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ABSTRACT

ON STABILITY AND EVOLUTION OF SOLUTIONS

IN GENERAL RELATIVITY

Stephen Taylor
Department of Mathematics

Master of Science

This thesis is concerned with several problems in general relativity and low en-
ergy string theory that are pertinent to the time evolution of the gravitational
field. We present a formulation of the Einstein field equations in terms of vari-
ational techniques borrowed from geometric analysis. These equations yield
the evolution equations for the Cauchy problems of both general relativity
and low energy string theory. We then proceed to investigate the evolutionary
linear stability of Schwarzschild-like solutions in higher dimensional relativity
called black strings. These objects are determined to be linearly unstable.
This motivates a further stability analysis of the charged p-brane solutions of
low energy string theory. We show that one can eliminate linear instabilities
in p-branes for sufficiently large values of charge.

We also consider the characteristic problem of general relativistic magne-

tohydrodynamics (GRMHD). We compute the eigenvalues and eigenvectors of



GRMHD and establish degeneracy conditions. Finally, we consider the initial
value problem for axisymmetric GRMHD. We formulate the general Einstein
and MHD equations under the assumption of a stationary axisymmetric space-

time without assuming the circularity condition.
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NOTATION

The following are common notations in the text:

V. - the covariant derivative with respect to the Levi-Civita connection
I'%, - Christoffel symbols with respect to the Levi-Civita connection
G - Newton’s constant

G - the Einstein tensor

iff - if and only if (logical equivalence)

M - n-dimensional C*° Lorentzian manifold

Nap - four dimensional Minkowski metric

R™ - Euclidean n space

v,v?* - indicates implicit Einstein summation convention over a

R - the scalar curvature

R, - the Ricci curvature tensor

Rapeq - the Riemann curvature tensor

T,y - stress-energy tensor

S™ - the unit n sphere
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Chapter 1

Introduction

Over the past several decades, it has been of interest to understand and model highly
compact astrophysical systems in general relativity. This process is significantly more
complicated than modeling the same systems in Newtonian gravity.

In full general relativity, one is required to solve ten nonlinear coupled partial
differential equations (Einstein’s equations) to determine a Lorentzian metric on a
topological manifold. The metric determines most of the interesting properties of the
manifold such as its geodesics and curvature. It is well known that general relativ-
ity predicts many gravitational phenomena that have been experimentally observed
which are absent in Newton’s theory. Canonical examples are the precession of the
perihelion of Mercury, gravitational waves, and black holes.

Black holes and other compact astrophysical objects have been a mainstream
research topic since Schwarzschild’s original derivation of the spacetime exterior to a
spherical point source in general relativity. Since his day, we have come to understand
that not only do variations of such highly symmetric strong gravity solutions exist in
large numbers in the universe. Kerr later found a generalization of the Schwarzschild

solution which includes potential rotation. Further work established that the Kerr



spacetime is the unique stationary axisymmetric rotating solution in general relativity.
It is interpreted as the endstate of most gravitational collapse processes. While this
is a startling result and begs astronomers to find such objects, it seems unlikely black
holes will exist in a form as pure as the Kerr solution. One expects in the vicinity
of a black hole that there will be at a minimum a interstellar medium. Additional
matter such as winds, other stars, or accretion disks may also be present. In short,
one expects to find “dirty black holes” and not the mathematical result of Kerr. So
an interesting question becomes, what are the interactions of a black hole with more
complicated astrophysical systems? One can further speculate because of more recent
theories from particle physics that one must extend the Kerr solutio to include other
matter fields and higher dimensions. There are a host of questions that go beyond
the original Kerr solution into considerations of time dependent higher dimensional
black holes.

The overarching themes of this thesis are such considerations. Because general
relativity is so complex, it is difficult to construct exact solutions of the theory. This
naturally becomes even worse if one adds higher dimensions or complicated matter
fields. To have a reference point as we mentioned, the first solution to the vacuum
Einstein equations was due to Schwarzschild and is a Lorentzian manifold (M, g)

where the metric takes the form

2M oM\
ds* = — <1 — —) dt* + (1 - —> dr? + r*(df? + sin® 0d¢?). (1.1)
r r
By inspection of the metric, one can see that degeneracies arise when r = 0 and
r = 2M. Further analysis shows that » = 2M is a coordinate singularity and is thus
not physical. The r = 0 singularity is a curvature singularity where the spacetime

breaks down. This was the first theoretical evidence of the existence of black holes.

Moreover, Birkhoff showed that the Schwarzschild solution is the unique spherically



symmetric solution of the Einstein equations. One might therefore expect that if
we perturb a Schwarzschild spacetime in a spherically symmetric manner, that the
resulting spacetime will return to the original. Said another way, one might assume
the original spacetime is stable. This was indeed shown to be true in [29]. One might
expect other solutions such as Kerr to be stable. In general answering such a question
is very difficult because it reacquires solving the full Einstein equations. We instead
can use linear perturbation theory to resolve such questions to linear order. Chapter
3 is concerned with such problems.

The Einstein equations admit more than just spherically symmetric of axisym-
metric vacuum solutions. If we source the Einstein tensor with the Maxwell stress

energy tensor, we can generate a spherically symmetric solution of the form

2M ¢ oM ¢\
ds* = — (1 ——+ q—) dt® + (1 -—+ q—) dr? + r?dQ? (1.2)

r r? r r?
which reduces to the Schwarzschild solution when ¢ = 0. This is called the Reissner-
Nordstrom metric and is the simplest metric that incorporates electromagnetism into
general relativity via a charge parameter ¢. One can also source the gravitational
field with more general stress tensors. One could consider a fluid sourcing the Ein-
stein equations. Indeed there are spherically symmetric solutions for certain types of
fluids representing both static stars and spherically symmetric gravitational collapse.
One could imagine extending these to include the Maxwell tensor and assuming the
matter content of magnetohydrodynamics. In this case we can no longer construct
exact solutions to the Einstein equations. Because of the resulting complexity of the
equations, we must then consider numerical techniques that arise when solving the
Einstein equations. One expects the universe to be populated by compact magnetized
fluid objects which need descriptions by general relativistic magnetohydrodynamics.

Such objects might include, neutron stars, magnetized white dwarfs, pulsars, magne-



tars, gamma-ray bursts, supernovas, and a variety of binary or multiple star systems.
Chapters 4 and 5 are concerned with developing models for these objects.

In Chapter 2 we give a brief survey of Einstein’s original formulation of general
relativity. Variations of our exposition can be found in all canonical relativity texts
listed in the chapter. We will see that Einstein’s original formulation is physically
motivated but not easily generalizable. We later wish to add an auxiliary dilaton
field to the field equations of relativity. To this end, we give a modern derivation of
the Einstein field equations in terms of extremizing the “simplest” functional of the
curvature of a metric defined on a Lorentzian manifold. We use standard techniques
in geometric analysis to perform this operation rather than analogous methods found
in standard physics texts. This method will allow us to easily extend to more general
theories of gravity in the subsequent chapter by adding appropriate fields to our
curvature functional.

In Chapter 3 we consider stability analyses of black strings and p-branes. Black
strings are solutions to the vacuum Einstein equations in D > 4 dimensional space-
times that reduce to the Schwarzschild solution when D = 4. The bulk of our work
consists of fixing a solution to a given theory of gravity, perturbing the solution, and
analyzing the growth or decay of the perturbation in time. If the perturbations are
not bounded in time, we conclude the original black object was unstable. We first
summarize a classical stability problem due to Jeans that motivates our discussion of
black string instability. Black strings are one possible extension of the Schwarzschild
solution to higher dimensions. It is a rather surprising fact that we find black strings
are linearly unstable whereas the Schwarzschild solution is linearly stable. We develop
the full analytical and numeric analysis necessary to show black strings are unstable.
This involves computing the Einstein equations to linear order for a perturbation

metric. We then combine these equations to a single equation for one component of



the perturbation. Numerical integration of this equation shows that the perturbation
will grow exponentially large as time increases.

We then consider charged black p-brane solutions of low energy string theory.
These objects may be heuristically thought of as magnetically charged black strings.
We briefly recall the seminal Gregory-Laflamme analysis [11] of a class of charged
black p-branes that were concluded to be unstable up to the extremal limit of charge.
In the extremal limit, Gregory-Laflamme showed the instabilities in the finitely charged
black p-branes disappeared. Their work is similar in form to a more complicated ver-
sion of our black string considerations.

We finally discuss the stability of a more general class of p-branes that was orig-
inally considered in a paper by Reall [26]. We extend the numerical analysis of [19]
to reproduce all the results of Gregory/Laflamme [11,12], and show there exists a
wide class of p-brane solutions where linear instabilities vanish that are determined
by a constant coupling the dilaton field to a generalized generalized Maxwell field.
We plot our results and present conclusions.

Chapter 4 is primarily concerned with posing and solving the eigenvalue prob-
lem of general relativistic magnetohydrodynamics (GRMHD). GRMHD represents
the coupling of Einstein’s equations to electrodynamics and fluid dynamics in the
ideal MHD approximation. It is extremely complicated and highly nonlinear. Our
motivation for studying this problem is due largely to potential numerical benefits
concerning the simulation of the GRMHD equations.

In [4] Brio and Wu construct a Roe solver for non-relativistic magnetohydrody-
namics. Roe solvers are characterized by their robustness and ability to resolve shocks
(discontinuities). The solver requires one to represent the MHD equations in conserva-
tive form, and to compute the eigenvalues and eigenvectors of the associated Jacobian

matrix for all spacial steps. Moreover, the eigenvectors must form a complete set for



the solver to work properly.

We show that the MHD equations do not initially admit a complete set of eigen-
vectors. There are certain parameter values which cause eigenvalues and eigenvectors
of MHD to degenerate or become singular. We find all such singularities and scale the
Jacobian matrix by the appropriate factor to guarantee existence of a complete set of
eigenvectors. The resulting MHD equations are then ready for numerical integration
via a Roe solver.

We next extend the MHD methods to GRMHD. We give a formulation of the
GRMHD equations due to [20] and calculate the eigenvalues of their Jacobian matrix.
There are seven nontrivial eigenvalues that are significantly more complicated in form
than their MHD analogous. Four of the eigenvalues are given as solutions to a non-
factorizable quartic that have no simple algebraic representations. We compute the
associated right eigenvectors and give degeneracy and singularity conditions on both.
These results will be used to eliminate spurious waves originating from the boundary
of the numerical grid of current GRMHD numerical simulations.

Spherical symmetry is too restrictive for modeling problems in GRMHD. We con-
sider axisymmetric spacetimes instead. This assumption makes the resulting Einstein
equations slightly more complicated than those in the spherically symmetric case.
Solving the axisymmetric Einstein equations coupled to the GRMHD stress tensor
allows us to model magnetized neutron stars and charged black holes.

In Chapter 5, we develop equations for the initial value problem of a magnetized
neutron star in the context of general relativity. One motivation for this work is to
model gravitational radiation emanating from the star or its interaction with other
astrophysical objects. Direct detection of gravitational waves is one of the major open
problems in experimental physics. The numerical simulation of magnetized neutron

stars will potentially admit gravitational waveforms and hence allow experimentalists



to know what type of waves to look for.

If one wishes to evolve an initial spacetime in time according to the Einstein
equations, one may not choose the initial spacetime arbitrarily, but must satisfy a set
of constraint equations. This is analogous to choosing initial data in electrodynamics
consistent with the equations of electrostatics. The initial value problem for general
relativity is itself highly nontrivial, often resulting in solving a system of coupled
second order partial differential equations.

We first define the notion of a circular axisymmetric spacetime. Matter may only
propagate in planes perpendicular to an axis of symmetry in such a spacetime. If one
assumes a circular spacetime, the metric and resulting Einstein equations simplify
dramatically. We then consider the work of Cook et. al. in [5] where a circular ax-
isymmetric initial value problem is considered for general relativistic hydrodynamics.
We derive the Einstein and matter equations associated with this model. Moreover,
we briefly comment on an iterated Green’s function technique that can be used to
numerically solve the Einstein equations. This method may also be used to solve the
similar Maxwell equation in our later GRMHD analysis.

We finally proceed to formulate the equations for non-circular axisymmetric GRMHD.
We do this by decomposing a general Lorentzian metric along spacelike and time-
like Killing vectors and by calculating the Einstein equations, matter equations, and
Maxwell equations. Our equations are relatively aesthetic as compared to [3] where
non-differentially rotating magnetized neutron stars were considered. We leave nu-
merical computations for later work.

We finish with a summary of our conclusions in Chapter 6.



Chapter 2

Einstein’s Field Equations

To begin our investigation of time dependent solutions in gravity, we provide a brief
review of the Einstein equations in order to set the stage for our efforts to solve them
(See [6,17,18,30,31] more information on the Einstein equations). We then provide a
variational formulation for the purpose of motivating extensions of general relativity
to more general gravitational theories. This method can also be used to establish the
equations of motion for low energy string theory.

The Einstein equations serve as the governing equations of general relativity and
are hence fundamental to all topics discussed in this thesis. We note that our varia-
tional formulation is based on standard techniques in geometric analysis rather than
canonical relativity texts. For an introduction to standard geometric analysis meth-

ods see [25,28].

2.1 Original Formulation

Einstein first formulated his field equations of general relativity by building an ex-

tended analogy between constructs in Newtonian gravity and Lorentzian geometry.



2.1 Original Formulation 9

In Newtonian gravity, the gravitational field is defined in terms of a scalar potential
¢. If we place two test particles initially separated by a vector z in a gravitational
field generated by a spherically symmetric mass, the particles will accelerate towards
the mass. Moreover, they experience tidal acceleration given by —(z - V)V¢.

In general relativity, we model gravity as a Lorentzian manifold of topology M
and metric g. We then define a covariant differentiation operator, which computes
derivatives of tensors and projects the resulting expression into the tangent plane
of the manifold pointwise. There is a unique way to perform this operation such
that the metric is parallel transported along any curve in the manifold. We call the
connection that builds such a covariant derivative the Levi-Civita connection. With
this connection, we may consider the quasi-linear system of equations whose solutions
are the geodesics of (M, g).

Geodesics locally extremize the length functional between two points on a Lorentzian
manifold. Moreover, this property is global if the manifold topology is sufficiently well
behaved. In general relativity, gravity is no longer a force but a consequence of the
curvature of a spacetime defined by a metric tensor. Free particles should travel along
extremal paths in this spacetime. It is thus natural to hypothesize that test particles
travel along geodesics of spacetime.

The geodesic deviation equation states that two geodesics “test particle trajec-
tories” in close proximity have tidal acceleration — R, “v°z?v? where v® is the four

velocity of the geodesics (particles) and z® is the separation vector of the particles.

