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A B S T R A C T

This study investigates hydromagnetic fourth-grade reactive diffusion, exothermic temperature distribution of the
fluid flow and ignition criticality in a channel. This is important to improve the optimal efficiency of engineering
devices and industrial machines. The fully exothermic combustible reaction occurs in a Couette medium with
molecular diffusion. Ignoring material reacting consumption, the heat exchange in the system is greater than the
ambient heat exchange, and the viscoelastic liquid is propelled by pre-exponential reaction rate and upper wall
motion of the device. The resulted highly nonlinear dimensionless time variation, boundary value equations are
solved by finite semi-discretization difference method. The obtained solutions for various parameters dependent
flow characteristic are plotted and discussed. It is seen that activation energy increases the system thermal
criticality while chemical kinetics decreases thermal ignition. Also, it is noticed from the study that the terms that
raises the heat generation must be managed in order to prevent solution explosion and enhances optimal per-
formance of engineering devices. The results from this study will assist in understanding the safe and unsafe
regime of a system which can help in the chemical synthesis industries and thermal engineering operations.
1. Introduction

The flow of viscoelastic hydromagnetic liquid in a device in which
one surface is fixed while the other moves in the absence of pressure
gradient is important in lubricants. This has significant applications in
nature, and in technology as well as in industrial design [1–3]. In the
presence of heat transfer, non-Newtonian hydromagnetic fluid flow in a
channel is useful in thrust bearing design, drag reduction, cooling tran-
spiration, oil thermal recovery, polymer production and so on [4–7]. The
mechanism of such applications which is characterized by immensely
nonlinear derivative equations has led to numerous theoretical and
experimental studies. Due to its industrial and environmental usefulness
as well as its high viscous properties and strong elastic nature, the study
of fourth-grade liquid has fascinated several scholars among are [8–12].
The fourth-grade fluid model is known to capture the interesting
non-Newtonian flow properties such as shear thinning and shear thick-
ening that many other non-Newtonian models do not exhibit. The liquid
obeys order four fluid model, and the shear thickening and thinning are
well described by fourth-grade liquid.

Non-Newtonian fluids are generally categorized as integral, rate and
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differential type, Neeraja et al. [13]. Fourth-grade fluid is an essential
subclass of differential type that involves high number of complex terms
that described the shear effects. Hayat et al. [8] investigated the steady
and unsteady state of fourth-grade fluid in a porous Couette device with
magnetic field influence but without heat transfer. Numerical solution to
the highly nonlinear formulated fluid equation was constructed, and it
was reported that a rise in the fluid material terms boosted the flow
velocity. Moakher et al. [9] considered in the presence of slip condition,
the magnetic field impact on the fourth-grade fully developed fluid flow
in a device. The flow momentum equation along with the mixed Robin
conditions were analytically solved, and it was revealed that the slip term
decreases the velocity components. Sajid et al. [10] investigated the
fourth-grade fluid solution analytically by explicit analysis of homotopy
method. Obtained from the study without heat distribution, the
second-grade viscoelastic properties strongly differs in behaviour when
compared with fourth-grade fluid. However, the heat transfer impact on
the fluid molecules can not be over emphasized. Hayat et al. [14,15]
examined the heat transfer influence on a viscoelastic fourth-grade fluid.
It is seen that the fourth-grade term decreases both the momentum and
temperature components. Sahoo and Poncet [11] analyzed the effect of
ember 2020
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non-Newtonian, magnetic field and slip terms on the fourth-grade tem-
perature distribution in a permeable infinite plate. The Broyden’s tech-
nique was utilized for the computational analysis, and the results show
that the slip and non-Newtonian terms have different impacts on the
thickness of the heat boundary layer. All these studies were carried out
without considering the fourth-grade exothermic diffusion process.
However, this is essential in understanding the many engineering ma-
terial properties used in technological innovation.

