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Abstract. In modern theories of rewriting ctructures, hyper-sentential and hyper-algebraic
extensions of languages-families have abstracted the imminent features of iterated parallel sub-
stitution. After introducing the concept of a (depth-bounded) translation, we show that for

each language L hyper-ulgebraic over a natural family F there are F-translations A, A and lan-
] -

guages L,, ..., L, hyper-sentential over ¥ such that L = (J AP(L,) v A?($), for some p, g > 0.
[°%

Two specializations of this result are given, when more assumptions are made about &#. These
are, firstly, a translation theorem and, secondly, an alphabetic hoimomorphism theorem for hy-
per-algebraic extensions (an alphabetic homomorphism is a letier-to-letter or letter-to-¢ homo-
morphism),

1. Introduction

A few years ago new developments in formal language theory facussed on the study
of parallel rewriting as a means of language gencration. Many of the results obtained
are surveyed ia Herman and Rozenberg [3] and Rozenberg anc Salomaa [8], where
also the original motivation from biology is described.

In this paper we study the fundamental aspects of some structural results con-
cerning “tabled” parallel rewriting. The underlying structures were previously stu-
died in van Leeuwen [5-7], Salomaa [9] and Wood [10]. The point cf view ex-
pressed in these papers is that rewriting systems are considered to be substitutionai
devices for extending arbitrary families, rather than for the generation of particu-
lar families only. ]

* This work was carried out by the first author under NSF Grant GJ 998, NATO Grant 574
and nuder the auspices of the Ceiter for Mathematical Methods in the Social, Biological ard
Healih Sciences (SUNY, Buffalo, I'. Y.) and by the second author under a National Researvn
Council of Canada Grant No. A-77CD.
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The structures dealt with in this paper are “levelled trees”. Going from one level
to the next corresponds to applying one out of a finite set of F-substitutions.

Beginning with an initial language from 7 in the first level, the entire collection
of words we get level by level is a “language”. The new family of languages obtained
from & is said to be the hyper-sentential extension of . If we only include those
words from the various levels which ars over a designated “terminal” alphabet, i.e.,
take canonical resirictions of the languages kyper-sentential over &7, then we get
a richer family, the hyper-algebraic extension of . Such extensxons correspond
t: the “sentential form sets” and ““(terminal) languages”, respectively, in the more
classical frame-works. L

In this paper we analyse languages in the hyper-algebraic extension of naiural
families ¥, and show that in a well-defined sense they are composed of finitely many
hyper-sentential languages, which means that there is a surprising predictability in
taking canonical restrictions. A similar, but stronger, result was recently obtained
by Ehrenfeucht and Rozenberg [1-2] for extensions of the family of finite languages
but it ic here shown to be of a structural rather than combinatorial nature.

2. Prelimiuaries

For a language L we let Alph (L) be the smallest alphabet such that L = Alph (L)*.

A collection of languages F is called a family if it contains at least one non-trivial
member and is closed under isomorphism. A family 7 is called natural if it contains
all canonical restrictions of its members, i.e.. if for each L in & and alphabet T,
LnT*isin &

For a family & and alphabets T, and T, amap t: T; — 277 s said to be an F-sub-
stitution iff it satisfies the following conditions: (i) 7 (¢) = {e}, (ii) for all @ in T}, « (a)
is in F, and (jii) for all x,y in TY, 1 (xp) =t (x) T ().

‘We now introduce perallel rewriting systems for generating levelled trees in step
by step fashion.

Definition, Let 5'7 be o family. An E?-substitutioﬁ scheme is a pair G = '(.V, {T1s cos Ta})s
n > 0, where V is an alphabet and all 7,’s are F-substitutions over ¥, such that for
all i and for all ¢ in ¥V, 1,(a) # 0.

&
We write x=y if y is in 7, ... 7, (x) for some choice of iy, ..., 4 in {1, .., n}.

