"w)w' = w. We

summarize the properties of T'(w) as follows
(T1) T(w) € L(X,X) and T(w)G(w) C G(bw);
(T2) T'(w) is strongly measurable;

(T3) T(w)x =0, z€ E(w);

(T4) T(w)| G 18 Injective;

(T5) log™ [T()|¢, I € L'(Q,F, P).

These properties are the conditions under which our results in this section and next

section hold.

For A € R, we let

EXw)
1
= {v € G(w)| T7™(w)v exists for all n > 0 and lirf sup —log [|T7"(w) - v|| < —)\} :
n—-+o0o n

(29)
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Our main results of this section are the following.

Theorem 21. If A > ,, then

dim F*(w) < +00, a.s..

Theorem 22. If k(T) > l,, then
dim "D (w) =m > 1, a.s.,

where m is a constant. Furthermore, E*T) () : Q — K,, is measurable.

Here the largest Lyapunov exponent x(7") and the essential exponent [, are given

in Lemma 25.

Remark 4. If we replace 7(-) and G(-) by identity operator I and X respectively,

then x(T") becomes to be x(®) and in lemma 25, for such 7', we will obtain that
.1
lo = lim —log||T"(w)||a a-e..
n—oo 1
Thus, the properties of E*(®)(w) follows from these propositions.

Theorem 23. There exists a O-invariant subset Q C Q of full measure such that for
each w € )

1
lim —log |[|T"(w)v|| = &(T)

n—too N

for every v(# 0) € E*T)(w). Furthermore,

1
lim —log |7 " (w)

n—oo N,

prryyll = =R (T)
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The proofs of these theorems are based on a number of lemmas and propositions,

which will be given in the following four subsections.

6.1 Exponential Growth Rates.

In this section, we study several exponential growth rates. The first lemma gives the

measurability of ||7'(+)]|a-

Lemma 24. If T : Q — L(X,X) is strongly measurable, where X is a separable

Banach space, then ||T(-)||o is measurable.
Proof. For each r > 0, we denote
0 = {wl[TW)]la <7}

We want to show that €2, is measurable. Since X is separable, there exist countably
many vectors {z; };>1 and {y;};>1 such that {z;};>1 is dense in X and {y;};>1 is dense
in B(0,1). Let U be the set of all finite subsets of {z;};>1. It is easy to see that U
contains countable many elements. So we can assume that U = {U; };>1.

Let

- GUAL

n=2i=1 j=1

T(w)y; € U B(z,r — %)}

zeU;

Since T'(-) is strongly measurable, €2/ is measurable. We will show that Q. = (,.

First, we show that ! C Q,. For any w € /., there exist n > 2 and ¢ > 1 such

that
r
{T(W)y}jz1 € | Bla,r - ol
zeU;
Since for any y € B(0, 1), there exists y; such that ||y; — y| < sy Lhen there
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exists € U; such that T'(w)y € B(x,r — 5-). Thus

T(w)B(0,1) C | J B(z.r -

zelU;

i
)

So || T(w)]|a < r, which implies w € €2,.

Next, we prove that Q,. C Q. For any w € ., we have || T(w)||o < r. Note that
|T(w)|la = 7". Then, there exists n > 1 such that » — = > r’. Thus, there exists a

finite set {2} }1<i<ny C X such that

Since {z;}s>1 is dense in X, for each ] there exists xy such that |z; — || < 5-. So

B(z),r — £> C B(xy,r — %), therefore

Thus w € 2. The proof is complete. O

The next lemma is about the existence of the growth rates associated with the

norm of operator, the Kuratowski measure of operator, and the volume function.

Lemma 25. There exists a 0-invariant subset Q@ C Q of full measure such for each
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w € Q the following limits exist

1
lim_—log Vi(T"(67"(w))) = lu(T), (30)
) 1 " B
Jlim ~log | 77(w)]| = w(T), (31)
1
lim — log ||T™ = 2
Jim - log [T (w)lla = la, (32)
. 1 n —n _q/
Jim—log [[77(67"w)lla = I, (33)
1
lim —~log | 7"(67"w)|| = #/(T), (34)
n— OO’I'L

where lx(T), k(T), la, l,, and k'(T') are either constants or —oo.

Proof. We first prove (30). Since
V(T (@)lao-mw) < Ve(T™(O7"(w))) < Vi(T" (07" (w))l6o-mu)) 1T (07"w)[|*

and ||m(+)|| is tempered, it is sufficient to show that

: 1 n —-n
lim —log Vi(T"(07"(w))|co-rw)) = k(T) a.s..

n—4oo N,

Using Lemma 15 and the fact that X is separable, we have Vi, (T™ (07" (w))|c@o-nw)) is

measurable in w. In order to use Kingman’s subadditive ergodic theorem, we let
Fyi(w) = log Vi(T"(07" (W) |ae-re))-
From Lemma 16 it follows that

FI* (@) < Klog™ [T(07@))|goa -
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Then, by property (T5) and 15 we have
FF e LYQ, F, P)
and

Fk;

m—+n

(w) =log Vie(T™ (07" (w))|a(o-rm—n(w))
<log (Ve(T™(07" " (W))lao-m—r(wy) - Ve(T™ (07" (@)l c(o-n(w))
=log Vi(T™ (07" (w))lao-m—r(wy) + log Ve(T™ (07" (w))lao-nw))

—FE (07" (w)) + FE(w).
Then by Kingman’s subadditive ergodic theorem and ergodicity of 8, we have

: 1 n/pn—n
lim —log Vi(T"(07"(w))lco-rw)) = k(T) a.s.,

n—+oo N,
where [ (T') is either a constant or —oo.

The proof of (31) is directly from Kingman’s subadditive ergodic theorem. To

show (32), we notice that

log [T (w)lla = log | S(w)lla < log™ [|S(w)],

log [| 7™ (w)la < log [T (w)la + log [|[T7(0"w) a-
Thus, using Lemma 24 and Kingman’s subadditive ergodic theorem we have
lim~ log [[77() o =
im — a=ly a.s.,
n—+oo N 8 w

where [, is a constant or —oo. Similarly, we can show (33) and (34). This completes

the proof of this lemma. O
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The next lemma is borrowed from Mane [23].
Lemma 26. Let (A,G,pu) be a probability space and ¥ : A — A be a p-measure

preserving transformation. Then for any measurable function f : A — R we have

lim inf lf(z?"(x)) <0 a.s.

n—-+4oo M

Moreover, if there exists F € L*(A, G, u) such that

f0(x)) = f(x) < F(z) a.s.,

or there erists G € L'(A, G, u) such that

f0(x)) = f(x) = G(x)  a.s.,

then

fod—feL'(AG p)

and

lim lf(iS‘"(:I;)) =0 a.s.

n—-+oo N

Moreover, if 9 is invertible, then

lim lf(i?”(x)) =0 a.s.

n——oo N

In the next lemma, we show that the limits given by (32) and (33) are the same.

Lemma 27.

I =1,

Proof. We first prove that I/, < [,. We prove it by contradiction. Suppose it is not
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true. Then, for sufficiently small € > 0, I/, — e > [,. Let

C en(l/og _E)
6““)““”’{n7”wenw>na}n>o‘

Then, C.(w) is measurable by using Lemma 24. Furthermore, we have

en(lfx—e)
Cel(fw) =sup { 177 (0"0w)] }n>o

ol —o)
= 1
fax {S“p { [T (@) T (8- De). }nzl’ }

e(n—l)(lg—e) el;—e
- |
[T~ 1O~ Dw) [[o 1T (W) I 21
elfl—e ( )
> Cc(w),
1T(w)|a

which implies

log C(fw) — log Ce(w) > 1!, — e — log || T (w) || o

> 1, — e~ log" || -

Since I, — € — log™ ||T(w)|G(w)|| is a L' function, by Lemma 26, we have

1
lim —log C.(0"w) = 0.

n—-+oo N,

Hence,

1 1
lo = lim —log||T" = lim —log||T"(07"0"
w= lm g |T"(w)]l = lm_—log|T"(67"0"w)]l

> tim Llog S0 Sy lim ~log C.(6"w)
- nirfwn ©8 C’G(an) =la ¢ nigpoon 08 Lel W
=1, —e>l,,
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which gives a contradiction. This also implies that if [, = —oo, then I/, = —oco. Next,
we show that [, <. Suppose this is not true. Then, for sufficiently small € > 0, we

have I, —e > l/,. Let

en(la—¢)

Cl(w) = sup {w}

Then, using Lemma 24, we have C’(w) is measurable and

, T (070w) ||
C20) s {70,

en(la—¢)
T Tnfl 6,(,171) a
— max sup{” w) : = } /1
en(la_e) n>1
1776~ ) o [ T() o

< max {SUP { e(n—1)(la—e) ela—¢ }n>1’ !

T a
=max {”fﬂq(w)’ 1} :

ete—¢

Therefore,

o 0;<w>}
< max { 1og | T(@)]la = (la — ), 0}

< max {log* | T()| 4, | = (la = ), 0}
which is a L' function. Thus by Lemma 26, we have

1
lim —log C/(6"w) = 0.

n—-+oo N,
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Hence,

1 1
lo, = lim —log||T" = lim —log||T"(0 6"
w = lim —log|[T"(w)]la = Tim_ = log|[T"(67"0"w)]a

n

1 1
< lim —log(e"==9C!(0"w)) <l, — e+ lim —logC.(0"w)

T n—toon n—+oo N

=ly — € <lq,

which gives a contradiction. Therefore, I/, = [,. This completes the proof of this

lemma. O

Lemma 28. (1) = x'(T).
Proof. For each v € E*T)(w), by the definition of E*™)(w), we have

1
limsup — log ||T " (w)v|| < —r(T).
n

n—oo

Then, using the cocycle property, we obtain

W(T) = Tim ~log||T™(0~"w)| > #(T).

n—-+oo N

Next, we show +/'(T) < k(7). We prove this by contradiction. Suppose that this is

not true. Then, we can choose € > 0 such that
K (T) — 2e > w(T).

Let

o ( ) { en(n'(T)—e) }
(w) = sup )
1T (0~"w)|co-—rw)ll ) so

59



Then C.(w) is measurable and by (34)

1 <C(w) < +00 a.s. .

We estimate

C.(0 e+ (T)=¢)
5( w) = sup { HTn(gfnJrlw)‘G(e_n-Hw)” }nZO

{ en(n’(T)—e) }
= max { sup — T 1
1T ()T = (0= Dw)a@-rs1wll ) 20

o/ (1) { (1) (1) }
||T {G )“ [T7=1 (6~ Dw)|go-n+1w)| n>1

Then,

log Ce(fw) — log Ce(w)
> H,<T) —E—IOgHT ‘G( )H

> K(T) — ¢~ log" | T(w)| g,

Note that #'(T) — € — log™ || T(w ‘G | is a L' function. Hence, by Lemma 26, we

obtain

1
lim —logC.(0"w) =0, a.s..

n—4+oo N,

We also notice that from the definition of C.(w), we have that for any n € N

[T (@)l = IT™(67"0"w) | |
> Cg—l(enw)en(n’(T)—e)

> O (en ) n( T)—i—e)
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Hence,

1 "
K(T) = lim_L1og |T(w))
1
> — lim = n
> k(T)+e€ nl_lgloo - log C(6"w)

=r(T) +¢,

which gives a contradiction. This completes the proof of the lemma. O]

Next we will prove that
Lemma 29.

1
lim —l(T) < I,
i ) =

where lp(T) and l, are given by (30) and (32).

Proof. By Lemma 13, we have that %lk is a decreasing sequence. Thus, limy_, o %lk exists.

By Lemma 14, we have that for any bounded operator T',

1
lim —logV,(T') <log2+ log |||

n—-+oo N

Forn > 1, m > 1, and a small € > 0, we set
n,m 1 m
AM™ = {w € Q| ﬁlog Va(T™(w)|ew)) <log2+m(ly + e)}

and

1
A™ = {w € Q! - log |[T™(w)|a(w) la < la + e} :

We notice that |77 (w)|la = [|T™(w)|c(w)|la- From the above definitions, we have

lim A™™ > A™

n—-+o00
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and

1 ) 1 1 n(n—n
B g s VT )
. 1 ]- mnm —nm
= lim - ——log Vi(T""(07""w) |0~y
. 1 1 - m(n—im
< dim o —log [ [VA(T™ (07""w)l o)

i=1
1 1 - m(n—im
'—Zlong(T (07"w) | o-imw))-
i=1

By the Birkhoff ergodic theorem, we have

/ lim — - ﬁZlOng(T (07""w)lGo-imw)) = %/bg Ve(T™(w)lcw) )dP.

Q i=1 Q

1 1 (1 .
fl < o [ g T @)o)aP
Q

Since

1
lim —log ||T"(w)]la = la  a.s.,
Jim —log [|77(w) a.s

for any fixed € > 0, lim,, ., P(A™) = 1. Thus, we can choose a sufficiently large m
such that Llog2 < € and P(A™) > 1 —§/2, where 6 > 0 is chosen such that for any

measurable set F, if P(F') < J, then

/F log* |17(w)| g | < e
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Then for such m, we choose k large enough such that P(A*™) > 1 —§. Thus,

1 m
%/ log Vi.(T (w)|G(w))dP

1
Q—Ak:m Akm
< Llo T (w)] ||de+llo 241, +e¢
< —log &) —log2 +la
—Ak.m
< imZ: log™ | T(0'w)| ||dP—|—ilog2+l +€
= m G(0iw) m «
12 . 1
g— log™ | T'(w |G HdP+ log2+l +e€
m
O gi@= akm)
<, + 3e.

Since € can be arbitrary small, we have

1
li =, <l,.
k—1>r—&{loo k ko=

6.2 Oseledets Spaces.

We are now ready to prove Theorem 21.

Proof of Theorem 21.

We prove this proposition by contradiction. Suppose that

dim E*w) = 4-o00.
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Then for any d > 0, there exists a set of unit vectors {v{}1<;<q C E) such that
dist (v}, FY) =1

where F? = span(v), ... vY). For each k € N, let

and choose unit vectors vf € Ff , 1 <i <d, such that

dist(vf, ;, FF) =1 forany 1 <i<d-—1.
We also define Ff = {0}. Then, there exist real numbers {\¥}1cn 1<i<q4, such that

T(O Fw)vF = AFE=1 4w for some w € FF7 L
Hence, for each p > 1
TP(O Fw)vk = N AFPHLEP Ly for some w € FF P,
which yields that
dist(T*(0~ w)vf  span{T* (0 w)v;} ;i) = H AL

Therefore,
kod

V(TR0 w)ok, TR0~ w)k .. TR0 Fw)ob) H H I,

=1 i=1
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which implies that

T
EZZ log |\}| < — long(Tk(H w ‘G(B*k‘w))'
=1 i=1

So,

1
Zlér_r}jnf Zlog|)\l|< hm Elong(Tk(é’ w ‘G(G—kw)):ld(T) a.s..  (35)

On the other hand, from the construction of {vf}i<i<q 1<k, we have
Tw)) =\, AN o +w,  forsome we F,1<i<d.
Thus, by using the property dist(v],, F{*) = 1, we have
1T~ (@)vf | = 1AL AT
Using the fact v{ € E*(w), namely,
linsup g [T (w)e?]| < A

n—-—+o00

we obtain

hmlnf— Zlog AL > A,

n—-+oo 1

which together with (35) gives

k d
1
l _
—ld 2 - § lim inf = EZ log |Ai] = — ;1 A=A (36)
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Thus, by Lemma 29, we have

1
A< lim = (T) <l,.
_d—l>Elood d( )_

This contradicts to the assumption A > [,. This completes the proof.

In the next proposition, we will see that almost surely E*(w) is not empty for
lo < A< kK(T). We first notice that from Lemma 25, [(T) is a constant almost surely
and that +1;(T) is a nondecreasing sequence from Lemma 13. Thus, there exists a

positive integer m such that

1
Elk(T) =01(T), forl<k<m,

: @
Elk(T) < ll(T), for k > m.

Then, from (36), we have

dimE*(w) < m, a.s..

The following proposition gives that the space E*(w) has at least dimension m.

Proposition 30. For [, < A < k(T), we have
dim E*(w) > m, a.s..
Furthermore, dim £ (w) = m.

The proof of this proposition is based on the following lemmas. We first borrow

a lemma from Pliss, see [22].

Lemma 31. For given Hy < Ao and € > 0, there exist Ny = No(Hy, Ao, €) and
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d = 0(Hp, Ao, €) such that if a; € R, i =0,..., N satisfy

N > Ny

a'nZHO

N
S an < (o= (N +1),
n=0
then there exist 0 < ny; <mng < --- <mnj, < N such that
Jo > 0N

and

foralln; <k <N, 1<j5<j.

Let \ be fixed such that I, < A < k(T'). For each positive integer n, we use A to

denote the subset of 2 such that for each w € A} there exist m vectors {v;}1<j<m C X

such that

{m(w)v; }1<i<m are independent;

F(w)m(w)v; exists for 1 <4 <m, 1 <k < n;

T
Vi(T7E (W) (w)vy, .., TR (w) T (w)vy,)
Vin(m(w)vg, .., m(w)vy,)

<ehmA 1 <k <n.