No matter the amount of heat that begins a reaction process, for an
exothermic reactive diffusion system without heat loss, the fourth-grade
reactive combustion will reach a thermal ignition critical level [16,17].
Thermal criticality arises when there is an approximated kinetic diffusion
at high temperature with time history, this is appreciably essential from
the practical point of view. For instance, it is applicable in chemical
synthesis, explosion safety, ignition propulsion and others; Zeldovich
et al. [18]. Steady reactants heat for a combustion process is needed to
correctly monitor chemical synthesis and engineering device’s critical
state, Hassan et al. [19]. Cullis and Foster [20] employed the theory of
thermal ignition to study a spontaneous chemical mixture of heat ignition
limits. Okoya [21] examined the chemistry of thermal explosion
branched-chain ignition time with heat loss. It was noticed that criticality
is difficult for some terms as a result of reaction rate suppression. Salawu
et al. [22] discussed the criticality and entropy minimization of a
non-Newtonian hydromagnetic liquid with variable properties. It was
reported that critical regimes need to be estimated in order to prevent
blowup of reactive solution. Okoya [23] considered crtiticality transition
of third-grade liquid with variable viscosity in a device. It was found that
non-Newtonian term enhances the criticality disappearance in an
exothermic reaction.

This study was stimulated by the reports from the works of [9,11,15]
which were an extension of the studies done by Ref. [8,10]. The signif-
icance of the researchers reports on the industrial and engineering use-
fulness of fourth-grade working fluid has motivated further study on the
reaction diffusion of the fluid and thermal criticality of thermal engi-
neering system. Apart from the engineering applications of fourth-grade
fluid in drag reduction, radial diffusers, thrust bearing and so on, the
positive results achieved in the previous studies and suggested future
extension has encouraged further investigations on the combustible
diffusion reaction of the fluid. Of several studies carried out on
fourth-grade liquids, little or no study has been done on the exothermic
reactive diffusion and thermal criticality of fourth-grade fluids. Mean-
while, it is important to examine the critical regimes in order to deter-
mine safe and unsafe conditions of industrial chemical synthesis and
machines. Also, it will help improving lubricant efficiency for optimal
performance of industrial engines. However, this study explicitly
considered theoretical mathematical analysis of the diffusion reaction of
unsteady fourth-grade hydromagnetic fluid flow and thermal criticality
in a Couette channel using finite difference techniques for the solution
procedures.

2. The flow mathematical setup

The flow of unsteady incompressible hydromagnetic, exothermically
combustible fourth-grade fluid is considered. The diffusion reaction and
variable heat reliant pre-exponential factor are taken into account. A
viscous, special homogenous Rivlin-Ericksen fluid type, namely fourth-
grade fluid is examined in a plane Couette channel. The stress Cauchy
compatible tensor T that is thermodynamically related to the fourth-
grade fluid is written as Hayat et al. [8].

T¼ � pIþ μH1 þ δ1H2 þ δ2H2
1 þ B1 þ B2; (1)

In which B1 and B2 are defined as follows:

B1 ¼φ1H3 þφ2ðH2H1 þH1H2Þ þ φ3

�
trH2

1

�
H1; (2)
2

B2 ¼Λ1H4 þΛ2ðH3H1 þH1H3ÞþΛ3H2
2 þΛ4 H2H2

1 þH2
1H2 þΛ5ðtrH2ÞH2þ
� �

Λ6ðtrH2ÞH2
1 þ ðΛ7trH3 þΛ8trðH2H1ÞÞH1;

where μ denotes viscosity, I connotes tensor identity, p represents pres-
sure and δiði ¼ 1;2Þ, φiði¼ 1; 2;3Þ and Λiði¼ 1�8Þ are the material
constants. Note that for Navier-Stokes liquid, δi ¼ φi ¼ Λ ¼ 0. When δi 6¼
0 but φi ¼ Λ ¼ 0, second-grade model is obtained. Also, when δi 6¼ 0 and
φi 6¼ 0 but Λ¼ 0, then third-grade model is obtained. The Rivlin-Ericksen
kinematical tensors H1 to H4 are defined as

H1 ¼Aþ AT ; (3)

Hn ¼ dHn�1

dt
þHn�1Aþ ATHn�1ðn> 1Þ; (4)

A¼rW; (5)

the termsr is an operator,W represents the velocity field and d=dt is the
time derivative of material taken the form

d
dt
¼ ∂
∂t þ ðW � rÞ: (6)