The steps involved can be visualized as iterated replacements (see Fig. 1). Going
“downwards” some branches may disappear if the particular ¢ that is applied leads

to the empty word, =
Definition. The hyper-sentential extension of F is the family of all languages L such

k&
that for some F-substitution scheme G end M in F, L = {y: x =y for some x
in M and k > 0}.
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Thus, languages in the hyper-sentential extension of F consist o§f everything that
is generated level by level by some F-substitution scheme frem initia languages in 7,
Definition. The hyp:r-algebraic extension of F is the smallest natural language family
enclosing the hyper-sentential extension of <.

Therefore all languages in an hyper-algebraic extension are of the form L n T*
for some hyper-sentential L and alphabet 7, and a much richer family results. This
has been exemplified in the study of OL versus EOL-languages, of TCL versus
ETOL-languares (all classes of developmental languages see Herman and Rozen-
berg [3]) and in cther studies of “sentential form sets” versus “terminai-restrizted
languages”. '

This paper will study to what extent hyper-algebraic languages have a more
complex structure than hyper-sentential languages. The remainder of this section
is devoted to a too!l which we will need in our analysis, and which is of a more au-
tomata-theoretic than language-theoretic nature.

_——words frem L
e /
\

k=0and

mf

I ——3 words from AX{L)
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Ymagine a device which holds an F-substitution scheme A = (W, {0y, ..., On})
in its interior, aud upon input of some language L over W it processes its words
some fixed number of steps, k say, and then outputs the results.

Definition. Given 7, let & == ¥ U {3}, i.e. the smallest family containing F and the
single symbol sets, let 4 = (W, {3y, ..., 3,,}) be an F-substitution scheme and k
a fixed integer, & > 0. For a language L over W, 4(L) = {y| » = y for some x in L}
is called an F-translation of L.

If the family  is iwplicitly understood we will just speak of a “translation”.
In later applications we will frequently wish to translate a language into the
terminal words which can be derived from its elements in some fixed number of

steps. As an illustration of th's use of a translation, we prove a lemma which is of
interest in its own right.

Lemma 1 (Selection Lemmz). Let F be a natural family, G be an F-substitution scheme,
L be inF, Tbe some terminal alphabet and let k, | = 0. There exist finitely many L,, ...,
L, m > 0, all isomorphic to canonical restrictions of L, such that (1) {y: there exists x

- k , . , , "
in L such that x = y and theve exists z in T* such that y = z} is atranslation of \ ) L,
=1

and (2) {y: x‘-‘g y in T*} is a translation of C) L,

=1

Proof. Let G = (V, {r4, ..., ©»})- We may assume k > 0, otherwise choose m = 1

and L, = {x:x is in L and there exists z in T* such that x = z}. We consider all
possible sequences of substitutions of length k, and select those which lead to ;’s
which can be further expanded into terminal words.

For each ¢ in {14, ..., %,}%, 0 = 75, ... 7y, and § ip {zy, ..., 7,}", define the alpha-
bets V (0, d,j), 0 <j < k as follows:

V(o,0,k) = {a:ain ¥V and é (@) n T* # g}, and

V(b j-1)={a:ain V, 1, (a)nV (0,6, /)* # 8}, 1 <j<k.

Now all words in L over V (o, 6, 0) can be “translated”, when appropriate substi-
tutioas are made, into words y which can be further processed to some terminal
word. The ¢ is needed to coordinate the final stage.

For all ¢ and 6 such that V (o, J,0) 3 fJ, introduce new symbols [a, ¢, ,j],
where a is in V (g, 6,/), 0 <j < k. For all x in ¥ (s, 8, j)*, x = a; ... a,, let x50
deaote [a,, 0, 8,7] ... [, 0, 8,/]. Now let L (o, 6) = {x'=89: x in L n V (o, 6, 0)*},
which is easily seen to be isomorphic to a canonical restriction of L. Define the
substitution t as follows:

for 0 <j<k~1,7([a,0,6,j]) = {x@asD: x in 7, (a) 0 V (0,5, j+1)*}
and 7 ([a, 0,0, k~1]) = 7,(a) N V (g, 5, k)*.
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Since ¥ is a natural family, and therefore closed under canonical restriction and

iscmorphisms, © is again an F-substitution. Furthermore 4 = (V u U {[q, 5, 6,j]:
a,8

ais in V(0,4d,j) and 0 <j < k}, {}) is the required transiation scheme. Note

thet there are only finitely many L (o, 6)’s and ihat only one substitution is neces-
sary in the translation scheme, hence the required translation is 4*(|J L (o, 5)). The

second part of the lemma is proved ir a similar way, except that”