Heuristically, this suggests an identification with Newtonian gravity

Rcbd aUC'Ud ~ 81,@“@5 (21)

where partial derivatives with free indices a and b have replaced the previous gradient

notation. In the presence of a matter distribution of mass density p, the defining
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Newtonian relation for the gravitational potential is

V2 = 0,0"¢ = 4np. (2.2)

In general relativity, matter will no longer be represented by a scalar quantity.
Instead, we encode all information about matter in terms of a quantity we call the
stress energy tensor T,,. The stress energy tensor contains all information about
energy density, linear momentum, and stresses of fields. Specifically, its time compo-
nents contain the energy of a given matter field. Since v* = (1,0,0,0) in the frame
of an observer, we may pick off the tt-component of T,;, and identify this tensor with

p via

T’ ~ p (2.3)

noting that the contractions are necessary to make the left hand side a scalar quantity.
By analogy with Poisson’s equation this yields

R,y 0" ~ Toqvv® — Ry = KkTeq (2.4)

cad

where we have chosen a coupling constant, «, which will be calculated from the weak
field Newtonian limit.

This was Einstein’s first attempt to formulate general relativity as the geometri-
cal analogue of Newtonian gravity. However, one can show that V,7% = 0 is the
relativistic analogue of the classical principle of conservation of energy, and in general
V.R*,¢ # 0. Thus (2.4) violates conservation of energy.

This problem is overcome by adding a term to the previous equation to get

1
Gab = Rab - éRg“b = 87TTab. (25)
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Equations (2.5) are the field equations of general relativity and are called Einstein’s
equations. They express a nonlinear relationship between the curvature of a spacetime
manifold (gravity) and the stress energy tensor (matter).

The preceding argument relies heavily on an analogy with Newtonian gravity.
The reason general relativity is a successful theory lies in the fact that equations
(2.5) have predicted observed phenomena such as the precession of the perihelion
of Mercury, the existence of black holes, and cosmological expansion, which are not
consequences of Newtonian gravity. Since it can be shown that general relativity
reproduces Newtonian gravity in the low energy limit (weak gravitational fields),

relativity is viewed as a more accurate theory of gravity.

2.2 Alternative Variational Formulation

In this section we demonstrate how Einstein’s equations may be derived in a math-
ematically rigorous way from a variational principle. This derivation is devoid of a
classical analogy and thus must be taken in tandem with the above to suggest a viable
theory of gravity.

Consider a Lorentzian manifold (M, g). Let h be another metric on M and € € R™.
Let S[g] be any functional of g. Then for g,, and hg,, the components of g and h

respectively, we define the first variation of g with respect to h by

d
on(S) = &S[Qab + €hap] (2.6)
e=0

We will also consider the first variation of metric dependent differential operators and

tensors. We require the following lemma to derive Einstein’s equations:

Lemma 1. Let (M, g) be a Lorentzian manifold, R(g) the scalar curvature of g, and

Ric(g) the Ricci curvature of g. Then
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SnR(g) = —tri(Ric(g)) — A(tryh) + divih (2.7)

— —hIR;; — V;Vi(h*g) + ViV ;0¥ (2.8)

where in local coordinates tr is the trace operator on tensors with two covariant indices

with respect to a metric h. For example tryh = g' hy;.

Proof: We first note that 65(gas) = hap is immediate from (2.6) taking S to be
the identity functional. Also from the formula g,.g® = 6% and noting the Leibnitz
property holds for &;,, we compute §,¢% = —h®. We fix a p € M and choose geodesic
coordinates at p. In these coordinates gub|p, = 7ab, Okgaslp = 0, and I'g.|, = 0, which

allows us to compute

1
Onl'5e = On (ggad (OvGed + OcGva — (9dgbc)) (2.9)
1 1
= §9ad5h (Ob9cd + OcGbd — Oagee) — §had (OvGed + 0cGba — Oagne) (2.10)
1
= §9ad (Ovhea + Ochia — Oahe) (2.11)
1
_ igad( [Oyhed — heals, — oo D] + [Ochog — heal'S, — hyoT%] (2.12)
- [adhbc - hecrlc;d - hberid] > (213)
1
= 59" (Vohea + Veha = Vahea) . (2.14)

Similarly one can show
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1
OnR%q = §gae (VVahoe = Ve Vehpa — VioVehea + Ve Vihge — ViViehge)  (2.15)

1 1

6hRab = _§ALhab - QVaVbtrgh + Vb(divh)a + Va(dth)b (216)
1 1

= _éALhab — iA(tI'gh) — le*leh (217)

ShR = —h™ Ry, — A(tryh) + divih (2.18)

where we define the Lichnerowicz Laplacian Aj, on covariant two tensors by!

ATy = ATy +26“RE 0 Tog — 9 Raahey — 9 Roahac- (2.19)

We also define div as contraction of its argument with a covariant derivative. For
example V,(divh), = div(div(h)) = div?h. For a one form w with components w; we

define the adjoint divergence operator

1
divin = —§(Vanb + Vina) (2.20)

where * indicates the adjoint operator. The last tool we require for the derivation of

the Einstein equations is the following

Lemma 2. Let (M, g) be a Lorentzian manifold and du its volume form. Then

() = 5 (i) (2.21)

Proof: For two matrices a;;, b;j, we note [25]

d .
d—det(aij + Ebij) = a”bijdet(aij) (222)
€ e=0

'Recall the standard Laplacian is given by AT, = ngVCVdTab.
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and compute

dpdet(g) 1 1
dp(dp) = oy, (M) dx = th—et(g)dx = Q(trgh)\/de = é(trgh)du. (2.23)

We now have the necessary machinery to define and derive the Einstein equations.
For a Lorentzian manifold (M, g), we define the vacuum Einstein equations to be the

system of equations given by demanding the first variation of

Sp(g) = /M Rdp (2.24)

is trivial. We explicitly compute the first variation of this action

6nSE = / [R(0ndu) + (dp)dnR) = / [_hfleab — Atryh + divih + gtrgh du
M M
(2.25)

1
= / e [Rab - —Rgab] dp (2.26)
M 2

Thus we see that 6,5 = 0 iff Gu = Rap — %Rgab = 0. Thus the vacuum Einstein

equations are G, = 0.

2.3 Matter Einstein Equations

We often wish to source the gravitational field with a mass/energy distribution. To

include this in our variational formalism, we augment the general relativity action via

S = SE + SM where 5h(SM) :/ 87ThabTabd[1,. (227)
M

This reproduces the matter Einstein equations
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Gap = 87Ty, (2.28)

where the coefficient is chosen to agree with Newtonian gravity in the weak field limit.

We now turn to deriving and solving these equations for various stress energy tensors.



Chapter 3

Black String Stability

In this chapter we consider questions associated with the stability of black objects
in general relativity and its extension to higher dimensions. We begin with a simple
example taken from Newtonian gravity to motivate more difficult problems in general
relativity and low energy string theory.

Stability investigations of solutions to Einstein’s field equations and their ana-
logues in low energy string theory have been widely treated in the physics literature.
For a recent review, see [16]. The problem of linear stability of a spacetime can be
heuristically summarized by the following: Suppose one has a Lorentzian manifold
(M, q) where g is a solution of prescribed field equations. Let h be another metric on
M and define a perturbed metric ¢ = g + €h for 0 < € << 1. One may use the field
equations to linear order in € for g to solve for the perturbation h. If it can be con-
cluded that h decays as time goes to infinity, one says the original spacetime (M, q) is
linearly stable; if not it is unstable. We will refer to g as the fixed background metric
and to h as the perturbation metric. It is interesting to classify spacetimes according
to their stability for purposes of discussing their physicality. If a spacetime is linearly

unstable it is unlikely that it is a physical model; however, this does not preclude the

16
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remote possibility that nonlinear effects could potentially stabilize a linearly unstable

spacetime.

3.1 Introduction

Linear stability analysis in gravity originated with the work of Jeans [23] at the turn
of the twentieth century. He considers a gravitational perturbation of a static matter

distribution with constant mass density p = py and constant pressure p = pg. The

governing equations for the system are the equations of hydrodynamics!.

dp+ V- (pv) =0 (3.1)

1
v+ (v-V)v = —;Vp +g (3.2)

and the gravitational field equations

Vxg=0 (3.3)

V.g=—-4rGp (3.4)

where v is the fluid velocity and g is the gravitational force field. If we now con-
sider pg + p with p a small perturbation of the pressure and analogous perturbations
for the other variables, we find that the governing equations to linear order in the

perturbation variables are

~ ~ ~ 1 -
ohp+pV-v=0, 0wv= —p—Vp +g (3.5)
0

1 'We typically choose units where G = 1; however, we leave G in standard units for this example.
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Vxg=0, V-g=-4rGp. (3.6)

These may be combined to yield the equation

O} p = Ap + 4nGpop. (3.7)

Next we assume an equation of state of the form p = v2p where v, is the speed of

iwt—ik-x

sound, make a Fourier ansatz p = Ae , and substitute into (3.7) yielding

w? = v2k* — 47 G py. (3.8)

Note that if the imaginary part of w is negative, then p will increase exponentially in

time, which indeed happens for long wavelengths

Tv2
A> )\ = = 3.9
\/Gpo (3.9)

Thus an object is unstable to gravitational perturbation if its wavelength is larger

than ..
One can perform similar but more complicated stability analyses in general

relativity. In [29] the Schwarzschild solution

2 om\
ds? — — (1 _ Tm) di? + <1 - 7”‘) dr? + r2d0° + 12 sin? 0d? (3.10)

is shown to be linearly stable. We will first perform a similar analysis for Schwarzschild
type solutions of the Einstein equations in higher dimensions. These solutions are of-
ten referred to as black strings. Analyzing the linear stability of a spacetime allows
us to make statements about the possible physical realization of a spacetime. For in-

stance, if a spacetime is unstable, then it is unlikely to be physically realized. Stability
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analyses of solutions in higher dimensional relativity are motivated by string theory
and serve as examples of more complicated models that arise in higher dimensional

theories of gravity.

3.2 Black Strings

Black string instabilities were first discussed by Gregory and Laflamme (GL) in [10].
There have been several follow ups of the original analysis. Our work is similar in
content to that of [22] but differs in our choice of numerical method. We calculate
the parameters related to the occurrence of instabilities to higher accuracy and are
in agreement with both [10] and [22].

To begin, we define a black string in D = n + 4 dimensions to be a Lorentzian

manifold (M, g) with metric

ds® = Gyda'da? = — fdf + f\dr 4 d2? A2, =1 (%)n (3.11)

where d22 , is the canonical metric on S"™, z is a single compactified extra dimen-
sion, and 7 is a constant determining the event horizon of the black string. We note
that the form of the black string metric is a generalization of the Schwarzschild metric
(3.10). Recall the event horizon of a Schwarzschild solution has a spherical horizon
topology. A black string with one extra compact dimension has horizon topology
Sl x S and thus can be thought of as a circle (string) with S™! cross sections.
Now let h be any symmetric bilinear form on M. For a fixed metric g we define

its perturbation by h to be

Guv = g;w + Eh;w (3.12)



3.2 Black Strings 20

where 0 < € << 1. We set h = ¢g*"h,,, and recall from [30, p.185] that the linearized

Einstein equations for g,, to linear order in € are given by

0= V.Veh+ V'Vihae — 2V°V (i hay (3.13)

= VoVeh + VVhee — VOV hay — VOV R (3.14)

where all covariant derivatives are defined with respect to the background metric, g.

We wish to simplify these equations by choosing appropriate coordinates. General
relativity is a tensorial theory in all dimensions and thus admits the diffeomorphism
group as a symmetry group. Thus we are free to choose local coordinates which is
commonly called gauge fixing. We will fix our gauge to simplify the form of the
perturbation as much as possible, which we know illustrate.

In [11] the authors consider a local coordinate transformation

2% — 2% 4 £9(z%) (3.15)

where é“ is infinitesimal. The corresponding perturbation transformation is

het — pet 4 viagh (3.16)

which is shown in [30, p.75]. We demand that the perturbation takes a spherically
symmetric form. This implies that 59 = §¢ = 0, i.e. the angular components of
our perturbation vanish and nonzero components are independent of the angular
coordinates. We choose such a perturbation since it will simplify our the form of
our perturbation and because our background spacetime is spherically symmetric.

Specifically, our perturbation now takes the form

hap = th+ikzaab(7’) = Hag, éa =& (r)= (3.17)
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where we have decomposed hg;, into Fourier modes with {2 in the time direction and
k along the extra S'. We are only concerned with Q being real since positive €
is sufficient to imply instability. We only need to find a single positive real €2 to
show instability. Demanding spherical symmetry requires aq(r) and ag,, = 0 where
f; is any angular coordinate. Using our assumption of spherically symmetry, the

perturbation metric transforms to

1 . .
hav = ha+ 5 | Vb + Vi (3.18)
1 . . R
= Zau + 5 |Ous + Db — 2058 (3.19)
.
= Eaa + 5 [asz + Oy — £ (Ouba + OvGad — Oagan) | - (3.20)

We thus compute the following transformed perturbation metric components

hy — 2 [att + Q& — %ri’r”lfr] (3.21)
hr =2 [a + 3106 + 0 + € i) (322
b = 2 o + 5 06+ 86 (329
hig — 0 (3.24)
tor = 2 [anr -0+ 65T (3.25)
bre = 2 0 4 50,6+ 86) (3.20
h.. — E[a., + kel (3.27)
hep — = [aee + %frargee} (3.28)

We have freedom to choose £* however we like. We choose to force the perturbation

to be in the simplest form possible. Specifically, we choose
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Q
Ay = ht(T), App = h,«(?"), Ayr = hz<7“), Air = _%azr(T% Aty = Qg = 0. (329)

Note in the first three expressions we have merely renamed variables, while the last

three are bona-fide gauge fixing (coordinate choices). These choices result in

1. agp =0iff & = —2ap9/(9""0rg00)

2. Aty = 0 iff ng + Zk?gt = —2atz

— Q : t —n—1 AY) _ 2102
3. Ay = _%azr iff argt +£ nrir " + %argz - 2atr - ZTarz-

Thus condition (1) fixes &, while conditions (2) and (3) determine a linear system
of first order ordinary differential equations that fix the remaining gauge components
&, &.. In this way, we use all our available gauge freedom. The perturbation is of the

form

he Qh, 0 0
Qh, h. %h, 0

hw=Z| 0 b, h, 0 (3.30)
0O 0 0 0

where the h; are only r dependent and h, = a;./€2. We note that in the original
analysis of [10] transverse traceless (TT) gauge was chosen to simplify the perturba-
tion equations rather than the form of the perturbation. The gauge choice that we
have taken leaves the perturbation equations in a more complicated form; however, it

simplifies the form of the perturbation [22]. In comparison to TT gauge, this choice
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has the advantage of leaving no residual gauge freedom as well as simplifying the
construction of a differential equation for the h, perturbation component.

