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A B S T R A C T

This paper presents a three-dimensional non-linear finite-element model developed to simulate the behaviour of
reinforced-concrete (RC) beams strengthened in flexure with carbon fibre-reinforced polymers (CFRP). The model
is used to identify the parameters that have a significant influence on the behaviour of FRP flexural-strengthened
beams. The parameters investigated are the width, length, thickness, and elastic modulus of the FRP laminate, as
well as the number of FRP layers. The effect of two flexural-strengthening schemes is studied: a beam with two
FRP plates at the soffit of the beam beneath the longitudinal steel, and a beam with a double layer of CFRP plates
on the bottom face of the beam. The accuracy of the finite-element model is validated against published exper-
imental data. Comparisons between numerical predictions and test results show very reasonable accuracy in terms
of ultimate load-carrying capacities, load-deflection relationships, and failure modes. Results of the parametric
study indicate that for some parameters, there is a threshold for the contribution of FRP laminates. The effect of
the two flexural-strengthening schemes on the behaviour of FRP flexural-strengthened beams is also
demonstrated.
1. Introduction

The strengthening of concrete structures by means of externally
bonded (EB) fibre-reinforced polymers (FRP) is now routinely considered
to be an effective method for enhancing the load-carrying capacity of
existing structures. The large body of literature in the field of FRP
rehabilitation, along with the corresponding increase in the level of ac-
tivity, confirms the fact that these newmaterials are rapidly gaining wide
acceptance by the civil engineering community [1,2]. The debonding
problem remains the main disadvantage that reduces the efficiency of the
EB strengthening technique because it prevents strengthened beams from
attaining their full capacity.

When debonding failures occur, they usually result from shear failure
of a thin layer of concrete adjacent to the adhesive. Adhesives currently
used in FRP strengthening applications generally ensure that the bond
strength of the adhesive is sufficient to transfer the interfacial stresses
from the FRP to the concrete or vice versa. As a result, researchers have
concluded that the bond strength of externally bonded FRP depends
mainly on the quality of the surface preparation and the quality of the
concrete itself, especially its shear strength. Unfortunately, due to the
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complexities of FRP/concrete interfacial behaviour, the numerical
modelling of reinforced-concrete (RC) members flexural-strengthened
with externally bonded (EB) fibre-reinforced polymers (FRP) has
attracted less researchers during the last decade compared to experi-
mental tests [3–12], although a considerable amount of experimental
data has been published, e.g. Ashour et al. [13]; Pham and Al-Mahaidi
[14]; Lundquist et al. [15]; Ai-Hui et al. [16]; Coronado and Lopez
[17]; Li et al. [8]; Kotynia et al. [10]; Pannirselvam et al. [18]; and
Ibrahim and Salman [11]. Finite-element models are useful for simu-
lating FRP flexural-strengthened beams, which is a more economical
approach than conducting laboratory tests. Previous finite element
analysis research studies limited the use of their model to simulate their
experimental data without performing parametric studies.
Reinforced-concrete beams strengthened in flexure by externally bonded
FRPs exhibit complex behaviour controlled by many parameters. An
accurate finite-element model that represents the real behaviour of FRP
flexural-strengthened beams and accounts for the various parameters
would appear to be an effective tool for developing robust predictive
equations that are useful for practical design work.

As a contribution to fill this need, a versatile numerical model has
(O. Chaallal), ytobeidat@just.edu.jo (Y. Obaidat).
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been developed in this research to predict accurately the response of FRP
flexural-strengthened beams. A three-dimensional finite-element model
is developed using the ABAQUS finite-element package (2010). The
proposed three-dimensional numerical model is applied to several cases
of EB flexural-strengthened beams having various FRP strengthening
configurations. The accuracy of the model is evaluated by comparing the
numerical predictions with the experimental results. Once the accuracy
of the model has been established, it is used to identify various param-
eters that strongly influence the behaviour of FRP flexural-strengthened
beams. The significance of the present findings with respect to the
various parameters is discussed.

2. Literature review and objectives

The literature review presented in this study covers the parameters
that influence the behaviour of FRP flexural-strengthened beams as well
as the numerical models developed to simulate the behaviour of such
beams.

2.1. Literature on parameters of FRP flexural-strengthened beams

2.1.1. Number of layers
The number of FRP layers has a significant effect on the behaviour of

FRP flexural-strengthened beams. It has been stated that increasing the
number of FRP layers increases the beam capacity [19,20]. However,
with more number of layers the mid-span deflection of beams decreases.
Hooque [21] mentioned that the rate of load increase is appropriate to
the increase in FRP layer number. David et al. [22] and Toutanji et al.
[23] stated that the occurrence of debonding failure makes it no longer
possible to increase the flexural capacity of the member by increasing the
number of FRP layers.