Vie,d,k+) =T, |

V(o,0,k+j—1) = {a: aisin V, 8,(@)nV (0,0, k+j)* # 0}, 1 <j <],
and t is extended by:

1([a, 0,6, k—1]) = {x@.s0: xin 7, (a) " V (0, 3, k)*};
for 0 <j<I-1,

t([a, 0,8, +j]) = {x@0dstD: x in 6, (@) N V (0,0, k+j+1)*};
and

t([a,0 6, k+!~1]) = b,(a) n T*.
The required translation is A% L (o, 8)).

[ X

3. A fundamental theorem

In this Section we will discuss the ideas behind the first few steps of the decompo-
sition theorem.
Let G = (V, {14, ..., T}) be an F-substitution scheme, and T an alphabet. We

use G to generate a language L hyper-algebraic over ¥, and wish to decompose L
into translations of hyper-sentential languages.

) F ~j < some M in &
some 7 in {r,,..,'rn}( |

(

| { = > select words from each
level that are over T

It is required to know precisely where the terminal words will appear, but that
is only part of it. We wish to decompose the derivation of a terminal word into
“big™ steps (realised perhaps by smaller steps), which should be steps in a basic
replacement system making up a “hyper-senteatial” component.
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* Hence, in a derivation leading to a terminal word we wish to detect stages (“big’f
steps) which could have been expanded into a terminal word much earlier, that is,
the opposite of a pumping lemma.

. o s k
Consider some derivaticn x =y,
X
[

¥
£ .
1‘» ..ﬂ;“..tbl.t....

(\.l y 1 in T*
I t

of a word over T. At each level all appearances of some symbol, a say, are replaced,
in general, by possibly different words from 7,(a) for some i, x,, ..., x, say. How-
ever if at that level each appearance of a is replaced by the same word, x; say, then

the derivation will still give a terminal word, i.e. x > y's ¥’ in T*, Hence, if we are
only interested in at what levels terminal words will appear, we may just as well
assume this restriction on derivations, and consequently have the steps determined
by the alphabet of the intermecliate strings.

Slightly generalizing a corresponding concept in Ehrenfeucht and Rozenberg [1]
we have: '

Definition. For U, T, G, V, let the spectrum of U with respect to G and T be
Spec (U, G, T) = {n: there exists x such that Alph (x) = U and there exists z in T*

such that, x= z}.
As in Wood [10] we obtain:

Theorem 2 (Spectrum theorem). For all Gand U, T, G, V, Spec (U, G, T) is ultimately
periodic.

Proof. With the previous reductions we need only consider the behaviour of the
sub-alphabets. Going from level to level can easily be modelled by transitions in
a (non-deterministic) finite-state automaton. The result fcllows since ali regular
anguages over a one-letter alphabet form an ultimately perioclic set.

Each uvitimately periodic set is the union of a finite set and a finite number of arith-
metic progressions with equal period. Provided Spec (U, G, T) # @, let IV, = max
(Spec(U, G, T))+ 1if the spectrumis finite, and Spec (U, G, T) =  {N$*+1Fy: 10}
v {n in Spec (U, G, T): n < Ny} for some smallest Ny, otherwise.

Here is the fundamental resuit. |

Theorem 3. Let G be an F-substitution scheme and T < V be o terminal alphaber.
There exist constants o. 2> 2 and C, dependent on G and T such that for all & = C and
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all x:

k
there is a y in T* such that x = y iff there is a z in T* such that x =

Puoof, If for all U < V, Spee (U, G, T) is either empty or finite, the theorem follows
it 1ediately. Without restriction we therefore assume that some spectra are infinite.
£t a = 1+Llem. (py: Spec (U, G, T) is infinite}, and C = max {N’: Spec (U,
7, T) # f). Let k > C be arbitrary.
To prove the theorem we consider two cases.