To determine the perturbation equations, we derive the linearized Einstein equa-
tions by computing the Ricci tensor for the perturbation metric, defining a first order
linearization operator in the perturbation parameter €, and linearizing the Ricci ten-
sor. Combining components of the Ricci tensor yields a linear system for h;, h}, hY

which is completely determined by a single equation in A,

!+ phl, + qh, = Q%wh. (331)
where
= n 4(n + 2)k*r?
p= r (1 + f(r) T 9k2p2 4 n(n + 1)(7“+/7“)”) (3.32)
1 (R 2K — n(n + 3)(ry /7)" 1
q= 2 (f(?“) 2k%r? 4+ n(n + 1)(r+/r)n) ’ = W (3.33)

This is a significant simplification when compared to the corresponding result in [11].

3.3 Asymptotic Behavior of the main Perturba-
tion Equation

We need to know how (3.31) behaves near the horizon r, and near spacial infinity
so we may determine appropriate boundary conditions for numerical simulation. We
will require h, to vanish at spacial infinity if it is to be a candidate for a physical

solution. This will be made manifest in our asymptotic boundary conditions.
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3.3.1 Behavior at the Horizon, r = r

In order to analyze the near horizon behavior of (3.31), we define a parameter ¢ =

r —ry, and note that

fo1oEo 2 0(e) (3.34)
=1—-— L =—¢ €). .
r2 Ty

We find that p and w in equation (3.31) to lowest order in € are

1 Q27"_2|r

P W (3.35)
Thus we find the near horizon equation in € to be
1 0%r2
B! + -k, = —h, 3.36
z + € ? 4e2 ( )
with solution
4 Q —r Q
h, = cle+T + o€ > (3.37)
T ryQ
= Cl(T’—T+)T —|—Cg(7”—7’+)7 2 (338)

which agrees with the result in [10]. The near horizon solution can also be written [22]

h, = A + Be " (3.39)

where 7, is the tortoise coordinate defined by

dr, 1
di’ = 7 — r, = ryarctanh (%) : (3.40)

We note this asymptotic behavior is in agreement with [11] since

Qry Q Qr Qry

he=Ar—ry) 2 (r4r) 2 4 Ag(r—r ) 2 (rtry)
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Qr Q'r‘+

~ Avl(r — ’[”_,_)T+ —+ KQ(T — 7’_’_)_ 2 (341)

because r + r is non-singular near the horizon.

3.3.2 Behavior as r — oo

To find the asymptotic behavior of (3.31) we let » — 1/s and investigate the limit

s — 0. We compute transformed derivatives

Oph, = —s*0,h, 02h, = s*0°h, + 25°0,h. (3.42)
and note that f(r) = f(1/s) = 1 — r3s®. We again compute the lowest order terms
of (3.31) in each of the coefficients, and find the asymptotic equation

7 2
W+ in,—Eh, =0 (3.43)
s F st

where we have defined p? = Q2 + k2. This is a modified Bessel equation. We only
keep the K, part of the solution since the I, become infinite in the asymptotic regime.
This will become a physical boundary condition. Solving and inverting the coordinate

transformation, we find [2]

o
h, = csr? Ks(rp) ~ csr® (61/2) = c3r?/2e”TH (3.44)
r

which is also found in [22]. Note that this decays exponentially for large r.

3.4 The Shooting Method

We will use the shooting method to numerically solve the eigenvalue problem (3.31).
For an eigenvalue problem with known boundary conditions, we set the eigenvalue

in the differential equation to some fixed value which may or may not be a true
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eigenvalue of the equation. We then integrate in r outward from the horizon. If the
asymptotic boundary condition is satisfied by our numerical solution, we have found
a true eigenvalue. If not, we vary our eigenvalue choice until the boundary conditions

are satisfied. We first give a simple example of this method.

3.4.1 Example

Our ultimate aim is to solve equation (3.31) numerically by the shooting method. For
that purpose we will summarize how to code the integration method in Matlab for a
harmonic oscillator eigenvalue problem.

To fix ideas, we consider a harmonic oscillator problem

G2 (t) + Qya(t) = 0 (3.45)
y2(0) =1 92(0) = 0. (3.46)

We could solve this problem exactly considering €2 as an arbitrary parameter. This
becomes an eigenvalue problem if in addition to the initial conditions we impose a
boundary condition. This may be decomposed into the following system of first order

equations

v = —Qy% y1<0) =0 (3'47)

where are initial conditions are

Yo =11, 42(0)=1 (3.48)

subject to the boundary condition y(10) = —0.2. In this form, there is no solution for

arbitrary €2, because the additional boundary condition over specifies the problem.



3.4 The Shooting Method 27

However, there is a discrete set of € for which a solution exists. The elements of this
set are called eigenvalues of the differential equation.

The following code is an m-file called rhs.m which stores the differential equations:

rhs=rhs(t,y,dumny, omega)

rhs=[-omega*y(2); y(1)];

We create another m-file that solves the equations and plots the result:

yo=[1 0]; %stores initial data
tspan=[0 10]; Y%defines time domain
omega=-4; hfixes omega

[t,yl=ode45(’rhs’,tspan,y0, [], omega) %integrates equations

figure(1), plot(t,y(:,1)) %plots results

Matlab has a wide variety of ODE solvers. We use the standard ode45 solver. Sup-
pose we are interested in finding the solution with a boundary condition y(10) = —0.2.
We may then vary 2 until our numerical solution matches the boundary condition.
When the desired boundary condition is found, then we have solved for an eigen-
value of the boundary value problem. For example, if we set 2 = 3.055, we find
y(10) = 0.2000, hence €2 is an eigenvalue of the harmonic oscillator equation. We
plot the solution in Figure (3.1) and turn attention to the more complicated equation

(3.31).
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Figure 3.1 We plot the numerical solution ys(x) of (3.45) for 2 = 3.055 and
x € [0,10]. We infer that €2 is approximately a true eigenvalue of (3.45) since

the numerical results satisfy our boundary condition.

3.4.2 Integration of the main Perturbation Equation

In analogy to our simple harmonic oscillator example, we decompose (3.31) into a

system of first order equations

4(n + 2)k*r?

, 1 no_
= r (1 + f(r)y  2k2r24+nn+1)(ry/r
1

2 \ f(r) 2k + n(n+ 1) (ry /r)n

by = Iy

subject to our near horizon boundary condition at r; + €

k2 22]€2 2 _ 3 n QQ
2( r ¢ —n(n+3)(ry/r) )h2+

>n) .

fr)?

ha

(3.49)
(3.50)

(3.51)



3.4 The Shooting Method 29

Q
hi(ry +¢€) = 7697"* ho(ry +€) = (3.52)

for ¢ = 107%. We set r, = 1 using our rescaling freedom in our r coordinate. We
integrate out from r = 1+ € to r = 200 with an error tolerance of 107% and initial
step of 107%. Note it is not possible to start the integration directly on the horizon
due to the singular behavior of the perturbation equation. This is seen in the fact
that f(r) — 0 as r — r,. For fixed k, we find which values of €2 yield asymptotic sign
change of h,. Setting k fixes a mode in the z direction, and allows us to vary time
modes. There are two independent solutions to (3.31); one decays exponentially as
r — oo and the other grows exponentially. This behavior is analogous to that exhib-
ited by Bessel functions near the origin. The exponential behavior of our numerical
method stems from the latter solution. We wish to preclude its contribution since h,
should be regular at spacial infinity.

By the intermediate value theorem, we know if there exist {2y < Qo where h,(r =
200; Q) < 0 < h2(r = 200; ), then there must exist an 2 such that h,(r = 200; Q) =
0. This corresponds to a regular solution of the eigenvalue problem for all domain
values. If > 0, then this corresponds to an unstable mode in the perturbation since
the exponential factor of our perturbation metric will grow in time. For instance, note
that for large r, h, is decreasing in the green plot in Figure 3.2 where we numerically
integrated the perturbation equation for {2 = 0.14 and k£ = 0.9. When we perform the
same integration for 2 = 0.15 and k£ = 0.9, we find that h,(r) is increasing for large
r (blue plot). Thus we infer that there is some Q € [0.14,0.15], where h, vanishes as

r becomes large.
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Figure 3.2 We plot the numerical solution A, (r) of the perturbation equation
3.31 for two parameter sets. We integrate from r = r, = 1 to r = 200 where
n=1k=09,Q=0.14 (green) and k = .9, 2 = 0.15 (blue). We plot our
solution for r € [1,4]. Note how asymptotically the solution changes sign.
This implies existence of a regular solution for some € € [0.14,0.15] since we
know h. is asymptomatically a modified Bessel function.

We preform this procedure for black strings in different dimensions and plot our
results in Figure 3.3. Points in Figure 3.3 correspond to the values of k and €) where
asymptotic sign change of h, occurs; hence they correspond to the unstable modes
we are looking for.

Moreover, we find the largest k& for which unstable modes exist for D € 5,---,9

given by k... according to the table
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Figure 3.3 We plot pairs (k, (2) that correspond to values of 2 where asymp-
totic sign change of numerical solutions of equation (3.31) occurs. These
correspond to regular solutions of equation (3.31) and since Q > 0 imply
unstable modes are found in black strings in D = {5,6,7,8,9}.

D 5 6 7 8 9

Emaz | 0.876159 | 1.268911 | 1.580761 | 1.848609 | 2.087136

Note there is a large range of k for which unstable €2 modes exist. For instance,
if k£ is small (wavelengths are large) then we see unstable modes exists for all black
strings. This result is analogous to large wavelength Jeans instabilities that were
previously mentioned.

We are in exact agreement with [10] and [22]. We finally summarize our integration

code. We input our system with

function rhs=rhs(r,h,dummy,omega, k)

rhs=[-1/r*(1+2/(1-1/r"2)-8%k"2xr~4/ (k" 2*r~4+3) )*h (1) +1/r"2
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*x(k"2+r~2/(1-1/r"2) * (k" 2*r~4-5) / (k" 2*%r~4+3) ) *h (2) +omega "2

/(1-1/r"2)"2xh(2); h(1)];
and provide the numerical numerical method with

del=10"(-6) ;

rst=1-del-atanh(1-del);

omega=.27;

k=.9;

hO=[omega/(1-1/(1+del) "2)*exp(omega*rst) exp(omega*rst) ];
rspan=[1+del 200];

options = odeset(’RelTol’,le-6,’AbsTol’,le-6,’InitialStep’,1le-6);
[r,h]=odel5s(’myersshooteqns’,rspan,h0, options,omega, k)
figure(1), plot(r,h(:,2))

We have confirmed that black strings in dimensions D = {5,6,7,8,9} are not
stable. It is natural to ask whether it may be possible to make such solutions stable
in the presence of additional matter fields. We thus turn our attention to the charged
analogue of black strings commonly called p-branes which are low energy solutions to

string theory.

3.5 Charged p-branes

Charged p-branes may be heuristically thought of as extensions of the Reissner-
Nordstrom solution to higher dimensions. There have been many works related
to stability analyses of charged black p-branes. The first was the seminal work of
Gregory-Laflamme [11] which concluded that all charged p-branes that are solutions
to their low energy string model are linearly unstable except in the extremal limit [12].

Then the work of Reall in [26] and Hirayama, Kang, and Lee in [19] considered a more
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general string theory. In this generalized context, it was shown that linearly stable
black p-branes can exist for sufficiently large non-extremal charge. We summarize the
work of [12] and reproduce the work of [19] more accurately. Finally, we extend the

work in [19] from p = 4 branes to the cases where p =1,2,3,5,6.

3.5.1 Gregory Laflamme

Gregory and Laflamme were the first to consider the stability of charged black p-
branes in [11]. These black p-branes are solutions to a ten dimensional theory with
symmetry R19=P x R x SP=2 where p = 10 — D denotes the dimension of the brane?.

They are solutions of the low energy string theory given by the action

Sar = / d"x\/—ge 2 <R + 4(Vo)? — ﬁﬁ) . (3.53)

where F is a (D — 2) form analogous to the Maxwell tensor and our D — 2 spherical
symmetry is paired with the dimension of F. The action yields the equations of

motion

D -3
O¢ —2(Vg)’ + FP———= =0 3.54
Vo, (€720 F0a0-2) = () (3.55)
2 a2--ap—g __
Rap + 2V, Vi — mFa@.‘.aD_zFb = 0. (3.56)
The authors give the spherically symmetric solutions
ds? = —edt* + Ee%dr® + eBdrda’ + C2dO3, (3.57)

where

20Qur D is not the same in this section as the previous section.
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1—(r_/r)P=3 r r
_ ~2¢ _ r-\P?
C=r, e | (r) (3.58)
and
D _
F=Qe Q=" () (3.59)

where r, and r_ are constants of integration corresponding to outer and inner event
horizons, 3 < D < 10, and € is the volume form on SP~2. Gregory and Laflamme
show these charged black p-branes are linearly unstable by methods similar to those
that were used to investigate the linear instability of black strings. In [12], the authors
show that the instability vanishes in the case of extremal black p-branes. That is,

p-branes with the maximal amount of charge before a naked singularity occurs.

3.5.2 Reall and Hirayama et al.

In [26] and [19], the respective authors investigate the stability of solutions to a more
general low energy string theory than Gregory-Laflamme. In particular, it is shown
in [19] that GL instabilities cease to exist for a wide class of charged p-branes. We
use the notation of [19] and analyze the stability of black p-brane solutions to the

theory given by the action

S = / dPx/—§ [e% (R —(86)?) — ie@Fg (3.60)

2n!

where F? is given by

F2=F, ., Fuon (3.61)
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and F), is an n-form field, R is the scalar curvature and ¢ is a scalar dilaton field?.
Moreover, we demand that F, is exact (homologous to zero) and thus defines an
n — 1 form Ag,_y) given by F,, = dAq,—1). B, 7, and @& are constants. Because all
string theories are invariant under arbitrary conformal transformations we may define
a conformal metric gy = €29/ (P=24, v and rescale the dilaton ¢ = ®/+/2% which

generates the equivalent action

[~ 1 1,
S5 = /dDa:\/—g [R — 5(&;5)2 —5° o2 (3.62)

where the parameter

a:a+(D—2n)B/(D—2) (3.63)

S

2y

controls the coupling of the dilaton to F2. The parameter a will play a central role

in distinguishing under what conditions the GL instabilities vanish. We note that
the GL action Sgy is given by the action (3.60) in the case where 3 = 2, ¥ = —4,
a = —2,and D = 10.

Solutions to the equations of motion which come from equation (3.62) have been

given in [7], [8], [14], and [21]. These solutions take the form

4d 4d
k ~A(D=2) k A0-2 [ dr?
ds? = — (1 + — sinh’ u) + (1 + — sinh? u) <i + r2d9,3> (3.64)
T

rd U
L ~a0D o
+ (1 + —gsinhg u) §ijdz'dz? (3.65)
T
k k 2dd
67%¢ =1 =+ ﬁsinh2 My U = 1 — ﬁv, A = 0/2 + m (366)

where cflvzn—l,d:p—i—l, andD:c7+d+2:2+n+pwith coordinates

{2M} = {2¥ 2} = {t,r,2™ 2} where m = 1,--- ;nand i = 1,--- ,p. The 2!