The incompressible fluid flow equations for the mass conservation
and momentum balance are given as

divW¼ 0; (7)

dW
dt

¼ 1
ρ
J� Bþ 1

ρ
divT; (8)

where B denotes the total magnetic field expressed as B ¼ B0 þ b in
which b connotes magnetic field induced, while J stands for current
density. According to Rossow [24] assumptions with small Reynolds
number, 1

ρ J� B ¼ � σ
ρB

2
0W. The equation for the exothermic heat re-

action balance is

ρCp
dψ
dt

¼ kr2ψ þ T �Aþ CDQ; (9)

where k is heat conductivity, Cp connotes the heat capacity, ψ is the
internal energy, C denotes reactant concentration species and Q repre-
sents reaction heat. The reaction generalized branch-chain rate D, follow
from Ref. [23,25] takes the form

D¼D0

�
KT
ℏν0

�n

exp
�
� E
RT

�
; (10)

for which D0 is the branching chain constant order, K denotes Boltz-
mann’s constant, R is constant universal gas, ν0 is frequency of vibration,
E stands for activation energy, ℏ represents planck’s number, n connotes
pre-exponential numerical index factor, T is temperature. Here, the re-
action mechanism is of mth-order satisfying

FþG → Pþ Hr: (11)

where F represents the fluid, G is oxidizer, P denotes product and Hr is
the reaction heat. The thermal ignition criticality conditions are fulfilled
when there is small temperature reference or large activation energy
ði:e:RT =E≪ 1Þ see, Boddington et al. [26].

In the study, the flow is propelled by the upper motion of the plate
along the x direction in the channel center with y direction perpendicular
to it under the influence of uniformmagnetic field. With the above stated
assumptions, the flow geometrical illustration for a Couette device is seen
in (Fig. 1) and the dimensional reactive exothermic fourth-grade fluid
flow equations according to Ref. [9,15,27] are given as:with conditions



Fig. 1. Flow schematic diagram.
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∂u
∂y ð0; tÞ¼ 0;

∂T
∂y ð0; tÞ¼ 0; uðy; 0Þ¼ 0; Tðy; 0Þ¼ 0; uðh; tÞ¼U0; Tðh; tÞ¼ 0:
(14)

Applying the subsequent variables on equations (12)–(14) to trans-
form it to dimensionless form

t¼ tU2
0

ν
;w¼ u

U0
;θ¼EðT�T0Þ

RT2
0

; t¼ tU2
0

ν
;δ¼δ1U2

0

ρν2
;φa¼

φ1U
4
0

ρν
;φ¼2ðφ2þφ3ÞU4

0

ρν3
;

(15)

M¼ σνB2
0

ρU2
0
;Λa ¼Λ1U6

0

ρν
; ε¼RT0

E
;Pr¼ ρCpν

k
; λ¼QCAνE

U2
0RT

2
0

�
KT0

ν0ℏ

�n

exp
�
�1
ε

�
;

Λ¼ 2ð3Λ2 þ Λ3 þ Λ4 þ Λ5 þ 3Λ7 þ Λ8Þ
ρν4

;Br¼ νE
U0RT2

0
:

The dimensionless form of the main equations is gotten as

∂w
∂t ¼

∂2w
∂y2 þΛa

∂5w
∂y2∂t3 þΛ

�
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�
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(16)

3φ
�
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�2∂2w
∂y2 �Mw;

Pr
∂θ
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∂2θ
∂y2 þBr

�
∂w
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�2

þBrMw2 þ λð1þ εθÞnexp
� θ

1þ εθ

�
þ (17)

Br
�
δ
∂2w
∂y∂t

∂w
∂y þφa

∂3w
∂y∂t2 þφ

�
∂w
∂y

�4
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∂w
∂y þΛ
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�
∂w
∂y

�3�
;

along with the conditions
3

∂w
∂y ð0; tÞ¼ 0;

∂θ
∂y ð0; tÞ¼ 0;wðy; 0Þ¼ 0; θðy; 0Þ¼ 0;wð1; tÞ¼ 1; θð1; tÞ¼ 0;
(18)

wherew and θ are the dimensionless velocity and temperature. The terms
M, Br, ε, λ, Pr and n are respectively the magnetic field, Brinkman
number, activation energy, Frank-Kamenetskii, Prandtl number and
chemical kinetics. δ is second-grade term, φa and φ are the third-grade
terms, and Λa and Λ are the fourth-grade term.