Lemma 32. There exists a § > 0 such that

Pin(AY) > 6,  for all n,
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where Py, (A)) is the inner measure of A} and there exists a countable subset Sy of

lo, k(T)) such that for any X € (Lo, k(T)) — Sq, A} is measurable and
(la, 5(T)) y n

Proof. We first show that if A} is measurable, then P(A}) > §. We note that from
logt ||S(-)|| € LY(2, F, P) it follows that for each ¢ > 0, there exists a H(e) > 0 such

that
/ log* [ S(w)[[dP < e,
E(H()

where E(H(e)) = {w | log||S(w)|| > H(e)}.
In order to apply Lemma 31, we choose €, \g, and Hy such that

0<2e<k(T)— A,
Ao = —A,

€
Hy = _H(ﬁ) < )\0.

By using the Birkhoff ergodic theorem and Lemma 16, there exists a #-invariant

subset set Q C Q of full measure such that for each w € Q

€
) DBV ) < [ Tog™ S|P < 5.
0 E(H(S))

(41)
To save on notation, we use 2 to denote Q. For w € Q, from the definition of m, we

have

1
lim —log V,,,(T"(w)) = k(T') > X + 2e.

n—+o00 Mn

Thus, there exists N;(w) > 0 such that for any n > N;(w),
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Vi (T (w)) > enm+2e), (42)

Using (152), there exists Na(w) > 0 such that for any n > No(w),

)) (0*w) log Vm(T(ka)\G(gkw)) < e (43)

£
2

Let No(Hp, Ao, €) be the number given in Lemma 31.

Thus, for each N > max{Ny, No, No(Ho, Mo, €)} + 1, by using (154), there exist

vectors {v; h1<i<m C X such that {m(w)v;}1<;<m are linearly independent and

Vo (TV W) (W), -, TV ) (W)vg) > eNHImOR29y (o, L (w)om).-
(44)
Let
1 TN * .., TNk
Vo(TN=F 17 (w)vy, ..., TN (w)v,,)
Then,
] Vulr(@)on, . (@)
e 5 R v (N + 1)(A + 2).
2= 5 O T o P (g © D29
Set
a, if a, > Hy
ap =
0 ifa, < Hy
Since (14)

1 _
ay > o log Vm(T(QN kw)|G(9N*’“w)))'

69



Hence, if aj, < Hy, then ¥ *w € E(H(%)). Thus, using (155), we have

H(S)) (0" w) log Vin(T(6*w) | o(omer)

here \g = —Ais used. By Lemma 31, there exist integers 0 < n; <ng < --- <nj, <N

such that jo > 0N and for all n; < k < N,

k k
(k’ — TL]))\Q > Z an, > Z a/
n=n;+1 n=n;+1
_ i l lo Vm<TN_n(W)7T(u)>’Ul, . ,TN_n(w)W(w>vm)
n=n;+1 ° Vi (TNt (W) (w)vr, .., TN (W) (W) Vi)

We note that N —n; > n when j, — j > n. From the definition of A7) it follows that
for n 435 < jo

oN W e A,
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Since jo —n > 6N — n, we have

1 )
N#{O <i < N|fwe A}

1

in which the lower bound will go to § as N goes to +oo. Thus, if A2 is measurable,
then by the Birkhoff ergodic theorem we obtain

P(AY) = lim %#{o <i< N|fwe A} >4 (45)

N—+o00
Next, we show that A} is measurable except for countably many A. For each

n>1and wy,---w, € X, We use S (w1, ..., w,) to denote the set of w € Q such

that the following conditions hold

V(T (07" w)wy, ..., T (07" w)wim) # 0; (46)

Vi (TR (0 w)wl, TR0 D W)
Vi (TP (0—"w)wy, ..., T™(07"w)w,,)  — ’

for 1 <k<mn, l,<X<r(T).

Since T'(w) is strongly measurable and V,,, : X™ — R is continuous, Sy x (w1, . . ., wp,)

is measurable. Let

Dy(wy, ..., wy) = ﬂ Spa(wy . w,).

Then D, (wy, ..., w,) is also measurable.

Since X is a separable Banach space, we have a countable dense set {v;(# 0)}i>1

71



of X. We set
K)\:ﬂ U D)_%(Um,...,?}nm).
j=1

(n1,...,nm ) EN™
Then K, is measurable. By the definition of S, x(wy, - -, wy,), we have that for each
small € > 0

Sn,)\(wlu e 7wm) C Sn)\—e<w1a e 7wm)7

which yields
K, C K,_.

and

K, = lim K,_. decreasingly.

e—0t

Since P(K),) < 1, we have

P(K)\) = 111[%_ P(K)\_e).

Next, we show

Claim: The inner measure of A}, P;,(A}), is equal to its outer measure P, (A?}),

for each A € (I, k(1)) — S4, where S, is a countable set.

We first prove that for each small € > 0,
K, C A:‘L_e,

in other words

Ky, C Ag

Let w € K. Then, there exists (nq,...,n,) € N™ such that w € Dy_(vny,-..,0n,,)
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which means that

Vi (T (07" w) gy ..o, T (07 "w)vy,,) # 0

and

n—k(N—mn n—k(p—n
Vm(T (6) w)vnu T (Q w)vnm) < eimk()\ie)a 1<k <n.
Vm(T"(Q—"u))Um, e ,T"(G—"w)vnm)

By letting

v =T"(0"w)vy,,

we obtain that

w € ANE

Next, we prove that

A) C K.
Let w € A). Then, there exist vectors {w; }1<i<m C X such that 7% (w)7m(w)w; exists
for1<i<m,1<k<n,

Vin(m(w)wy, ..., m(w)wy,) # 0

and
Vi T (W) (w)wy, ..., T7F(w)m(w)w,y,)

Vin(m(w)wy, ..., m(w)w,y,)

<ehmA ] <k <n.

For small € > 0, since {v; };>1 is a countable dense subset of X and V,,, : X — R is con-

tinuous, we have that there exists (n4, ..., n,) € N™ such that (7(0~"w)v,,, ..., 7(0 "w)v,,,)
is close enough to (T "(w)m(w)wy, ..., T " (w)m(w)w,) such that
Vi (T (07 "W) vy, .., TR (07 "Wy,

V(IO 0y, T (00 ) — ’

So

wE Dy_e(Vnyy--,Un,,)
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Therefore,

w € K)\,E.

Since € > 0 can be arbitrary small, and by the definition of K, we have

w € Ky,

hence

A) C K.

Summarizing the above discussion, we have that for any € > 0,

Ky C A) C K,.

Since P(K) is a monotone function with respect to A, it has at most countable many
discontinuous points. We use Sy to denote the set of these discontinuous points. Thus

for any A\ € (I, k(T')) — Sy, we have

lim P(K)\+e) = P(K)\),

e—0t

which implies that
Pm(Ai\L) = Pout(Ai\L)'

Therefore, A} is measurable. Then, by using (45), we have that for any A\ ¢ S; and
lo <A< k(T),
P(A)) > 6,

which implies for each I, < A < k(T),

Py (A)) > 6.
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Then

+oo
Py, (ﬂ AQ) >4
n=1

This completes the proof of the lemma.

O

Lemma 33. There exists a constant C' depends only on m such that for any small
number € > 0 satisfying k(T) — Ce > 1, ifw € (125 A ARD= then dim EXT)- Ce(w) >

m.

Proof. Let € > 0 such that x(T) — ¢ > I, and w € (72 A7~ Then, w € A;”(T)_
for all 7 > 1. Thus, there exists {w;;}1<i<mi<; € X such that for any j > 1,
{m(w)w;j }1<i<m are linear independent and

V(T (w)m(w)wyj, .., T (W) 7 (W) W)

Vi (w)wij, ..., m(w)wy,;)

< e hmsM=) ] < | <.

Let
B 17" (W)l
Ce(w) —SUP{W -

By the definition of £(T"), we have that C,(w) is measurable and is finite almost surely.

We note that

C.() = sup {w}

m—1
R (T ) !G(ew))( Wlew)ll}
(5(T)+e) .-

(T (0 w T w
< max {SUP{ <) |G l9( )>l|e|)| ( )|G( )H } 71}
n>1

|17 ()lcell
S max {]_, WCE(HUJ)

17 (W) laell
S CE(HCU) max{l,w .

5




Then
log Ce(w) — log C.(fw) < max{0,log™ |T(w)|cw)ll — ~(T) — €},

which is a L' function. Thus, using Lemma 26, we obtain

1
lim —log C.(0"w) = 0.

n—too N

Therefore, for a fixed w, there exists a positive integer N;(w) such that if n > Ni(w),

then
C(0"w) < e™.
Thus
1776w gl < 5042, 1 > Ny(w). (43)
For any 5 > 1, let
7 (W) Wi
Umj = T—F———
|7 (W) wm]|

and choose unit vectors v;;, 1 <47 <m — 1 such that

7(w)w;; — dist(7(w)w;, span{m(w)wi; bick<m)vij € span{m(w)w; }ick<m.

Thus,

v;; € G(w) and ||v;;]| = ﬂ(vij,span{vkj}Kkgm) =1, 1<i<m. (49)

Therefore,

Vm(vlja--wvmj) =1 (50)
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and for any 1 < k < 7,

Vm(T_k(w)UU, . ,T_k(w)vmj)
B k(, 7(w)wy; —k(y (W) Wi
=V (T >dist(7r(w)w1j, span{m(w)w; }1<i<m)’ T W) )
_ Vi (T7H (W) (w)wij,y - o, T (W) (W) wyy)

Vi (m(w)waj, . .., T(w) W)

< e—mk(ﬁ(T)—e) )

By modifying {T7*(w)v;;}1<i<m in the same way as above, we obtain unit vectors

{Ufj}lgigm C G(6*w) such that for 1 <i < m,
”UZH = m(vfja Span{vlkj}i<l§m) =1,

T~ (w)vy;—dist (T (w)vyy, span{T " (w)vi; tici<m ) V5 € span{T*(w)vi; }ici<m. (51)

Hence,

Vm(Tk(H_kw)vfj, . ,Tk(Q_kw)vfnj)
T (w)vy T (W) vm;
:Vm Tk: e_k N 1 7"'7Tk Q_k = )
( ( CL))dlst(T*k((,u)vlj, span{T % (w)vi; h1<i<m) () [T (w) v, |
Vm(”lj; Ce ,Umj)
V(T (w)vrj, -, T (w)vm;)

> emk(H(T)—e)‘

Using (48), we have that for 1 <i <m, Nj(w) < k < 7,

ﬁ(T’“ (Q_kw)vk span{Tk (Q_kw)’lilkj}i<1§m)

K
Vi (THOFw)oy;, .., THO Fw)ul )
B nglgm,l;éi ||Tk(9_kw)vlkj||
mk(k(T)—e¢)

€ __k[R(T)—(3m—2)¢]
= oRm—1)(x(D)+2¢) € :
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For each 1 <i < m, using (51), we write
Tk (0~ w) = \F iU+ m(w) fj,
where m(w)w}; € span{T*(0~*w)v};}ici<m. Using (49) and (51), we have that

|AF| = dist(T*(0*w) ”,Span{Tk(G w)vlk]}KKm)

Thus, from (52) and (48) we obtain

H)\i@” > 6k[n(T)—(3m—2)e]

and

I (w)wis || < 1T (0~ w)vill + | A7vi
< ek( K(T)+2¢) |/\k|

< Qeh(R(T)+20),

Thus, for m(w)wf; # 0, we have

v _ Im@)wisll, m(w)wy;
T* il = ||+ — ——7—— s
vk m m(w)wk
<|5¢) | (A)k ATy
k
< efk[n(T)7(3m72)e] +263mk6 T—k(w) ﬂ—(w)wll;j
170 (w)wis |

< o HRT)~Bm=2)d | gm dmhe Z 1T~ (w)wi,
l=i+1

here we used the fact that if v = """ a;v;, |[v]| = [|vs]| =1, and V, (v, -+ ,v,)
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then |a;| < 2"7!. For m(w)w}; = 0, we have

||T_k(w)vi7j|| < e—k[n(T)—(Sm—Q)e]‘
From (48) and (52), we also have that
T (@)vmsll = [N ]I < e7HHEO=Em=2)d,

Then by induction, there are two positive constants C, C’" which depend only on m

such that for any 1 <i <m and Ny(w) < k < j
|7 (w)vyy|| < Ce M=M=, (53)

For example, we can take C' = 3m? and C = om?

Thus we can choose € > 0 small enough such that x(7") — C’e > [, and let

A=r(T)—Ce.

Next, we claim that for each nonnegative integer n and for each sequence of unit

vectors {v; € G(w)};>¢ satisfying
1T~ (w)os]l < Ce™, Ni(w) <k <, (54)

{T"™(w)v,};>n has a convergence subsequence.

Before proving this claim, we show how to use it to prove
dim (EMw)) >m

by applying it to the unit vectors v;;. We first consider the case n = 0. Using (53)

and this claim, there exists a subsequence {j’};>1 in N such that for any 1 < i < m,
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To(w)%o converges. We denote the limit by u). Since v;; are unit vectors, [|ul|| = 1.

Furthermore, from (50), V,,(u?,...,u%) = 1.

Next, we apply the claim to n = 1. Thus, by using (53), there exists a subsequence
{7} hi>1 of {7 }i>1 such that for each 1 < i < m, Tfl(w)vijll converges to u; as [ — oo.

By the continuity of T'(#~'w), we have

“1 N1 1, -1 0
TO  wu; = lilinooT(G w)T™ (w)vg = zll«rgloo Ugp = lllfrnoov]o = u,

which gives

By induction, for a positive integer n, there exists a subsequence {j'};>1 of {j" ' }i>1
such that for any 1 < i < m, T7"(w)v;n converges to uj. By the continuity of

T™(0~"w) we have

m/ n—n n __ : m/ n—n -n O
T"(07"w)u; —lilinooT (07"w) T (W)vign = ll}inoovm _IB-IEIOOU o0 = u;

So

Since for Ny < k < 5/

1T~ (w)vigpll < Ce™™,

we have

1T~ @) | = [luf]| < Ce™

Hence, we have that T7"(w)u exists for all positive integer n and

1T (w)u?|| < Ce™™ when n > Ny,
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which yields

Since

we have

We now prove the claim. Let n be a nonnegative integer. Since A > [, = I/, we

have that for any € > 0 such that I/, + 2¢ < A there exists a integer N > N; such that

forl > N
HTl(ef(nH)w)Ha < el(l’aJre)‘ (55)
Let
G = {T_(H")(w)vj\ j>l+n}, forl>0.
Then,

T O~ "G C Gy
and Gy — T'(0~"Dw)G, is a finite set.
Recall that a(B) is the smallest nonnegative real number such that for any ' > «a,
the set B C X can be covered by a finite number of balls of radius 7’ (not necessarily

centered on B). Let

IBI[ = sup{|lv]l| v € B}
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Then for any [ > N, using (54) and (55), we obtain

a(Go) =a (T' (6" w)G U [Go — T' (0~ " w)G)])
<max {« (TZ(Q_("H)LU)G;) a(Go — T'(H~ ("D w)G)) }

=a (TH(0""Dw)Gy) < I THO " Dw) |G|

Sel(lg-ﬁ-e)ce—(n-i-l))\ _ Ce—n)\el(lfl—i-e—)\) < €_n)\€_le.

Since [ can be arbitrarily large,

a(Gy) =

which implies Gy is precompact, thus there exists a converging subsequence of {1 (w)v;| n; >

n}. This completes the proof of the lemma.

Proof of Proposition 30. It is sufficient to show that the lemma holds for [, <
A < k(T). Since E*(w) is a decreasing sequence of finite dimensional subspaces, we

have

dim B (w) = dim (]  EMw). (56)

Aa<A<K(T)

Letting A be fixed such that [, < A < x(T'), by Lemma 32, there exists a countable
set S of (Ia, k(7)) such that for each X\g € (ln, 5(T)) = S, N, A)° is measurable and

P(ﬁ A)) = 6.

n=1

Choose € > 0 such that A\ < k(T) — Ce and k(T) — € € (lo,x(T)) —S. Then,

N, AT~ is measurable and

P(ﬁ AR~
n=1

82



By Lemma 33, we have that for each w € ()7, AZ(T)*E

dim(E*T=%(w)) > m.
Since A < k(T) — Ce, E"T=C¢(w) C E*w). Thus,
dim(E*(w)) > m.

Since E*(T~Y(w) is invariant and T'(w)|¢(w) is injective, dim(E*T=C¢("w)) > m for

all n € Z. Let

+o0o
Am(T)—e: 0]' AZ(T)_G )
U (0

JEZ

Then, A*T)~¢ s a f-invariant measurable set of positive measure and dim(E*7)~%¢(w)) >

m for all w € A*T)=¢ By the ergodicity of 8, we obtain
P(AN(T)*G) - 1.

This completes the proof of the proposition.

6.3 Measurability of Oseledets Spaces.

In this subsection, we prove the measurability of E%")(w). We will use a modified

version of the following theorem of measurable selection taken from [3]

Theorem 34. Let Y be a complete separable metric space, (T, L) be a measurable
space, and I' be a multifunction from T to a closed non-empty subset of Y. If for
any open set U in'Y, T=(U)(= {t| T(t) NU # 0}) belongs to L, then T’ admits a

measurable selection.
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The following is a modification of the above theorem.