2.1.2. FRP thickness
Similarly the effect that observed for the number of layers, increasing

FRP thickness leads to accelerate the debonding failure [8,13,24–28]. Hu
et al. [3]; Yang et al. [6]; Pannirselvam et al. [18] and Pathak [29] ob-
tained a different conclusion, showing that flexural strength and stiffness
increase with increasing the FRP thickness. The failure mode has been
found to convert from plate-end debonding to intermediate-crack with
increasing the FRP thickness [14]. The latter study showed that the load
capacity increases with the FRP plate thickness up to a certain limit.
Beyond this limit, further increase in FRP plate thickness did not lead to
any increase in the flexure strength. This supports the conclusion that the
interfacial stresses increase with FRP thickness and motivate debonding
occurrence beyond a certain thickness. A study conducted by Shin and
Lee [30] concluded that the FRP thickness does not have significant effect
on the capacity of flexural-strengthened beams.

2.1.3. FRP elastic modulus
Increasing the FRP elastic modulus leads to increase interfacial

stresses [25]. Rahimi and Hutchinson [24]; and Pathak [29] concluded
that the characteristics of strengthened beams in terms of stiffness,
load-carrying capacity, and mid-span deflection increased with the
modulus of elasticity. However, the beam ductility at failure decreases
with the increase of FRP elastic modulus [31]. Wu et al. [32] found that
the use of high modulus carbon sheets increases the flexural stiffness,
yielding load, ductility and reduces the crack propagation.

2.1.4. FRP length
A proportional relation between the FRP length and the load carrying

capacity was stated by Fanning and Kelly [33]; Nguyen et al. [34]; Shin
and Lee [30]; Yang et al. [6]; Ashour et al. [13]; Pham and Al-Mahaidi
[14] and Hooque [21]. They declared that as the FRP plate length
decreased, both the load-carrying capacity and the maximum deflection
of the beam decreased. Li et al. [8] mentioned that crack propagation is
related to the change of FRP plate length and results in the variation of
2

failure mode of beams. Al-Tamimi et al. [27] specified a plate length of
25% of the beam length or more to avoid having the debonding failure.
As well, they stated that the FRP length is the main reason of various
FRP/concrete interfacial stresses in FRP flexural-strengthened beams.
Hooque [21] stated that the increase of FRP length beyond 50% of the
beam length does not add significant contribution to the load-carrying
capacity and the mid-span deflection. It should be noted that the ACI
440.2 (2014) provides general guidelines instead of detailed analysis for
the location of cuttoff points to prevent the debonding.

2.1.5. FRP width
The influence of the FRP to the behaviour of FRP flexural-

strengthened beams was only studied by Lu et al. [35] and Hind et al.
[28]. They observed that an increase in FRP width leads to increase the
capacity of flexural-strengthened beam. In addition, it was stated that
large FRP width concentrate the failure at the FRP/concrete layer [28].
The FRP strip-to-concrete width ratio is adopted from the
FRP-to-concrete pull-out tests. It has been shown that the bond stresses
from the FRP laminate to the concrete increases for low width of FRP
plate [4].

2.1.6. Strengthening scheme
The arrangement of FRP laminates at the soffit of the beam beneath

the longitudinal steel provides greater strengthening capacity compared
to the traditional flexural-strengthening scheme [36]. Brena et al. [37]
tried to strengthen beams with FRP plates located on the sides of the
beam parallel to the longitudinal steel. They found that this strength-
ening method delayed, or in some cases prevented, the debonding,
especially when adding transverse FRP strips along the shear span. In
another study, Brena and Macri [38] concluded that specimens with
configurations involving a larger contact surface with equal areas of
composite materials were capable of reaching higher stresses as a result
of larger deformation capacities and lower interface shear stresses.

Based on a review of the parameters influencing the behaviour of FRP
flexural-strengthened beams, it appears that the effect of the parameters
are somewhat contradictory and to a certain degree controversial. To the
authors’ knowledge, there is no study in the literature that has investi-
gated these parameters in one study. In addition, many aspects have still
not been fully verified due to the relatively large scatter observed in
research studies.

2.2. Literature review on finite-element models

Various constitutive laws have been used to simulate FRP flexural-
strengthened beams. In early models, linear elastic analyses were
implemented, while the recent trend has been directed towards the use of
non-linear finite-element models. A review of past studies on the appli-
cation of finite-element analysis to model FRP flexural-strengthened RC
beams is presented here. A description of concrete constitutive laws and
various techniques for modelling FRP strengthening materials is given. A
special attention is placed on the different techniques that have been
incorporated in finite-element analyses to simulate the FRP/concrete
interfacial behaviour.

2.2.1. Concrete constitutive law
Various constitutive laws have been adopted in the simulations of FRP

flexural-strengthened beams. These models include non-linear elastic
models [5,9,10,14,19,35,39–43] and plasticity-based models, whether
perfect plasticity models [11,21,28,44–52] or elastic-plastic models [29,
39,53–57]. The failure of concrete under a general state of stress has been
represented using a two-parameter criterion, such as the Drucker-Prager
[32] or Mohr-Coulomb criteria [3]. In addition, a five-parameter model
has also been used to represent the failure surface of concrete [8]. To
date, damage models have been rarely used to simulate concrete
non-linearities; only the Rahimi and Hutchinson [24] and Abdel-Baky
[42] FE models included an isotropic damage model for concrete.
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Previous elasticity or plasticity concrete relations have been successfully
used to represent load non-linearities (load-deflection behaviour of
flexurally strengthened beams). This is possible because the flexural re-
sponses of the strengthened beams depend mainly on the tensile and
cracking behaviour of the concrete rather than on the compressive
behaviour. Marvila et al. [58] investigated the effect of excess materials
on the mortar strength. It has been found that the there is no change in
strength properties of mortar when destructive test and finite element
modelling results were compared.