2.1. Limiting cases of comparison

Non-Newtonian liquid of fourth order model has been discussed in
the literature, among are the works of [8,10] that coincided with the
present study in the absence of energy equation. For steady state without
exothermic reaction with λ ¼ 0, this study is equivalent to Ref. [14,15].
With constant viscosity in a plane Couette when Λ ¼ Λa ¼ φa ¼ 0 and
M ¼ 0 or M 6¼ 0, the present problem reduces to Ref. [28,33].

The wall physical property for the fluid velocity and energy that are of
engineering interest are called the skin friction Cf and Nusselt number
Nu. The quantities are individually defined as

Cf ¼ � ∂w
∂y jy¼1;Nu ¼ dθ

dy
jy¼1 (19)

3. Numerical solution

Here, the numerical solution scheme for the reactive boundary value,
heat fluid flow equations is based on a Cartesian regular grid and mesh
discretization arising from finite difference techniques [28–30]. First, the
dimensionless interval [0,1] is partition. The interval is divided into
regular L parts with the grid size taken to be Δy ¼ 1=L and yi ¼ ði�1ÞΔy
defines the grid point for which 1 � i � Lþ 1. This is done in time space
intermediate ðLþτÞ with τ ¼ 1. The central second order difference is
used to approximate the spatial derivatives for the first and second order,
[31,32]. The boundary conditions are integrated by modifying the con-
tained last and first equations grid points. The numerical scheme is tested
for stability and consistence. The dimensionless derivative equations (16)
and (17) are approximated, and modification of the boundary conditions
(18) is asymptotically augmented and incorporated into the core equa-
tions. The discretization of the momentum component is expressed as:

∂
∂t

�
w� δ

∂2w
∂y2

�
¼
�
1þ 3φ

�
∂w
∂y

�2� ∂2

∂y2w
ðLþτÞ þ

�
∂
∂y2

�
Λa

∂3w
∂t3 þ φa

∂2w
∂t2

�	ðLÞ
�

(20)

MwðLþτÞ þ Λ
�
∂w
∂y

∂2w
∂y2

∂2w
∂y∂t þ

�
∂w
∂y

�2 ∂3w
∂y2∂t

�ðLÞ
:

Note that ∂ξ
∂t ¼ ðξðLþ1Þ � ξðLÞÞ=Δtand wðLþ1Þ is expanded to have:

q1w
ðLþ1Þ
j�1 þð1þ 2q1ÞwðLþ1Þ

j � q1w
ðLþ1Þ
jþ1 ¼ explicit terms; (21)

where q1 ¼ Δt=ðΔy2Þ. A matrices tri-diagonal inversion is obtained from
the solution process which is then solved to have the velocity solution.
The discretization of the combustible heat component is obtained as:

Pr
θðLþ1Þ � θðLÞ

Δt
¼ ∂2

∂y2θ
ðLþτÞ

þ
�
Br

��
∂w
∂y

�2

þMw2

�
þ λð1þ εθÞnexp

� θ

1þ εθ

�	ðLÞ
(22)
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∂y∂t2 þ φ

�
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þ Λa
∂4w
∂y2∂t2
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∂y þ Λ

∂2w
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�
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�3�	ðLÞ
:



Fig. 2. Time variation for velocity field.

Fig. 3. Time variation for Heat profile.
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The term θðLþ1Þ is expanded to becomes.

q2θ
ðLþ1Þ
j�1 þð1þ 2q2ÞθðLþ1Þ

j � q2θ
ðLþ1Þ
jþ1 ¼ explicit terms; (23)

where q2 ¼ τΔt=Δy2. The solution translates to matrices tri-diagonal
inverse and it is solved to get temperature solution. Maple code algo-
rithm is written for the solution techniques and tested for temporal and
spatial convergence. The calculation is done for 200 steps time at Δt ¼ 1
but found to be the same with Δt ¼ 5 for 40 steps time. The code runs
faster for various values of the parameters with infinitesimal computa-
tional times.