only if: Suppose x = ¥, y in T*, Since k > C it follows that Spec (Alph (x), G, T
is infinite, and for some A >0 and i,
k= Nf\ll)ph(x)""i"pAlph(x) .
Now a = 140 paionix), hence we have:
ak=-(1 +0PA;ph(x)) (Ngl)ph(x)'l')'-nl\lyh(x))
Alph(x) +(A+6N5) atph(o T+ A0Pa1pu) Parpacn
and therefore ak is in Spec (Alph (x), G, T).
if: Now suppose that x = z, z in T*. It again follows that Spec (Alph (x), G, T)

is infinite, and for some u and i we have

ak = (1 +0pAlph(x)) k = Ngl)pn(x)'*'!lpmm(x)-
Write this as

k+40:L -ppipnxy = Ng:ph(x)+!‘PAlph(x)’
then since &k > Ny ucn it follows that

6k Parpneny < BParpn(xy
Consequently -0k >0, and

k= Ngx’yh(:)"‘ (1 =0k} Parpncx
showing that & is in Spec (Alph (x), G, T).

4. The decompaosition theorem

Let G be an F-substitution scheme, M in F be the language to which it is applied,
and T be a terminal alphabet. Before formulatiag the main theorsm, let us briefly
outline the ideas again.

First we select those words x from M for which Spec (Alph (%), G, T) is infinite.
Provided there exist such words, we can choose ¢ and C (depending only on G and T)
as in Theorem 3.
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Consider a word w in T* derived in “many” steps, say A’ steps, such that N =
k (x—1) C+j, for some j and k, 0 {j < (x—1)C and k¥ > 1 and there is a de-
rivation

Xy

.
.

Xjta~13C

.
.
x RN Y PR LY .4
*jt2{a13C
.
-

Xpe-ne = win T,

Since X upe~1c-ac = Xj+a-1)a-1)c -c derives a terminal word in «C steps, it de-
rives a terminal word in C steps. Consequently since X;+x-2)~1)c~c derives a ter-
minal word in «C steps, it also derives a terminal word in C steps and so we can
continue:

o XIHe—Da—1)c-C
terminal
Xj+k-1)a—5)C~C
terminal
2 Xitka—1C~¢
terminal

all the way up to x;+-1c-c

Thus if we can realize the vertical lines in one “big” step, and the side-branches
by a translation, then we have decomposed the system and realised it as the trans-
Iation of a hyper-sentential language. However there are more details, since, in par-
ticular, realizing the translations is a complicated task.

Let us first make the above analysis more precise into an “if und only if” charac-
terization.

Lemma 4. Let Spec (Alph (x), G, T) be infinite, and 0 < j < {—1) C. Then L (x, j)
= {win T*: x = w Jor some N = j(modulo (& —1) C)} can be systematically obtained
as follows:

(DIt A={y:yinT* x EA ¥}, that is all terminal words which can be derived
in j steps, and

(iij consider all sequences yo, ¥4, ¥3, ..., where: y, is derivable from x inj+(x~1) C+
C steps such that it can lead to a terminal word after an additional C steps, and y is
derivable from y;,-4 in (a~1) C steps such that it can lead to a terminal word after an
additional C steps and let B be the sct of terminal words which can be derived froms
the yy’s in C steps. Then A u B = L (x, j).
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Proof. Assume that the spectrum of x contains infinitely many N = j {modulo
(x—1) C).

The previous analysis has shown that all terminal words in L (x, j) will be vbtained
this way.

Ve only show here that once a y, exists, an infinite sequence of y,’s exisis. Using
in wetion, suppose that y,, exists, deriving a terminal word in C steps. By Theorem 3
it follows that we can derive “another” terminal word from y,., in aC steps. On
the way, after (x~1) C steps, we therefore have words from which a terminal word
can be derived in aC—(x—1) C = C steps. Therefore, if y, exists an infinite se-
quence of y,’s exists.

The lemma holds the clue to breaking up a hyper-algebraic language into hyper-
sentential languages. '

Theorem 5. et F be a natural family. For each tanguage L hyper-algebraic over
F there exist m, n, translations Ay and 4,,p; >0and ¢, >0, 1 <i<m, 1 <j <
n and langusges Ly, ..., L, hyper-sentential over F such that

n B
L= 4ML)v U 43($).
=1 J=1
Proof. Let L be generated from M in &, using the F-substitution scheme G =
(¥, {4, ..., ©}) and terminal alphabet T.