2.2.2. FRP/concrete interface
Abundant amount of researchers have been carried finite element

analysis of FRP flexural-strengthened beams without considering the
FRP/concrete interfacial behaviour. To correctly simulate debonding of
the FRP/concrete interface, elements having a predefined bond-slip
relation are used to link the FRP and the concrete nodes [10,29,35,
39–42,53–55]. These interface elements have no physical dimensions. In
addition, the debonding load can in several cases be predicted using such
interface elements or using a predefined discrete-crack model.

Few studies have been presented using a non-linear fracture
mechanics-based discrete-crack analysis to investigate the interaction of
bond properties on the performance of flexural-strengthened beams [6,9,
14,59]. Niu and Wu [40] investigated the interaction between concrete
cracking and the behaviour at FRP/concrete interfaces. The study
concluded that the characteristics of the bond-slip model in terms of the
bond strength and the initial slope of the curve have a negligible effect on
the load-deflection behaviour of FRP flexural-strengthened beams.
However, the fracture energy of the bond-slip relationship has a signifi-
cant effect on the debonding load [60].

2.2.3. Concrete/longitudinal steel interface
The finite-element models used to account for steel/concrete inter-

facial behaviour have used either a bilinear bond-slip model [5] or an
elastic-plastic model [32,39,40] to represent the steel/concrete interface.
Although interface elements have been extensively used to represent
FRP/concrete interfaces, most studies have ignored the bond-slip
behaviour between the steel reinforcement and the concrete. This has
been justified by the fact that the reduction in structural stiffness arising
from the relative slip between the steel reinforcement and the concrete
can generally be included in the tension stiffening model of the concrete.
Some models attempted to represent the tension stiffening effect by
increasing or decreasing the stiffness of the cracked concrete. On the
other hand, introducing relative slip between reinforcement bars and
surrounding concrete elements reduces the overall stiffness of the
structure.

2.2.4. Modelling of bonded FRP plates
Generally, two approaches have been used to represent the behaviour

of bonded FRP plates in flexural-strengthened concrete beams. The first
approach involves converting the FRP plates to equivalent truss elements.
This approach is attractive because of its simplicity [8,9,35,39] and is
used in two-dimensional models. The area of the truss element is
equivalent to that of the FRP composites. In the second approach, shell
elements are used [3,10,28,51,56]. With these elements, the out-of-plane
stresses are considered to be negligible. A failure criterion must also be
defined to describe FRP rupture under general plane stress conditions.
Such criteria must account for the orthotropic nature of the FRP plates.

2.3. Objectives

The specific objectives of this study are: (a) investigate the effec-
tiveness of various parameters reported in the literature to affect the
performance of FRP flexural-strengthened beams; (b) study the meth-
odology of previously developed finite element models to simulate the
behaviour of FRP flexural-strengthened beams; (c) develop a finite
element model to clarify the various conflicting parameters that strongly
3

influence the behaviour of FRP flexural-strengthened beams, such as FRP
width, length, thickness, elastic modulus and number of FRP layers; and
(d) compare the effectiveness of two strengthening schemes widely used
in practice: a beam with two FRP plates at the soffit of the beam beneath
the longitudinal steel, and a beam with a double layer of FRP plates on
the bottom face of the beam.

3. FINITE-ELEMENT model

A three-dimensional finite-element model is developed to simulate
accurately the behaviour of FRP flexural-strengthened beams. The initial
phase of the numerical study involves the development of an accurate
finite-element model to simulate the control (unstrengthened) RC beam.
The quality of this model is assessed by comparing numerical results with
experimental data. In the second phase of the numerical study, the
control-beammodel is modified to accommodate the presence of external
FRP composites for flexural strengthening. The accuracy of this model is
again measured by comparing its predictions with experimental data.
The goal of these phases is to ensure that the numerical model captures
the actual behaviour of tested beams. A flow chart of typical phases of
finite element model development is presented in Fig. 1.
3.1. Material modelling

3.1.1. Concrete
The constitutive model used for the concrete corresponds to that

provided in the ABAQUS [61] software. A brief description of the main
features of the model is presented in this paper. The damaged-concrete
plasticity model in ABAQUS [61] provides a general capability for
modelling concrete in all types of structures, including beams, trusses,
shells, and solids. The concrete model provides the capability to simulate
cracking for reinforced concrete elements using one of the three crack
models, namely: (i) smeared crack concrete model; (ii) brittle crack
concrete model; and (iii) concrete damaged plasticity model. In this
study, the concrete damaged plasticity model is employed to represent
the inelastic behaviour of concrete both in tension and compression
including the damage characteristics. This model was selected for its
capability to simulate the concrete under any loading combinations. In
this model, the evolution of the yield (or failure) surface is linked to
failure mechanisms under tension and compression loading. It assumes
that the uniaxial stress-strain curves are converted into stress versus
plastic-strain curves. It combines three features to simulate the basic
characteristics of concrete. These features include a plasticity-based rules
and damage ingredients to accommodate the strain-softening behaviour
of the material under increasing compressive stresses. In addition, a
failure criterion for concrete is used to define the cracking stress in ten-
sion and the failure envelope in compression. The failure envelope ac-
counts for multi-axial stress conditions.