3Now D is the dimension of the full spacetime
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coordinates denote extra spacial dimensions in the D dimensional spacetime and the
2™ coordinates are the standard coordinates on the n-sphere.

A simplification comes by considering another conformal transformation given
by guny = e2e/(D=2)ag, . In [26] it is shown that this transformation will ul-
timately simplify the perturbation equations in the upcoming analysis. The trans-

formed action becomes

ad
Sk = / dPx\/—g {e*% (R—~(89)%) — %Fj (3.67)
with constants of the form
1-n 1 (D-=1)(n—1)? B (D —2n)(n—1)

U P (o) PR

The equations of motion are then given by
Vs [e* FMNNnat] — (3.69)
V26 — B(9¢)? = %emmﬁ (3.70)

Run = (v + 8*)0mOng — BV uVné

1

s Fup B (3.71)

+

Applying the conformal transformation to our p-brane solutions, we find the trans-

formed solutions take the form

ds® = —Udt* + V'dr? + R*dQ2 + §;;d2"'d’ (3.72)

where
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Dol
Dl

1 + £ sinh?
V= 0+, ~,u) , RP=(1+ isinh2 wl r? (3.73)
1—Fk/rd rd

and U is as previously defined. It is shown in [8] that the ADM mass M of the metric

and charge density () are given by

~ Ad dk
M=k (d—l—l—i—zsinhQu) : Q:\/—ZsinhZ,u (3.74)

with k& and p constants of integration.

The solutions in [11] are given by a = (1 — n)/2. We note that the action (3.60)
is invariant under the transformation a — —a, ¢ — —¢ so it will suffice to consider
la| values in the upcoming numerical analysis.

We now proceed to analyze the stability of these solutions by perturbing the metric

via gy N = gun + €hyy Where we assume

hMN = GQt—HmiZiHMN(T, ZEm) (375)
d¢ = thHmiZif(r, z™) (3.76)
§F = MM s P (r g™) (3.77)

and make an appropriate gauge transformation to set H,, = H;; = 0 where 7 # j.
Moreover, we assume again that the perturbation is spherically symmetric which
requires

Hyp = Hyp =0 H™ = K(r)o™. (3.78)

n

The equation of motion for the perturbed n-form field is given by
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V(e NP1y — (3.79)

In [12], Gregory and Laflamme argue that we may set §F = 0 because there are no
nontrivial solutions for the perturbed Maxwell field. We are thus left with the dilaton

perturbation equation
1
V2f - 26gﬂyvu¢vu‘f - H/Wvuvu¢ + ﬂHquu(bvu(b - vu¢vu (le - §H£glﬂj>
+ Le(a-kﬁ)d) {HWFWL,,WIFVM'"”"I _ a__‘_ﬁFQf} =m2f (3.80)
n

2(n —1)!

where Greek indices run over r and ¢, and the spacial Einstein equations are

V2H,, — 2V(V?Hyp + VN HE = 2Ry HY) + 2R 00 H

8 (2VuHl) = VHu) V06 = 20V, f + 40y + BV 0V f

e(a+ﬁ)¢> [(n o 1)HpaFup)\1...>\n,2Fy)\;m/\n_z o (a + ﬁ)fF/—L)\l-~~/\n71F3\1m)\n_li|

(n—1)!

=m’H,, (3.81)
V,H! = BH!N ¢ = 2(v + ) [V, =0 (3.82)
HY—23f=0 (3.83)

where Latin indices run over extra spacial dimensions. We note that all covariant
derivatives are defined with respect to the Levi-Civita connection of the background
metric. We only need to consider equations for Hy, H,., H,., and K, since they

determine the dilaton [26].
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We recall that in our previous stability analysis of black strings, we varied €2 to
find regular solutions of an equation for a perturbation component. We could perform
an analogous analysis here where we would need to vary additional parameters related
to our more general theory. In [26], Reall argues that the necessary and sufficient
condition for a Gregory Laflamme instability to exist is that there should exist a
static threshold unstable mode defined by €2 = 0. We will thus take 2 = 0 which has

the consequence H;. = 0. This simplifies the form of the perturbation to

HY = diag(p(r), ¥(r), x(r),- -+, x(r)) (3.84)

and the perturbed metric for threshold modes may be written

dSQ _ _U(l_i_gpe—mlzl)dtZ_{_v—l(l+¢ezm1zl)dr2+R2(1+X61mlz’)dgi+dz2 (385)

The perturbation equations now become

U/ V/ R/ U// U/ U/ V/ R/ 2
o+ (—+—+n§—ﬁ¢’) o + [——— (————nE+ﬁ¢’> —ﬁ} 0

2U 2V U U\2U 2V v
U/ , U/l Ul Ul Vl

Al e ; =0 3.86

A U(ZU 2V—n%+ﬁq§’>]¢ (3:86)

U/ V/ R/ 2 3 2 2 U/ 2
w"+(—+—+n———7+ 5¢’>w’+m7w—<—+27+6¢’)<p'

2U 2V R I&; U &)
R/ 2
o (B ) v o7

/ / 2 / 2 / 2
¢’+ (i _’_ni — wgﬁ’) P — (Z + ﬂgb’) ©o—n <% + %d) x = 0.
(3.88)
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We can eliminate x to find two second order coupled equations for ¢ and 1 given

by

r(rf = k)" + [(J + 1)t — k] o —m2r T8 (e ginh? ) YA o — dle = 0 (3.89)

. ; . (5 2
r(rt — k)? <rd + ksinh? u) W+ r(rt —k)? [Qd (rd — Zk sinh? u)
- i oo adin, d 2
_(d _ 3) (,r,d + k‘SiIlhz M) :|,(/)/ . {m27“d+2_4d/A(7"d _ stinhz M)1+4/A

72

1+ dk

}2/1 +dkWe (3.90)

3 7 7 2 2 12 d 7.2
W+A <2d + (d+3)(a 5 2)) sinh® p(r® — k)

where we have set

~ i 7 2 2d° 7 ~ 7
W = d(r?—k)(r?+k sinh? ,u)—Z <a2 . 2) sinh? ju(r¢—k)?+dk cosh? ur? (3.91)

and defined

m? = Zmlz (3.92)

Now the black p-brane stability question is equivalent to finding an m for which
the above equations admit non singular solutions outside the event horizon. We need
to determine the asymptotic and near horizon behavior of (3.89) and (3.90) in order
to set up a numerical method. As pointed out in [19], we note at radial infinity ¢

and v have asymptotic behavior

S A (3.93)
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Cas (d+1)(d+ 3) s

s 3.94
- + (3.94)

We define a near horizon parameter p = 1 + ¢ and a scaled mode m = r;.m. We
list the four possible near horizon behaviors of ¢ and v along with their asymptotic

values

Yr = e+ O(H), Ae ™v_(p) + Bre™ v, (p) (3.95)
Vi = 14+ 0(),  Ape ™v_(p) + Brre™ v, (p) (3.96)
Yrr ~elne+ O(?Ine),  Apre ™ v_(p) + Brrre™ vy (p) (3.97)

—2
Yy = —e ! — %(cosh ) Ine+O0(), Ape ™u_(p)+ Brve™uy(p) (3.98)

or~ e+ O(2), A ™ u_(p) + Bre™uy(p) (3.99)
orr = 1+0(2), Ape ™ u_(p) + Brre™ uy(p) (3.100)
o~ elne+O(1ne),  Apre ™ u_(p) + Brrre™uy(p) (3.101)

—2
oy~ —e - m7((:os.h w2 e+ O(?), Ape™u_(p)+ Bre™ui(p). (3.102)
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We require that ¢ and ¢ to decrease exponentially as r — oo since they are small
perturbations of our fixed metric. According to [26], we need ¢ and v to be regular
at the horizon, which precludes I'V from being viable boundary conditions. We note
that 111 produce a logarithmic curvature singularity at the horizon whereas I and
II do not. Thus requiring regularity at the horizon is equivalent to demanding ¢
and 1 have near horizon behavior of a linear combinations of I and I/. We now
begin our search for regular solutions of (3.89) and (3.90) that satisfy these boundary

conditions. As in [19], we will start a numerical integration near the horizon where

Y =C¢r+ EYr, ¢=Cpr+ Eprr (3.103)

which has asymptotic behavior

Y~ (CAr+ EAr)e ™ v_(p) + (CBr + EBrr)e™ v, (p) (3.104)

o~ (CA;+ EAr)e ™ u_(p) + (CB; + EBpp)e™u(p) (3.105)

We seek a combination of C', E, and m such that the coefficients of the positive

exponential terms vanish, which requires

CB;+ EB;;=0, CB;+ EB; =0. (3.106)

This could be done by varying C' and E and searching for such a solution via numerical

integration, or equivalently checking that

P(ﬁ%ﬂaaaﬁzl)) = BIBII - BIIBI (3107)

vanishes for some value of m for fixed p, a, c’lv, and D. We use the latter procedure in

the subsequent section.



3.6 p-brane Numerics 43

3.6 p-brane Numerics

We perform our numerical analysis of the perturbation equations in Mathematica
6.0 but first consider a test problem. We consider a coupled system of second order

equations given by
B(t) = —y(t), §(t) = —2a(t)* (3.108)

x(0.01) = y(0.01) = £(0.01) = ¢(0.01) =1 (3.109)
and we use the Mathematica NDsolve command

In[1]:= s = NDSolve[{x’’[t] == -y[t], y’’[t] == -2 x[t]"2,
x[.01] == y[.01] == 1, x’[.01] == 1, y’[.01] == 1}, {x, y}, {t,1}];

Plot [Evaluate[{x[t], y[tl} /. s], {t, .01, 1}] to numerically integrated the

coupled system and plot the results in Figure (3.4).
X(0
~ 0
N
0.2 04 0.6 0.8 . ‘Hl

t

Figure 3.4 We plot numerical solutions to the test problem (3.108) subject
to the boundary conditions (3.109) where z(¢) is the blue plot and y(¢) the
purple plot.

Extending this example to the numerical integration of (3.89) and (3.90) is only
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slightly more complicated. We summarize our code for the integration of (3.89) and
(3.90) in Appendix A. We perform stability analyses in D = 10 dimensions for six
p-branes, p = {1,2,3,4,5,6}. We fix a value of the parameter a which couples the
dilaton ¢ to the n-form field F?, and typically choose a = {0,1/2,1,3/2,2,3} for a
given p. We are then left with two free parameters p and m. We vary p € [0, 5]
in increments of 0.01 and for fixed p, integrate (3.89) and (3.90) for varying m in
increments of 0.001 starting at m = 0, and check the sign of P in equation (3.107).
When we find the first value of m where P < 0, we set m = m* and store the
pair (m*, u), increment p and repeat our method. We call m* the threshold mass or
threshold mode since it is the point where P changes sign and hence regular solutions

to (3.89) and (3.90) exist.

3.7 Conclusions

We plot our numerical results in Figures (3.5) — (3.10) for p =1, --- 6 branes. Recall
that the existence of a threshold mode (mass) is equivalent to the existence of a
GL instability. The colored regions indicate areas where P > 0. The GL analysis
corresponds to the plots that decay exponentially as p becomes large and are given by
acgr, = (7 — p)/2. We thus see that instabilities are always present in these instances
up to their extremal limit of charge where it appears they vanish as claimed in [11]
and [12].

We see that the coupling parameter a determines when a sufficient amount of
charge will stabilize a p-brane. We use agy, = (7 — p)/2 to classify stability behavior.
For a < agy, all p-branes have a u for which P < 0 for all m and hence the p-branes
have no Gregory Laflamme instabilities. For a > aqgp, p-branes exhibit Gregory

Laflamme instabilities for all p.
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Thus we have shown there is a wide class of uncharged p-branes depending on
a coupling parameter a < agp which exhibit linear instabilities. Moreover, these

instabilities disappear in the presence of sufficiently large values of charge.
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Chapter 4

The GRMHD Eigenvalue Problem

Up to now we have considered linear stability problems in higher dimensional rel-
ativity. We turn attention to the somewhat different problem of evolving compact
objects with magnetic fields in general relativity. While not necessarily done in higher
dimensions, the problem is similar to the linear stability analyses we previously pre-
sented. Specifically, one would like to know what happens to the matter fields around
a black hole as it approaches its endstate (believed to be a Kerr spacetime). What
one observes near a black hole is the time development of matter fields that either
leave or fall into the black hole. From a numerical standpoint, it is of interest to
model the radiation of these systems. Thus one wants to consider GRMHD. This
chapter addresses questions related to this goal. Specifically, we consider the charac-
teristic structure of the matter part of the GRMHD Einstein equations. We follow a
technique introduced by Brio and Wu [4] for the Newtonian version of this problem.

Brio and Wu analyze the eigenvalue problem for the equations of Newtonian non-
relativistic ideal magnetohydrodynamics (MHD). This consists of calculating eigenval-
ues and eigenvectors of the MHD equations and examining cases where two eigenval-

ues or eigenvectors degenerate to a single one. These quantities give local information

92
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about a nonlinear theory. It is in a sense the easiest nontrivial information one can
produce for the MHD equations.

The eigenvalues and eigenvectors of the Jacobian of a system are commonly used
in numerical methods that require a spectral decomposition. This information is
used to identify incoming and outgoing modes near the boundary of a numerical grid.
Specifically, the spectral information can be used to reduce spurious reflections from
the boundaries of a computational grid.

GRMHD represents general relativity (Einstein’s equations) coupled to MHD.
This framework is needed to model highly compact magnetically charged astrophysical
objects such as magnetized neutron stars. We wish to extend the MHD analysis to
GRMHD for purposes of numerical simulation. The full spectral decomposition of

GRMHD equations

4.1 Introduction

The characteristic structure (eigenvalues and eigenvectors) of a system of partial
differential equations determines the hyperbolicity of the system. This information
also allows one to predict relevant wave speeds. This aides to improve the overall
accuracy of numerical simulations of the equations. One place where this can be
implemented is fixing problems near the boundaries of the grid. We seek to calculate
the eigenvectors of the GRMHD equations and apply the normalization procedure
in [4] to resolve this problem. We summarize information about hyperbolic evolution
equations and the numerical and analytic methods of [4]. We then extend this analysis

to a version of the GRMHD equations.
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4.2 Hyperbolicity of Evolution Equations

Consider a system of evolution equations in one spacial variable given by

ou; +0,F,=¢q;, i=1,---,n (4.1)

where F; = F;(u) and ¢;(u) are sufficiently differentiable functions and do not depend
on derivatives of u. Equation (4.1) is a “balance law” since we have completely
separated out first order time derivatives from spacial derivatives. In the event that
the sources ¢; vanish, then the equation is in conservative form; it takes the form of

a continuity equation. We can write (4.1) more conveniently as

J

where A7 = OF;/0u; is the Jacobian matrix of the system. We will see that we can
write the ideal MHD equations in the form (4.2).