4. Results and discussion

The theoretical investigation of reactive diffusion of hydromagnetic
fourth-grade fluid flow in a plane Couette device is studied using stable,
convergent semi-discretization of finite difference techniques. The initial
and boundary conditions are asymptotically augmented. The adopted
default values used is taken after [8,15] as δ ¼ 0:2, φa ¼ 0:001, φ ¼
0:05, Λa ¼ 0:001, Λ ¼ 0:03, Pr ¼ 3:0, λ ¼ 0:02, Br ¼ 0:03, n ¼ 0:5,
ε ¼ 0:1 and M ¼ 1:0 are based on related previous studies. Table 1 rep-
resents the computed results for the wall friction and heat gradient. As
seen, some parameters increases while some terms decreases separately
the shear rate or wall heat transfer. Figs. 2 and 3 demonstrate the effect of
time variation on the reactive combustible fluid flow and heat field in a
three dimensional system. Early pronounced rise in the flow velocity and
temperature distributions is noticed close to the lower channel surface as
the time varies. The profiles reduce gradually towards the upper moving
surface of the device as the exothermic reaction reached the peak.

4.1. Velocity dependent parameters solutions

The plot of velocity dependent parameters solutions for wðyÞ against y
is illustrated in Figs. 4–7 for different parameter values. Fig. 4 depicts the
reaction of viscoelastic non-Newtonian fluid to rising in the values of the
magnetic field term ðMÞ. The electrically conducting reactive fluid flow
decreases due to induction of Lorentz force by magnetic field that op-
poses the flow rate. This resulted in the overall damping of the velocity
field. Fig. 5 shows the response of the non-Newtonian fluid to an increase
in the second-grade term ðδÞ. The fluid viscosity is enhanced as the
second-grade term is encouraged in the Couette device. A rise in the fluid
viscosity decreases the reactive fluid particles collision, thereby reduces
the magnitude of the flow velocity. In Fig. 6, the impact of third-grade
material term ðφÞ on the reactive combustible viscoelastic fluid is
demonstrated. An increase in the flow rate is observed, which is opposite
to what is seen in other viscoelastic material terms ðδÞ and ðΛÞ. A steady
rise is noticed near the fixed wall as the exothermic reactive diffusion
occurs which breaks the fluid bonding force and causes the liquid par-
ticles to move freely in the plane Couette device. As it moves towards the
motioning surface with non-isothermal wall temperature, the viscoelastic
Table 1
Computed results for the skin friction ðCf Þ and Nussetl number.ðNuÞ
M Λ ε φ λ

0.3 0.03 0.1 0.05 0.02
0.5
1.0

0.1 0.2
0.5 0.3

0.1 0.03
0.1 0.07

0.3
0.5

4

started building up which leads to contraction and dragging in the fluid
thereby gradually diminishes the flow rate. The fourth-grade material
term ðΛÞ discourages the flow velocity by enhancing the fluid viscosity,
Br n Cf Nu

0.03 0.5 0.3321351974 0.0313964679
0.5924261257 0.0422272309
1.3746795318 0.0901775991
0.3321351974 0.0314068167
0.3321351974 0.0314171673
0.3329120094 0.0313999996
0.3313689016 0.0313929732
0.3321351976 0.3513165476
0.3321352584 0.6429898475

0.1 0.3321351974 0.3809486990
0.5 0.3321352584 0.8722616579

�2.0 0.3321351974 0.3399412297
0.0 0.3321352361 0.6333089578



Fig. 4. Impact of rising M on velocity field.

Fig. 5. Effect of δ on the flow rate.

Fig. 6. Velocity profile for different φ

Fig. 7. Flow rate for various values of.Λ
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this in turn reduces the overall magnitude of the flow as seen in Fig. 7. A
significant impact is observed close to the fixed wall as the thermal
boundary layer rises due to decrease in the exothermic chemical reaction.
Therefore, to enhance the fluid viscosity for optimum performance of
hydromagnetic lubricants for engine efficiency, the terms that encour-
aged fluid particles bonding force must be enhanced.