Assume first that for all x in M, Spec (Alph (x), G, T) is finite. If all are empty,
ckoose n = m == 0. Otherwise there are finitely many k,, k,, ..., k,, being the levels
at whick termiral words can appear. For each k;, use the selection lemma to deter-

mine a translation 4 ; and finitely many A4, ..., M, all over disjoint alphabets but
isomorphic to canonical restrictions of M, such that the set of terminal words de¢-

rivable from M in k; steps is equal to Zl’j’(O M,). Since < is natural, each M, isin &,
fwu

Choose a “new” symbol 8, and for each substitution < in 4, introduce 7 (1 i <)
which is like 7 but has in addition t*($) -= M,. The new scheme is .1, and trivially

L= aM@)
J=1
in this case.

Assume next that for some x in M, Spec (Alph (x), G, T) is infinite. Whatever
terminal words are contributed from {x: Spec (Alph (x), G, T) is finitc} (a finite
union of languages in &, since & is natural) can be treated as above.

So we only need to consider the derivations on words x in Af with infinite spec-
trum. ,

Choose some U < ¥ such that Spec (U, G, T) is infinite and M n U* # @ (U will
be denoted as Alph, below).
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The “construction” below has to be carried out for all such U, but there are only
ﬁnite:ly many of them and in the end, collecting all of them together, we will still
have a finite union of translations.

Choose j, ¢ < j < (¢—1) C. Use the selection lemma to obtain all terminal words
derivable in j steps from M n U* (in &) as the finite union of translations of §i.

Now assume that the spectrum centains infinitely many N = j (modulo (x~1) C}.
We will use the idea implicit in Lemma < to obtain 2ll terminal words derived in
such a number of steps.

We will design an F-substitution scheme G’ which generates exactly all sequer-
€S ¥o, V1, --. int such a coded form that there is a translation which works on the y,’ s
and intermediate words to get exactly all terminal woids required.

The methodology is as follows:

(i) first gencrate all y,,

(ii) represert y, as [*, Alph, 6] ... [*, Alph, 6] where Alphis (a supersct of) the
alphabet of ». znd J consists of a sequence of C F-substitutions which can generate
terminal wo-ds from y,,

(iii) goinj, from y; to y,+, in (x—1) C steps is represented by having intermediate
words of the form

[*9 Alphl’ Alphz, o, 0, t]..;

where Alpiy, is (a superset of) the alphabet of y,, Alph, is the “guessed” (superset
of the) alphabet of y,+,, 6 the sequence of F-substitutions of length (x—1) C suppos-
edly realizing the transformation from y, to y.+,, 6 the “guesscd”™ sequence of length C
sending y;+4 into something terminal and ¢ a counter irom 1 to (@—1) C--1.

We need the Alph-designations explicitly, because (1e substitutions themselvas
cannot know what symbols are potentially present, and hence, which replacements
to apply.

Clearly aot all (Alph,, Alph,, g, 6) satisfy the description above. We will however
restrict our attention to those which do, and call them acceptable. More precisely:

Definition. A guadruple (Alrh,, Alph,, 6, §) is acceptable if o is of length (x—1) C
and can s:nd any word over Alph, into a word over Alph,, and 8 is of length C
and can send iny word over Alph, into something terminal.

Note that by Theorem 3, whenever (Alph,, Alph,, ¢, ) is acceptable, then there
are Alph;, ¢’ and ¢’ such that (Alph,, Alph,, ¢’, §') is acceptable.