Important aspects of the overall system can be learned from the properties of the
matrix A. More specifically, let us study the characteristic structure of A; Let \; be
the eigenvalues of A. We characterize the system of evolution equations as hyperbolic
if \; are all real valued functions. We will further call the system strongly hyperbolic
if there exists a complete set of eigenvectors associated with the );. If all eigenvalues
are real, but there does not exist a complete set of eigenvectors, we call the system
weakly hyperbolic.

The reason strong hyperbolicity is significant can be seen as follows. Suppose we

have a strongly hyperbolic system. We may then define functions w; by

u= Rw (4.3)
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where R is the matrix whose columns are the right eigenvectors of A;. Moreover, we

have the diagonalization

RAR™! = diag(\y), (4.4)

provided R does not vanish. On diagonalization, the evolution equations for w; are
given by the simpler system of advection equations

1

where the ¢ = ¢/(w) are not functions of derivatives of w. We have thus reduced
solving any strongly hyperbolic system to solving a system of advection equations.
Strongly hyperbolic systems also have the nice property that they are well posed.
That is, their solution depends continuously on initial data (no bifurcation) and
solutions are locally unique.

The MHD equations form a weakly hyperbolic system. We will use a normaliza-
tion process on the eigenvectors of MHD to force it into a strongly hyperbolic system.

This procedure is necessary for the numerical method used to solve the equations.

4.3 Numerical Considerations

Our interest in the hyperbolicity in the MHD equations whether Newtonian or rela-
tivistic stems in part from a need to construct robust numerical algorithms that handle
discontinuities (shocks) that arise in fluid simulations. Considering for a moment the
Newtonain case as a simplification of the full relativistic equations, we summarize
the work of Brio and Wu [4]. There work is mainly concerned with developing a
numerical scheme called a Roe upwind differencing solver. We briefly summarize this

numerical method because its use of symmetric hyperbolic systems (strong hyper-
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bolic system with distinct eigenvalues) motivates our consideration of the GRMHD
eigenvalue problems.
To begin, we define discetized time and space variables z; = iAx and t, = nAt

and let v' denote the approximate numerical solution to the system of equations

Ui+ [F(U)]l. =0 (4.6)
for some vector of quantities U (for example the conservative variables we use later).

We take a finite difference approximation to (4.6) given by

nt+l _ gn

i i fﬁi-l/Q_fin—l/Q
At Ax

In the construction of the Roe scheme, we approximate (4.6) in each cell (x;, z;41) X

(Y

~0. (4.7)

(tna tn+1) by

Ui+ [G(U)]. =0 (4.8)

where we set

(GU)i = Fi+ A1 (Ui = 0fY),  F; = F(U)). (4.9)
The matrix A; /5 is called the Roe matrix and it the Jacobian of our system. It is

given by the following conditions:

-Fi+1 - E = Ai+1/2(Ui+1 - Uz) for all Uz and Ui-‘,—l (410)

where it is assumed A; /2 has real eigenvalues and a complete set of right eigenvectors

and is given by

oF
AZ‘+1/2(UZ'+17 Uz) — A(Uo) = = as Ui—i—l and Uz — Uo. (411)
oU |y_y,
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After determining A; /o by these conditions, we compute its eigenvalues )\ZH/ ? and

right eigenvectors Rfjl/ ®. We then define decomposition coefficients C’,iﬂ/ 2 by

Vi1 — VU = Z C;iH/QRZH/Q (4-12)
k

and finally compute f;;1/2 according to

fi+1/2 _ 5(171 + E+1) o 5 Z |)\k+l/2|0k+/1/2Rk+1/2 (413)
k

which gives v; in (4.7). We note again that A must have a complete set of eigenvectors
for this process to work. We thus proceed to calculate the eigenvalues and eigenvectors

of the Jacobian matrix A of the MHD equations to check this condition.

4.4 The Newtonian Ideal MHD Eigenvalue Prob-
lem

The MHD equations model the flow of a conducting fluid u which interacts with a
magnetic field B, and may be viewed as Maxwell’s equations coupled to the equations
of fluid dynamics in the limit on infinite conductivity (no electric field in the frame of
the fluid). Neglecting displacement current, electrostatic forces, viscosity, resistivity,

and heat conduction, the ideal magnetohydrodynamic equations are given by

pi + Oi(pu’) =0 (4.14)

OE; + 0;((E + P*)u; — By(Bju’)) =0 (4.17)
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where we also have the no monopole constraint V-B = 0 from the Maxwell equations.
In the above ideal MHD equations p is the fluid density, P the static pressure, P* =
P+ %BiBi the full static pressure plus magnetic, £ = Su;u’ + P/(y — 1) + %B,-Bi
the energy, and v the ratio of specific heats. We will study one-dimensional MHD in
Cartesian coordinates. All quantities are only dependent on x and ¢. Note however we
must include all three components of the magnetic field. These assumptions reduce

the MHD equations to

pe+ (pu)y =0 (4.18)

(pu); + (pu® + P*), =0 (4.19)

(pv): + (puv — By By), =0 (4.20)

(pw): + (puw — B, B,), =0 (4.21)

(By)t + (Byu — Byv), =0 (4.22)

(B.): + (B,u — Byw), =0 (4.23)

E,+ ((E+ P*)u — By(Byu+ Byv + B.w)), =0 (4.24)

where we use u = (u,v,w) as the components of u;. Note that because of our

assumption that there is only one spacial dimension, B, is constant by virtue of the
no monopole constraint: 9;B° = 0.

The resulting Jacobian of (4.19)—(4.24), is given by
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0 1 0 0 0 0 0

T+ 7@ ) B-yu 1=y 1-yw 2-7)B, 2-7)B. y-1
—uv v Uu 0 —B, 0 0
—uw w 0 U 0 —-B, 0
—Byu/p+ Byv/p By/p  —B./p 0 u 0 0
—~B.u/p+ Byw/p  B./p 0 ~B./p 0 u 0
ay Qs as Qy as o a7
(4.25)

where we make the definitions H = (E + P*)/p and

-1 B
ar = —u (hﬂ—u2 +—B- u> (4.26)
2 p
BQ
g = H — —% — (y — Du? (4.27)
p
as = (1 —~y)uv — B,B,/p (4.28)
as = (1 —~)uw— B,B,/p (4.29)
as = (2 —v)Byu — By (4.30)
ag = (2 —v)B,u — Byw (4.31)
a7 = Yu. (4.32)

We now proceed to compute the eigenvalues and eigenvectors of A.

4.4.1 Jacobian Eigenvalues

We are interested in the eigenvalues )\, given by Ax = \,x with eigenvectors x € R”.

A straightforward cofactor expansion calculation leads to the result
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Al =U—Cf, Ay =1U—Cq, A3 =U—Cs;, A =1U, N\5=UtCs, N¢=uUtCq, A7=utcy

(4.33)
where A\; < A1 and ¢y, ¢, ¢s are known as the fast, Alfvén, and slow characteristic

speeds respectively. They are given by

0(21 = bi, C?,s = [(a*)2 + /(a*)* — 4a?b2]/2 (4.34)

where we have defined

bi=Bi/\/p, bV =b+b+02, ()= (yp+B)/p (4.35)

and a is the speed of sound given by a* = vP/p.

4.4.2 Eigenvalue Degeneracy

We seek to establish conditions for the eigenvalues to be distinct. By inspection of

the definitions of ¢, and cs, we see there are two natural cases to consider:

Case 1: B, = 0. If this condition is satisfied, we have ¢, = ¢, = 0.

Case 2: B + B2 =0, ¢} = max{a® b2}, and ¢Z = min{a® b3}

x

In Case 1, we see that the Alfvén and slow eigenvalues are equal to the entropy
eigenvalue which are are all identically u. Hence, A\, A7, and A4 are the distinct
eigenvalues, where \; has a multiplicity of 5.

Case 2 breaks into two subcases.

Subcase 2a: Because |a| = |b,| we find ¢} = ¢Z. Since max{a® b7} = b2 = a?,

then ¢} = ¢2 = ¢ implies u + ¢, has multiplicity 3.
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Subcase 2b: a* # b*. In this case either ¢; = b2 or ¢2 = b2. Thus u =+ ¢, has

multiplicity 2.

4.4.3 Eigenvector Degeneracy

We now consider the degeneracy problem for the eigenvectors of A. Recall that
we require the eigenvectors to be complete for our Roe solver to work properly. The
eigenvectors corresponding to \; are given in [24]. We require the following definitions

to simplify the form of the eigenvectors

c={cs, ¢}, g=F(B.,vF Byw)sgn(B,) (4.36)
? Byce(By + Byw)  y—2
_ + x y z 2 2 ] 4.
h po— cu F 2 —1) 7_1(0 a”) (4.37)

where sgn is the sign function. The right eigenvectors of A are given by

1 0 1
uxc 0 u
v F 5 FB.sgu(B,) v
Ripe=1 w¥ pﬁg?gg) Ruyte, = | +B,sen(B,) R, = w
re=s B:/v/p
MGEry —By/v/p a
u2+022+w2 +h g u2+v22+w2

(4.38)
For the degeneracy problem, we consider the same two cases as in the previous
section. For Case 1, we define the eigenvectors via limits and need to establish two

identities to simplify this task. First we compute
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1
i = 7 ((a*)* = (a*)* + 4a®?) (4.39)
= a’b? (4.40)
1 1
(@6 -1 = (G P - 1) - (@P 1) (1.41)
= —b2 (b2 +b2). (4.42)
Together with
b, b2 (b2 + b2
Cs = a‘ ’a Cg - i - (Zy 2 ) (443)
cr c;—b;
These induce the relations
bybxcs a(C?‘ - bazc)
= — B.)b 4.44
2 a?b,(c2 — b?
bt _ W = b) (4.45)

VoA =02) ey /p(B +B2)

We seek to control the singular behavior of the eigenvectors with components that
have factors Bycs/(c? — b2) and ¢2/(c? — b2). Since we have singularity issues when

b, — cs, we take limp,_osgn(B,) = 1 and consider

. bybycs . B.Bycs,
S0 —8) A By .
b,c? e a’b,

lim ——25 = — lim ——~ A 4.4
B0 p(c2 —12) B0 BB ABE bR+ ) (447)

We thus see multiplication by the above mentioned factors regularizes the previously

infinite eigenvector components.

B'y B,

=47, =5z will become singular, and neither is defined where
x x

In Case 2, one of

by + b = 0 for the fast eigenvectors if a® < b2 or the slow eigenvectors if a* > b2.
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Moreover, the determinant of the eigenvector matrix is proportional to (c?c —c?)? and
(¢} —c?) — 0as bl +b2 — 0 and a®> — b2 — 0. This is the singularity structure we
need to eliminate. Note how the singularities in this case are due to the vanishing
of the magnetic field tangential to the direction of fluid flow. This is in contrast to
Case 1 where the singularities arose due to the vanishing of the fluid flow in the z

direction.

We make the definitions

2 2
c; =0 14/~ B, B.
= 4 = ——— ﬂy:b2+b2 62:—172 = (4.48)
i — 2 €r\jc;—c2 y Tz Vv 0y 0
and note the identity
b2 ‘|‘b2
= _ 2 _ 2

Zz?oﬂ =c; — (4.49)

which shows the relationship between vanishing quantities. Scaling the fast, slow and

Alfvén eigenvectors by ay, a,, and (bz +b2)~1/2

respectively, removes the singularities
of the eigenvector matrix. Hence this procedure eliminates degeneracy problems

thereby producing a complete set of eigenvectors for a Roe solver.

4.5 The GRMHD Eigenvalue Problem

We now summarize a version of the GRMHD equations due to [20]. Define primitive
variables P = (po, v, €, B))T where pg is the rest mass density, v/ is the coordinate
velocity of the fluid, € is the specific internal energy of the fluid, and B’ is the magnetic

field in the frame of fiducial observers moving with four velocity n* = (1, —3)/a where
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« is the lapse and f3 is the shift!. We define the fluid enthalpy by h, = po(1 +€) + P
where P is the pressure and will be given by an equation of state that we need not
specify. We also define various fluid related quantities

_opP oP oh

P
= -, K = — s _8 — ]_ + € —|— s heci = + —K 450
X= g, o o X pox + - (4.50)

where ¢*® is the speed of sound. The GRMHD equations may be written in balance
law form

OF°  OQFJ
W + % =95 (4.51)

where F° and the three vectors F are dependent on quantities involving the primitive

variables. The definition of S is not important while F° and F* are given by

Wpo

heW2 + 32 V; — Bv Bz
heW? + B — L[(Bv)2 + B*/W? — Wpy — P

Bi

Wpo@j
([heW? + B?Jo; — (Bv) B,)o + (P + §[(Bv)* + B*/W?]) — (B;/W” + (Bv)v;) B
(heW? + B — [(Bv)? + B*/W?| — Wpy — P)v/ + (P + £[(Bv)* + B*/W?)v’ — (Bv)B’

B — Bi(vt — /)
(4.53)

where we have defined v/ = v/ — 37/« a Lorentz factor W = 1/(1 — [vv']?), and

h = det(h;;) where h;; is the metric on the spacial slices. Because we ignore the source

In® gives the trajectory of the observers moving normal to the two-manifold ADM foliation, i.e.

the spacial slices
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for the following calculation, we set it to zero. We define F* using the conservative

form of the above equation written in covariant form.

_OF(P) OFY(P)dP  _, 0P

0 dze 9P Oz T Oz

(4.54)

We note the system will be hyperbolic if the determinant of the Jacobian con-
tracted with a unit timelike vector is nontrivial. Thus the eigenvalue problem will
yield real eigenvalues and a complete set of eigenvectors. We now fix a direction z*

and consider the eigenvalue problem

det[FO(=X\F) + F* =0 (4.55)

where \¥ is one eigenvalue in the z* direction. There is no loss of generality in
choosing this direction; it could represent any of the directions. Differentiation of F*®

with respect to the primitive variables yields

|74 W3p0’l)j 0 Oj
WQ’)/U,L' hUQ + 2h6W4UZ‘Uj — BZBJ (po + H)W%Ji 2?)1‘Bj — Bivj —
YW?2 =W —x (2RW*+ B> —W3pg)v; — (Bv)B; (po+K)W? -k (2—1/W?)B; —
0’ 0’ 0 h
(4.56)
Wa* W po(W?v,0* 4 h¥) 0 0%
W2yvo% + hiy Al (po + K)W?v 0% + h¥k By,
(W2y =W — x)uF + xoF Cck (po + K)W?T* — K(0* — 0F) Dk
ik Bihé‘? — Bkhé- i h;@k -
(4.57)

where we define

(Bv)hi;

(Bu)v)j

ki
h]- v
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Afj = (th + 2h8W4’UZ"Uj - BZB])@]C + (QUZ — (BU)BZ)h;€ + hf((BU)BJ — B2’Uj)

— (hij(Bv) + v;B; — 2Byv;) B* (4.58)

BE = (2u,B; — Bvj — (Bv)hi)t* — (hi;/W? + vjv;) B* (4.59)

Cl = (2hW*v;—(Bv) Bj+B*v;— poW v 0" +(Q—W po) '+ ((Bv) B;— B*v;)v* — B; B*
(4.60)
DY = (2B; — (Bv)v; — B;/WU" + ((Bv)v; + B;/W?)o* — v;B¥ — (Bv)h¥. (4.61)

where 0° = (/' = (0,0, 0) where i indexes rows and j indexes of columns.