Corollary 35. Let Y be a complete separable metric space, (T, L) be a measurable

space, and I' be a multifunction from T to a non-empty subset of Y. If for any open
set U inY, T=(U)(= {t| T(t) N U # 0}) belongs to L, then T admits a measurable

selection, where ' is defined as T'(t) = closure T'(t) for anyt € T.

Proof. Since I'(t) is closed for every t € T and I'(t) C T'(t), then for any open set
uvcy,
I~(U)cT (U)={t T(t)NU #0}.

Foranyt € I (U), there existsax € T(¢)NU. If z € T'(t), then t € I'~(U). Otherwise
there exists a real number r > 0 and 2’ € I'(¢) such that the ball B(z,r) C U and

x' € B(x,r). Thus, t € I'"(U). Therefore,

Hence

which is measurable. By the theorem of measurable selection, we have that I’ admits

a measurable selection. This completes the proof. O]

Now we are ready to prove that

Proposition 36. £ (w) : Q — K,, is a measurable function, where K, is the

metric space of all m-dimensional linear subspaces of X introduced in Section 5.

Proof. From (37), we have (1) =1 > l41/(m + 1) and (T) = l,,/m. Let € > 0

satisfy (m + 1)k(T) — (m* + 3m +4)e > l,,11(T). Using (30), we have

. Vi (T™(07"W) | Go-w))
1m

n—-+o0o emn(K(T)_e)

=400 a.s.. (57)
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We use €y denote the exceptional set of zero measure on which (57)does not hold.

Let

Qn = A{w | Vil T"(07"w0)|go-nu) > ™D}

Since V,,(T"(07"w)|c(o-nw)) is measurable as we have seen in the proof of Lemma 25,

@, is measurable. Using (57) and Egoroff’s theorem, we obtain

lim P = 1.
Jm P(Qn)
Since X is separable, we let D = {(v},...,v,)}i>1 be a countable dense subset of the

unit ball B(0,1) C X™. In order to apply Corollary 35, we define I',(w) : @, — 2%"
as

Lp(w) = {u | Vin(T"(0 "w)u) > e M=)y = (ug,. .., uy) € D},

where T"(67"w)u denotes (1T™(0 "w)uy,--- , T™(0 "w)uy,). Let (T, L) = (Qn, Flg,)

and Y = X then for any open set U C X we have

T, (U) = {w| T,(w)NU £ 0}
= {w| JueD ﬂ U such that V,,(T"(0 "w)u) > emn(n(T)—e)}

- U {u) ’ Vi (T (07 "W). .., T (0 "w)v! ) > emn(n(T)_e)}'
veDNU

Thus using the facts that T'(w) is strongly measurable and V,, is continuous, we have
that ' (U) is measurable. Hence, by Corollary 35, T,, admits a measurable selection

op(w) = (61 (w), - ,6™(w)) such that

IO "w)d, (W), T(O"w)oy' (w)
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are linearly independent and for w € @),

Vi (T"(07"w)5 L (W), -+, T™(0"w)5 1 (w))) > emms)=o), (58)
Let
o, = span{T" (0" "w)ap(-), -+ , T (0 "w)a(-)}.

By Lemma 20, o,, is measurable from @,, to K,,. Note that 0, (w) C G(w) for w € Q..
Furthermore, since (),, is measurable, we can extend o, to a measurable map from )

to K, with a constant extension on 2 — @,,.
Next we will prove that
d(o,(w), E¥ (w)) — 0 as n — +00 a.s.,

which yields that £%()(w) is measurable.

For each fixed w € Q — Qq, from (57) there exists a N = N(w) such that for
n > Nw), w € Q. Let v be a unit vector in T~"(o,(w)) and choose unit vectors

{u; }1<i<m C E*T)(w) such that
dist(ug, span{u; bicjem) =1, 1<i < m. (59)

Since

1
limsup — log ||T7"(w)u;|| < —k(T), 1 <i<m,
n

n—-+00

there exists a Ny(w) > N(w) such that if n > Ny(w), then

T @] < DD,
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Hence,

= Vit ..., up) (H ||T_"(w)ui||> (60)

Since

1
lim —log Vips1 (T7(07"w)) = b1,

n—-4oo N,

there exists a positive integer N;(w) > Ny(w) such that for n > Ni(w)

1
E IOg Vm+1 (T”(Q_"w)) < lm—i—l + €.

Thus, for n > N;(w) we obtain

_ % log dist (T”(G’”w)v, B (W))
s %log . (T”(G_”w) (T_"(W)“@) e TO7) (T_n(“’)“l»

[T~ (w)ual] 7= (w)um |
<lmny1 +e
(61)
By Lemma 28, we have
lim_ -~ log |77(67"w)|| = x(T)
Jim —log w)|| = k(T),
which implies that there exists a No(w) > Nj(w) such that for n > Ny(w)
Liog |I77(67w) | < £(T) + (62)
~log w K —e.
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By (58), there exist unit vectors {v!'}1<i<m C T~ "(0,(w)) such that
Vo (TH(O W), ... T W)l > enm (=),
From (62), we have
IT™(0 "w)ol|| < e MHma) 1 <i<m.
Therefore, for any 1 < i < m,
Tt (17 (6~w)u? span{ T (0" )0! }icim)

Vi (T (07 "w)oy, ..., T (0 "w)v),)

N ngjgm,j;éi |7 (6-"w)vp |
nm(k(T)—e)

e

n(s(T)—(m+1)e)
>
- en(m—l)(n(T)—i—%e) € ’

which together with (64) gives

eUR(T)=(m+1)e) IT™(0"w)o?|| < e (s(D)+ 7€)

Let
. (0 "w)vl <<
w; = — —, 1<i<m
|7 (0~"w)vp||
Then

dist(w]', span{w} }icj<m)

= dlSt( ( — W)Uln )
[T (0" w)vp ||

en(n(T)f(erl)E)

Span{T”(G_"w)v?}Kjgm)

—n(m+2)e
> n(n(T)Jr%e) > € ’
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Then for any (a1,...,a,) € R™ satistying || >, a;w]|| = 1, using (66) we have

|a1| < en(m—&-Q)e7
i1

la;| < 6"(m+2)6(1 + Z laj|), 1<i<m,
j=1

which implies that for 1 < k <m
|ak| < k’!ekn(m+2)6.

For any 1 < i <m, using (60), (61), and (65), we have

1 . 1 . T (0 "w)o?
—log dist(w?, E*™)(w)) = = log dist i prT)
" og dist(wy', (w)) " og dis (HT"(an)U?H’ (w)

<lnp1+€— (I —€) — (k(T) — (m+ 1))

=lpt1 — (m+ Dr(T) + (m + 3)e.

Thus, for any unit vector )., a;w}, we have

dist(Y ~ aw}, B*D(w)) <Y faldist(w], BT (w))
i=1 =1

< nllmsi=(mA DR(T) +(m+3)e) Z ||
=1

< en(lm+1—(m+1)ﬁ(T)+(m+3)e) n(m+2)e

m! me™
< m! me" (lmﬂ*(m+1)H(T)+(m2+3m+3)e)

< m!me ",
here we used the fact (m + 1)x(T) — (m? + 3m + 4)€ > L1 (T). Thus, by using (20),

we obtain

d(on(w), B (w)) < 2m! me ™, n > Ny(w). (67)
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Similarly, for any 1 <i < m and n > Ny(w), we have

T7™(w)u;

| , T (0" w)vy, - - - ,T”(@‘”w)vﬁl) <lmi1+e
||T”(W)Ui||> ' ’

%1og Vint1 (T”(@‘”w) (
Recall that
Vi (T (07w, ..., T (O " w)ol) > emm (D=9
and
1T ()] < R+,
Therefore,

€

dist(ul-, O'n<(,U)) S en(lm+1+6*m(”(T)*€)+(*“(T)+E))

< el =(m+DR(T)+(m+2)e)

Let (b1, ...,by) € R™ such that || > byu;|| = 1. Using (59) then

’b1| < 17
i—1
il <14+ |bsl, 1< i <m,
j=1
which implies that for 1 < k <m
|b| < 281
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Hence, for any unit vector > " b;u;, we have

dist(z bitti, o (w)) <> |bildist (u;, 0, (w))

=1

< Qmen(lm+1 —(m+1)k(T)+(m+2)e)

< 2Me "

So,
dA(E* (W), op(w)) < 2™He™ n > Ny(w).

Thus

~

d(on(w), B (@) < 2ml me™, n > Np(w),

which implies that

~

d(o(w), BT (w)) — 0, as n — +oo.

This completes the proof of the proposition [l

Remark 5. In fact we can choose € so small that the rating in which o, (w) converging

to E*T)(w) as closed to e"tm+1=(m+1a(T) a5 we need.

6.4 Principal Lyapunov Exponents.

In this subsection, we establish the principal Lyapunov exponent and prove Theorem

23.

Proof of Theorem 23.
We first prove that there exists a f-invariant subset 2 C Q of full measure such
that for each w € Q

lim inf = log | T"(w)o]| > #(T) (68)
n

n—-+00
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for every v(# 0) € E*1)(w).

Let € > 0 and define

|77 (w)] grery )l
C. = )
(w) = sup { on(—r(T)+e) -

Since E*")(w) is a m-dimensional space, we can choose m unit vectors {u; }1<i<m of

ExM)(w) such that

ﬁ(ui, span{uj}KjSm) = 1, 1 S 1 S m. (69)

Let € be the f-invariant set of full measure such that dim (E*™)(w)) = m for w € Q.
For u; € E*M(w),

1
limsup — log ||77"(w)w|| < —k(T).

n—-+o0o n
Then,
17" (w) sl
P {W oy ST
For any (ai,...,a,) € R™ such that | >, a;u;|| = 1, since u; are unit vectors such

that dist(u;, span{u;}icj<m) =1, 1 <i < m, we have

lail| < 27,1 < i < m.
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Thus

Cg(w) =sup { e(—r(T)+e)

177" (w) D202, aiuil|
{ |

en(—r(T)+e)

[T~ (w) | prcr) (@) }
n>0

=sup sup
n20 || 3530 auil|=1

2imy el I T~ (w)ui]

<sup  sup { }
n>0 || M azus)|=1 e(—r(T)+e)

T i
<m?2™ sup max {M}

oo 1<i<m | en(=r(T)+e)

< + 00.

Since E%T)(w) is measurable and finite dimensional, by using the theorem of mea-
surable selections, E*(")(w) has a measurable basis u;(w),1 < i < m, details will be

given in section 7. Thus, by using that T'(w) is strongly measurable, we have that

P [ () [ R ]|
o e arun + -+ F )|

(70)

is measurable. This implies that ||T*"(w)‘Ek(w)|| is measurable. Thus, C(w) is a

measurable. Then, for each w € Q and any v € E*T)(w),
1T (@)oll = 177" (0"w)| ey gray | 0l = CZH(0"w)e" D= o).

Hence

1 1
liminf —log |T"(w)v|| > k(1) — € — limsup — log C.(0"w).
n

n—-+4oo 1 n—-+4oo

Since € can be arbitrarily small, it is enough to show that for any ¢ > 0,

1
lim —logC(0"w) =0 a.s..

n—+oo N,

93



We estimate

sup

|77 (w)| e )|
en( Kk(T)+e€) >0

|7+ 9w )T (W) e )l
—k(T)+e)
n>0

1T~ (0w) | ey g | 1T (@ |Gw)”
e(n+1)(=r(T)+e) er(T)—e¢
n>0

su

T

| /\

IT)] g |
< W e( W)-

Then,

log C.(w) — log C.(Ow) < log™t ||T(w | —x(T) + €

M)

which is an L' function. Thus by lemma 26, we have

hm —logC’(Q” )=0 a.s.,

n—too N

which together with (31) gives Theorem 23 for n — +oo.

Next, we show that Theorem 23 holds for n — —oo. By the definition of E%")(w),

it is sufficient to prove that for almost every w € Q and every v(# 0) € E*7)(w),

hmmf—log | T (w)v| > —r(T).

n—-+00

Given € > 0, define

17" ()| ) @)
! —
CE (w) = sup { en(k(T)+e) -0 ’

By the definition of x(T), C’(w) is a bounded measurable function since %) (w) is

measurable. Then, for v € E*")(w) we obtain

loll = 177 (07 w)T ™" (w)v]| < CUO™"w)e" DI (w)o]),
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which gives

1 1
liminf — log |77 (w)v|| > —k(T) — € — limsup — log C (6~ "w).
n

n—+0o0 n—+oo N

Therefore, the proof is completed if we can show for all € > 0.

1
lim —1 "(07"w) = .S..
Jm = log Cl(0"w) =0 a.s

For n > 1, we have that

1T (67 W) per) (9101
< T (07 W) prery -1 | - 1T (@) | prery )|
<NT (07" w)| ey 9100 [| O (w) e DD F)

= [IT(07'w)| gxerr g1 ™= [CLlw)e D]

Therefore
1770 'w)| per o100
1(n—1 w
C'(07'w) <max {1, sup { AT .
< max {1, 176 w) | e (9-100) ||e_“(T)_EC’é(w)}
(as Cl(w) > 1 for all w € Q)

<C’(w)sup {1, |]T(9‘1w)|En(T>(971w)He_“(T)_E} )

Thus,

log C'(07'w) — log C!(w)
< max {0,10g |76~ cry o1y | #(T) — €}

< max{0,log™ [|T(0~'w —k(T) — €}

o1
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which is an L' function. By Lemma 26, we have

1
lim —logC/(07"w) = S..
Jm ogCl(0"w) =0 a.s

Therefore,

lim %log IT™ @)l = #(T), (72)

n——oo

which together with (68) implies that

> —r(T).

. 3 1 -n
lim inf - 1og |1 7() | pucn | 2

For each unit vector v, we write v = aju; + - - - + @iy, Where u; € EM©) are unit

basis satisfying (69). Thus, we have

177" (w)

el = Sup 177" (w)(@rur + -+ - + amuy) ||

larui+-+amum||=1
<m2™ max ||[T7"(w)(w)]].

1<i<m

Then, by using (72) and (68), we obtain
. 1 n
lim sup " log | T7"(w) ‘EH(T)(w) | < —r(T).

n—oo

This completes the proof of this Theorem.
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7 Measurable Random Invariant Complementary

Subspaces

In this section, we establish the existence of measurable invariant subspaces. Our

main result is following.

Theorem 37. If k(T) > I, then there exists a 0-invariant full measure subset Q in Q

such that for any w € Q there exists a subspace F(w) with codimension m + dim E(w)

satisfying following properties:

(1) T(w)(F(w)) C F(0w);

(ii) E*"T(w) @ F(w) = G(w) and the associated projection operator m (w) :

F(w) is strongly measurable and ||m (w)|| is tempered;
(i) K(T|F) = limsup, oy 410g | T(w)] . | < (T):

(iv) For every v(# 0) € F(w) such that T~"v exists for all n > 0, we have

1
liminf = log |7 0| > —r(T):;
im inf —log ||[T7"v]| > —#(T);

(v) For any € > 0, letting

[T (w)m (@)l
K(w) = sup {— ,
ens(TIR)+e) |

then K(-) : Q — [1,400) is a tempered function.

Before proving this theorem, we need the following lemmas and propositions.
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Let £ : 2 — K,, be a measurable map and € be fixed such that % > € > 0. Define

a multifunction I' : Q — K; x K,,,_; as
F(w) = {(El,Emfl) € K, XKm,1| E; C E(w), E, 1 C E(w) and (5<E1,Em,1) > 1—6}

Lemma 38. I'(w) admits a measurable selection.

Proof. First we notice that I'(w) is not empty since there are m unit vectors u; € E(w)

such that

dist (ul, span{ui}lggm) =1

In order to apply Corollary 35, we need to show that for any open set U C K; X
K1, T7(U) = {w| T(w) NU # (} is a measurable set. For w € I'"(U), take

(B1(w), Em-1(w)) € T'(w) N U. Since U is open, there exists 0 < ¢'(w) < § such that
L, L,
B(E;(w), 3¢ (w)) X B(Epm_1(w), 3¢ (w)) CcU.
We choose unit vectors v; € Ey(w) and {v; }a<i<m C Ep—1(w) such that

R(Uz‘, Span{vj}KjSm) = 1, 2<i<m.

By Lemma 11, there exists a ¢’(w) > 0 such that for any set of vectors {w;}i<i<m

satisfying
i — vl < (), 1< i <m,
we have
dist(w;, span{w; }icjem) > 1 —¢€, 1 <i < m. (73)
Set




and

GU)= |J B(Ew).5w).

wel'=(U)
Since G(U) is open, E~1(G(U)) is measurable. In order to prove that I'~(U) is mea-
surable, it is sufficient to show E~1(G(U)) =T~ (U).

We first notice that I~ (U) € E~'(G(U)). Hence, we need only to show E~1(G(U)) C
r=(0).