The tensile behaviour of concrete takes into account cracking, shear
modulus degradation, fracture energy, and tension stiffening. Tension
stiffening is modelled as a linearly descending branch in the stress-strain
relationship after the peak point at which the concrete cracks is reached,
as shown in Fig. 2. The two descending branches of the tensile stress-
strain curve (Fig. 2) are considered to accurately capture the response
by primary and secondary cracks. For the finite-element implementation,
the values of the compressive strength f`c (MPa) were taken from the
relevant set of experimental data. The tensile strength ft (MPa), and the
elastic modulus Ec (MPa) were approximated based on the following [62,
63] equations:

ft ¼ 0:35
ffiffiffiffi
f ’c

q
(1)

Ec ¼ 4700
ffiffiffiffi
f ‘c

q
(2)

The inelastic parameter associated with the softening part of the



Fig. 1. Typical phases of finite element model development.

Fig. 2. Softening curve of concrete under uniaxial tension.
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curve is the fracture energy (Gf). The fracture energy for mode I is the
area under the softening curve and can be estimated as follows [64]:

Gf ¼Gf0

�
f ‘c
10

�
(3)
4

where Gf0 is a constant determined based on the maximum aggregate size
dmax. Then the crack opening is calculated from the fracture energy, as
shown in Fig. 2.

Under uniaxial compression, the response is linear up to the initial
value, σco, which is 50% of the ultimate compressive stress, σcu. In the
plastic regime, the response is typically characterized by stress hardening
followed by strain softening beyond the ultimate compressive stress. In
the concrete model, the stress-strain relationship proposed by Saenz [65]
was used to represent the uniaxial compressive stress-strain curve for
concrete and has the following form:

σc ¼ Ecεc

1þ ðRþ RE � 2Þ
�

εc
ε0

�
� ð2R� 1Þ

�
εc
ε0

�2

þ R
�

εc
ε0

�3 (4)

R¼REðRσ � 1Þ
ðRε � 1Þ2 � 1

Rε
(5)

E0 ¼ f ‘c
ε0

(6)

RE ¼ Ec

E0
(7)

where RE ¼ 4; and Rσ ¼ 4, as reported in Hu and Schnobrich [66].
The concrete damaged plasticity model uses factors that characterise

the degradation of concrete with the increase of applied load. When the



Fig. 3. Stress-strain curve for steel reinforcement.

Fig. 4. Stress-strain curve for unidirectional CFRP composite.
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concrete specimen is unloaded from any point on the strain softening
branch of the stress-strain curves, the unloading response is weakened:
the elastic stiffness of the material appears to be degraded (or damaged).
The factors used are wc and wt to represent the compressive stiffness re-
covery and the tensile stiffness recovery, respectively. This study uses wc
¼ 1.0 and wt ¼ 0, representative of full compression recovery and lack of
tension recovery. The value of wc ¼ 1.0 is adequate for quasi brittle
materials [67]. The degradation of the elastic stiffness is characterized by
two damage variables, dc and dt, which are the ratio of inelastic strain to
total strain, and ratio of cracking strain to the total strain, respectively.
These variables are functions of the plastic strains, temperature, and field
variables. The damage variables can take values from zero, representing
the undamaged material, to one, which represents total loss of strength.
Poisson’s ratio for concrete was taken as 0.2 for the beams considered.

3.1.2. Steel reinforcement, steel loading plates and FRP
As shown in Fig. 3, the steel reinforcement was represented by an

elastic-plastic constitutive relation with linear strain hardening. A linear
elastic tensile model until failure was assumed to simulate the FRP
laminates and steel loading plates. The rupture point on the stress-strain
relationship defines the maximum stress and strain of the FRP composites
(Fig. 4).
3.2. Structural modelling

In this analysis, appropriate geometrical elements were used to
represent the behaviour of the concrete, the steel reinforcement and the
FRP laminates. A four-node linear tetrahedral element with three degrees
of freedom at each node was used to describe the behaviour of the con-
crete, steel and FRP. Such elements satisfy shear and bending de-
formations. The element was characterized by plastic deformation,
cracking in three orthogonal directions. A perfect bond between the steel
reinforcement and the concrete was assumed. Ideally, the bond strength
between the concrete and the steel reinforcements should also be
considered. However, in the current application, the elements repre-
senting the longitudinal steel and the steel stirrups were directly con-
nected to the concrete elements because no debonding was observed
between these components in the experimental tests. Effects associated
with the rebar/concrete interface, such as bond slip and dowel action,
were modelled approximately by introducing the fracture energy into the
concrete behaviour. Full strain compatibility was assumed between the
FRP and the concrete because the FRP laminates remained well attached
5

to the concrete until the end of the test, with failure being observed in the
concrete substrate between the FRP and the longitudinal steel. An
appropriate mesh size was used to capture this performance.