4.2. Temperature dependent parameters solutions

Figs. 8–11 illustrate the effect of heat dependent terms on the
exothermic combustible temperature distribution in a Couette medium.
The graph is plotted in ðy; θðyÞÞ plane for variation in the parameter
5

values. The terms ðMÞ, ðBrÞ and ðλÞ as seen in Figs. 8–10 has a momentous
influence on the temperature distribution due to decreases in the fluid
friction and viscosity. The parameters are strong heat generation terms in
a combustible reaction system that leads to thinner in the temperature
boundary layer of the viscoelastic fluid, this therefore encourages heat
diffusion in the system. Hence, these parameters must be consciously
monitored to prevent engines or chemical species blowing up in a ther-
mal system, this is because an increase in the heat production within a
system will affect lubricants that may result into technology and indus-
trial machine or device under performance. Thus, heat distribution in the
reactive exothermic fourth-grade fluid is enhanced. Nevertheless, the
Prandtl number ðPrÞ diminishes the energy distribution as depicted in
Fig. 11. A rise in the values of ðPrÞ correspondingly affects the heat



Fig. 8. Temperature field for various M.

Fig. 9. Impact of Br on heat profile.

Fig. 10. Heat profile for different λ

Fig. 11. Effect of Pr on temperature field.
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boundary layer of the Couette channel, this leads to decrease in the
magnitude of heat generation in the system that consequentially affect
the temperature distribution as presented in the plot.
4.3. Thermal criticality bifurcation solutions

Figs. 12 and 13 demonstrate the bifurcation branched chain for the
combustible fourth-grade fluid maximum heat ðθmaxÞ to the Frank-
Kamenetskii term ðλÞ with variation in the activation energy ðεÞ and
chemical kinetics ðnÞ. For various values of ðεÞ and ðnÞ, a turning point
6

with sensitive critical value ðλcÞ at ðθmaxÞ is obtained. When dθmax=dλ ¼ 0
such that 0 � λ < λc mathematically described thermal ignition (or crit-
icality). For ε ¼ ð0:15; 0:20; 0:25; 0:30Þ, the respectively approximate
values for ðλc; θmax;cÞ¼(1.06457, 1.68809), (1.10299, 1.95601),
(1.14801, 2.23551), (1.20191, 2.53150) are obtained and for n ¼ ð� 2:0;
0:0; 0:5Þ, the approximate values for ðλc; θmax;cÞ¼(1.44914, 2.37903),
(1.09387, 1.67477), (1.03212, 1.53419) are respectively obtained. As
the parameters values rises, the critical values is raised for ðεÞ but reverse
occurred for ðnÞ with decrease in the critical values due to amount of
internal heat generation in the system. Hence, from engineering



Fig. 12. Criticality slice for various ε

Fig. 13. Branch-chain for different n.
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perspective, the critical state (or unsafe state) of exothermic combustible
reaction must be avoided for maximal performance of their system. Also,
reactive fourth-grade fluid can be used as lubricants to enhance industrial
engines and machine efficiency due to its highly viscoelastic nature.

5. Conclusion

In the study, the heat distribution and thermal criticality diffusion
reaction for a fourth-grade fluid flow in a plane Couette device is re-
ported with fully exothermic reaction and heat dependent chemical ki-
netics. Using a finite semi-discretization difference method, the highly
7

nonlinear model is solved. Taken from the results, the magnetic field and
non-Newtonian material terms discourages flow velocity component by
enhancing the viscoleastic effect. Thus, this will help in improving and
strengthening hydromagnetic lubricants viscosity. It is revealed also that
most of the terms in the energy equation enhance internal heat produc-
tion and heat distribution in the device. Therefore, terms that raise the
heat generation must be controlled in order to discourage solution ex-
plosion. The results from this study can assist in understanding the safe
and unsafe regime of a systemwhich can be of help to the thermal science
and chemical synthesis industries.
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