For any ' € E71(G(U)), there exists w € I'"(U) such that E(w') € B(E(w),5*(w)).
Associated with w € T (U), let (Ey(w), Ep_1(w)) € T(w)NU, 0 < €(w) < §,
{vi}1<i<m be given as the above. Thus, there exist m unit vectors {v}}1<i<m C E(w')

such that

|v; —vi|| < 0% (w), 1 <i<m.

Then, by (73), we have
dist(v], span{v}icjcm) > 1 —¢, 1<i<m. (74)

Let Ey(w') = span{v}} and E,,_1(w') = span{v}}s<i<m,m. For any unit vector v €

E,—1(W), there exists {a;}a<i<m C R such that

. /
v = )

m
a;v;.
=2

Since (74), by Lemma 9, we have

(2 — 6)m—2 m—1
g <3

la;| <
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Therefore

m

dist(v, B, 1 ( Z (v — v;)|| < M35 (w) <

~

€
B .

Thus, by using (20), we have
A(Ep-1(w), Em-1(w)) < 26(Epn-1(w), En-1(w)) < €/(w).
Similarly, d(Ep_1 (@), Em_1(w')) < €(w). So,
(Er(W), Em-1(w)) € B(E1(w), € (w)) x B(En-1(w),€(w)) C U.

Thus w’ € I'"(U). This completes the proof of this lemma. O

Corollary 39. Let E(w) be a measurable m-dimensional subspace of X. Then, E(w)

has a measurable unit basis {e1(w), - ,em(w)} which satisfies
dist(e;(w), span{e; (W) }icjem) > 1—¢, 1 <i<m (75)

where 0 < e < 1/2.

This corollary together with Lemma 20 gives that a m-dimensional space F(w) is

measurable if and only if there exists a measurable basis.

Proof. We first show that for a measurable one-dimensional space Ej(w) there is
a measurable function e;(-) : © — X such that F)(w) = span{e;(w)}. Define a

multifunction I' : € — Sx as

Mw)={ue Sx|uec E(w)}.
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Since E; (w), T'(w) is not empty and closed. Let U be open set of Sx, we want to
show I'"(U)( = {w| I'(w) NU # 0}) is a measurable set. For w € I'"(U), take

up(w) € T'(w) NU. Since U is open, there exists 0 < r(w) < 1/2 such that
B(up(w),r(w)) C U.

Set
GU) = U B(uo(w), r(w)).

wel'—(U)

For each uw € G(U), let Ey, denote the space spanned by u. Set
G(U)={Ei.|ueGU)}
Using the definition of the metric d, we have

GU) = U B(Eru,7(w))
)

wel'= (U

Since F;(w) is measurable and G(U) is open, By} (é(U )) measurable. Furthermore,

Thus, by Corollary 35, I' admits a measurable selection e;(w). Thus, using Lemma
38, we have a measurable basis for F(w). This completes the proof of the Lemma.

[]

The following result is an extension of the Hahn-Banach theorem to measurable

functionals.

Proposition 40. Let X be a separable Banach space and F : € — K, be a n-

dimensional measurable space with measurable basis {e;(w),- - ,e,(w)}. Let f(w) be
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a bounded linear functional on E(w) such that functions f(-)e;(-) : Q@ = R, 1 <i < mn,
and || f(+)]| are measurable. Then f(w) can be extend to a bounded linear functional

¢(w) on X such that ||¢(w)|| = ||f(w)|| and the map ¢(w) is strongly measurable.

Proof. Let {x;};>1 be a dense set in X. We first construct the extension ¢ (w) of f(w)

satisfying

(i) For any i € N, ¢(w)(z;) : © — R is a measurable function;

(ii) for any [ € N, ¢(w) = fi(w), where fj(w) is a bounded linear functional on
span{xy, ..., z;, F(w)}, which satisfies || fi(w)|| = || f(w)|| and f;(w) is an exten-

sion of f;_;(w).

We will construct ¢(w) by induction. For any integer [ > 0, we define a [ 4 1-tuple s

as following

(1) For 1 =0, so = (0);

(2) Forl>1, s, = (0,y1,...,u) where y; = {x;} or @ for 1 < j <.

We say s; < s if and only if [ < k and s = (s, Y121, ---,yx). We use §; to denote

Ul_,y; and denote the component y; by s¢, where s; = (0, y1,..., ). Set

0, when s! =0,
Sl —
x;, when s} = {z;}.

We note that the set of all such [ + 1-tuples, which we denote by S;, contains 2/

elements only. We define a function 2(-) on these tuples by induction.

(a) For 1-tuple, Q((0)) = Q;
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(b) For 2-tuples:
Q(0,0)) = {w | dist(zy, E(w)) = 0},
(O, {21})) = {w | dist(z1, Ew)) > 0},

(c) Assume that Q(s;) is defined for all [ + 1 tuples. For s;.;, we write 41 =

(s1,811).

Qsp1) = {w € U(s)) | x131 € span{s;, E(w)}}, for sﬁi} =0,

Qs141) = {w € Y(s;) | dist(zip1, span{s;, E(w)}) > 0}, for s/} = {@141}.

From this definition it follows that for any integers 0 < i < j, s; < s; if and only if

Q(s;) D Q(sy).

To show (i) and (ii), we first prove the following claim by induction and denote

F(w) by folw).

Claim. For each integer | > 1, we have

(C1) Q(s;) is a measurable set for any s; € S;;

(C2) span{s;, E(w)} is measurable on 2(s;);

(C3) U {e;(w) h<i<n is a measurable basis on Q(s;);

(C4) There exists an extension fi(w) of f(w) to span{zy,--- ,x;, E(w)} such that

i) = Ifi, ()| and fi(-)(x;) is measurable for 1 <i <.

We first consider the case [ = 1. Since E is measurable and dist(z1, F/(w)) depends
on E(w) continuously for a fixed x; € X, dist(z1, F(w)) is a measurable function.

Thus, both Q((0,0)) and Q((0, {x1})) are measurable sets. For each w € Q((0, {z1})),
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dim (span{zy, E(w)}) = n+1. Hence, (C1)-(C3) hold. Next, we extend f(w) to fi(w)

on span{z, F(w)} by
filw)(tar +y) =thi(w) + f(W)(y), t ER, y € E(w),

where (3 (w) = sup{f(w)(y) = [f (@)l =21 +yll | y € E(w)}.

Since {> "1 | a;e;(w)] (ai,...,a,) € Q"} is a countable dense set of E(w), we have

Bi(w)
—=sup { f@)(») = IF@)II =2+l | y € {iaiexw)r (a1, 00) € Q" } }

n

= sup { 3" af @)(ei@)) = @I =21+ Y aies@)] | {(ar......a) € "},

i=1
which is measurable.

For w € Q((0,0)), we have x; € E(w). Then,

fw) (1)
= f(w)(y) = f(w)(y — 1)

= sup{f(w)(y) = [f Wl =21 +yll | y € E(w)}

:sup{f(w)(y) = [F @Il = 21 + 9l ’ ye {Zaiei(w)! (a1, .-y an) € @"}}

— sup {Zaiﬂm(ei(w)) —IF@II =21+ aiei(w)] \ {(a1,...,an) € @”}} ,

=1

which is 3 (w) and is measurable. We define fi(w) = f(w) on Q((0,0)). Thus, we have
that fi(w)z; is measurable, fi(w) is a bounded linear functional on span{a:l, E(w)}
The definition of f(w) implies that || fi(w)|| = || f(w)]]. By Corollary 19, we have that
span{z, F(w)} is measurable on Q((,0)) and Q((0, {z1})) respectively. And we also

note that {x;}U{e;(w)}<icn and QU{e;(w) }1<i<n are measurable basis of Q(0, {z1}))
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and Q((0,0)), respectively.

Next, we assume that (C1)-(C4) hold for | = k — 1. We want to show that (C1)-
(C4) are true for [ = k. It is easy to see that (C1)-(C3) are all true, which come from

Corollary 19 and induction hypothesis.

We consider s, and take s,_; < sg. If sf = 0, then z;, € span{3;,_;, E(w)} for
w € Q(sg). Define
fr(w) = fro1(w), for w € Q(sg).

Thus || fr(w)]| = || f(w)]], for w € Q(si). Let

n k-1
- { Z aiei(w) + Z AntjSp_i| (a1, .., Qnik-1) € @n%*l}
i=1 =1

be a countable dense set of span{sx_1, E(w)}. We notice that

Jro—1(@) () = fem1(w)(y) = fr—1(W)(y — x)
= sup { firr @)(y) = [ fir @) = 2+ yll | y € span{si1, E@)} }
= sup { fi 1 (@) () = I @) = ox+ll | y € D w>}

3

aifr—1(w)(e;(w +Zan+Jfk 1 )

— 17wl iaiexw) Y st - || Han o) € @70 )
i=1 j=1

The last term is measurable on Q(s;_1) from the induction hypotheses, which implies

that fi(w)xzy is measurable on Q(sg).

If s',g = {1}, then ) ¢ span{s;_1, F(w)}. We extend f;_1(w) to fr(w) on Q(sg)

from span{s;_1, F(w)} to span{$y, E(w)} by defining

fe(W)(tzr +y) = t0u(w) + fra (W) (), t € R, y € span{sy 1, E(w)},
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where fi(w) = sup{fi—1(w) () = | fi-2 (W[ —zx+yll [ y € span{8s_1, E(w)}}. From
(76), we have

Br(w)

= sup { Z aifk,l(w)(ei(w)) + i anJrjfkfl(w)(gi—l)

i=1

n k—1
_ Hf((-d)H H Zaiei(w) + Z an+j§g€_1 — SCkH ‘ {(&1, c >an+k71) c Qn+k71}},
i=1 j=1

which is measurable on Q(sg_1). Thus fx(w)(z;) is measurable on Q(s;). The choice
of B(w) gives /@)l = [ fir (@)l = [|f@)], for w € Asy). Since O is the union
of disjoint sets Q(sg),sr € Sk, we have that fi(w) is a bounded linear functional
on span{zy, -z, EW)}, [[fe(w)|| = |[f(w)], and fr(w)zy is measurable. This

completes the proof of the claim.

Using this claim, we obtain a functional ¥ (w) defined on a dense set and 1 (w) =
fi(w) on span{zy,--- 2y, E(w)} for each | > 0, which satisfies (i) and (ii) given at
the beginning of the proof. At the remaining points of X, the functional is defined
by continuity. For each x € X, there exists a subsequence of {z;};>1, denoted by
{@p, }i>1, such that

lim z,, = .
1——+00

Since for ¢ < j we have

[P(w)(@n,) = D) (@)l = [[fn; (@) (@) = fo; (@) (@) < S @)H2n; = 2,

(w)(zy,) is a Cauchy sequence. Thus, lim;_ ;o ¥(w)(x,,) exists. We define

¢(w)(z) = lim (w)(ry,).

1——+00

106



It is easy to see that ¢(w)(x) is well defined.

Next, we show that ¢(w) is a bounded linear functional with ||¢(w)|| = |[¢(w)]|-
For any z1, x5 € X, there exist subsequences {x,, };>1 and {x,, };>1 such that converge
to x1, x9, respectively. Thus, for a,b € R

o(w)(azy + brg) = lim P(w)(ax,, + bx.y,,)

1—+400

—a lim (w)(en,) +b lm v(w) ()

i——400 1——400

=ap(xy) + bop(xs),

which means that ¢(w) is linear. Furthermore,

I6()] = sup (o)} = sup{llaﬁ(w)(Hi—iH)H}m
= sup{||w<w><||§—j“>||}izl — (I f ()]

Thus ¢(w) is a bounded linear functional on X with norm ||f(w)||. Since ¢(w)x; =
fi(w)a; is measurable and {z;}._, is dense in X, ¢(w)z is measurable for all z € X.

This completes the proof of the proposition n

By using Corollary 39, £)(w) has a measurable unit basis {e;(w)}i<i<m satis-

fying
dist(e;(w), span{e; (W) bicjem) > 1—¢€, 1 <i <m, (77)

for 0 < € < 1/2. By lemma 9 we have that
diSt(@i((xJ), span{ej(w)}1§j§m7j¢i) Z — 1 S 1 S m. (78)
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For each z € E*)(w), we write

m
r = Z zie;(w),
i=1

where z; € R, 1 <7 < m.

Lemma 41. For each integer 1 < i < m, there exists a bounded functional ¢;(w)

such that
(i) ¢;: Q — X* is strongly measurable;
(ii) ¢i(w)r = x; for all x € B*D(w);
(11i) The norm of ¢;(w) is given by

1

ol = dist(e;(w), span{e;(w) b1<jcm,jzi)

Proof. For x € E*"(w) and 1 < i < m, we define a functional f;(w) on E*)(w)
by fi(w)(x) = x;, where z; is given by z = > " x;e;(w). Clearly, fi(w) is a linear
functional. Next, we show that f;(w) is bounded. For each unit vector x, using (78),

we have
14+ _1 \ym—1
| < — ! < )
dist(e;(w), span{e;(w) br<j<m,j#i) l1—e

|

bl

which implies that

1 (1+ )
< — < < 1<i<m. (79
= Fota@) spante @ g © 1-¢ (79)

1fi(w)]

Since E*T)(w) is finitely dimensional, there exists a unit vector ¢(w) € E*")(w) such

that

ei(w) — dist(e;(w), span{e; (W) br<j<m jzi)€;(w) € span{e;(w) h<j<m i (80)
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which yields that

1

[filw)ei(w)] = dist(e;(w), span{e;(w) }1<jcm i)

This together with (79) gives

1

Ifsw)ll = dist(e;(w), span{e;(w) hr<jcm.jzi)

Thus, || f;(w)]] is measurable. Since fi(w)e;(w) =d;5, 1 <i,5 <m, fi(-)e;(-) : @ =R
are measurable. By using Proposition 40, we can extend f;(w) to ¢;(w) € X* which

satisfies the conditions of Lemma 41. This completes the proof of the lemma.

To prove Theorem 37, we need following lemma.

Lemma 42. Let f : Q) — (0,400) be tempered and v : Q — (0,+00) be a O-invariant

random variable. Then, there is a tempered random variable R(w) such that

i 7o < f(w) < R(w)

R(w)

i e VWM R(W) < R(I"w) < @M R(w).

This lemma is a consequence of Proposition 4.3.3([1],page 187).
Proof of Theorem 37 We prove this theorem in four steps.

Step 1. We construct complementary spaces.

We first define I1"(w) : X — E*T)(w) as

" (w)(z) = Z@(w)(:v)ei(w),

109



for # € X, where ¢; is given by Lemma 41. For each x € E*")(w), there exists

(ar,...,ay) € R™ such that = > " | a;e;(w). Then

m

I1'(w)(a) =I"@)(Y merw)) = 3 oyl Xh@

%
m

- Z Z a;0;5)ej(w) = Z ae;(w) = x.

i=1 =1 i=1

This implies that I1”(w) is a projection on E*)(w). Furthermore, using (78), we

obtain

T (w)]| < Z [gi(w)]| < ( i_i
i=1

Since X is a separable Banach space, I1”(w) is strongly measurable.

Let IT'(w) = II"(w)m(w) and I(w) = w(w) — II'(w). Then II(w) and II'(w) are

projection operators satisfying

)m—lm

)] < ) =

(1 + ﬁ)m—lm

1—c¢

M) | < [l (w)II( +1).

Since m(w) is tempered, ||II'(w)| and |[II(w)|| are tempered. We also note that
1T (w)|ew |l < [I17]] and |[H(w)|ge|| < 1+ [[II”]|, which are uniformly bounded
on Q. Let Gi(w) = II(w)(X). Then G(w) = E*T) @ G1(w). Hence, G; is a com-
plementary space of E(w) @ E*™)(w). From the measurability of 7(-) and II”(-) it

follows that both II'(-) and II(-) are strongly measurable.

Step 2. We study the properties of 7' on G1(w).

Define T(w) = II(6w)T(w). Then T(-) : @ — L(X,X) is strongly measurable.

It is easy to see that T'(w) is injective on Gy(w) because T(w) is injective on G(w).
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From the definition of II(w), we have that
T(W)Gi(w) C G1(lw) and T(w)x =0 for z € E(w)® E"D(w).

Since T'(w)G(w) C G(Aw) and |[II(w || <1+ ||II”|| which is uniformly bounded,

e

1T (w 1< T1(0w)] g, 1T (w0

|G ‘G(w

which implies that log® ||T'(- || € LY(Q,F,P). Thus, the results obtained in

M
Section 6 can be applied to T
By using Lemma 21,22 and 23, we have (T, a measurable subspace E*T)(w),

and a positive integer m’ such that

dim B (w) = m"; (81)
E"D(w) C Gr(w); (82)
T(E"D(w)) = E*D(fw); (83)
i og 7)o | = £(T). (84

We claim that x(T) < (7).
We prove it by a contradiction. Suppose that x(T) > r(T). Let E'(w) =
EFT)(w) @ E*D(w). Then, using (83), we have that T(w)E'(w) = E'(6w). We

will show that for any v(s 0) € E*D(w)

1
limsup —log [|[T7"(w)vl| < —+(T), (85)

n—-+o0o

which implies that v € E*™)(w), thus v = 0, a contradiction.