Letting O den«te (Alphy, Alph,, 0, §), an acceptadle quadruple, define the alpha-
bets V' (1, Q), ..., V{((a—1) C—1, Q) as follows. Leiting

V({(x—1) C, Q) = Alph,y, ¥ (0, Q) = Alph;,and o =

Ti(d‘l)c'" 'Cg‘,

then

V(j,0) = {a:t, (@ V{j+1, O)* # 0},0 <{j < (u—-1) C.
To perform the initialisation phase (generating the y,’c) acceptable quadruples are
introduced where o is of length j+(x—1) C~C, these are denoted by Os.
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I:nally, we construct G (Qs) as follows:
symbols:
[a, @s], a in Alph,, .
[a, Os,t]ain V(1,05),1 <t < j+(x=1)C~-C,
[a, Alphy, 6], a in Alph,,
[a, 0,t],eain V(,0),1 <t < (@=1)C,

for acceptable quadruples only, and Alph’s which can occur as the “second” coordinate
in some acceptable quadruple.

substitutions: there are many substitutions, depending on the choices one may make
with a [a, Alph,, 5] symbol. For each map 0: Alph,’s — acceptable quadrurles 0,
beginning with 2 !ph,, define 7, as follows:

to([e, @s]) = [7,(@) 0 V (1, @s)*]@D

where [x]%-") means rewrite x as a word consisting of symbols of the form [a, Qs, 1].

"'0([“, Os,t]) =

= [, (@) 0 V(t+1, Qs)*] @+, 1<t <j+(@-1)C-C-1,
39([“: QS’ l‘]) ==

= [1,,, (@) N Alph3Jaterd  for ¢ = j+{x—1) C—C-1,
1o([a, Alph, 5]) =

= [1,{@) n V (1, Alph, Alph,, ¢’, §'y*](ateh.Alph;.0%é&, 1)
if 6 (Alph) = (Alph, Alph,, &, &),
w(la, 0, =
=1, (@) V(t+1, Q*]@HD if 1 <t < (2~1) C=1,
([a, 0, 1]) =
= [14,,, (@) Alph,*]Atpn2d, if ¢ = (x—1) C—1.

Because of all our assumptions, none of the indicated sets is empty and actually
all are renamings of canonical restrictions of F-languages. Hence, each 74 is an
F-substitution! ,

Note that G (Qs) starts working on [ A7 rn AlphT]©@, which is in 7, and therefore
generates a language hyper-sentential over F. ‘We need to consider all such schemes
with Alph, < V¥ but there are only finitely :nany of them.

The theorem follows if we can design a tianslation to send ali words of that
hyper-sentential language into the terminal words derivable in some C steps.
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Note that we have a lot of intermediate words as well, and a number of “dummy”
substitutions in the transiation are needed to let it all happen in a uniform manger.
Construct the following substitution-scherme 4 (Qs):
— for all symbols f of G (Qs) introduce new symbols f®, 1 <t < j+(@-1) C
— for all symbols [a, Alph, 8] define the alphabets V (1, Alph, é), ..., V(C—1,
Alph, 6) as usual

— for each substitution 7 from G (@s) construct the following substitution 7
for 4 (Qs):

T([a, @s] =
= 1 ([q, Os, 1PV,
7([a, Os,1]) =
= {{a, 05, 1]},
{la, s, 1]®) =
= {[a, Os, t]0+Y 1< <-t,
T ([a, @s5,1]9) =
= 7 ([a, Os, 1Y, t<i<j+(a—-1)C-C,
7 ([e, Alph, 8]) = {[a, Alph, 5]V},
7 ([a, Alph, 5]®) = {[a, Alph, §]%+V}, 1<i<j+(x-1)C-C,
7([a, 8, 1] = {[a, 2, 1]"},
7([a, ,1]") = {[a, 0,1]%*D}, 1<i<t+j-C,
([, 0, ¢]9) = t({a, 2. )Y, t+j~-C i < j+(a—1) C-C,
7 ([a, Alph, 6]®) =
= ([%,_, apcrcs D O V(i=j—(@—1) C+ C+ 1, Alph, §)*]aron.m)ii+,
JHe-1)C~C<i<j+(a—-1)C=1,
where 6 == Trg o Trs
7({a, Alph, §]) = =, @) T*, for i = j+(x—1) C-1.
{This construciion assumes that j 2> C, but an obvious modification holds 'vhen

i< C).

It follows that the required translation is obtained by iterating 4 (Qs) exactly
J+(2z—1) C times. Note that all substitutions are indeed non-empty F-substitutions
&3 required.