4.5.1 Eigenvalue Problem

Through an extensive yet straightforward cofactor expansion it can be shown

det(F* — N FO) = —a®h’ poh W3NF (TF — A’f)Ak’f{heW‘*a — )@ - \F)!

+[(@* =N (he W2+ B*+W?(Bv)?)—c2(W (Bv) (0" —\*)+B* /W )|[((0* = \") —0*)*— ] }
(4.62)
where
1

AR = (0% — \F)2Q — 2(9" — \F)(Bv)B* — WB’“B’“ (4.63)

and Q = h,W? + B?. The zeros of (4.62) give the desired eigenvalues. There is one
trivial eigenvalue \¥ = 0, one associated with the entropy wave 7° — \*¥ = 0, two
for the Alfvén waves given by the solution of A¥ = (0 and four magnetosonic wave

eigenvalues given by the solutions to the quartic.
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4.5.2 Eigenvector Problem

We wish to compute the seven eigenvectors corresponding to the entropy wave, two

Alfvén waves, and the four magnetosonic waves. We will represent eigenvectors as

(€9 e, e, ') where i ranges over i € {1,2, k} for some fixed direction z*. We define

a* = v* — A\¥ and compute the eigenvectors for the GRMHD equations by solving the
system [20]

0 = e%a" + (ve)W?poa® + e pg (4.64)

0 = " [(W2y — x)a" + xv"] + €*[(po + x)W?a" + k(0" — a*)] (4.65)

+ (ve)[2hW*a* — C*] + (Be)D* + e*[WW? — E* Ja™] (4.66)

0 = (xe® + re)(v* — a* + W2 YW 2 + (ve)[hW?2a" — C* W2 (4.67)

+ (Be)D*W 2 — " E* /(W 32a") (4.68)

0 = (xe” + re!)(B* — (Bv)(v* — a¥)) + (ve)(Bv)C* (4.69)

+ (Be)[hW?a" — D*(Bv)] + e*(Bv)E* /a" (4.70)

where a* = v* — A for \* an eigenvalue. (Bv) denotes the inner product of B and v.

We note that we may immediately combine these equations to find

et =P/} (4.71)

In the case of the entropy wave where a* = 0, a straightforward calculation shows

the system implies

e=c(1,0", —x/k, 09" (4.72)

k

In the case of the Alfvén eigenvectors where a* is a solution of A** = 0 we can solve
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the system. Allowing A** = 0 the eigenvector equations show the Alfvén eigenvector

components take the form

e’ =0 (4.73)

- g el 1) e (8L (Bo))] = weowrB L
" 0Bs— B | B 2 gE 7Y Ve B
(4.74)
9 ve 9 a” o [ o @F A
e? = " —Bi(W (Bv)ﬁ +1)+u W (B o (Bv) || — (ve)W*B 20
(4.75)
e = —(ve)W?a" (4.76)
="  IB,WXB )a_k+1)_ W2 BQa—k—(B ) (4.78)

= UlB2 — UQBl 2 v Bk' V2 Bk v .
2 g B 4 ) 4o (B~ (By) (4.79)

© = ’UlBQ — ’UQBl ! v Bk v Bk v ’
ek =0 (4.80)

k

We now turn our attention to the magnetosonic eigenvectors where a” is a solution

to the quartic in equation (4.62). In this case, A = 0 the system
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he ok k 2 k EF
o [ St —at+Wia¥) + o

hWiak — Ck + W2E*  DF (ve)

hW4(Bv)ak hW2ak (Be) " (Bo)W?2dk + BY)
(4.81)

can be inverted to find (ve) and (Be) given by

o0 k
(ve) = —%%%{(vk—ak) [hciwz(ak)Q — A (Bv)Wad" + BW)Q + (a*)?(|B)? + WQ(Bv)z)}

+hEWH(AR) — B*W (o (Bv)W + B* /W)a*c? +W?2(a*)?(a*| B> — (Bv) B¥) } = Ok
(4.82)

(Be) = [A**+-a* (Bv) BF)[2W*(W (Bv)a*+B* /W) —W*(Bv)a*]—W?(Bv)a* B*B* = ¢*

(4.83)
which when combined with the initial system gives
e = —po (" + (ve)W?ppa®) = —e%aF pgt (1 + PRI 2 py). (4.84)
Demanding i # k and recalling ¥ = 0 we have
0 = B'e* — B*e' 4 a"é'. (4.85)

We can combine the eigenvector equations to show

0 = [W2yu;a® + xhF]e’ + {ei[Qak — (Bv) B¥] + (ve)[2hW*v;a* — hF|B|? + 2B; B"]

+(Be)[—B;a" + h¥(Bv) — v; B*] + € [Qu; — (Bv)Bi]}e4 + [(po + K)W?v;a" + hFk)e*
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B* h¥
—|—{éi {—(Bv)ak - W} + (vé) [-B;a* — v;B* + h(Bv)] + (Bé) [QUi(lk + VVZQ}
. B;
which we write in the form
0 =are® + e;8° + e, +&F. (4.87)
Solving for the eigenvector components, we compute
. kaked _ Bick~k o gkgk
b _oiae eyt + at§; (4.89)
ak Bk + BhAk
o BEe+ B+ B (4.89)

ak Bk + Bk

which determines the GRMHD eigenvalues. Simplifying the denominator, we find

a*B* + BFyF = Q(a")? — 2d"(Bv)BY — W2B*B* = Ak (4.90)

which is the same factor as in the determinant of the GRMHD equations. Thus
we see we have singularity problems when either v1 By — v2B; = 0, B¥ = 0, or
AP = (. Generalizing the analysis of [4], we seek conditions when the eigenvalues of
the GRMHD equations are unique. We first note that when the discriminant of A**
vanishes, we have degeneracy. This is equivalent either (Bv)?2+QW =2 = 0 or B* = 0.
If the first condition is met, we have essentially trivialized the GRMHD equations.
The second condition has already been taken into account. Thus, we do not expect
to have singularity problems with the Alfvén eigenvectors. The magnetosonic case is

slightly more difficult. We consider a theorem from [27] which requires:



4.5 The GRMHD FEigenvalue Problem 71

Definition: Let I be a field of characteristic 0 and f(x) € F[z]| a polynomial of

degree n. Represent

f= H(x — ) (4.91)

and define

A =] — ay). (4.92)

i<j
Then the discriminant of f(x) € F[z] is D = A

Theorem: f(z) has repeated roots iff D = 0.

Thus we have rephrased our problem in terms of the vanishing of D. The following
corollary is useful for considering our specific quartic.

Corollary: Let A4, A5, A, Ay be the roots of a 4-th order polynomial over the

reals. Then

A?=D = (CH()W - Aj)> = A A=A1)2(A5=A1)2(Ae=A1)2(A—A6) 2 (As—Ag)2(Ag—A5)?

i<j
(4.93)
An alternative expression for D in terms of roots of f = Zf c;x' is given by
D = [(cfcgcg — 4y — Aciciey + 18c cacsey — 2Tcic) + 256c5¢))
+co(—4cycs + 18¢cicacs + 16¢5c4 — 80cicaesey — 6ciciey + 144cicacs)
(—27ch + 144eacey — 128622 — 192c1c3c§)]. (4.94)

which in principal completely determines degeneracy of the quartic associated to the

eigenvalues of the magnetosonic waves.
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4.6 Conclusions

We have calculated all the eigenvalues and eigenvectors of a balance law form of
the GRMHD equations and established singularity and degeneracy conditions. Mul-
tiplication of the eigenvector matrix by (A*)*(v; By — v3B;)?(B*)? will resolve the
singularity problems in the spirit of [4]. This will force the GRMHD equations to be

strongly hyperbolic.



Chapter 5

The Axisymmetric Initial Value

Problem for GRMHD

In the previous chapter we consider aspects of the characteristic problem for GRMHD.
An additional problem for attempting to simulate the set of equations it to construct
appropriate initial data for a simulation. In particular, one model we are interested
in is modeling a differentially rotating magnetized neutron star. This is impossible
without having an initial configuration for the system. We will describe a formal-
ism which allows us to make steps in solving this problem. Solving this problem is
necessary to consider solving the full time evolution problem of the system.

This requires evolving an initial metric coupled to a specified matter distribution
with the Einstein equations. One cannot choose the initial metric arbitrarily, but must
demand it satisfies the constraint equations of general relativity at a fixed time. This
is analogous to the requirement in electrodynamics that one must choose the initial
electric and magnetic fields in any dynamic configuration in a manner consistent with
the time independent electrodynamic equations.

We suppose a stationary axisymmetric spacetime. Equivalently, we assume the

73
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existence of two Killing vectors , one timelike, and another spacelike with closed orbits.
We will consider two types of these spacetimes. First, we reproduce current results
on spacetimes that obey the circularity condition. This restricts our fluid matter’s
propagation to planes parallel to the equatorial plane of a magnetized neutron star
and the magnetic field may be purely poloidal. This assumption of circularity is
frequently made in order to simplify the form of the spacetime metric. Such a metric is
convenient for calculation but is often an unphysical restriction of the matter content
of an axisymmetric spacetime. One example of its use is [5] to model nonmagnetized
differentially rotating stars.

In order to generalize the possible dynamics of our matter, we remove the condi-
tion of circularity and consider the initial value problem for non-circular spacetimes.
In [3], uniformly rotating magnetized neutron stars were considered. We extend this
work by deriving field equations and equations of motion for a differentially rotating
magnetized neutron star. We state the equations for the general initial value problem

(without assuming circularity) and leave numerical computations for future work.

5.1 Introduction

We are ultimately interested in a general stationary axisymmetic spacetimes. A
spacetime is stationary if it admits a timelike Killing vector 7#. A spacetime is
axisymmetric if it admits a compact spacelike Killing vector field £#. A spacetime is
stationary and axisymmetric if it is stationary, axisymmetric and the Killing vectors
satisfy the orthogonality relation: [r,£] = 0. Killing vectors generate spacetime
isometries via the exponential map. Thus the components of the spacetime metric
will not depend on coordinates which are adapted to the Killing vectors. If one

assumes a stationary and axisymmetric spacetime, one may assume a metric of the



5.1 Introduction 75

form

ds® = g, (2%, 2%)da" dz” (5.1)

with coordinate vector x = (t, 2%, 23, ¢) where 7 = 9, and & = 0.

Now consider the following theorem [30, p.163]

Theorem 1. Let £* and ¢ be two commuting Killing vector fields that satisfy
(1) oV ey and {0V tbg each vanish at least at one point.
(ii) faRa[bgcwd} _ ¢aRa[b§c,¢d] —0
We call (ii) the circularity condition. Then the 2-planes orthogonal to £* and ® are

integrable, i.e. they define 2-manifolds that foliate the full spacetime.

It can be shown that if this theorem holds and one chooses x5 and z3 wisely, a

static axisymmetric metric can be written in the form

ds® = =V (dt — wdg)* + V7 [p?de* + e (dp* + d2?)] (5.2)

where V', w, and y are only functions of p and z. There are only two nontrivial Einstein
equations for this metric. This is a dramatic simplification from a full axisymmetric
problem and is the starting point for the majority of standard axisymmetric analyses.
The hypotheses of the above theorem are satisfied for many spacetimes. Note that the
theorem as stated is a result from differential geometry. When the Einstein equations
are considered in conjunction with the theorem, the conditions of the theorem become
conditions on the stress energy tensor. The MHD stress tensor does not satisfy
these conditions in general and hence one my not apply the circularity condition for
GRMHD. For instance, if one wishes to model a differentially rotating magnetized

neutron star where the fluid velocity is not restricted to the equatorial plane, one
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must relax the conditions of the theorem and only assume the existence of the two
Killing vectors. The simple form of equation (5.2) thus does not hold.

As a result of the above argument the Einstein equations for of a stationary
axisymmetric spacetime coupled to MHD are much more involved because the metric
is significantly more complicated. Nevertheless, we wish to solve the corresponding
initial value problem for GRMHD. One aspect of this problem can best be explained
in terms of an analogy with electrodynamics [30, ch.10]. Recall that the vacuum

Maxwell equations are given by

1
antE = ’u—V x B — J, 8tB =-VxE (53)
0

V-B=0, V-E=p/e. (5.4)

The Maxwell equations govern the time evolution of the electric field E and the
magnetic field B given a charge distribution p and a current density J. Equations (5.3)
govern the time evolution of the electric and magnetic fields, and equations (5.4) are
constraint equations that both fields must satisfy for all time. Thus one must specify
initial data for the fields that is consistent with the constraint equations. This requires
solving the time independent electrodynamics equations to generate valid initial data.

We can formulate a similar nonlinear initial value problem in general relativity.
To do this we to assume our spacetime admits a timelike vector field that foliates
the full four dimensional spacetime into spacelike three-manifolds. We can prescribe
initial data on one of the three manifolds whose time evolution is governed by the
dynamic Einstein equations. Again we cannot specify this initial data arbitrarily,
but much choose an initial metric and matter fields to satisfy the elliptic (constraint)
Einstein equations. This is the initial value problem for general relativity. We will

further restrict to axisymmetric spacetimes.
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5.2 Axisymmetry with Circularity

The key assumption that simplifies the form of the metric in axisymmetric spacetimes
is the previously mentioned theorem. We state an similar theorem that has does not

involve the circularity condition:

Theorem 2. (Frobenius Theorem) Let X* and N® be two vectors on a Lorentzian

manifold. If

VaX[chNd] = O, and, VaN[chXd] =0

then X and N define integrable 2-manifolds that foliate for the full Lorentzian man-

ifold.

We note that this theorem has the same result as our previously mentioned the-
orem. We make the assumption of the Frobenius Theorem and the circularity and

consider the resulting Einstein’s equations.