For the sake of simplicity, for a bounded linear operator L from a Banach space
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Y to a Banach space Z, we denote

LI = int (Eo]}
It is easy to see that
L]~ <Ll
and if L™ exists, then ||L||~ = ||[L7Y| 7.
First we have that
: 1 T n—"n — T
Tim g [T (07 gl = A(T) (36)

which follows

lim_+log |[77(67")w)| |- = tim <1 : ()

im — log W)| gr(@) (g-n,, = lim —log —— = k(7).

n—too 11 B (9-nw) netoon (| T=(0)] e

For any v(£ 0) € E*T)(w), we have

v =T"(0~"w) T~ (w)v
=T (07" W)IT (07" ) T~ (w)v

T (O W) IO "w) T (w)v

—T (0 )T (0 ") T " w)o (1)
I (W)T™(0 " w)I(0"w)T ™" (W) (2)

H(W)T™ (07" w)IT(07"w)T " (w)v  (3).
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Note that (1) + (2) = 0, because v € E*D(w). So
[[oll = [[TH(w)T™ (0™ "w)IL(6"w) T (w)v]],
which implies that
Foll 2 1T (07 gty gy |~ ITLE~" )T ().

Thus

lim sup — log||H(9 "W)™ wv|| < —k(T). (87)

n—-+00

Since ||II'(w)|q (|| is bounded and

lim log | 77(9-"w)]| = £(T) < (T,

n—-+oo N

then
1 ! mn —n —n —-n
hmsup—logHH( YT (6 ") "w)T " (w)|
n—-+4oo
1 -n -n —-n
<hmiup—10g(llﬂ'( W)T™ (07 W) |[TI(0~"w)T " (w)v]))
<hmsup—10g||H’( )T (0 w)||+11msup log||H(€ ") T (w)|
n—-+o00 n—+00
<k(T) — k(T) < 0.
Therefore,
lim sup — log||H’( )T (07 "w)IT' (6" w)T " (w)v|| < 0.
n—+oo
Note that
lim_—log |[77(0~") == Jim 1 (). (59
im —lo w)|gx gyl T = lim —lo = w(T).
ntoon O Brm(e- ntoo - | T=(w) g |
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Since
|77 (07" w)IT (07" W) T~ (W)vll = 1T™(07"w)| prery g=ne | T (07 "w) T~ (W),
we have that

hmsup—log||H'(0 W) T (w)|

n—-+o0o

< Jim sup o [T ()T ()T (0") T ()]

n—-4o0o

— lim —log||T”(0 "w)| gy gy |

n—-+oo M

<0 —w(T) = —r(T).
Combining (87), we can obtain that

1
hmsup-lOgHT "(w)l]

n—-4oo

=lim sup — log I (07 "w) T (w)v + T(07"w) T " (w)v|

n—-+00

<limsup — 1 log (I (0~"w) T (w)v| + (6 "w)T " (w)v|)

n—-+o00

< - H(T),

which gives (85).

Step 3. We construct an invariant complementary space.

We now construct an invariant complementary space F(w) of F(w) @ E*T)(w),

which is given by the graph of a strongly measurable map V(-): Q — L(X, X) such
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that

U(w) = U(w)(w), (89)
U (w)Gy(w) € EF D (w), (90)
T(w)G(¥(w)) = G(¥(0w)), (91)

where G(¥(w))( = {v+ ¥(w)(v) | v € Gi(w)}) is the graph of ¥(w) over G (w).

We first observe that the following statements are equivalent

T(w)(v+ ¥(w)v) =v" + ¥(bw)', where v € G1(w), v € Gi(bw), (92)

IT'(0w)T(w)v + T'(w)¥(w)v = Y (Ow)', T(w)v =1, (93)
I (0w) T (w)v 4 T(w)¥(w)v = U (Aw)T(w)v, (94)
(T(0) | pem )) ™ W (00) (T@ler ) — () )
= (T(0w)|pn )~ T (O)(T (@)l

Thus, we define
U(w) =— +ioiT_(”“)(9(”“)cu)l_[’(Q"Huj)T(é’"uj)H(Q”w)T”(cu)l_[(cu). (96)

We will show that the above infinite series converges absolutely and is strongly mea-

surable.

Since x(T) > k(T), we let € satisfy 0 < 3¢ < x(T) — x(T). Set

177" (W) oy )
C(w) = sup { en(—r(T)+e) <0 ’

and

C1(w)=sup{W} .

en(n(f)-l—e)
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By the definitions of #(T') and x(T), we have that 1 < C'(w) < +oc and 1 < C}(w) <
+00. Using the same argument as before, we have that C'(w) and C}(w) are tempered

random variables. Then, for each x € X, we have

[ (w)e]l

<D T~V 10) ey g | I (6" 0) || 1T (0"w) | gy | 1T (@)1 1T (w) ]

n=0

<ZC (071 0)elm DDA O () (T T () | [T(070)] gy | 1T @)
Th4eC (u ZC (071 o)en RO T (G 410) | IT(070)] gy | T )]

<e D0y () Z C(O™)e T (0" )| [ T(0"w)| g gn,y || 1TT(w) ]|

n=0

Since C(w), ||II'(w)]||, and [|T(w |G )|| are tempered, by Lemma 42, there exists a

tempered random variable R(w) such that

< max{ (@), C@) I T(@)| g I} < Bw)

R(w)
and
e "MiR(w) < R(A"w) < e"iR(w).
Hence,
W (w)e]]
+o0
<|[T(w)[| 2]l *<Cr (w ZC O e I (@ W) T (0"w) | g gy |
<[] [|2]|Cy (w)e T2 “‘ZR
5, € (T)+%
=T G (@) B w) =
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which yields that (96) is absolutely convergence. To show that W(w) is strongly
measurable, it is enough to prove that T—1(6w)IT'(fw) is strongly measurable. Let
e1(w), - - em(w) be the measurable basis of E*M®) Then T'(w)e;(w), - - T(w)em(w)
is also a basis of E*T)(fw). For each z € X, since II'(w)z € E*T)(w), there are

aj(w), - ,am(w) € R such that

II'(Ow)z = a1 (w)T(w)er(w) + -+ + (W) T (w)em (w).

Since II'(w)x and T'(w)e;(w) are measurable, by using Proposition 40, we have that
a;(w),1 < i < m, are measurable. Thus, T} (0w)IT'(w)r = a1(w)er(w) + -+ +

apm(w)en, (w) is measurable.

Let
mw) =(w) +¥Y(w), 7w)=1-mw), (98)

and

Fw) =G(¥(w)) (99)

Then, we have F(w) = m(w)X and

T(w)F(w) C F(fw)

which gives (i) in Theorem 37. We also have that 7 and 7} are strongly measurable.

For any u € F(w), by the definition, there exists ' € G1(w) such that

u=1u+ V(w'
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Then

m(wu = {I(w) + ¥(w)) (' + ¥(w)u)
= (I(w) + ¥(w)) v’ + ((w) + ¥(w)) ¥(w)u’

=u' 4+ ¥(w)u' + 0 = u.
Hence, 7 (w) is a projection on F'(w). And for any v € E(w) @ E*")(w), we have
m(wv =1 —T(w))v — ¥(w)v = (I — H(w))v = v.
Therefore, we have an invariant splitting of X
X = (Ew)® E"M(w)) & F(w).

Since C}(w) and R(w) are tempered, using the estimate (97), we have that ¥(w) is

tempered from above. Since
1< m(w) < )] + [[¥ ()],

|71 (w)]| is tempered. Hence, the property (ii) in Theorem 37 holds.

Step 4. We establish the exponential rate of T'(w) in F(w).

We first show that m (w)|e, () is an isomorphism from G;(w) to F(w). From
the definition of F'(w) we have 7 (w)G(w) = F(w), which means that m (w)|e, () is
surjective. For any vy,vs € Gy(w), if m(w)vy = m1(w)ve, then vy — vy = ¥(w)vy —
W (w)vy. Since vy — vy € Gi(w), ¥(w)vy — ¥(w)vy € BTN (w) and G (w) N B (w) =
{0}. So v1 = vy, which implies that m(w)|e, () is injective. Thus m(w)|e, @) is a
one-to-one map between F(w) and G;(w). We also note that 7 (w) is a bounded

linear operator. Furthermore, || (7T1(Ld)|gl(w))71 | = I(w)|pl]. Hence, m(w)|ea, ()
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is an isomorphism. We notice that
T"(W)|Fw) = 7r1(9”+1w)T"(w)H(w)|F(w).
Since both || (0" 'w)|| and ||TI(w)|| are tempered, we obtain

. 1 . 1,
lim sup —log |77 (@) | < lim_— log | 77() | < w(T),

n—-+o0o

which gives the property (iii) in Theorem 37 .

For any v(# 0) € F(w) such that T7"(w)v exists for all n > 0, we have

loll = I T(O")T " (W)v]| = |m ()T (0~ "w)IL(O"w) T " (w)u]

< TIO " w) [ (1 + [ (@) DIT™ (0" w T (@)ool

>‘G(0*”w

Then, as long as ||II(-)|| and ||¥(-)|| are tempered, we have that

1
liminf — log || 77" (w)v||
n

n—-+o0o

1
> lim inf = log 1o]

n=too i (O W) |1+ 2 (@) IDNT™(67"w) | g g-ney |

1 .
= — limsup — log || 7" (0™ "w
n

n—-+o0o

)}G(O—”w) ||

== K(T) > =k(T),

which gives the property (iv).

For any € > 0, let

o |77 ()| )l
K(w) = Sup{ EICCIEDN I
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Then, we have

1< K(w) < K'(w)[m ()] (100)

Since for n > 1,

1T (W) lr@) | = (7" (0w)l Fow)) (T(W)lr))[] < 1T (0w)]roan 1S W),

we have

log K'(w) — log K’ (fw) < max{log™ ||S(w)|| — k(T|F) —¢,0}.

By Lemma 26, we have
1
lim —log K'("w) = 0.
n—=+oo N
Therefore, combining with (100), we have

1 1 1
lim sup — log K (6"w) < limsup — log K'(0"w) + lim sup — log ||m1(6"w)|| = 0.

n—too M n—too T n—too M

Hence

1
lim —log K(0"w) = 0.
n—+oo N

The proof of Theorem 37 is complete. 0J
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8 Proof of Multiplicative Ergodic Theorem

We prove Theorem 4 by using Theorems 21, 22, 23, 37 and prove it by induction.
First, we let E(w) = 0. We assume that «(®) > [(®). It is clear that the conditions
(B1)-(B3) in Section 6 are satisfied and 7' = ®. By Theorems 21, 22, 23, and 37, we
obtain A\, = x(T), E1(w) = E*"(w), F1(w) = F(w) and IT; (w) = II(w) which satisfy

all the conditions of Theorem 4.

Next, we introduce the induction assumption: There exist k(w) numbers A\; (w) >

o> Mgy (w) > lo(w) and a splitting
X=F(w)®- D Eyu)(w) ® Fi(w)

of finite dimensional linear subspaces E;(w) and finite codimension linear subspace

Fy.(w) such that

1) Invariance: k(6w) = k(w), X\i(0w) = \;(w), S(w)Ej(w) = E;j(w) and S(w) Fi(w) C

2) Lyapunov Exponents:

1
hr_{l —log [|®(n,w)v] = A\j(w) for all v(# 0) € E;(w),1 < j <k;
n—+oo N

3) Exponential Decay Rate on F(w):

) 1
i sup - 10g B(1, )| | < Mo ()

n—-+00

and if v(# 0) € Fi(w) and (®(n,0 "w)) v exists for all n > 0, which is de-
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noted by ®(—n,w)v, then

hmlnf—log |@(=n,w)v|| > =Ape)(w);

n—-+o0o

4) Tempered Projections: The projection operators associated with the decompo-

sitions
J k(w) k(w
¥ (@rw)e égE o Ae) - (D) 5 A

are tempered;

5) Measurability: k(w), \;(w), and E;(w) are measurable and the projection oper-

ators are strongly measurable.

We have two cases. If m(@!Fk(w)) = l,, then we have (II) in Theorem 4. Note that

(Pl ) = la AP ) > la, we let

E(w) = El(w) b---D Ek(w)(w),

G(w) = Fr(w), and 7(w) = i (w).

Then, by applying Theorems 21, 22, 23, and 37 to T'(w) = S(w)7(w), we can obtain
that App1 = K(T), Ep(w) = E"D(w), Fyeys1(w) = F(w) and I (w) = m(w)
which satisfy all the above conditions by replacing k by k& + 1. If R(CI)‘ F, (w)) > [, for
all positive integer k, then (III) holds. Otherwise, (II) holds. limy_o Ax = [, follows

from Theorem 21. The proof is complete.
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9 Stable and Unstable Manifolds

In this section, we establish random stable and unstable manifolds of a nonuniformly
hyperbolic random invariant set A(w) for infinite dimensional random dynamical

systems in a Banach space X.

9.1 Nonuniformly Hyperbolic Linear RDS.

We consider a linear random dynamical system ®(n,w) in a Banach space X.

Definition 4. ®(n,w) is said to be nonuniformly hyperbolic if for almost every w € €,

there exists a splitting

X =FE"(w) ® E*(w)
of closed subspaces with associated projections II,(w) and Ils(w) such that
(i) The splitting is invariant: ®(n,w)E"(w) = E*(0"w) and ®(n,w)E*(w) C E*(0"w).
(ii) CI>(1,w)’Eu(w) : B%(w) — E*(Aw) is an isomorphism.

(iii) There is a f-invariant random variable 5 : © — (0,00), a tempered random

variable K (w) : Q — [1,00) such that

||®(n, w)T,(w)|] < K(w)e ?@" forn >0 (101)

||®(n, )T, (w)|] < K(w)eP@™  forn <0 (102)

Remark 6. If K(w) is uniformly bounded, then we call this dynamical system uni-

formly hyperbolic.

Remark 7. When ®(n,w) satisfies the conditions of Theorem A and has no zero

Lyapunov exponents in which /,(w) < 0, we may divide all the Lyapunov exponents

123



into two group based on their signs. Let

o' (w) :={Ai(w) >0} and o°(w):={Nw) <0}

and denote

Then
X = E%(w) ® E*(w).

We call E%(w) the unstable Oseledets subspace and E*(w) the stable Oseledets sub-

space. f(w) may be chosen as

1

Ble) = 3 min{ ()]}

As w varies, f(w) may be arbitrarily small and K (w) may be arbitrarily large. How-
ever, along each orbit 0"w, B(w) is a constant and K(w) can increase only at a
subexponential rate, which together with conditions (101) and (102) imply that the

linear system ®(n,w) is nonuniformly hyperbolic in the sense of Pesin.

9.2 Nonuniformly Hyperbolic Random Sets.

Let (Q,F, P) be a probability space, X be a separable Banach space, (0"),cz be a
metric dynamical system, and ¢ be a random dynamical system (or a cocycle) on X
over 0". For A € F @ B(X), we call Aw) :={zx € X | (w,z) € A} € B(X) is the

w-section of A.

Definition 5. Let A C 2 x X be a measurable set.
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(a) A is called forward invariant if for any n > 0

p(n,w)Aw) C (A(0"w)) P —a.s.,

(b) Ais called invariant if for each zy € A(w) and each n > 0 there exists a unique

x € A(w™™) such that ¢(n, 0 "w)(x) = xy and for all n € Z
o(n,w)Alw) = (A(0"w)) P —a.s.,

where ¢(—n,w)(z) denotes ¢! (n, 0 "w)(x) for n > 0.

We now define the nonuniform hyperbolicity of a nonlinear dynamical system ¢

on an invariant set A.

Definition 6. ¢ is said to be nonuniformly hyperbolic on A if for almost every w € Q)

and = € A(w), there exists a splitting
X = F%w,z) ® E*(w, x)

of closed subspaces with associated projections I1%(w, z) and I1¥(w, x) such that

(i) The splitting is invariant:
Dyg(n, w)(z) E*(w, x) = E*(6"w, ¢(n, w)(z))

and

Dyg(n, w)(2) E°(w, x) C E*(0"w, ¢(n, w)(x)).

(ii) Dx¢(1,w)(x)|Eu(w7w) B (w,z) = E"(0w, ¢(1,w)(z)) is an isomorphism.

(iii) There is a (6, ¢)-invariant random variable 5 : A — (0, 00), a tempered random
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variable K(w, ) : A — [1,00) such that
|| Dyp(n, w)(2) 1 (w, z)|| < K(w,z)e P& for n >0 (103)

|| Dyp(n,w)(z),(w, )| < K(w,x)eﬂ(w’x)” forn <0 (104)

Another definition is about pseudo-hyperbolicity,

Definition 7. ¢ is said to be nonuniformly pseudo-hyperbolic on A if for almost

every w € 2 and x € A(w), there exists a splitting
X = E%w,z) ® E*(w, x)
of closed subspaces with associated projections I1*(w, z) and I1%(w, x) such that
(i) The splitting is invariant:
Dogp(n, w)(x) B (w, x) = E*(0"w, ¢(n,w)(x))

and

D.op(n,w)(z)E*(w,z) C E*(0"w, p(n,w)(z)).