Provided ali L, are chosen over disjoint alphabets, and each trauslation 4 ; has
the appropriate number of extra delaying steps added (which is easily done, bearing
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in mind how we constructed them), we can prove immediately the followmg stronger
forra of the above theorem.

.
Theoremm 6 (The decomposition theorem). Let 7 bz a natural family. For each
leng: 1ge L hyper-algebraic over F there exist integers m, p, q, translations A, A, and
Iwg ages Ly, ..., L, hyper-seniential over F such that

L= Lj A°(L,) U 4%S), for some p, q >z 0.

i=1

It is this stronger result which we examine in more detail.

S. Applications

In this section we will examine some consequences of the decomposition theorem
when we make -aore assumptions about F.

A first result is obtained if we assume  to contain all single symbol sets. The
hyper-sentential extension of & in this case is “closed” under union, and the following
characterization theorem results.

Theorem 7 (The transiation theorem). Let F be a natural family containing {3}. 4
language L is hyper—alqebralc over F iff there exists a translation A and a language
L’ hyper-sentential over F such that L = A*(L'), for some p = 0.

Proof. only if: First note that because F contaius {3}, the set {8} is hyper-sentential
over /. Hence, th= decomposition theorem shows that there exist hyper-sentential
languages L, ..., L, and a translation 4 such that L = U AX(L,).

i=1
Make all alphabets disjoint, and it follows that there is a single translation 4

such that L = 4*/ U1 L).
Design t® with
{8} = initial language for L,, and
) is identity otherwise, 1 <i << m.
The ©® are clearly all F-substitutions. Now add all substitutions involved in the ge-
neration of the (alphabetically disjoint) L, s. Alithose substituticns have to be aug-
mented with identity rules for those symbols that are originally foreign for them.

It follows that {S$} u& L; is hyper-sententiai over F.
fes1

Now delay 4 one step to let $ be translated into the start lanjguage of the various L,
and then send them on as usual.

It follows that omne single translation on one single hyper-tentential language will
realise L.
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if: Given 4"(L') < T*, p > 0 we show that it is hyper-algebraic. Let L' be gener-
ated by G' = (V', {t1s -y Tm>), m > 0 from some iuitial F-language M’, and 4 =
V'OV, {64 .y 8,0), n>0. ‘

Mote that the alphabet of 4 must contain the alphabet of G’, however V can be
empty. We construct G, an “F-substitution scheme, by embedding 4 in G’, making
sure that the &;’s can only be applied exactly p times to a sentential form generated
by the ;’s.

Let G = (U, {Ti » Ty 61, ey 0n}) Where U= VU V' U{X}u [a,i]: a in
V'uV, 1<i<p}, X does not appear elsewhere, and

(@) forallain VUV u{X},7@)=da={XL1<i<ml1<j<n,

(i) for all [a,1] in U,7([a, 1]) = [t(@] ™V, 1 <i < m,

(iii) for all [a,j] in U,7([a,j]) = (X}, 1 <j<p, 1 <i<m,

@iv) for all [a,j] in U, §,([a,i]) = [6:@)]¥*, 1 <j<p, 1 <i<n, and

(v) for all [a,p] in U, §,(a,p]) = é(a), 1 <i <K n.
Then L (G) = 4°(L'), if M’ is the initial language of G, where M’ < {[a, 1]: @in V"}*
is isomorphic to M’.
Theorem 8 (The weak coding theorem). Let F be a natural family containing all single-
ton sets. A language L is hyper-algebraic over F iff there exists an alphabetic homo-
morphism h such that L = h (L') for some L' hyper-sentential over F.