5.2.1 Fluid Calculations

Unmagnetized differentially rotating stars are studied in the context of stationary
axisymmetric general relativity [5]. The solutions that we are considering are equi-
librium configurations and are in a sense generalizations of gravitating Newtonian

spheroids. The authors suppose a metric of the form

ds* = —"TPdt* + e**(dr® + r?df*) + e Pr? sin® 0(dp — wdt)? (5.5)

where p,~v,a and w are only dependent on r and 6. Setting G = ¢ = 1, the perfect

fluid stress tensor is given by
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T = (po + pi + P)uu® + Pg® (5.6)

where py is the rest energy density, p; is the internal energy density, P is the pressure,
and u® is the matter four velocity. This is the same metric we previously mentioned
in a different representation. We wish to compute the Einstein and matter equations.
To this end, we find the velocity components of the fluid by first defining the proper

matter velocity by

v=(Q—w)rsinfe” (5.7)

where Q = d¢/dt = (d¢/dr)(dr/dt) = u®/u'. We assume the fluid four-velocity
vector is normed to —1, there exist Killing vectors d;, d,, and meridonal circulation
(u" = u® = 0) which is a result of the circularity condition. With this information,

we find all the components of the four velocity in terms of the proper velocity

—1 = uuy = gt (u')? + 2gssu'u® + gog(u?®)?

= e "r?sin? O[u? — wu']? (5.8)

from which we substitute out u® and immediately solve for u’ to find

u® = [e0P2/1T —2]71(1,0,0,0Q) (5.9)

5.2.2 Matter Equations

Now now consider the matter equations given by the vanishing of the divergence of

the stress-energy tensor.
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0=V 1% = [py + pi + Pl(uVu’ + ubV,u?) + VP (5.10)

where we have used the above form of the fluid, the useful identity

Q_L — ua —
Vi _Haa(ﬂ ) = 0. (5.11)

and the Killing vector assumptions ; = 0, = 0. After simplification, the above

becomes

0= [po + pi + P]u“Vaub + V, P. (5.12)

Repeatedly applying our assumptions, we compute

1
u'Vaup = —u'l'u. = —Eu“udﬁbgad = UgOpu”
= (uy + ugQ)opu’ + u'ugdpQ = = (Inu') + u'uyz 2. (5.13)

Thus the matter equations can be expressed in differential form as

0=dP — [po+ p; + P)[dInu’ — u'ugzdQ) =0 (5.14)

which is called the equation of hydrostatic equilibrium. In the case of circularity,

given an equation of state, this can be integrated directly.

5.2.3 The Field Equations

The Einstein equations for the circular axisymmetric metric may be written

V2 [pe'?] = S,(r, ) (5.15)
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1
(v2 Lo ﬁa) her’2] = 8, (r, ) (5.16)

2 2
(W + 20— —“0> weO=20/%) = 5, (r, p) (5.17)

where 1 = cosf and the S; terms depend on stress tensor and metric terms and
there first derivative only (See [5] for the explicit values). Solving these equations
together with the equation of hydrostatic equilibrium amount to finding equilibrium
configurations of rotating fluid bodies.

In order to solve these equations, we adopt Green’s function techniques similar
to [5]. We are interested in finding the Green’s function for the operators in (5.15)-
(5.17). This will allow us to use an iterated Green’s function numerical solver to find
the metric components in a manner similar to that taken in calculating amplitudes
of scattering experiments in quantum mechanics. We seek the general solution to the

free space Green’s function problem for

n nu B
[v2 +20,— 50| 6= 8 (5.18)
subject to
lim ¢(r, 1) =0 [¢(0, )| < 00 (5.19)
Qb(r’ 1) = (b(rv _1) (bM(T? 1) = Qbu(ra _1) (52())

where we have set 1 = cosf. We first note that the partial differential operator is
currently not in self-adjoint form. Hence, we need to multiply by an appropriate
scalar p(r, 1) to make the problem accessible to Green’s function techniques.

Recall a linear operator L is self-adjoint on a Hilbert space H if L = L' where

(Lu,w) = (u, L'w), where (-, -) is the inner product on H. We take H to be the space
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of square Lebesgue integrable functions and define
n nu ~
L=V*+ —0 =50 L=pL (5.21)
and compute
(Lu,w) = /p(VQU)qun/Burw -n “—quuw
r r
d [pw n 0 ~
_ 2 _
= /u [V (pw) — ng (7) + T—Qﬁ—ﬂ(upw)} = (u, L'w). (5.22)
Hence the self-adjoint condition on p becomes
[v?wﬁu oy, } _ |2 (pu) = n 2 (@) + 29 o (5.23)
P ror2 M P or \r r28uup ' '
Recall the Laplacian takes the form
9? 290 1 92 1 0
A=+ 41— 4 —coth— 5.24
o " ror Trrae T2 g (5.24)
where ¢ dependent terms have been ignored. Setting u = cos# we find
0 oudf . Of
— = =— — 5.25
90 0o o (5:25)
0? 9
902 (1= 1) fup — 1S (5.26)
from which we note the transformed Laplacian takes the form
#? 20 1—p?0* 2u0
- i O 527

et e a2 ron

Expanding the right hand side of the self-adjoint condition, we find

d /pu n 0
2 — — — — —
Vi(pu) "or ( r ) + 2 0u (npu)
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n 1— p? n 2
= pAu + (Qpr - _p) Uy + |:—21u2p,u + _/;p Uy, + WPy += —UPy
r r r r
1—p? 20 n npu  np
+ 72 WP T g Putt = Pl + 27,_2 + 2 Pl (5.28)

We thus require the following are simultaneously satisfied

n n
<2pr - —p) = p— (5.29)
T T

1—p? n n

Thus we find p, = np/r and p, = nup/(p*—1). Dividing the equations and solving

n

gives p = ¢ (p)r™. Substituting this result back into the previous equation leaves
an ordinary differential equation for ¢;, which we solve and normalize to determine
p=(1—p2)"2m. Thus L = (1 — p2)"2r"L is a self-adjoint operator, and we can

state the free space Green’s function problem as

n n 4dme p ,
p| V2 + 20, = 2L0,] Glrp) = —ro(r =1")3(n— 1) (5.31)
or equivalently,
0 n+2 oG r" 0 L 2\14n/2 oG _ dme o )
or (T 3T> ICEERErn [(1 #) ol (1- u2)”/25<r rIol k)

(5.32)
for € an arbitrary constant.
We seek to solve the homogenous equation by a separation of variables ansatz. Let
G = R(r)©(u). Then the equation separates into two ordinary differential equations
n+2 A2

R —2R=0 (5.33)

Rl/
+ r 72
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1— 120" —2u(1 +n/2)0" + \?0 = 0. 5.34
(1—p7) ( /2)

The O equation is a Lengendre type equation. To solve it we use the method of

Frobenius. Assume that

0= Z cipl' (5.35)
i=0

and substitute into the differential equation to find

0= Z (i 4 2)(i + 1)cipap’ + Zw —i(i—1) —i(n+2))ept
= [(G+2)(i + 1)eiye + [N —i(i — 1) — (n + 2)i]ei] (5.36)

Thus we find the recursion relation

i(i— 1) +i(n+2) — A2

Cit2 = . . Ci- 5.37
i (i+2)(+1) (5.37)
We note the series converges iff
2
lim |92 | <1, (5.38)
imoo | it

In analogy to a similar argument for Legendre polynomials, we must truncate the
solution for some ¢ because the series does not converge at ¢ = £1. This gives the

condition

i(i—1)+in+2) =X =0— N =i +n+1). (5.39)

Thus we name the solutions Pl-(n), where ¢ denotes the truncation term. We solve the

R Euler equation and note the Green’s function is given by
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G =4 P ()P () (1 — )™ 5.40
(Z) Y Npars o R0 - ) (5.40)

where Ny, = f[Pl(n)]Q.

5.3 Axisymmetry without the Circularity Condi-
tion

We now turn to extending the results of the circular analysis to one for which circular-
ity does not hold. In [3], uniformly rotating magnetized neutron stars are considered.
We extend the formalism in the following by calculating the Einstein and matter
equations without the assumption of circularity. In this case we no longer have a
simple metric. In fact, the metric has no zero components. We will preform a double
Kaluza Klein type reduction in two directions of a four dimensional spacetime without
assuming hypersurface orthogonality.

Following our assumption of a stationary axisymmetric metric. We consider a

Lorentzian four-manifold (M,~) and decompose 7 according to

Y = Opv — Q2MMMI/ + S2Y,LLYV (541)

where we have made definitions

X" =(0,0,0,1) X'X,=s" YF=X"/s (5.42)
NY=(1,0,0,0) N*N, = —¢’ (5.43)

and define an intermediate projection operator
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Guv = Vv — SQYVYM- (544)

We note that s and q are functions of local coordinates. Thus we have not completely
fixed coordinates associated with the two Killing vectors.

We can think of g,, as a projection operator defined on the full spacetime which
projects onto a three manifold orthogonal to the timelike Killing vector. It can be
shown that g,, is the induced metric on the three manifold and thus can be used
to raise and lower indices on purely three manifold tensors. Similarly o, projects

tensors in the full spacetime onto a two manifold. Next, we define

’Ny = gyNx =7, Nx — Y, YN,
= Ny = NgY,, = (1,0,0, =Ny /%) (5.45)

with normalization

N2
SNANH = — ((f + S—j) = —(Q? (5.46)
where N, is the last component of IV,. Thus M* and Y* are orthogonal vectors by
construction. We define M, = *N,/Q? and find that

MY" = MYo,, =Y"0,, =0. (5.47)

We make the “pseudo-maxwell form” definitions in terms of “pseudo-gauge poten-
tials” to be

Zyw =0Y, = 0Y,, W, =0,M,—0,M,. (5.48)

Note that Y*Z,, = Y*W,, = 0. This means Z,, lives on the three manifold with

metric g,,, and W, lies in the two manifold with metric o,,. Next, we compute ar

in terms of the two manifold Christoffel symbols and projection elements to be
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1
41—‘21/ = 2]‘_‘;);1/ - §M)\ [3N(Q2M,,) + 8V(Q2Mu) + 82YM8V<N¢/S2) + Szyuau(]\ﬁb/sz)}

1
+§YA [0,(5°Y,) + 0,(5°Y,,)]

1
+ 50’\“ (8°(YiZoo — Vi Zpo) — Q*F(MWoo + M,W,0) — Y, Y,0(5%) + M, M,0.(Q%)] .
(5.49)
We note the additional important calculations and definitions
Zyw = 0000 Zap + Muo30a(Ng/5*) — Muot0a(Ny /%) =2 Zyy + My[- -] (5.50)
Wi =Yo7 Wap = 0000 Wap + WagM |-+ -] = 0000 Wapg = *W, (5.51)

which shows that W lives purely on the two manifold and Z lives on a three manifold
defined by modding the full spacetime out by the axisymmetric Killing vector. We
define D, to be the covariant derivative with respect to the 2-metric o and calculate

the projected components of the Ricci tensor to be

4 4
XHXVR,, = —%DQ(QD%) + SZ?ZWQZ‘”B - %@DQ(N¢/32)D"(N¢/32)
(5.52)
“w 2 sv\4 Q 83 « 2 82Q22 211700
XH(= QM) Ry = 5 Do 5D (No/ ) ) = = 2g™W (5.53)

(@MY ~QM) R, = 9D, (5D7°Q) = SNy 52D (N, /5) + 2w, 2w

(5.54)

P 1s3 o
UBX RMV = iaDa(Q/sZﬂ) (555)
oh(=Q°M")R,,, = —LDQ(SQ?’?VVg) (5.56)

2s0Q)
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2 2
0405 Ry, = *Rgs — DDs In(sQ) — %QZ(SaZg + 72W5a2W5‘

82

— 8—12D55D58 — é’DQQDgQ — TQQDB(N¢/S2)D5(N¢/82). (557)

The scalar curvature is given via contraction of the previous by

1 2 2
R =R = Do(D*(6Q)/5Q) — 5 Pul D) — a2 — L e
1 o' 1 a 52 2 o 2
—;DQSD s — @DQQD Q+ TQQDQ(N(b/s )D*(Ny/s%).

These equations are relatively simple. The Einstein equations become a second order
equation for s, an equation for N?, and an equation for ¢. They also produce two
Maxwell like equations for W, and Z,,. The final Einstein equations give a two
dimensional relativity on the 2-manifold defined with metrico where 2R, is the Ricci
curvature defined with respect to o,,. This is similar to the results of Kaluza-Klein.
Also one can show that circularity is recovered in the case that Z,, = W,, = 0. It is
most natural to choose conformal gauge on the two-manifold. (i.e. o;; = €%d;;). In

this gauge the two manifold scalar curvature and Ricci tensor take the form

R=—eYAyY (5.58)

1 1

where the Laplacian is with respect to the Euclidean metric (see for instance [15]).

This makes the Einstein equations on the two manifold particularly simple.
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5.4 GRMHD Stress Tensor

We have reduced the left hand side of the Einstein equations to equations given by
two manifold and projection quantities. We need to preform a similar analysis for the
matter part of Einstein equations.

Our stated interest is in magnetized neutron stars. Thus we consider the GRMHD

stress tensor

~ baba baba b bl/
TMV B TMV + 47 uuuu 8 ’YHV B Z'ﬂ'
b b N b.b,

To begin let up make two convenient conditions. Let {, be any vector. Define

1

£ = MPE, = &M 4 E,M® = >

(& — E5(Ny/s%)] (5.61)

and

E=Y"e = 56, (5.62)

We have the projections

~ 2 ®l1 1 ~

TLY"Y" = | po(1 Pt —|@*+|P+—|=——(b? .

L {po( +e)+ P+ 47?} (W) + [ + 8%} = 47T(b) (5.63)
T MPMY = | po(1 + )+P+b—2 (@)? + P+E i—i(é)2 (5.64)
w — ™ ‘ ar | 87| Q% Arw '

~ p27 1~
T M'Y? = [,00(1 +e)+ P+ 4—} ut, — —bb (5.65)
7r
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and similar projections for two-manifold quantities. These calculations give part of
the righthand side of Einstein equations G, = 877},,,. We now turn attention to the

matter equations

~ 1 1 1
0=V, 1=V, T+ —[b*V,(uu’) + uu’0,b*] + —g™0,b> — —V,(b"8)
A 8T 47
= |V, T% + b—z(uav u’) + g—aba 2| - Ly ) (5.66)
¢ 47 ¢ 8t ¢ 4 ¢ ' '
Lowering the free index we have
a b2 a 1 2 1 a
0= VaTb + —(u Vaub) + —8bb - —Va(b bb) (567)
4 8T 4
which we may write in differential form as
0= + ‘+P+ﬁ [dInu’ — w'ugdQ] +d P+ﬁ —iv (b"b) (5.68)
— T A7 ¢ 8 4 " ° ' '

Finally, we explicitly calculate the final term

1
Va(b'by) = b0,y + bdub" — By — ~ 5]l

2
+ by (b?“ [V, + ot 2a,] + 6%y + cot O + 2a,9]) : (5.69)
Additional work needs to be done to write the last term in differential form. We now

turn attention to our set of equations which govern the evolution of the magnetic

field.