(ii) D$¢(1,w)(x)|Eu(w7$) : B (w,x) — E"(Qw, ¢(1,w)(x)) is an isomorphism.

(iii) There are (6, ¢)-invariant random variables o < 3, a tempered random variable

K(w,z) : A — [1,00) such that

[|Dpp(n, w)(z)s(w, x)|| < K(w,x)e’ﬂ(”"”)” forn>0 (105)

[|Dpp(n,w)(z)IL,(w, z)|| < K(w,x)e’a(”’x)” forn <0 (106)
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Remark 8. Assume that there is an invariant set A of ¢. Define map ©¢: A — A
by
O (w,z) = (0'w, d(t,w)(x)) t€T.

Also assume that there is a ©'-invariant probability measure p on (A, F ® B(X)|4)
such that u(Uyep{w x A(w)}) = P(F) for any F' € F. Denote the metric dynamical
system (A, F @ B(X)|a, 1, ©) by (Q,F, P,O) and let

S(@) = Dyop(1,w)(x)

where & = (w,x) € Q. Then S(-) generates a linear random dynamical system ® on
(Q, F, P). If we assume that S(-) satisfies the conditions of Theorem 4, then we have

the nonuniform pseudo-hyperbolicity of the invariant set A.

Remark 9. If (w) > 0, then E*(w) is a stable random invariant subspace of D,¢.

If a(w) <0, then E"(w) is an unstable random invariant subspace of D,¢.

For the remainder of this thesis, we will assume that A is invariant and ¢ is nonuni-
formly pseudo-hyperbolic on A, We will consider two cases: a(w) < f(w),B(w) > 0
and f(w) > a(w), a(w) < 0.

9.3 Stable and Unstable Manifolds.

We first write ¢ as

d(l,w,z) = ¢(l,w)(x) = Dyd(1l,w)(x) + f(1,w, x).

We assume that the nonlinear term f satisfies
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Hypothesis H1: ¢ is a CN, N > 1, random dynamical system and there are tempered

functions py, B, : A — (0,4+00), 0 < k < N such that for almost every (w,z) € A,
sup [|D*f(L,w,y)|| < By(w,x), forall0<k<N,

yeU(w,x)

where U(w,z) = B(z,po(w,z)) = {y € X| ||y — z|| < po(w,z)}, which is called a

tempered ball.

Our main result is following:

Theorem 43. (Stable and Unstable Manifolds) Assume that ¢ is nonuniformly pseudo-

hyperbolic on A and Hypothesis H1 holds.

(i) If a(w) < B(w), B(w) > 0, then for almost every point (w,x) € A, there ezists a

CN local stable manifold for ¢ given by

Wie(w,z) = {y € B(z, p(w, 2))[[|¢(n,w, y)=¢(n, w, z)[|e" " — 0, as n — +o0},

where y(w) > 0, a(w) < y(w) < B(w), Bz, p(w,z)) is a tempered ball.

(i1) If B(w) > a(w),a(w) < 0, then for almost every point (w,z) € A, there exists

a CN local unstable manifold for ¢ given by

Wise(w, 2) = {y € B(x, p(w, 2))|[[¢(n,w, y)—(n,w,z)[e”" " — 0, as n — —oo},

where y(w) > 0, a(w) < —y(w) < B(w), B(x, p(w,x)) is a tempered ball.

Remark 10. We note that this theorem holds for a C** random dynamical system

fork>1land 0 < a<1.
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9.4 Proof of Theorem 43.

We will prove this theorem by using the standard Lyapunov and Perron approach.

It is sufficient to show the existence of the stable or unstable manifold along a fixed

orbit of ¢ in A. Let

0" (@) = (0"w, ¢(n,w,x)), where © = (w,z) € A.

For (w,y0) € A, we also write O (w,y9) = (0w, y;), where {y;}icz C X. By the
invariance of A, (f'w,y;) € A, for all i € Z. Note that {y,},cz is an orbit given by

d(n,w,yo). Let {2z, }nez be another orbit ¢ and z,, = 2, — y,. Then for any n € Z

Zny1 = O(1,0"w)(2n) = DO(L,0"w, yn)2n + ¢(1,0"w, yn) + f(1,0%w, Yy, 2n)

where f(1,0"w, y,, z,) = ¢(1,0"w, z,) — d(1,0"w, y,,) — Do(1, 0"w, y, )z, satisfying

f(1,0"w,y,,0) =0 and Df(1,0"w,y,,0) =0.

Thus, by using the fact y,.1 = ¢(n,w, y,), we have that z, satisfy that for all n € Z

Tpt1 = Do(1,0"0)x, + F(O", z,), (107)

where F(O"w,x,) = f(1,0"®,x,) and & = (w,yy). We denote the linear random

dynamical system generated by D¢(1, @) by

D¢(1,07 %) 0 -+ 0 Dé(1,0) when i > 0,
O(i,w) =
1 when 7 = 0.
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By the assumptions of Theorem 43, ®(i,©) is nonuniformly pseudo-hyperbolic.

For any number v > 0, define the following Banach space
Co = {x = {Tu}ncolrn € X, sup||z,lle™ < +oo}
n<0

with the norm

1xllo- = sup [|afle™™
n<0

and

O'—yi_ = {X = {xn}n20|xn € X, Slifo) ||$n||€n7 < +OO}
nz
with the norm
%[l o+ = sup ||z le™.
n>0

Similarly, for any integer 57 > 0, we also define Banach space
C,jy; = {X - {xn}ngofﬂfn S Lj(XaX)7 sup Hxnl‘ein’y < +OO}
n<0

with the norm

Il = sup [ e
ns

and

C,]Y‘Jr = {X — {xn}n20|xn € Lj(XaX)a sup ||:L‘n||67w < +OO}
n>0

with the norm
Il gz = sup ™,
n>0
where L7(X, X) is the regular j-form.

130



Let {z,}n>0 satisfies equation (107), then we have that
n—1
T =O(n—k, 0" 0)zp + Y ®(n—1—i,0O)F(O'D, 1;). (108)

i=k

We first consider the stable manifold. Here we assume that a(w) < B(w), B(w) > 0.

Lemma 44. Letv(©) € (a(®), B(@)) be positive and O-invariant. Thenx = {x,}n>0 €

CF satisfies equation (108) if and only if {x,}n>0 € CT satisfies the following equa-

tions
n—1
T, = Oy(n, @)z + Z O,(n—1—1,0MD)F,(0'D, ;)
1=0
- Z Oy(n —1—14, 0 0)F,(0'C, x;), for n>1; (109)
+oo_
mo=a)— Y Pyu(~1—14,0"Q)F,(0'D, ),
=0

where @, = ®|gu, by =P

gs, By =11, F, and Fy = 11, F.

Proof. Consider x € Cj . Suppose that {x,},>0 satisfies equation 108, then we have

n—1
T =O(n— k0" 0)zp + Y O(n— 14,00 (0D, 1;).

i=k
By setting k=0, we have that its stable part satisfies
n—1
= Oy(n, @)z + Y Pu(n — 10,00 F (0@, ;). (110)

1=0

Applying the unstable projection II, on equation (108) and switching k£ and n,we

have

k—1
vt =0, (k= n,0"@)ay — Y Py(n—1—14,07"0)F,(0'%, ;). (111)
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Since {zn fn>0 € C, then
191k — . ©°@)af] < K(OM5)et ™ ] =0, as & — +ox,

where limy,_ | 1 log K(0*&) = 0 was used. Let k — oo in equation (111). Then

we can obtain that
+oo ) )

Adding equation (110) and (112) together, we get equation (109). The converse

follows from a straightforward computation. This complete the proof.

Proposition 45. Assume that ¢ is nonuniformly pseudo-hyperbolic on A and Hy-
pothesis H1 holds, and a(w) < f(w),B(w) > 0 . Then for each positive invariant
random variable v(-) € (a(-),3(+)), equation (109) has a unique solution x(n,@) =
{zn(n,@)} € Ci(@ with 2§ = n for each n € E*(@) N B(0, p(@)), where p(®) is a

tempered function. Furthermore,

(i) For each @ € Q, x(-,@) is CV from E*(@) N B(0, p(®)) to CJ ), x(0,@) = 0,
and Dx(0,w) = 0;

(ii) There are random variables tempered from above, K;(©), 1 < i < N when

N < oo and i > 1 when N = oo, such that

1D"%(n, @)|| < K;i(@).

(iii) There are random variables tempered from above, K;(©), 1 < i < N when
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N < oo and i > 1 when N = oo, such that for any 1,70 € E*(@) N B(0, 3p(@))

|D*x(n, @) — D'x(no, @)|| < Ki(@)|n — nol.

Proof. Step 1. The FExistence of a Lipschitz Continuous Solution.

Fix positive ©-invariant random variables {~;(-) }1<i<n such that (@) < vy (@) <

o <m(@) < B@). Let n € E(@). For each x = {x,}n<0 € C ;) with a5 =17, we

)

define a map y = {yn}ngo = js(xa 777@) by

n—1
Yo = Bu(n, @)+ Y Oy(n—1—i, 0O F,(0'D, z;)
=0

“+o0o
- Z dy(n —1—14,00)F,(0'0, 2;), for n>1;

+oo
yo=n—Y Pu(-1—1i,0"D)F,(0F,1,).
1=0

Let p(©) = min {pg(@), B2(L(—“’)w} , 1 >0, where

I C A e -
L(@) = min {5 <1 — e7i(@)-B(@) + 1— 6—(%(@—&(@)))
1<i<N

is a O-invariant function. Thus p(®) is tempered. By Lemma 42, there exists a

positive tempered function R(®) such that p(O"@) > 2R(@)e ™ ®@) n > 0. Let

A@) = {x e ey gl < min{ ZEL B ey < mi@

Thus x € A(@) implies that for any n > 0, z,, € B(0, $p(0"®)). We first show that
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J*(-,m,w) maps A(w) into itself as long as 7 < 53z25. When n > 1, we have that

17 (.17, @)™ @]

n—1
<@ (n, @) D+ (| By(n — 1 — i, 0 D) Fy (6D, z;) | ")
i=0

+oo
+) [ ®u(n — 1 — i, 0D F, (0D, 2;) || ")

(by pseudo-hyperbolicity and H1, we have)

n—1
< K(@)|nlle”@=FE) 13 " By(0'@)e™ ) |l | K (67 e~ @) p(0'0)

+o0
—f—ZBQ(@Z(D ny1 (@ ||[E ||6 (n—1— z)a(w)K(@H—l ) (@z(;))

(by the definition of L, we have)

< K(@)HnHen(vl(m )+ ZL ||X||C+ e(nfi)w(&))ef(nflfi)ﬁ(m)
+ ZL s | et Im@e(eot-ie

- v () B i 1 — enn(@)—8())
= K(@)|ln[|e"&) =7 + L@l )eﬂ @) — e )

(@)

_ e
+ L(W)Hx”cjl(@ 1 — o—n(w)—a@)

) ) o1(@) p(@)
< K@)l + L&) <1 —en@A@) | 1= @ @) > el .,

A
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Similarly, when n = 0 we have

L(©)e*®@)

17562, 7, @)oll < llnll + 1—

and I14(0)J*(x,n,@)o = n. Hence, J°(-,n,©) maps A(@) into itself when n < 3};%).

Next, we show that J*(x,7,®) is a uniform contraction in x respect to n on A().

For each x, x' € A(@), when n > 1, by straightforward computations, we have that

" — (n=)71(@) o —(n-1-0)5(@)
S;MWWX%%f H@e
+oo
Lo x — % (n—i)m (@) ,—(n—1—i)a(@)
FD L@ ey e e

1 — enMn(@)—B(@))
e (@) ——
(@) 1 — en(@)-B(&)

a(@)

= L@)lx = ¥l

e

+L@)Ix =Xller | T——mEemy

} e (@) (@) ,
< L(w) (1 — en(@-B@) T 1— 6(71(@)«1(@))) [ —x HC%@)

1
= 2 lx = Xllo:

@)

Similarly, when n = 0 we have

| js(xﬂ%(D)O - js(xl7nad})0||

B e (@) (@) ,
=1 (1 @@ T em@)a(“”) e lles
1
< - - /
pS 3||X X ||Cj1<®>
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Hence, we obtain that

1

||\78(X777a(;}) - \7 (X m,wW )HC’Jr g

=%l

Thus J°(x,n,®) is a uniform contraction in x respect to n on A(@). So there exists
a unique solution of equation (109) for fixed x§ = n. Let x(n1, @) and x(1n2, @) be two

solutions in A(@). By the definition of A(®), we have that for n > 1

(71, @) — X(12, D) || < p(O").

: , - -
For sake of convenience, we use z; and x} to represent x(n;,@); and x(ny,@); respec-

tively. Then, for n > 1, by simple computations, we have

(171, @) — X(172, @) | €"* )

< K(@)]lm — |l
- 6’71(@) 60‘(@) ) )
+ L(@) <1 — e (@) —B@) + - e(m(@)a(@))) |x(n1, @) — X(%’W)HC%@)

~ 1 ~ 7
= K(@)|[m —nel + g”x(”l’”) ; x(ng,w)Hlem.

Similar computation gives that

1 - -
I<(n @)o = X, @)l < K@)l = mell + 51, @) = x(m2. ) v -

Thus, we have that

- - - 1 -
e, @) = x(n2, )l < K@)l =2l + S lx(m, @) = %0, @) le

71(@) @)

So

I, ) — x(m, )l < SE@) I~ (13)
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which implies that the solutions are Lipschitz continuous on 7.

Step 2. x(-,w) is C*.

In order to show that x(n,®) is CV, we show that x(-,@) is C? from E*(©) N

B(0, p(@)) to C';Z(&) for any 1 < i < N by induction.

For each n € E*(®) N B(0, 3};((‘(:2)), define a linear operator

e +
gn ’ C’h(a’) —C

71(®)

n—1
(GyV)n =Y Oy(n—1—i, 0 Q) DF,(0'D, 2:(n, 0))v;
=0
+Oo . .
— ) ®u(n— 114,07 Q) DF (00, z:(n,@))v;, for n > 1; (114)

i=n

“+00
(Gyv)o ==Y _ ®u(—1—1i,0"'&)DF,(0'D, z:(n,))v:,
=0

where v = {v, }n>0 € C’;“l @) We also define a bounded linear operator S from E*(©)

to C’;rl(&) by
S(n) ={®(n,@)}nx0-

137



Note that for n > 0

1(Gyv)a ")
n—1

= ®u(n—1 =i, 0™ Q)| DE(O'D, :(n, @))|l[|vi | ")
+ ) [1Pu(n— 1 =i, 0'Q) | DE(O'@, z:(n, @) ||| vil|e™
<> K(OD)e 1 By(0/5) p(010) ]| e

+ZK (O 1) "1 By (@) p(@5) [v]| g _ I
71(®)

R 671( ) eOé((L’)
< L(®) (1 — en(@)-B@) Tz e(w(w)a(d))) HVHC%@)

Similarly, we have that

1
1(Gpv)oll < zlIvlle+ -
71(@)

Thus, G, is a bounded linear operator from le () Into itself and its norm is bounded

by %, which implies that (/d — G,) has a bounded inverse in L(C’;r @)’ C’;Ll(w ).
For n,ny € E*(0)N B (O, 6K((:3)) we set
n—1—1
In=Y ®,(n-1,0"%)
i=0
(PO, wi(n, @) — Fu(©'@,2:(m0,2)) ~ DF(O, 2,0, 3)) (i (1,2) ~ 20, %)) )
400
S (- 1-i,0) (Fu(@%, 2i(n,@))

+oo
- Z By (—1 —i,01H5) (Fu(@i@, 2i(1,@)) — Fuy (0@, 25(110, @)
~ D00, 2i(n0,&))(w:(n, &) — x:(m,))).
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By using (113), we have

@i@’ %‘(Ua ‘D)) - Fu(@ia)’ ﬁz‘(%:@)) - DFU(@Z(D7 xi(n()w @))(%(777@ - xi(nm @))“

| F

—~

< —Bo(O°0)||zi (1, &) — zi(n0, @) |2

ol O N

K*(@)e @) 1n — o),

IN

and

(0'@, 24(n, @)) — Fy(©'®, 2i(1n0, 0)) — DF(O'D, (110, @)) (i (1, @) — (10, @)

=

By (0'0)||2i(n, @) — xi(no, @)||?