Proof. By the translation theorem L is hyper-algebraic over & iff there exists an
F-translation 4 such that L == 4?L" and L” is hyper-sentential over . Therefore,
the only thing we have to prove is: 42L" is an F-translation (of a language L" hy-
per-sentential over &) iff there is a language L' hyper-sentential over & and an al-
phabetic homomorphism / such that A#L" = 4 (L').

if. Trivial, since F contains {$}, and, since it is a natural family, also every sin-
gle letter set and {s}. Define 4 by 4 = (V, {h}), then 4 (L") = h(L') where we
take L' = L' _

only if: Let L" be generated from M in F by G = (V, {6, ..., 6} and iet 4 =
(¥, {115 «ees Tw})- Define G’ = (V", {5}, ..., 6, T}, ..., T}) as follows. Assume that L
contains a word w = @, a. ... a, k > 2. (If this is not ihe case L is finite and the
theorem is trivially true.) Define

i=1

4 — -
=Udain VoViu{le,il:w=a,..a,1 <i<k}uVUV,

where ¥V = {a:ain V} and all constituent subsets of ¥ are disjoiat.

To generate L' we start with {[a,, 1] ... [a, K]} which is in F since F contains
all singleton sets.

61([ay, 1] = 7j{{ay, 1]) = Mt
0{las. 2) = ti{la,, 2]) = M™
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for 1 <i<<n1<j<<m, where

MM = (g aN g | g is in M}
MY = (G .. a3 q, ... q, is in M)
Eence we obtain at the first level M-*IpT13,
Trefine the J;’s and 1)’s for the remainder of ¥’ as follows:
8i(a™) = 5,(a)"? forallain ¥, and &j(-)is identity otherwise. 1 <i < n.
73 (@) = 1()U+1 for al q in V,
(@M = {a+ forallain ¥, 1 <j<<p—1,

t(ad"*) = 1,(a) for all a in 7,
(5 = {e} for all @ in ¥,
for all i such that 1 <i<m, and 7} is identity otherwise. (Since & contains ali

singleton sets we can use 1dent1ty substitutions and substitutions with {z}).
Define ksuch thot i ([a;,i]) = a,for 1 <i < k,h(a) = aforallain V,h (aV¥") = a
forall ain Vand 1 <j < p, and % (a) = & otherwise. Hence, derivations using &'’s
conserve the szperscript { 1] and simulate the derivaticns in G while the translations
are accomplished by substitutions 7’ simulating 4 which end after p applications in
words over V. By the definition no parasitic derivations of d;’s are possible.
It is easy to see that

-1 __
L' = (o, 1]... [a0 &1} 0 Y (T L0, 20 2

and therefore 4 (L") = 47L" = L.
Much more casy to prove (using a similar method) is:

Theorem 9. Let F be a natural fam:ly containing {$}. A language L is hyper-algebraic
over F iff there exists an alphabetic homomorphism h such that L—{e} = h (L")~ {e}
Jor some L' hyper-sentential over F.

Proof. By the translation theorem L is hyper-algebraic over & iff there exists an
F-translation 4 such that L = 4rL” and L" is hyper-sentential over . Therefors,
the only thing we have to prove is: 4?L"’ is an F-translation {of a language L" hyper-
sentential over ) iff there is a language L' hyper-sentential over % and an alpha-
betic hcmomorphism A such that APL” = h(L’).

if: Trivial, since & contains {$}, and, since it is a natural family, also every single
letter set and {e}. Define 4 by 4 = (V, {h}), then 4 (L") = h (L) where we fake
L'=1L'

only if: Let 4 = (V, {6y, ..., 0}). Let L” be generated from M in F by G =
(V, {81, ... 6,)). Define G’ = (V’, {81, ..., Opy T15 -es Th}) Where

V' = U {d:a is in V}, V.

{e=l
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Start with the language M™? == {xI11: xt11 = 4} ... af¥or a; ... @, in M} isomorphic
with M and define the substitutions of G’ as follows.
(@) = 6, (@ for all @ in V, 1 <i < n; and identity otherwise.
i) = (@ forallain V, 1 <j<p~-1, 1 <i<m;
ti(@?) = 1,(a) for all @ in ¥V, 1 <i<m; and identity otherwise.

Define & such that A(a) = s for all ¢ in V and A (a) = ¢ otherwise.

Both the translation theorem and the weak coding theorem are remarkable results
for parallel rewriting systems. However, in the case that & = finite languages (clearly
satisfying the premises of the weak coding theorem) we only obtain a weakened
version of Ehrenfeucht and Rozenberg’s results for TOL and OL languages [1-2].
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