In the present study, the FRP/concrete interfacial behaviour is
simulated by modelling the cracking and failure of the concrete elements
located between the longitudinal steel and the FRP/concrete contact
surface. This approach, referred to as the meso-scale model, is very
effective as it uses a very fine mesh with element sizes of 0.45 mm, which
is one order smaller than the thickness of the concrete debonding layer
(45 mm). The advantage of this approach is that it models the thin
concrete substrate adhering to the FRP, where the debonding initiates,
leading thereby to an accurate model and capture the FRP/concrete
interfacial responses [35]. In the meso-scale model, the influence of the
interfacial normal stress components on the shear stress behaviour is
disregarded to simulate the cracked concrete.

The non-linear load-deformation behaviour of the structure was
simulated under displacement-controlled loading conditions, as was the
case for the laboratory experiments. In view of the geometrical and
loading symmetries, only one-quarter of the beam was simulated, as
shown in Fig. 5. Sensitivity analysis was performed for finite element
modelling of specimens in order to optimize the mesh size and the
number of nodes per element. A convergence of results is obtained when
an adequate number of elements and nodes are used in the model. This is
achieved practically when an increase in the mesh density has a negli-
gible effect on the results. Therefore, in the current research, a sensitivity
analysis is carried out to specify an appropriate mesh density and to
ensure that the spatial discretization used does not introduce excessive
approximations into the simulations and to solve the problems related to
regularization issues.

4. Experimental program

The proposed three-dimensional analysis is applied to various cases
with different FRP strengthening configurations. These cases were
selected for numerical analysis to cover a wide spectrum of FRP
strengthening properties. These include beams strengthened with various
FRP widths, lengths, and numbers of layers. The experimental tests used
to validate the finite-element model are described by Obaidat et al. [68]
and Esfahani et al. [69]. A brief description of the materials, strength-
ening technique, and test setup is presented here. A complete description
of the experimental program is provided in the corresponding references.
Table 1 lists the material properties, whereas Table 2 provides the
geometrical characteristics and strengthening details of the various
specimens.



Fig. 5. Finite-element models.

Table 1
Mechanical properties of tested specimens.

Obaidat et al. [68] Esfahani et al. [69]

Steel Steel 8 fy (MPa) 507 350
Steel 10 fy (MPa) 507 365
Steel 12 fy (MPa) 507 400
E (GPa) 210 210
ν 0.3 0.3

Concrete f``c (MPa) 30 25
CFRP E (GPa) 165 237

ffu (MPa) 2000 2845

Table 2
CFRP strengthening details of tested specimens.

CFRP
Width
(mm)

CFRP
Thickness
(mm)

CFRP
Length
(mm)

No. of
CFRP
Layers

Obaidat
et al. [68]

CON 0 0 0 0
RB1 50 1.2 1560 1
RB2 50 1.2 1040 1
RB3 50 1.2 520 1

Esfahani
et al. [69]

B1-
12D-0L

0 0 0 0

B2-
12D-
1L15

150 0.176 1400 1

B3-
12D-
2L15

150 0.176 1400 2

B4-
12D-
3L15

150 0.176 1400 3
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4.1. Obaidat et al. Specimens

For the specimens analyzed by Obaidat et al. [68]; the experimental
program involved four tests performed on RC rectangular-section beams
6

with a total length of 1960 mm. The control specimen, which was not
strengthened with carbon FRP plates, was labelled CON, whereas the
specimens retrofitted using the CFRP plates were labelled RB, as shown
in Table 2. Specimen RB1 had a CFRP length of 1560 mm, while speci-
mens RB2 and RB3 had CFRP lengths of 1040 and 520 mm, respectively.
The arrangement of the longitudinal steel as well as the steel stirrups was
identical in the four specimens, as shown in Fig. 6(a). The rectangular
section had overall dimensions of 150 mm (width) by 300 mm (total
depth). The shear span was 520 mm, and the effective depth was 270
mm.

The average concrete strength was 30 MPa. The internal flexural steel
and the steel stirrups had a nominal yield strength of 507 MPa. The
strengthening material was a unidirectional carbon plate with a nominal
thickness and width of 1.2 mm and 50 mm, respectively, (area of 60
mm2). The tensile strength and modulus of elasticity of the CFRP plates
were 2000 MPa and 165 GPa, respectively. A commercially available
epoxy paste was used to bond the CFRP plates to the concrete. The
strengthened specimens were pre-cracked before strengthening. The
strengthened specimens were precracked before the application of CFRP
plates.

4.2. Esfahani et al. Specimens

The experimental results reported by Esfahani et al. [69] were also
included in this study. They involved four specimens of RC
rectangular-section beams with a total length of 2000 mm. The nominal
shear span-to-depth ratio (a/d) was 3.5 for all beams. The dimensions
and cross-sectional details of the test girders are presented in Fig. 5(b).
The beams were heavily reinforced in shear to ensure that they would fail
in bending. The experimental program included a control specimen
labelled as B1-12D-0L, whereas the specimens retrofitted with CFRP
sheets were labelled as B2-12D-1L, B3-12D-2L15, and B4-12D-3L15 to
represent the first, second, and third strengthened specimens, respec-
tively, as shown in Table 2. The specimens bonded with CFRP were
strengthened with a single layer, double layers, and triple layers, with the
length of the CFRP sheets being identical for all specimens. The ratio of



Fig. 6. Geometry, arrangement of reinforcement, and load location of tested beams.