5.5 Maxwell Equations

The Maxwell equations will govern the magnetic field 5. We take % as the Maxwell

stress tensor and project the Maxwell equations J” = V,F in a manner similar to
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our previous projections of the Finstein equations. We compute

1
JP =V F* =0, + T F® = ——0,(v/—7F*®) (5.70)

We now compute the projection
VAT = 0 )
= ;80(\/—_7 PR [Ybsm {oG — Q*M "My} — M*Q*M, {0 — s°Y Yy}

+02 {°Y Yy — Q* MMy} ] w/_—fdee)

— aa( /_’YQFab) + 32Yb6a [ /__,dee}/eo_g] . QQMbaa [ /__'VFdeMeO-:ﬂ (571)

where we have used the useful identity

0o In /=7 = 0, In(sQ/0). (5.72)

We recall that Fy, = 0,4, — 0,A, and note F® = ~*~4*[9. Ay — 9;A.]. We project

the Maxwell equations to find

V=AY " = OV=F*Y0§] + Ys0a(v/ =7 F*) (5.73)
— g N 0uOn Ay + On(Ag)a {Q } + Y0, (V=72F) (5.74)

where we have defined 2F® = g%5F. If we choose ¢ to be a conformally Euclidean

metric in polar coordinates, it takes the form

Oap = €¥ (5.75)
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and the previous equation becomes

1 /—
872,A¢ + ﬁ83A¢ = €2wj¢ — a“b(OaA¢)0b In [776_21/)] + YE,aa (\/ - 2Fab) (576)

which determines Ag. A parallel calculation shows that projecting along the axisym-

metric Killing vector gives
V=Y MyJ® = 0u[/—yF*Y, 0% + My, [\/—7 2 F]

= VT poh {aaahAt — B, (%ah,%)]

QQ
+ [8hAt — %ahA¢] D {\gjaah} + My, [v/—=7 2F*] (5.77)

This is an equation involving both A, and A,. If we use the previous equation to

eliminate A, as well as our previous coordinates, we find

52 52

1 N N N Ny Op A ezl
DPA + 00 A = —2e7], — 220,440, In {—276-24 N g1 {—Ve-ﬂ
r S S S r

(5.78)

N,
+ S—jy;aa(\/——y 2P 4 €289, Ayda(Ny/s?)o™ + 2 Q> M, J" (5.79)

B 621/1@2 62wQ2Mb
V= V=

Finally, we project the Maxwell equations into the two manifold to find

O [V=72F™].  (5.80)

N,
[8hAt - S—jahA(z)} 3a [V—1Q*0 ] —

V _’Yo-bcjb = O-bcga(\/ - 2Fab)
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= \/=y0p.0%c" 0, [0:Af — 0pAe] + 0be(0Af — 8fAe)8a(\/—vaaeabf) (5.81)

= /=700, [0. A. — 0.A.] + O.. (5.82)

where there are no second derivatives of A; in O.. Again choosing ¢ to be a con-

formally Euclidean metric in polar coordinates and letting ¢ range over r and 6, we

find
02A — 0, (%Ag = 7“201) Jb — Or (583)
’ V=1
82149 - (9 (%A = 7’20'59(]17 - 09 . (584)
(] (s T \/—_’}/
We can use the Maxwell gauge constraint
0=V,A* =D, A"+ A"0,In(sQ) (5.85)

to write the A, and Ay equations as linear equations. This now completes the analysis

of deriving the equations for full axisymmetric GRMHD.

5.6 Conclusions

We first considered the analysis of [5] in which differentially rotating unmagnetized
neutron stars were considered. In this case the Einstein equations admitted a form
that could be solved by an iterated Green’s function method. We proceeded to
extend this analysis and that of [3] to the case of differentially rotating non-circular

magnetized neutron stars. This was significantly more complicated since we have
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a general four metric. However, decomposing the metric along our spacelike and
timelike Killing vectors led to a relatively aesthetic form of the Einstein equations with
respect to the two metric. We are now in a position to apply numerical integration

of these equations for later work.



Chapter 6

Conclusions

This thesis has predominately been concerned with investigations related to evolution-
ary problems in black hole physics. After a brief summary of the Einstein equations,
we proceeded to consider the linear stability of black strings and p-branes (a charged
analogue of black strings). It was concluded that black strings always admit linearly
unstable modes; however, certain classes of p-branes dependent on a coupling con-
stant between a scalar dilaton and an n-form field can be stabilized for a sufficiently
large amount of charge.

We then considered the eigenvalue problem for the GRMHD equations and com-
puted all spectral information. Moreover, we established degeneracy conditions on
the eigenvectors and provided scaling factors that should eliminate such problems. Fi-
nally, we derived the Einstein and matter equations for a general stationary axisym-
metric spacetime with the GRMHD stress tensor without assuming the circularity
condition.

Further work needs to be done on each of these projects. First, it would be inter-
esting to understand why the threshold masses for unstable black p-branes increase

for large values of u for some fixed a. This seems to imply that for some a, applying

94
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a large amount of charge to a certain p-brane makes it more unstable than lesser
amounts of charge. Can this be explained? Also, can p-brane solutions to more gen-
eral low energy string theories be considered? Secondly, our GRMHD spectral data
needs to be incorporated into current numerical schemes to fix spurious boundary
waves. Finally, our equations for the general axisymmetric initial value problem need

to be numerically solved.



Bibliography

1]

O. Aharony, J. Marsano, S. Minwalla, T. Wiseman. Black hole-black string phase
transitions in thermal 141 dimensional supersymmetric Yang-Mills theory on a

circle. Class. Quant. Grav. 21, 5169-5192, 2004. hep-th/0406210.
G. Arfken. Mathematical Methods for Physicists. Academic Press, 5th ed, 2000.

M. Bocquet, S. Bonazzola, E. Gourgoulhon, J. Novak. Rotating neutron star
models with magnetic field. Astron. Astrophys. 301, 757, 1995. gr-qc/9503044.

M. Brio, C. Wu. An Upwind Differencing Scheme for the Equations of Ideal

Magnetohydrodynamics. Journal of Computational Physics. 75, 400-422, 1988.

G. Cook, S. Shapiro, S. Teukolsy. Spin-Up of a Rapidly Rotating Star by Angular
Momentum Loss: Effects of General Relativity. The Astrophysical Journal, 398,
203-223, 1992.

R. d'Inverno. Introducing Einstein’s Relativity. Oxford University Press, 1992.

M. Duff, J. Lu. Black and super p-branes in diverse dimensions. Nucl. Phys. B,
416, 301-334, 1994. hep-th/9306052.

M. Duff, H. Lu, C. Pope. The black branes of M-theory. Phys. Lett. B 382,
73-80, 1996. hep-th/9604052.

96



BIBLIOGRAPHY 97

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[20]

E. Gourgoulhon, S. Bonazzola. Noncircular axisymmetric stationary spacetimes.

Phys. Rev. D. 48, No. 6, 2635-2652.

R. Gregory, R. Laflamme. Black Strings and p-branes are Unstable. Phys. Rev.
Lett. 70, 2837-2840, 1993. hep-th/9301052.

R. Gregory, R. Laflamme, The Instability of Charged Black Strings and p-branes.
Nucl. Phys. B. 428, 399-424, 1994. hep-th/9404071.

R. Gregory, R. Laflamme, Evidence for Stability of Extremal Black p-branes.
Phys. Rev. D. 51, 305-309, 1995. hep-th/9410050.

D. Gross, M. Perry, L. Yaffe. Instability of flat space at finite temperature. Phys.
Rev. D. 25, 330-355.

R. Giiven. Black p-brane solutions of D=11 supergravity theory. Phys. Lett. B.
276, 49-55, 1992.

R. Hamilton. The Ricci Flow on Surfaces. Math. and G.R., Cont. Math., 71,
237-261, 1988.

T. Harmark, V. Niarchos, N. Obers. (to appear in GRQC) hep-th/0701022.

J. Hartle. Gravity: An Introduction to Einstein’s general relativity. Benjamin

Cummings, 2002.

S. Hawking, G. Ellis. The large scale structure of spacetime. Camb. Univ. Press,

1975.

T. Hirayama, G. Kang, Y. Lee. Classical Stability of Charged Black Branes and
the Gubser-Mitra Conjecture. Phys. Rev. D, 67, 2003. hep-th/0209181.

E. Hirschmann, Private Communication.



BIBLIOGRAPHY 98

[21]

[22]

[25]

[26]

[27]

28]

G. Horowitz, A. Strominger, Black Strings and p-branes. Nucl. Phys. B. 360,
197-209 (1991).

J. Hovdebo, R. Myers. Black Rings, Boosted Strings and Gregory-Laflamme.
Phys. Rev. D. 73, 2006. hep-th/0601079.

J. Jeans, The Stability of Spherical Nebula, Philosophical transactions, 1902.

A. Jeffery, T. Taniuti. Non-linear Wave Propagation with Applications to Physics

and Magnetohydrodynamics. Acedemic Press, 1964.
R. Miiller. Differential Harnack Inequalities and the Ricci Flow. EMS, 2006.

H. Reall. Classical and Thermodynamic Stability of Black Branes. Phys. Rev. D.
64, 044005, 2001. hep-th/0104071.

J. Rotman. Galois Theory. Springer, 2nd ed., 2001.

M. Spivak. A comprehensive introduction to differential geometry vol: 1-5. Pub-

lish or Perish, Inc. 3rd ed., 1999.

C. Vishveshwara. Stability of the Schwarzschild Metric. Phys. Rev. D., 1, 2870 -
2879, 1970.

R. Wald. General Relativity. Univ. of Chicago Press, 1984.

S. Weinberg. Gravitation and Cosmology: Principles and Applications of General
Relativity. Wiley, 1972.



Appendix A

Numerical Code

This code is written for Mathematica 6.0, and is used to solve the perturbation

equations mentioned in chapter two.

(* The following is a numerical method for integrating perturbation
equations of a class of place p-branes as referenced in Chapter 2. It
searches for a value m such that P<O by integrating the perturbation
equations with a fixed value of mu. When m has been found, mu is
incremented and the process repeats. The output is given in sols. *)

j=1; (* Initialize secondary loop index j *)

stor = ConstantArray[0, {2000, 3}]; (* An array for main loop data *)

sols = ConstantArray[0, {600, 3}]; (* An array for secondary loop data *)
While[j < 500, (* Begin Secondary loop *)

i=1; (* Initialize main loop index i *)

P=1,; (* Initialize the value of P x*)

\[Mu] = j/100 - .01; (* Increment mu by hundreths *)

While[P > O, (* Begin main loop *)

m = i/1000 - .001; (* Increment m by thousandths *)

a=1;

d = 3;

dt = 5; (* Define d tilde *)

k =2°5/(dt + 1 + 4 dt/tri Sinh[\[Mul]"2); (* Define k for ADM mass 2°5 x*)
rh = k~(1/4t); (¥Define event horizon value *)

tri = a2 + 2 d dt/8;
\[Epsilon] = 107(-6); (* Define horizon offstep *)
rm = 500; (* Define endpoint of numerical integration *)

(* Input perturbation equations *)

99
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eqnl = r (r"dt - k) \[Phi]’’[r] + ((dt + 1) r~dt - k) \[Phi]’[r] -
m"2 r (dt + 1 - 4 dt/tri) (r~dt + k Sinh[\[Mul]l"2)"~(4/
tri) \[Phi][r] - dt k \[Psi]’[r] == 0;

W=4dt (r"dt - k) (r~dt + k Sinh[\[Mul]"2) -
2/tri (a”2 - 2 dt~2/8) Sinh[\[Mul]l~2 (r~dt - k)2 +
dt k Cosh[\[Mu]]l~2 r~dt;

eqn2 =

r°2 (r~dt - k)°2 (r"dt + k Sinh[\[Mul]l"2) \[Psi]’’[r] +

r (r/dt - k)°2 (2 dt (r~dt - 2/tri k Sinh[\[Mul]l"2) - (dt - 3) (r~dt +
k Sinh[\[Mul]l"2)) \[Psil’[r] - (m"2 r~(dt + 2 - 4 dt/tri) (r~dt -k)
(r~dt + k Sinh[\[Mul]"2)"(1 + 4/tri) + dt k (W +

2/tri (2 dt"2 + (dt + 3) (a"2 - 2 dt~2/8)) Sinh[\[Mul]l"2 (r~dt - k)~2))
\[Psi] [r] +dt k W \[Phi] [r] == O;

(* Input boundary conditions II x*)
phibnd = 1 + m"2 rh~2/dt Cosh[\[Mul]l~(8/tri) \[Epsilon]/rh;
phiderbnd = m~2 Cosh[\[Mul]l~(8/tri) rh/dt;

(* Solve equations for boundary conditions I *)
q = NDSolve[{eqnl,eqn2, \[Phi] [rh + \[Epsilon]] == \[Epsilon]/2,
\[Phi]’ [rh + \[Epsilon]] == 1/2, \[Psi][rh + \[Epsilon]] == \[Epsilon]/2,
\[Psi]l’ [rh + \[Epsilonl] == 1/2}, {\[Phil, \[Psil},
{r,rh + \[Epsilon], 500}, StartingStepSize -> 107 (-6)];

(* Solve equations for boundary conditions II *)
s = NDSolve[{egnl, eqn2, \[Phi] [rh + \[Epsilon]] ==
phibnd, \[Phi]’[rh + \[Epsilon]] == phiderbnd, \[Psi][rh + \[Epsilon]] ==
1, \[Psi]’[rh + \[Epsilon]] == 0}, {\[Phil], \[Psil},

{r,rh + \[Epsilon], 500}, StartingStepSize -> 107 (-6)];

(* Evaluate numerical results near infinity *)

phl = Evaluate[{\[Phi] [rm], \[Psi][rm]} /. ql[[1, 111;
psl = Evaluate[{\[Phi] [rm], \[Psi][rm]} /. ql[[1, 2]1];
ph2 = Evaluate[{\[Phi] [rm], \[Psi][rml} /. s][[1, 11];
ps2 = Evaluate[{\[Phi] [rm], \[Psi][rml} /. s][[1, 2]1];

P = phl ps2 - ph2 psl; (* Compute P *)

(* Store Data *)
stor[[i, 1]] = m;

stor[[i, 2]] = P;
stor[[i, 3]]1 = \[Mul;
i++; (* End loop if P<O increment mu and proceed again *)

]
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sols[[j, 111 = N[stor([[i - 1, 11]1];
sols[[j, 2]]1 = N[stor[[i - 1, 2]11];
sols[[j, 3]] = N[stor[[i - 1, 3]]];

(* Print numerical progress *)

Print[¢¢-————————— BE
Print[ ‘‘m _— mu’’];

Print[¢¢—————————— 1]

Print [Row[{N[sols[[j, 1111, N[sols[[j, 3111}, *¢ - 1077

j++; ]