K2(@)e 2 @)1n — o 2.
Then | = olllg — mll) as 7 — . Thus,

X(W J)) - X(n07 (:J) - gno (X(% (:)) - X(7707 (D))
— Sy —m)+1 (115)

=S —mno) +o(lln —mll), asn — no,

which yields
x(1,@) = x(no, ) = (Id = Gy, ) "' S(n = o) + ollln = o).
Hence, x(n, @) is differentiable in 7 and its derivative satisfies

Dx(n, &) € L(E*(@), CJ )
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and

w

| Dx(n, w )HL E*(@),0F () < [|({d - gno)_IHL(cj@),cj@))||3||L(Es(w),cj@)) < EK(@)
(116)
Furthermore, we can obtain
n—1
Dx,(n,0) = Z O (n—1—1i,0MQ)DF,(0'D, x5(n,0))Dxi(n, @)
i=0
- Z Oy(n—1—14,0"0)DF,(0'0, xi(n, ) Dxi(n, &), for n > 1;
Dao(n, & Zcb —1 1,0 Q) DF,(0°Q, 2;(n, &)) Dxi(n, @).
(117)

By using (116), we have that for any v € E*(@) and n > 0

| D, &)o@
n—1
[,(n — 1~ i, ©10) ||| DF.(O%, (1, &) D, &yo |}
=0

+oo
+ZH¢>u(n—1 1, O DF(O'D, wi(n, @) || D (1, @)v ]| e

< ZK (07 @)= "I By (O'G)p(O'@) | DX (0, @) s ) o IVl

+ZK (O 2)e 109 By(O5)(O'D) | Dx(1, &) oo, [0l

_ 671( ) ea(w)
SL<w>(1_eW>_ﬁ@+1_e-<m_a(w L —
1
< LK)l
Similarly,

- L.
1Dzo(n, @)vl| < S K(@)]v].
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Thus for n € E*(@) N B(0, 3];((2))

I1Dx(n, @)+ <

1
K (w). 11
n@ T2 (@) (118)

Using (113), we obtain that for ny,n, € E*(©) N B(0, 61;(22)) and i > 0

IDF(0'Q, x;(m, @) Day(m, @) — DF(0'G, z:(n2, ©)) Dxi (1, @) |
< |(DF(0'@, 2i(m,©)) — DF(0', 2:(n2, ©))) Das (11, @) |

+ | DE(O'@, 4(n2, @)))(Dai (1, @) — Day(n2, @) |
< By(0'0)[|2s(m, @) — wi(n2, @) || Di (1, @)
+ By (0'w0) p(©'@) | (Dai (1, @) — Day(nz, @) |
S K2 (6) By©'D)e Oy — ]
4

By(0'0)p(©'w)e™ | Dx(n1, &) — Dx(m, @)l .
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Thus, for any n > 0

||Dxn(n17@) - D.Tn(T’Q,(I))Hen’Yl(JJ)

n—1
[Bs(n —1—i,0D)|-
n=0
|DF,(©'@, 2;(n1,@)) Dai(n1, &) — DF,(O'@, (12, @) Dy (1, @) || "1 @)
+o0o
+ ) [ @u(n =1 -4, 071D)|-

|DF,(0'@, x5(n1, @) Dai(n, @) — DF(0'@, x4(n2, @) Dai (12, & )”eml(@)

23
4

< ZK @erl (n—i—1)8 K2( ) 2(@1@) —2iy1 (@ H771 772“6”71(&)

n—1

+ZK (__)H—l (n—i—-1)8(@)

By(©'0)p(0'%)e” D Dx (1, @) — Dx(m2, D)l e
Y1 (w
= . . .3 . o i
+ Z K(@Z‘i‘l)e—(n—l—l)a(w)ZKQ((D)BQ(@Z(D)B—ml(w) Im1 — 1ol (@)
+ZK @erl (n—i—1)o(@)
Ba(O'9)p(©'0)e | Dx(1, 5) ~ Dl D ™
1 ~ ~
< SI1Px(m, @) = Dx(2, @)+ A+ Ki(@)lm = mall,
where
n—1 3
_K2 i+1 i~ (n—i—1)B(®) (n 21)y1 (@)
 K(6) K (071)Ba(05)e"
1=0
3 . 4 ato) (i (s
+ Z ZKQ (@) (@H—l)32((_)za)>e—(n—z—1)oz(w)6(n—21)71(w).
Then

- 3 -
1Dx(m,@0) = Dx(n2, D)lle+ < SE1@)[lnn = 1re]] (119)
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where 7,10 € E°(@) N B(0, 5 (2)). By the definition of p(@), L(®) and R(®), we have

that
i~ i1~ L(®) L(@)em©@
By(©'0)K(0™"0) < PEE) < 2RE)
Then

Thus K'(@) is tempered.

Step 3. x(n,®) is CV.

Let 2 < m < N. By the induction hypothesis, we have that x(-,@) is C? from

E*(@)NB(0, 3I£(w)) to C+ yforall 1 < j < m—1and there exists tempered functions

K;(@) such that
1D < K@), (120
1D7% (7, &) s (2, Y < K;(@), (121)
1D7x(n, @) = D0, )l < K@)l = il (122)

where 1,1y € E*(©) N B(0, 61%‘(2)). Here L(E*(),C7, 1+) is Banach space of bounded

75 (@)

linear operators from E*(®) to C’j__};. We want to show that x(-,w) is C™ and

D™x(-,w) is Lipschitz continuous from E*(w) N B(0, 61;(‘(” ) to C’Wr~ when m < N.
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Note that D™ !x(-, @) satisfies the following equations

Z (n—1—1i,0"Q)DF,(0'Q, 2;(n,&)) D™ x;(n, &)
_ Z O, (n—1—i,0M)DE,(0'Q, 24(n,©)) D™ a;(n, ) (123)
+nz¢ n—1-i,0"0)R; _, (n,0)

—Z@ (n—1—14,0"O)RY_| (n,@), for n>1;

==Y ®,(-1-i,0"G)DF,(0'®, x;(n, ) D™ "ai(n, &) (124)

=) ®u(-1—i, O G)RE, (0, @)
where

2 A
RT (77 (Ij) = D:]n_Q_l(DJ?FT(@ZQvxi(nva}»)Dl_'_lxi(nv@)a

for 7 = u, s. Applying the chain rule to
Dy Y (D Fr(O'0, 24(n, @))).

Then each term in R7,_,.(n, &) contains factors: DI F, (0, x;(n,o)) for some 2 <

m—1,:

I < m — 2 and at least two derivatives foxi(n,fu) and fo’xi(n,fu) for some Iy, 3 €

{1,---,m — 2}. Since Dix(n,) € C’ij“(&) for | = 1,---,m — 1 and F is CV,
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an—l,i( ’ ) ES( )mB(Oa ;;((—ED@))) - Lmil(Es((D)uEs(@Z@)) and R;fn lz< ’ ) : E‘%(I))ﬂ
B(0, 31;(‘(2)) — L™ Y(E*(@), E*(©'@)) are C'. Furthermore, by using (120) and (122),

we have that for 7 = u, s

|1 Ry—14(1,@)|| < B 1 (0'0) Ko (@)e27m2() (125)

IR, 1 :(0,@) — Ry, 1 (00, ©)|| < Bn(O'@) Kypa(@)e 22l —nol|  (126)

105 R 10 )| < Bra(©'0) Koo (@) 27m1() (127)

where B, (&) = maxi<;<,, Bi(©) and K,,,(&) is m-th order polynomial of K; (&), - -

K, (&) with positive integer coefficients. Thus, By, (0'@)K,,_1(@) is tempered. If

m < N, we have that for 7 = u, s

1Dy Rr—1:(0:0) = Dy Ry, (0, 0)|| < Brad (0°0) Ko (@)= — o | (128)

Set J(n,0) = {Jn(n, @) }n>o with

Zcb (n—1-4,0"0)RS ., (n,®)

(n,0), for n>1,

m—1,i

—ZCD n—1-—1i,60Mo)R"
—Zq’u( — i, 0GR (0,@).
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Note that for 0 <i<n-—1

| @s(n — 1 —14, @i+1@)D7in71—1,i(77a w)l|
< K(O™M0) By 1 (0°0) Ky (@) PO 1) g =2m 1 () (129)

= (K(@i+1@)ém+l(@i@)e—i’\/m—l(@)>f(m_H(Cb)eﬁ(d))(n—l—i)e—i’ym_l(&)’

where K(07'%)B,,11(0'@)}e~"m1@) is bounded by a tempered function K*(&).

Similarly, for i > n

|| (n—1—i, 0 D) D, RY | (1, @)|| < K* (@)K i1 (@)™ @@ 0=1=0=0m—1(@) - (130)

m—1,3
Estimates (125),(126),(127), (130), (129) yield that for all n > 0 J,(n,©) in n is C*

and

1Dy T, @)1 < K (@), (131)

where K (@) is tempered.

We consider a linear operator G, from C’;”";llta) into itself that is given by (114)

with v € L™ 1 (E* (@), C) ;) and set [ = {I}"},,>9 with

Im

n—1

=3 @,(n—1-,0"5) (DF,(0'0,2:(1,2)) ~ DF,(6'3, (10, 2)) ) D" (. ©)
=0

= @uln —1-,015) (DE(O', 2:(1,&)) = DF,(O'D, w10, 2)) ) D" "ai(1, &)

i=n
m
I 0

“+o0o
— Y 0, (-1 -i,6'0) (DFu(@’a, 2i(0,@)) — DE,(©'@, z:(10, @)))Dmflwi(n, o).
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We also set H™(n —no) = {H™(n — no) }n>0 with

H'(n —mo)
n—1 ‘

= Z Py(n—1—14, @H_laj)DQFS(@ w, zi(no,w)) Dx;(no, w)(n — nO)Dm_lxi(UOND)
=0

- Z@u(n —1—q @i+1@)D2Fu(@ @, (1o, @)) Di(no, ) (n — UO)Dm_ll‘i(UO@)
Hg* (1 — o)

= —ZQ)U( — 4, 0 OYD*F(0'@, 24(no, ©)) Dxi(19, @) (1 — 1) D™ 1 24(n0, @).

Obviously, H™ depends on @ and is a bounded linear operator from E*(®) to
L™ Y(Es (), C’;;H () With the norm bounded by a tempered function, denoted by

K'(&). Then, equation (143) can be written as

(D™ 'x(n, @) = D™ 'x(10,@)) — Gy (D™ 'x(n, @) — D™ 'x(10, D))

= J(n,@) = J(no,w) + 1™,

(132)

We note that for n > 0

n—1
<) K(OMh)e By (0'0)p(0'0) vl g e
=0 Ym—1
+OO ; y » ; . ~
+ D K (O 0)e OBy (0'5)p(0D) v gt e

~ e’ym_l(w) ea(""))
< L(@) <1 o @@ T ] e mi®)-a(®) > HVHCm @
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Similarly, we have that

1(Gyv)oll < —||VHcm T

Thus, G,, is a bounded linear operator from C’::n__lia) into itself and its norm is bounded

Cm71+ m—1+4 )

by %, which implies that (/d — G,) has a bounded inverse in L( oy O )

Thus,

Dm_lx(nvaj) D™ ! (770a )

= (Id—G) " (DJ (10, @) + H™)(1 — no)

(133)
+ (Id—G) " (J(n, @) = J (0o, &) — DJ (19, 0) (1 — o))
+(Id—G) " (™ = H™(n —m0))
First, we will show that
™ — H™(n— no)llc;r;;@ = o([ln —moll), as n — no. (134)

For n > 1, by using (122), (120) and straight forward computations, we have that

I — H™(n — )|

< Z KO @)e 0O K, (@)e @@ ADE, (0,1, 0'0)|
(135)

+ZK @z—f—l (n—1— za(w)Km 1( ) —iYm—1(®) nvm(w ||A2DF (7,]0’777@1 )”

I

D(@)|Im = no
where

AQDFS(”(L m, @Z(‘D)

= DF,(0'0,2i(n,0)) — DF(0'®, x;(no, )) — D*Fo(©'®, x;(no, ) Di (110, &) (n — o),
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AZDFU,O?O) n, @Z(D>

= DF,(0'Q, 2:(n,®)) — DF,(0'®, (10, 0)) — D*F,(6'®, 24(10,©)) D5 (100, @) (0 — o),
and

D(®)

n—1
= sup { Z K(O™0)e~ = 1=08@) [0 | (@) m1@)emm(®) B, (@I I, ()e~ M@
i=0

+ Z K @H-l e~ (n—1-i a(w)Km_l(@)e—ivm1(®)€mm(®)B2(@i@)K1(@)6—2‘71(&))}

< s K1 (0) K (©)e™ (@)
= 3p(0'w) >0

n>0

Furthermore, D(®) is tempered and does not depend on n.

Also we have that for ¢ > 0

HAQDFs(nl% m, @Z@)

< max |[|[D*F(0'Q, try(n, @) + (1 — t)xi(no, @) — D*Fy(0'Q, 2;(n0, @))||

0<t<1

l2i(n, @) = zi(no, @) | + | D* F(€'@, 2i(o, @) || K (@)™ @ lp — o> (136)

< max || D*Fy(0'@, tx;(n, @) + (1 — t)xi(no, ©)) — D*Fy(0'Q, (19, @)) |

0<t<1

Ki(@)e™ @ n — ol + [|1D*F (07, 2i(o, @) 1K1 (@)e™ ™ [ — 1],
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and

< o [ D°F(6, (1, 2) + (1~ )2, &) — D*F(0%5.,m, )|

l2s(n, @) — 2l @) + || D2F (603, im0, )| B (3)e @l — o2 (137)
< s [ D2 PO, (1, ) + (1= (10, 3)) — D*Ful @3, 21(m, )

1K (@)e™ D n — ol + [|1D* Fu(©'0, wi(no, @) | K1 (@)™l — ol .

Note that for any n — 1 > N

ZZBQ 61 @erl ) (n—1— z)ﬁ(w)KmilOb)efi'ym_ﬂw) nym (& )Kl< ) —im (@)

< su 2Km—l( )Kl(u})e_”i(‘:’)
= 3p(O'w) z>N’

and for any n < N

ZQBQ @Z @H—l ) (n—l—i)a(@)Km_l((D)e—’i’mel(@)en’Ym(a’)Kl((D)e_i'yl(@)

As long as p(@) is tempered, we have that for any € > 0 , there exists a N(e,w) > 0
such that for any n — 1 > N(e, @)

n—1

Z 2BQ(@7J(I}>K(@H—1 ) —(n—1— l)la(w) m 1(~) —i’ymfl(@)en’ym(@)Kl(@)e—ivl(&)) S %E
i=N(e,w)

(138)
and for any n < N(e,w)

—+00

D 2By (0'R)K(0@)e IO K, (@)emTm 1 @)emim G |y (g)e @) < 1
i=N(e,d)

(139)
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So for a fixed N and 7 = s,u

lim max max ||D*F. (0@, tx;(n,@) + (1 — t)zs(ny, @) — D*F(0'Q, x4(no, @))|| = 0.

n—mno 0<i<N 0<t<1

Combining inequalities (135), (136) and (137), we have that

L3 — H; (= o)™ )

|
—

< K(@Hl@)ef(nflfi)ﬁ(&))Km_l(@)efivm—l(d)emm(&)Kl (@)efm(@ 7 =m0l
[max | D?*Fy(©'@, tri(n,@) + (1 — t)xi(no, @) — D*Fy(0'Q, x4(no, @))||
+_OO_ . . ~ . ~ ~ . ~ (140)
+Y KO @K (@)t @lemm @ K (@)e 1 E) [ — o

i=n

max | D*Fu (0@, tai(n, @) + (1 — t)ai(no, @) — D*Fy(0'@, 2i(n9, @))||

Il
o

+2D(@)||n — nol?

Then, by using inequalities (138), (139) and (140), we can obtain that for any n > 1

lim max |[I™ — H™(n — no)|[e"®) < e.
n—mno n=1

Since € can be arbitrarily small, we have

lim max ||[I™ — H™(n — no)||e"&) = 0.
n—no n=1

Similarly we have that

lim |[[g" — Hg"(n — o) = 0.

=m0

Therefore, (134) holds.

On the other hand, since J(n,©) is C* and (131) holds, by using the similar argument
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as in proving (134), we have that

[ J(n, @) = J (1o, @) — DJ (10, @) (0 — 10) | gm—1+ = o([ln —mol]), as n — no. (141)

Ym—1(®)

With (134) and (141), one can obtain that D"x(n, @) exists and

< S(K(@) + K'(@)). (142)

DN W

1D, 8) 5

Furthermore, we also have that D™x(-,®) satisfies the following equation
", (0, @ ZCI) (n—1—1i,0"Q)DF,(0'D, 2;(n,&))D™x;(n, )
- Z D, (n—1—14, 00 DF, (0%, x;(n,0)) D™ xi(n, D)
+ "Z O, (n—1—14,60"% VR, (0, @)
= (143)
- Z@u(n —1—4,0FO)RY (n,@), for n>1;
D™xo(n, & Zcp —1—i,0"Q)DE, (0D, 2;(n,&)) D™z (n, &)

- Z%( — 4, 0D Ry, (0, @)

where

m—2
Dzlilil (DxFT(@Zaja 9171(777 (D)))Dl+1xi(na (I)),

=0

for 7 = u,s. Applying the chain rule to

Dy (D, F (00, 2i(n, ))),
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we have that each term in R}, _,;(n,®) contains factors: DU F,(0'@,x;(n,)) for
some 2 < I; < m — 1 and at least two derivatives D2z;(n,o) and Dxz;(n,o) for

some Iy, I3 € {1,---,m — 1}. Since D}x(n,®) € C’“r y for I =1,--- m and F is

CN, R, (@)« E*(@) N B(0, 3I§()))—>Lm(Es(w),E8(@’w)) and RY (-, @) : E*(@) N

B(0 R(‘:g)) — L™(E*(@), E*(©'w)) are C".