Fig. 7. Accuracy of numerical model versus experimental results.
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the shear span-to-effective depth ratio (a/d) was constant for all speci-
mens (3.87).

The average measured cylinder compressive strength obtained was
25 MPa. The yield stresses for Φ12, Φ10 and Φ8 bars were 400 MPa, 365
MPa, and 350 MPa, respectively. Unidirectional CFRP sheets with 0.176
mm thickness were used in this investigation. The CFRP sheets were
characterized by high strength and high elastic modulus. The manufac-
turer reported an ultimate tensile strength of 2845 MPa and an elastic
modulus of 237 GPa. The stress-strain relationship was essentially linear
up to failure. To achieve maximum bonding, an epoxy adhesive was used
to attach the fabric to the beam.

5. Numerical results and DISCUSSION

The accuracy of the numerical model is evaluated by comparing the
numerical predictions to experimental results. Then, having verified the
accuracy, parametric analyses are performed to gain a better insight into
the parameters governing the behaviour of FRP flexural-strengthened
beams.
Table 3
Comparison between experimental and numerical results.

Specimen Experimental
ultimate load
(kN)

Numerical
ultimate
load (kN)

Pnum/
Pexp

Exp.
Failure
mode

Num.
Failure
mode

CON 122 125 1.02 Concrete
crushing

Concrete
crushing

RB1 161 189 1.17 CFRP
debonding

CFRP
debonding

RB2 133 139 1.05 CFRP
debonding

CFRP
debonding

RB3 127 132 1.04 CFRP
debonding

CFRP
debonding

B1-12D-
0L

61 60 0.98 Concrete
crushing

Concrete
crushing

B2-12D-
1L15

62 67 1.08 CFRP
rupture

CFRP
debonding

B3-12D-
2L15

73 82 1.12 CFRP
debonding

CFRP
debonding

B4-12D-
3L15

78 83 1.06 CFRP
debonding

CFRP
debonding
5.1. Ultimate load-carrying capacity and failure modes

The primary objective of the numerical investigations is to establish
the ability of the proposed analysis to simulate the behaviour of FRP
flexural-strengthened beams. Various flexural strengthening configura-
tions are considered to investigate the accuracy of the numerical model.
The specimens considered in this study covers various ranges of
strengthening strategies, geometric properties, and material properties.
The cases analyzed involved eight specimens, corresponding to the
specimens tested by Esfahani et al. [69] and Obaidat et al. [68].

The numerical model used to simulate the experimental beams proves
to be capable of modelling correctly general trends and behaviour with
very good accuracy for a wide variety of FRP flexural-strengthening ap-
plications, as shown in Fig. 7. The results shown in the figure indicate
that the proposed numerical model is able to predict the ultimate load-
carrying capacity with an average and a statistical deviation of 107%
and 5.7%, respectively. Table 3 shows a comparison between experi-
mental and numerical results. Generally, the numerical model predicts a
higher load-carrying capacity than that obtained experimentally. This
7



Fig. 8. Comparison between numerical and experimental results for load-deflection relationships.
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can be attributed to the assumption of a full-contact bond between the
longitudinal steel and the concrete. The numerical model can simulate
failure modes identical to those observed experimentally. The position of
the flexural cracks corresponds to experimental observations, as shown in
Fig. 8.

Fig. 9 shows the load-deflection curves for the control beams and the
strengthened beams. As it can be observed, the numerical model shows
very good agreement with experimental results. It is clear that there is a
small discrepancy between the stiffness of the experimental curves and
numerical predictions. For the strengthened specimens, the numerical
model does not accurately describe the post-peak behaviour. The nu-
merical predictions of the maximum deflections differ from experimental
observations.

5.2. Parametric study

The effect of important parameters such as the width, thickness
elastic modulus and length of the FRP laminates as presented in
Figs. 10–13 respectively, as well as the number of FRP layers, is inves-
tigated through a parametric study. The effect of two strengthening
schemes for flexure is studied: a beam with two CFRP plates at the soffit
of the beam beneath the longitudinal steel, and a beam with a double
layer of CFRP plates. The parametric study is carried out for the two sets
of beams described earlier, and the variations in ultimate load capacity
and load-deflection relationship are used as a basis for comparison. The
numerical results represent the deflection at the mid-span of the beam.
The authors favour the ultimate load capacity because it is the key factor
that determines the FRP flexural contribution. It can be mentioned that
the analyses are stopped when FRP debonding occurred and that is the
8

governing failure mode. For the two sets of beams, Table 4 details the
variables along with their ranges of interest. Various ranges of each of
these parameters are considered.

5.2.1. Effect of FRP width
The width ratio between the bonded plates and the concrete member

has shown to have a significant effect on the ultimate bond strength [4].
In this study, various widths of FRP, ranging between 40 and 150 mm,
are investigated. The 150-mmwidth covers the whole width of the beam.
The numerical predictions show that the ultimate load-carrying capacity
and mid-span deflection increase proportionally to the increase in FRP
width (Fig. 10). This can be explained by the fact that an increase in FRP
width proportionally leads to uniform transfer between the FRP and the
concrete, which in turn delays debonding and increases ultimate load
capacity.

To further investigate the influence of FRP width on the behaviour,
the load-carrying capacities obtained for various ranges of FRP widths
are plotted against the percentage increase in load capacity in Fig. 14.
The loading-capacity plot in the figure corresponds to the peak force
before descending. It can be seen that the greater the FRP width, the
higher is the load capacity. The increase in FRP width from 40 to 150mm
is almost four times, while the load capacity increases to 3.6 times that of
the specimen with low FRP width (40 mm). This confirms the effect of
FRP width on FRP flexural-strengthened beams.

5.2.2. Effect of FRP thickness
The considerable effect of plate thickness on the behaviour of FRP

flexural-strengthened beams is verified in this study. This variation is
examined for different plate thicknesses: 0.176mm, 0.33 mm, 0.501mm,



Fig. 9. Comparison between numerical and experimental failure modes.
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1 mm, 1.2 mm, and 1.4 mm. As shown in Fig. 11, the increase in FRP
thickness increases its contribution up to a certain level (1 mm). From
Fig. 14, it can be observed that the beam capacity decreases with
increasing the FRP thickness beyond 1 mm for the second set of
9

specimens. This can be attributed to the fact that increasing the FRP
thickness accelerates the FRP debonding. It indicates that the optimum
FRP thickness is 1 mm for these cases, beyond which no increase in the
load capacity is reported. The result presented here constitutes an upper



Fig. 10. Load-deflection relationship for the FRP width effect.

Fig. 11. Load-deflection relationship for the FRP thickness effect.

Fig. 12. Load-deflection relationship for the FRP elastic modulus effect.

Fig. 13. Load-deflection relationship for the FRP length effect.
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bound for the impact of FRP thickness on FRP contribution, as mentioned
in Pham and Al-Mahaidi [14]. It worth to mention that the beam ductility
at failure decreases with the increase of FRP thickness although of the
stiffness increase.

5.2.3. Effect of FRP elastic modulus
Various values of FRP elastic modulus are used to investigate the

influence of this parameter on the behaviour of FRP flexural-
strengthened beams. The elastic-modulus values used range from 111
10
GPa to 390 GPa. Fig. 12 shows the load-deflection relationships for the
different values of FRP elastic modulus. A comparison between these
results illustrates that the ultimate load capacity is proportional to the
FRP elastic modulus. The implication of this argument is that, as the FRP
becomes stiffer, a greater FRP contribution is obtained. For both beam
sets considered, the load-carrying capacity tends to increase as the FRP
elastic modulus increases. Therefore, with increasing FRP elastic
modulus, the FRP contribution increases, and the ultimate load-carrying
capacity reaches higher values, as indicated in Fig. 12. As presented in



Table 4
Various ranges of investigated parameters.

Obaidat et al. [68] Esfahani et al. [69]

Spec. Parameter Variation Parameter Variation

Width (mm) Thickness (mm) Length (mm) E (GPa) Layers Width (mm) Thickness (mm) Length (mm) E (GPa) Layers

1 40 1.2 1560 165 1 40 0.176 1400 237 1
2 50 1.2 1560 165 1 50 0.176 1400 237 1
3 80 1.2 1560 165 1 80 0.176 1400 237 1
4 100 1.2 1560 165 1 100 0.176 1400 237 1
5 120 1.2 1560 165 1 120 0.176 1400 237 1
6 150 1.2 1560 165 1 150 0.176 1400 237 1
7 50 0.176 1560 165 1 150 0.330 1400 237 1
8 50 0.33 1560 165 1 150 0.501 1400 237 1
9 50 0.501 1560 165 1 150 1.000 1400 237 1
10 50 1 1560 165 1 150 1.200 1400 237 1
11 50 1.4 1560 165 1 150 1.400 1400 237 1
12 50 1.2 1960 165 1 150 0.176 2000 237 1
13 50 1.2 1040 165 1 150 0.176 933.33 237 1
14 50 1.2 520 165 1 150 0.176 466.66 237 1
15 50 1.2 1560 165 1 150 0.176 1400 237 1
16 50 1.2 1560 165 2 150 0.176 1400 237 2
17 50 1.2 1560 165 3 150 0.176 1400 237 3
18 50 1.2 1560 111 1 150 0.176 1400 111 1
19 50 1.2 1560 237 1 150 0.176 1400 165 1
20 50 1.2 1560 305 1 150 0.176 1400 305 1
21 50 1.2 1560 390 1 150 0.176 1400 390 1

Fig. 14. FRP contribution percentage for each parameter compared to control beam.
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Fig. 14, the maximum increase in the FRP elastic modulus is 3.5 over the
control specimen, which is identical to the percentage increase in the FRP
contribution.

5.2.4. Effect of FRP length
This parameter has shown to have a significant effect on the ultimate

load capacity of FRP flexural-strengthened beams. In the present study,
the length is taken as the ratio between the FRP length and the beam span
length. The ratios considered are one-third of the beam span, two-thirds
of the beam span, a length covering the beam span, and a length covering
the total length of the beam. For the beams described by Obaidat et al.
[68]; similarly to the effect of FRP thickness, the ultimate load capacity
increases with increasing FRP length 13 shows that a substantial increase
in ultimate load capacity is obtained for an FRP length of two-thirds of
the beam span. The contribution of the FRP sheet does not significantly
change with further increase of its length. The effect of FRP length on the
flexural contribution can be better visualized in Fig. 14. This can be
explained as specific FRP length is required longer than the maximum
moment region and cracking zone. The results obtained in this study are
11
different from the one published by Hooque [21]; who stated that the
increase of FRP length beyond 50% of the beam length does not add
significant contribution to the load-carrying capacity and the mid-span
deflection.