1 BK(

Furthermore, by using (120) and (122), we have that for 7 = u, s
1Ry (0, 0)]| < Bin(O'@) Ky (@) 2m 1) (144)
and when m < N

1Ry i(0,@) = By, (00, D) < B (0'0) Ky (©)e 207 @ [ — . (145)

By using (144), (145) and the similar proof of (118), (119), one can obtain that
when m < N (120),(121),(122) holds for j = m. When m = N < +oo, (122)

may be not true. But since R; (-, @) : E*(w) N B(0, 3K((w)) — L™(E* (@), E*(0'))

and Ry, (-, @) : E5(©) N B(0, 3K(( ))) — L™ (E*(@), E*(©'w)) are C', by using (144)

and the similar argument as in the proof of (134), one can obtain that D"x(n, @) is

continuous in 7. The proof is done. O

Now we are ready to prove the existence of the local stable manifold.

Theorem 46. (Local Stable Manifold Theorem) Assume that ¢ is nonuniformly
pseudo-hyperbolic on A and Hypothesis H1 holds, and a(w) < f(w), f(w) > 0. Then,

the local stable set Wi,.(@) is a CN manifold given by

Wine(@) = {yo +n + 1*(n,0)|n € B(0, p(w)) N E*(w)}
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where p(-) is tempered and

satisfies the following:

(i) h*(n,@) is CN in n with

Liph® (-, @) < 1, h*(0,&) = 0, Dh*(0,&) = 0.

(ii) ||D'h*(n,@)|| < K;(©) for each 0 < i < N when N < oo and for all i > 0 when

N = oo, where K;(@) are random variables tempered from above.

Set

p(w) = min {%p(@), 3?((_“8)}

where p(@) is the one in the proof of Proposition 45. So p(+) is tempered. Part (i) and
(ii) in Proposition 45 imply that part (i) and (ii) in Theorem 46 except the estimate

of the Liptchitz constant of h®.
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For each 7,19 € B(0,5(@0)) N E*(©)}, we have

|h*(n, @) — h*(no, )|
= . o . .3 o

< 3 KO )0 By (1) 0'5) S K (@) g ]
=0

—+00
<Y KO By (0'0) p(0'D)e D 1 — |
=0

< Lin =l

In above estimate we used the definition of p(@) and inequality (113).

Finally, for each x € W}, since there exists n € E*(@) such that xy = n+h*(n,@).

By Proposition 45 we have that the orbit x satisfies

X(%@) = {xn}nzo < nyt(@);

which means that x,, — 0 exponentially as n — +o00. This completes the proof. [

Theorem 47. (Local unstable Manifold Theorem) Assume that ¢ is nonuni-
formly pseudo-hyperbolic on A and Hypothesis H1 holds, and a(w) < B(w), a(w) < 0

. Then, the local unstable set W (@) is a CN manifold given by
Wige(@) = {yo +n + 1" (n,@)[n € B0, p(w)) N E*(@)}
where p(-) is tempered and
h(-, @) : B(0, p(w)) N E*(w) — E*(w)

satisfies the following:
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(i) h*(n,@) is ON in n with

Liph*(-,&) < 1, h*(0,&) = 0, Dh*(0,&) = 0.

(ii) || D'h*(n,®)|| < Ki(©) for each 0 < i < N when N < oo and for all i > 0 when

N = oo, where K;(@) are random variables tempered from above.

This theorem can be proved in the same fashion as the stable manifold theorem
with some modifications. Corresponding to C’;:@), 1 < i < N, we consider space

C’;(&) and the unstable set

3

Wi (@) = {xo € B(0,p(@)) | |znle™™ — 0, as n — —oo}

where p(©) is a tempered function and v > 0, = < v < —a. In order to show that
W (@) is given by the graph of C* function, we first show that x = {z,},<o € Cla)
satisfies equation (107) if and only if {zn}n<o € C ;) and satisfies the following

equations:

—1
T, = Oy(n, @)z — Y Pu(n—1-i,0MD)F, (00, x;)

i=n

n—1
+ Y B(n—1-4i,0"G)F(0'0,x;), for n < —1; (146)

1=—00

-1
mo=af+ Y D(—1—i, 0D F (0D, x;),

1=—00

where &, = ®|pu, &, = O

gs, I, = II,F, and F, = II;F. Then by the same argu-

ments as in the proofs of Theorem 45 and 46, we obtain this theorem.

Combining Theorem 46 and Theorem 47 gives Theorem 43.
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Remark 11. Since £*(@) are finite dimensional and measurable, by corollary 39, we
can find a measurable basis {e1(@), e2(@), ..., €m, (@) (@)} spanning E*(@). For any

n € B(0,p(w)) N E*(©), we can write
My (@)
n= > mei(@)
i=1

where (1, . . ., m.(3)) € R™@). The usual norm of R™(%) induces a norm on E*(@).
By using (75), we have that the induced norm is equivalent to the norm of X restricted
on E%(®) with a uniform controlling constant. By restricting our argument on a
proper subset, m,(©) becomes a constant. By using (146) and the same arguments
as in the proofs of Theorem 45 and 46, one can verify that the assumptions of lemma
7.3.4 of [1] are satisfied. Thus we obtain that h“(zgﬁ(@) n:ei(w),w) is measurable for

fixed (1, - -, Mmu(@)) € R™@ on the set |0 < p(@).
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A Non-ergodic Case

The multiplicative ergodic theorem in non-ergodic case can be proved in the same
way with the following modifications. In this case, lx(T), k(T), la, l,, &'(T) are all

measurable functions.

We first notice that +1;(T")(w) is a nondecreasing sequence from Lemma 13. Thus,

there exists a positive integer function m(w) such that

%@@m@:huw@, for 1 < k < m(w),

X (147)
S(T)(w) < (D)W, for k> m(w).

Then, from (36), we have
dim E*D@) () < m(w), a.s..

We modify Proposition 30 as

Proposition 48. For [,(w) < AMw) < k(T)(w), we have
dim F“)(w) > m(w), a.s..

Furthermore, dim E*M®)(w) = m(w).

Let
Q= {w | m(w) = m}.

Note that €2, is a f-invariant measurable set on which m(w) is a constant m and
lo(w) # K(T)(w). In the following, we will restrict our discussion on €2, and assume

that P(£2,) = 1.
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Let

M(w) = (1 —t)max{ly(w), K(T)(w) —1} +tk(T)(w), t € (0,1), w € Qp,

which is measurable for fixed ¢. Note that on Q,,, \* < x(T'). Let

U, ={w € Q| (w) <n},n>1.

Then
lim P(Q,, —U,) =0.

We also note that for fixed ¢t and small ¢y > 0, there exist A\g > —00, € > 0 and a

subset Q' € Q,, such that P(£) > 1 — ¢y and for any w € 7,

0 < 2¢ < w(T)(w) — N(w), (148)

)\t(u}) < —)\0.

For each positive integer n, we use A;\lt to denote the subset of €2,, such that for

each w € A)' there exist m vectors {vi}1<i<m C X such that

{m(w)v;}1<i<m are independent;

(149)
T (w)m(w)v; exists for 1 <i <m,1 <k <n; (150)
Tk LTk t
Vm( <w>7r<w>vl? 9 (w)ﬂ_(w)vm) S e—k‘m)\ (w)’ 1 S k, S n. (151)
Vin(m(w)vy, ..., m(w)vm,)

Lemma 49. There exists a 6t > 0 such that

Pm(A;\;) > ', for all n and fived t,
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where Py,(AY) is the inner measure of A) and there exists a countable subset Sy of

(0,1) such that for any t € (0,1) — Sy, A)" is measurable and

P(AN) > ¢

Proof. We first show that if A" is measurable, then P(A}) > §*. We note that from
log® |S()|| € LY, F, P) it follows that for each ¢ > 0, there exists a H(e) > 0

such that
/ log* [|S(w)[[dP < e,
E(H(@9)

where E(H(e)) = {w | log||S(w)|| > H(e)}.

Thus,by using (148), we have ey, H (%), Ho, Ao, €, and ' such that P()') > 1—%60

and for any w € V,

0 < 2 < K(T)(w) — N(w),
)\t(w) < —>\0,

Hy = _H(%) <o < —M(w).

By using the Birkhoff ergodic theorem and Lemma 16, we have that

n—1

lim — Z Xy (sr(0)) (0"w) log Vi (T(0"w) | o) exists a.s.,
k=0

and

n—1

. 1 k k
/ 3 X ) (05) 108 Vo (6 s AP
k=0 (152)
€€

< / log™ [|S(w)[dP <
B (H( 4
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Let

lim — Z X H(ééo )(Qk )1Og V (T(ka”G(ka)) <

DN ™
——

By (152) we have that
P > 1— e (153)

For w € Q" from the definition of m, we have

lim — logV (TM(w)) = K(T)(w) > N (w) + 2e.

n—-+oo Mmn

Thus, there exists N;(w) > 0 such that for any n > N;(w),

V(T (w)) > enm @)+, (154)
Using (152), there exists Na(w) > 0 such that for any n > Na(w),
1 k
o ZXE “O) "w) log Vi (T'(6 w)|e(orw)) < €. (155)
Let No(Hp, \'(w), €) be the number given in Lemma 31.Thus, for each
N > max{Ny, No, No(Ho, \(w), €)} + 1,

by using (154), there exist vectors {v; }1<;<m C X such that {m(w)v;}1<;<m are linearly

independent and

V(TN (W) (w)vr, - . ., TN (W) (w)vg) > eNFDmN @29y (r()oy, L 7o (w)om).

(156)
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_ 1 V(TN F(w)m(w)vy, ..., TV R (W) (w)vn,)

p=—1 = <k<N.
U Vi (TN=F 1 (w)vy, ..., TN=klr(w)v,,) 0sks
Then,
N
1 Vin(m(w)vy, ..., m(w)vy,)
= —1 - —(N +1)(\ 2€).
;a’f m 8 T ()@, - TN (w)r(@)on) © O DN @) +26)
Set

/! 3 /
a, if @i > H,
ak} =

0 ifd} < H,.

By(14), we have

1 _
ay > - 10g Vi (T(0N ~*w)| cign 1))

Hence, if aj, < Ho, then 6" *w € E(H(%)). Thus, using (154), we have

N
1 ) )
SISy 2 “Xp(esny) (07) 108 Vin( T (0wl ov)

which implies that

Y ar <) ap+ (N+1)e < —(N+1)(N(w) +e). (157)

k=0 k=0

By Lemma 31, there exist integers 0 < n; < ng < --- < n;, < N such that jo >
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§"(w)N and for all n; <k < N,

k k
(k=npN(@)> > an> > d
B LB Vi (TN (W) (w)vy, ..., TN (W) 7 (w)vy,)
"TTE;;I'_IOg‘Vﬁ(zvV—n+lgﬂ)w(w)vh...,zvV—n+1@U)w(w)vm)
1 Vi (TN () (w)vy, . .., TN R (W) (w)vy,)

T BV (TN (@) r (@), - T () (@) om)

We note that N —n; > n when j, — j > n. From the definition of A;\lt it follows that
forn+j < jo

OV i e AN

Since [ —n > §"(w)N — n, we have

1 . ¢
N#{0<¢§N|9%ueAg}
1

> (o= n) 2 8'(w) - %

=]~

in which the lower bound will go to §"*(w) as N goes to +oo. Note that §"(-) does
not depends on n. Thus, if A;\Lt is measurable, then by the Birkhoff ergodic theorem

we obtain

P(AN) 2/ lim %#{o <i<N|bwe AN} 2/ SdP(:=46") > 0.  (158)

Qr N—+o0 "

Next, we show that A;y is measurable except for countably many ¢. For each

n>1and wy, - w, € X, we use S, (wr,...,w,) to denote the set of w € €2, such
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that the following conditions hold

Vi (T" (07 "w)wy, ..., T (07 "w)w,y,) # 0; (159)
Vi (TR (07" w)wy, ..., T F(07"w)wy,) < N (160)
Vi (T (07 "w)wy, ..., T(07"w)wy,)
for1<k<n, 0<t<l.
Since T'(w) is strongly measurable and V,,, : X™ — R is continuous, S +(wy, . .., Wy,)

is measurable. Let

Di(wy, ..., wy) = ﬂ Skt(wy ..., Wy,).
k=1
Then Dy(ws,...,wy,) is also measurable.

Since X is a separable Banach space, we have a countable dense set {v;(# 0)}i>1

of X. Set
K, = m U Dt_%(vm,...,vnm).
J=[1/t]4+1 (n1,....nm ) EN™
Then K is measurable. By the definition of S, +(w1, -+ ,w,,), we have that for each
small € > 0
Snt(wi, -+ W) C Spa—e(wy, -+ W),
which yields
Ky C K; .

and

K; = lim K, . decreasingly.

e—0Tt

Since P(K;) < 1, we have

P(Kt) = 6l_l)l'é}r P(Kt_€>.

Next, we show
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At

Claim: The inner measure of A, P,,(A)), is equal to its outer measure P, (A))

for each t € (0,1) — Sy, where Sy is a countable set.

We first prove that for each small € > 0,
K, c A,

in other words

)\t
K. CA.

Let w € K;. Then, there exists (nq,...,n,) € N™ such that w € D; (v, .

which means that

V(T (07" w)vpy s ..., T(0 "w)vy,,) # 0

and
n—k(n—n n—k(g—n
V(T 507wy, ..., TR0 "w) v, <N 1 <k<n
Vm(Tn(einwﬁjnn < ’Tn(ean)'Unm)
Set
o = T (0w,
Then
w 6 Ai\btfe‘
Now, we prove that
A;Y C Kt-

ey Un, )

Let w € A)'. Then, there exist vectors {w; }1<i<,n C X such that T~*(w)r(w)w; exists

forl1<i<m,1<k<n,

Vin(m(w)wy, ..., m(w)wy,) #0
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and
Vi (T7*(w)m(w)wy, . .., T7*(w) 7 (w)wy,)
Vin(m(w)wy, ..., 7w(w)wy,)

For small € > 0, since {v; };>1 is a countable dense subset of X and V;,, : X — R is con-
tinuous, we have that there exists (nq, ..., n,) € Nsuch that (7(6"w)v,,, ..., 7(07"w)v,,,)

is close enough to (7" (w)m(w)wy, ..., T " (w)7m(w)w,,) and

n—k(Q—n n—k(g-n
LA Cani) LSS el AT L) R e G
Vm(Tn(einw)vnp s 7Tn(97nw)vnm)

So

wWE Dy (VpyyenvyUn, )

Therefore,

w e Kt—e‘

Since € > 0 can be arbitrary small, and by the definition of K;, we have
w € Kt,

hence

AN C K,.

Summarizing the above discussion, we have that for any € > 0,
>\t
Ky . C A) CK,.

Since P(K}) is a monotone function with respect to ¢, it has at most countable many

discontinuous points. We use Sy to denote the set of these discontinuous points. Thus
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for any t € (0,1) — S;, we have

llm P(Kt+e) = P(Kt>,

e—0+

which implies that
Pin(Azt) = Pout(A;\Lt>-

Therefore, A is measurable. Then, by using (158), we have that for any ¢ € (0,1) —
Sd7
P(ANY) > 6t

Then

+oo
P, (ﬂ Aﬁj) > &t > 0.

n=1

This completes the proof of the lemma.

]

Remark 12. In the proof we have that for any w € Q”, §"*(w)(> 0) does not depends
on n, so the frequency of which {#"w},>; enters N} AN is positive, which implies
that

Q' c o (m;gﬁAjj) .

nez
Note that ¢y can be arbitrary small and is independent of P(Aﬁt), although 4! depends

on €y. So we can obtain that
P (U o (mj;oolAﬁj)) =1
ne”Z
Lemma 50. There exists a constant C' depends only on m such that for any small

number € > 0 satisfying Ce < 1, if w € :2 Aﬁlﬁ, then dim E’\lfce(w) >m.

The proof will be exactly same as Lemma 33 if we restrict our discussion on
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invariant subsets €2, N {w|x(T)(w) > —n}, n > 1. Note that

lim P(Q, N{w|k(T)(w) > —n}) = 1.

n—-+o0o

Proof of Proposition 48. It is sufficient to show the proposition holds for t € (0, 1).

. t . . . . .
Since E* (w) is a decreasing sequence of finite dimensional subspaces, we have

dim "M (w) = dim (] EY(w). (161)

0<t<1

Let ty be a fixed number in (0,1). By Lemma 49, there exists a countable set S of

(0,1) such that for each t € (0,1) — S, 2, A}’ is measurable and
P(()A)) ="
n=1
Choose 1 > ¢ > 0 such that t) < 1 — Ce. Then, (2, A} is measurable and
P(()A) ") =o"
n=1
By Lemma 50, we have that for each w € ()~ A,)‘mlfe,
dim(EY 7 (w)) > m.
Since t) < 1 — Ce, E*' “(w) € EN*(w). Thus,

dim(EN (w)) > m.

Since EN'™ 7 (w) is invariant and T'(w)|e(.) is injective, dim(EN™ " (8"w)) > m for all
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n € Z. Let

+o00
U < A Az“> |
n=1

JEL
Then, by Remark 12, we have that A ° is a f-invariant measurable set with full

measure. This completes the proof of the proposition.
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