5.2.5. Effect of number of layers
The number of layers plays an important role in the behaviour of FRP

flexural-strengthened beams. Fig. 15 shows that the stiffness increases as
the number of layers is increased for both sets of specimens. Note that
when a single layer, double layers, and triple layers are used for the
beams described by Obaidat et al. [68]; the load capacity increases by
54.9%, 92.9% and 100.1%, respectively, compared to the control spec-
imen. The increase in load capacity is accounted for by the increase in
number of layers. For the specimens of Esfahani et al. [69]; a FRP
thickness of 0.176 mm produces a 47% increase in the load capacity
when a single layer is used. Increases of 77% and 82.6%, respectively,
over the control specimen are reported when double and triple layers are
used. The results presented here follows the ones obtained by Hooque
[21].



Fig. 15. Effect of number of FRP layers on RC beams.

Fig. 16. Scheme of flexural-strengthening strategies.
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5.2.6. Effect of FRP strengthening scheme
Fig. 16 shows the two flexural-strengthening schemes investigated in

this study: FRP plates at the soffit of the beam parallel the longitudinal
steel, a double layer of CFRP plates on the bottom face of the beam. In the
first strengthening scheme, the gap between the plates, as well as the
plate width, is 50 mm. As shown in Fig. 17, the first strengthening
method, FRP plates fixed at the edges of the beam, shows a greater
stiffness and increase in the load-carrying capacity than the other
approach. This occurs because increasing the FRP width increases the
FRP/concrete contact area. This enables a greater transfer of forces be-
tween the two adjacent surfaces and delays the debonding due to the
larger contact area. For the double-layer method, the transfer of forces
between the concrete and the FRP plates occurs in the central part of the
beamwidth, whereas no attention is given to the longitudinal steel on the
left and right sides of the cross section. When the CFRP plates are located
on the bottom edge of the beam surface beneath the longitudinal steel,
additional stresses is transferred; hence, increasing the CFRP contribu-
tion. This result confirm the findings of Jassam and Altaee [36].
Fig. 17. Load-deflection relationship for
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6. Conclusions

A non-linear finite-element model was developed to verify the pa-
rameters that influence most the behaviour of FRP flexural-strengthened
beams. The model was successfully validated using two sets of experi-
mental results having various strengthening properties. One experi-
mental set was pre-cracked before strengthening, which has been rarely
investigated numerically in the literature. The finite element model
carried out in this study used a new method of simulating the FRP/
concrete interfacial behaviour. The meso-scale technique of simulating
the concrete cover, where the debonding failure occurs, can predict the
debonding accurately. Then, the numerical model was used to perform a
parametric study to investigate the parameters having a major influence
on the behaviour of FRP flexural-strengthened beams, namely: the FRP
width, length, thickness, elastic modulus and number of layers. Two
flexural-strengthening schemes widely used in practice were examined
and compared in this study: two FRP plates at the soffit of the beam
parallel the longitudinal steel, a double layer of CFRP plates on the
bottom face of the beam. The results of the parametric study were
the flexural-strengthening method.
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compared based on the ultimate load-carrying capacity and load-
deflection relationships. On the basis of the obtained results, the
following conclusions can be drawn:

� For both beam sets, the parametric study indicated that increasing the
FRP width as well as the FRP elastic modulus results in proportionally
related increase of FRP contribution to the load carrying capacity;

� The load carrying capacity and stiffness of strengthened beams
increased as the FRP thickness was increased up to a threshold
thickness of 1.0 mm. Beyond this limit, further increase in the FRP
thickness did not induce any increase in the load carrying capacity;

� Similar to the effect of FRP thickness, the increase in FRP contribution
is proportional to the increase of FRP length up to a certain limit.
Additional increase in FRP length did not produce any significant
increase in the load carrying capacity;

� The FRP contribution is affected by the strengthening scheme used for
flexure. Thus, a strengthening scheme involving two FRP laminates
bonded to the bottom face of the beam beneath the longitudinal steel
is very effective in enhancing the FRP contribution. This method
increased the bond area and delayed the debonding.
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Nomenclature

The following symbols are used in paper.
dc ratio of inelastic strain to total strain
dmax maximum aggregate size;
dt ratio of cracking strain to the total strain
E0 concrete uniaxial elastic modulus
Ec concrete elastic modulus
fc’ concrete compressive strength
ft concrete tensile strength
Gf concrete fracture energy
RE constant taken as 4.0
Rσ constant taken as 4.0
13
wc compressive stiffness recovery
wt tensile stiffness recovery
εc concrete compressive strain
ε0 concrete uniaxial compressive strain
σc concrete uniaxial compressive stress
σco limit strength for concrete linear elastic
σcu concrete ultimate strength
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